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About this book

Endorsed by Edexcel, this book is designed to help you achieve your best
possible grade in Edexcel GCE Mathematics Core 3 and Core 4 units.
The material is separated into the two units, C3 and C4. You can use the
tabs at the edge of the pages for quick reference.

Each chapter starts with a list of objectives and a ‘Before you start’
section to check that you are fully prepared. Chapters are structured into
manageable sections, and there are certain features to look out for
within each section:

Key points are highlighted in a blue panel.

Key words are highlighted in bold blue type.

Worked examples demonstrate the key skills and techniques you need
to develop. These are shown in boxes and include prompts to guide you

Divide 3x® + 5 by x> + 1

Rewrite the numerator to involve a multiple of the denominator:

through the solutions. His_ %epas

e e e h e h e e e h e h e e e h e e e e e e h e e e s e e b e e e s e s h e ha e s e e aeeea e Divide each term in the numerator.
: . . .. . . . : =342

: Derivations and additional information are shown in a panel. : TR

Helpful hints are included as blue margin notes and sometimes as blue type
within the main text.

Misconceptions are shown in the right Investigational hints prompt you to
margin to help you avoid making explore a concept further.
common mistakes. O

Each section includes an exercise with progressive questions, starting
with basic practice and developing in difficulty.
Some exercises also include

‘stretch and challenge’ questions marked with a stretch symbol K

and investigations to apply your knowledge in a variety of situations. INVESTIGATION

10 Use computer software or a graphical calculator to check
some of your answers to the questions in this exercise.

At the end of each chapter there is a ‘Review’ section which includes B e (o1 vl buton to
exam style questions as well as past exam paper questions. There are also s

two ‘Revision’ sections per unit which contain questions spanning a

range of topics to give you plenty of realistic exam practice.

The final page of each chapter gives a summary of the key points, fully
cross-referenced to aid revision. Also, a ‘Links’ feature provides an
engaging insight into how the mathematics you are studying is relevant
to real life.

At the end of the book you will find full solutions and an index.

The free CD-ROM contains a key word glossary and a list of essential
formulae as well as additional study and revision materials and the
student book pages.
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This chapter will show you how to
o combine algebraic fractions

Algebra and functions

o understand that some mappings are also functions

o find and use composite functions and inverse functions

o use the modulus function and sketch graphs involving it

o transform graphs of functions using translations, reflections,

stretches and combinations of these.

Before you start

You should know how to:

1 Combine numerical fractions.

e.g Calculate S+ 1- 9 , 2 _11
4 12 12 12
§><1 = i = 1
4 6 24 8

2 Find important facts to help you sketch
graphs of functions.

e.g.The graph of f(x) = % passes through the
X [—

point (0, —%) has a vertical asymptote, x = 2, and

approaches the value 0 as x — t oo

3 Translate, reflect and stretch the graph
of y=1f(x)
e.g. When the graph of y = x? is translated
+2 units parallel to the x-axis, its equation
becomes y = (x — 2)?

Checkin:
1 Calculate

3,2
a83

(=3
oW
X
[SSI1 8]

2 Sketch the graphs of
a y=x(x—-2)
b y=x*+x-2

c y:%+2

3 Write the equation of the image of the
graph of y = f(x) when

a f(x) = a2 is reflected in the x-axis

b f(x) =% — 5xis reflected in the y-axis
5
¢ f(x) = 2% + xis translated by( 0]

d f(x) = x? is stretched with scale factor 4
parallel to the y-axis.

Q
W
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Addition and subtraction

You can add or subtract algebraic fractions when they have a

common denominator.

_ay  bx _ay+

Eg 84X = =
€% y by by by

You should find and use the lowest common denominator to

bx

keep the calculation as simple as possible.

b 2 +x2—2
x“+x x" -1

Evaluate a >+ 1
8 6

3.1_9 4 _
a st 24 !

b Factorise the algebraic

2 +x—2_

Nlr—‘
|

expressions first:

2 x—2

LHx oxi-1

x(x+1) (x+Dkx-1)

2(x—1) x(x —2)

T XD -1 " x(x+Dx -1

=2’f—2+x2—,2'f

x(x+1D)(x—1)

_ x2-2

x(x* = 1)

Multiplication and division

You do not need to have a common denominator when you

multiply or divide algebraic fractions.

You can only cancel factors which are common to both the

numerator and denominator.

Simplify x2+ 2 X (> 1)

2

X" —x X"—x—6

x+2 % x(x* -1 _

x+2 v xloe—=T)(x + 1)

xt—x X*-x-6

o1 T 2 - 3)

+1
-3

=

=

This method is similar to adding or
subtracting numerical fractions.

by is the common denominator.

The lowest common denominator
is 24.

The lowest common denominator
isx(x + 1)(x—1).

The method is similar to
multiplying or dividing
numerical fractions.

Remember when cancelling
brackets to cancel the whole
bracket and not just part of it.

Factorise as much as you can
before cancelling.

Cancel the fraction down to its
simplest form.

€ I7dINVv X3

Dividing by a fraction is equivalent to multiplying by its reciprocal.

2 2
. : X" —2x . x"—4
Simplify 7 on_3 26
x? —2x +xz—4= x? —2x ><2x—6
x}-2x-3 2x—-6 x?_2x-3 x*-4
_ e 263
x+D)=3 &=2)(x+2)
_ 2x
(x+Dx+2)
Exercise 1.1
1 Simplify
2
a & p Sab, 3ac
3xyz c 4b
2 2
d X X+l e (g)x b
xX -1 x? b a’—a
X ,x2+2x 1 x-9 x+3
2 T2 h —x= T
x"—=5x+6 x —4 x  x"—3x

2 Simplify and express as single fractions.

a X+2 b 440
y oz b a
1 1 1 1
d xy2+x2y € x+1 X
Ll h o2+l
(@+1> a+l x
4 2 2 1
—+= k
] y—2 3 x—1 x*-1
m L 2 n -2 _ Y
z+1 z2-z-2 y+2 y2+3y+2
3y ,_y+l 2z
2 2 2 T2
y =4 y +y-2 zZ2+22-3 z°-1
3 Simplify
1+—= 3
a 1-x b y c x2+1
11 1_% x" =1
* y

1 Algebra and functions

Multiply the first fraction by the
reciprocal of the divisor.

c . pa
: 2
2r 4

f 2x+3 x 2x—l
X"+x-2 x"+x-6

1 1
c — -
ax bx
1 1
f _
a—-1 a+1
2
b3 x+1
1242
x x +x
o 2 : 2 2
X" +3x+2 x"+4x+3
S — 1

+2x x*—4

3
x -1 x+1
d S—x=——
x"+x x-1

€0
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You can use long division to divide a polynomial of degree m
by a polynomial of degree n, where m > n.

The degree of the resulting polynomial is 1 — n.

Workout (X -2 —x+2) =+ (x+1)

Set out as a long division:

x+1)x3—2x2—x+2

The lead term of x+ 1 is x.

Divide the lead term x into x® and write X2 in the answer space:

/\ 2

Multiply this x% by x + 1. x

x+1)x° =2 —x+2
Write x3 + x2 below and PRI Bring down the next
subtract. W x term —x.

Repeat this cycle until the division is complete.

The next step is to divide the lead term x into -3x2 and write -3x in the
answer space:

x2—3x+2

x+1)x3—2x2—x+2

C+xr Ll

SBxt-x 4

Subtract: 3xt=3x 1
2x + 2

2x +2

0

Since the remainder is 0, x + 1 is a factor of x* — 2x2 — x + 2.
So (=22 —x+2)+(x+1)=x>—-3x+2
You could also write this result as x> — 2x2 —x + 2 = (x + 1) x (2 — 3x + 2)

You can then expand these brackets to check your answer.

The method is similar to dividing
numbers using long division.

Write each polynomial with the
highest power of x on the left.

Write like terms in the
same column.

Compare this method with the
numerical long division

giving 5589 + 23 =243
or 5589 =243 x 23

Since the remainder is 0,
23 must be a factor of 5589.

Cc 31dINV X3

Some divisions result in a remainder.

Divide a 4037Dby 16
b 4x°+3x+7by2x—1

a 252

16)403
320
83
80
3
32

5
So 4037 +~ 16 = 252 remainder 5

.
—25216

R €

or 4037 = (252 x 16) + 5

b 4x%+ 3x + 7 does not have an x*-term.
Insert a Ox2 to fill the place value for x2:
22+ x+2

2x —1)4x® + 0x* + 3x + 7
-2 L

2% +3x 4
2w —x 4
Ax + 7
4x — 2

9

3
SO 4x” +3x +7

= 2x* 4+ x + 2 remainder 9
2x —1

quotient remainder

{ {
_ 5.2 9
=2x +x+2+—2x_1
T
divisor

1 Algebra and functions

The remainder is 5.

The 0x2 is similar to the O in
the number 4037, which
acts as place holder in the
hundreds column.

The remainder is 9.

You can also write this result as
43 +3x+ 7
=(2X— 122 +x+2)+9

You can expand these brackets
to check your answer.

€0
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1 Algebra and functions

When the highest power of the numerator is the same as the
highest power of the denominator you can use a quicker method.

Both the numerator and

Divide 3x* + 5 by »* + 1
denominator have degree 2.

Rewrite the numerator to involve a multiple of the denominator:

3x2+5_ 3x*+1)+2

Compare this example to the

x> +1 2 +1 numerical division
Divide each term in the numerator: 23 _@BxN+2_ 32
7 7 7
=342
x“+1
Exercise 1.2
1 In each case, divide the first expression by the second expression.
a -7+ 14x-8; x-1 b X —x>—26x—24; x+1
c X°—8xX+5x+50; x+2 d X —10x2+31x—30; x—2
e 2X+5x%—4x—3; 2x+1 f 9x°+5x—2; 3x—1
g -7n+6; n+3 h 20 -9 +5n+6; 2n-3
i 9P —16y—8 3y+2 j 2a*-5a°-10a+3; a-3
k 8a'-20a’+60a—18; 2a+3 | 422 -172+19z-5; Z-3z+1
m 6x° +7x> —23x+4; 2x*+5x—1 n X+1; x+1
2 Evaluate these divisions, giving each answer as an integer plus
an algebraic fraction.
xX+6 x+1 x—2 3x+7
x+2 b x+2 c x+2 d x+2
2x +1 4x +3 x* =1 3x% +1
R— f 2x+1 x*+1 h X =1
i 2—x o +x—1
1+x J x2=2

3 In each case, divide the first expression by the second expression.
a 3xX-5x5 X b 3x+2; x*-3

c 4x+1; 2x—1 d 14x2+19; 2x2+3

1 Algebra and functions

4 In each case find the quotient and remainder when the first expression is

divided by the second expression.

a X+52-5x+1; x—1
c 2x —13x2+17x+10; x-3
e 213 +7n*—6; 2n+3

g 311’ +2n+1; 3n+1

i 2+ +x 241

b X*+72+8x—2; x+2

d ©£-52+x+10; x—2

f 97°—-22n+6; 3n—4

h *+223-6x-7; x-3

j -2 £-1

5 Find the functions f(x) which complete these equations.

a X-52+x+10=(x—-2) xf(x)

c 2xX° 112 +15x-50 = (x—5) x f(x)

b xX®—7x—-10x—2=(x+1) x f(x)
d ¥*-334+3x—1=(2-1) xf(x)

6 Find the functions and k values which complete these equations.

a -4 +4x—1=(x-3) xf(x) + k

c 4 -3x+2=02x-1)xf(x) + k

b 2+8xX2+6x—1=(x—1)xf(x)+k

d ¥*+3x—4=(2-—x—1)xf(x)+k Inpartdkisnot
a constant.

7 Divide each polynomial by the given factor and hence factorise

it completely.
a X —4x*+x+6hasafactor x—2

¢ 4x>—13x— 6 hasa factor 2x+ 3

e x>+ 8hasafactor x+2

INVESTIGATION

8 % — 1 factorises to give (x— 1)(x+ 1) and

Factorise x* — 1 and x° — 1.

Can you make a deduction about x° — 12

»° — 1 factorises to give (x—1)(x + x+ 1).

b x*—8x*+19x— 12 has a factor x — 4
d x*—13x%+ 36 has a factor ¥ — 4

f x°—8hasafactor x—2

Make a statement about x” — 1 and see if you can prove it.

0
w



1 Algebra and functions

There are four kinds of mapping.

One-to-one | Many-to-one
Domain and range | X Y
A relationship between two sets of numbers is called a mapping.

You can define a mapping as an equation.

E.g. Considery=3x—1 X Y

Set X maps onto set Y - | Ya

under the mappingy =3x — 1 _ Y, |
You can also write this - - \
asx—>3x-1 44 ! | 2]
3 i I
You can also represent a mapping by a set of ordered pairs 5 E 3'
(x, y) which you can show in a table or as a graph. 1 4 i | 14
I
" 7550 1 5 F a4 | o
12 4
121302 10 - * Each value of x maps onto one and | Each value of x maps onto one and
y 205 811 8 . only one value of y, and vice versa. | only one value of y, but not vice versa.
6
™ 4 o A one-to-one mapping is a function. | o Amany-to-one mapping is a function.
@) 24 . +
o123 4" One-to-many Many-to-many

X Y X Y
Set X is called the domain of the mapping. Its elements are |

denoted by x, the independent variable.

Set Yis called the range of the mapping. Its elements are
denoted by y, the dependent variable. |

e Y, | X+ (y- 42 =4
You say that ‘x maps onto y’ or that ‘y is the image of x'. 4
5 |
A mapping is a function only if each x-value maps onto one o |
and only one y-value. AN i i
o o5 5 e Vi S
In the example shown, the mapping is a function. 1 01t
You can therefore write y=3x— 1 Each x-value maps onto more than one Many x-values map onto many y-values.
: el ~value.
as either f(x)=3x-1 You say ‘f(x) equals 3x — 1. y-value |
or fix—>3x-1 You say ‘the function f that maps x onto 3x — 1". |

o A one-to-many mapping is not o A many-to-many mapping is not
a function. | a function.

€0



1 Algebra and functions 1 Algebra and functions
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m
Find the range of these functions and state the type of the § Find the range of the function f(x) = 4 — x*
function in each case. = when the domain is x € R means that the domain
a f(x)=2x-1,x={0,1,2,3} 2 a xeR b -1<x<3 contains all real numbers.
m
b f(x)=x*+4,xeR,2<x<3 N
Sketch the graph of the function for each of the given domains:
a Sketch the mapping diagram and graph: y ,
A A
Ya
X y ia ’ 3 e/::
- 34 . Both the domain and range are 27 i 21
— 5] discrete as x can take only the 14 : 14 ) o
— four given values. —5t— > % 5 > The maximum and minimum
14 o 2 -1 1 =2 _}L 1 3} y-values are not always at the
——> | end points of the domain.
f 12 3 4 X -21 !
- -3 1
. =4 l
The range of f(x) is y=1{-1, 1, 3, 5} el
f(x) is a one-to-one function.
a The points on the graph for b The points on the graph
b Sketch the graph of f(x): x € R have y-values from for -1 < x < 3 have
) -0 10 4. y-values from -5 to 4,
I . L
The wimes 6600 & including -5 itself.
124 eR,y<4 The range of f(x) is
0 y y g
3 y=x2+4 The domain is continuous as it Ve R,-5< ys4
takes all values from -2 to 3
67 (including 3 but not -2). The range
is therefore also continuous. Q
2+ The lowest value of the range is 4 > Find the range of f(x) = ——= xe R, x> 1
S B which occurs when x = 0. < (x—2)
2-19 1 2 3 X = :
- Find the value of k such that f(k) =4
W .
. Refer to | ea | for revision of
The graph of f(x) shows that the range of f(x) is Sketch the graph of f(x). sketching graphs of functions.
yeR,4<y<13
From the graph, you can see that, for y
. : . . A
f(x) is a many-to-one function. the given domain, the range is
yeR,y>0 10 1
Whenx:k,—8 > =4 8-
k-2
k-2 =8=2 °]
k=2 =4= N
k-2=+2 )
giving k=2 +2 T
5 0
The value x =2 — /2 lies outside the domain, so the only
possible value of kis 2 + V2.

€0
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1 Algebra and functions

Composite functions

A composite function is formed when you combine two
(or more) functions. The output from the first function
becomes the input to the second function.

When f is applied first and g second, the composite function
gf(x) is formed.

When g is applied first and f second, the composite function
fg(x) is formed.

For a composite function to be formed, the range of the
first function must be all or part of the domain of the
second function.

If f(x) = 22, g(x) =3x— 1 and h(x) = L
find *
a fg(x) b gf(x)
¢ fgh(x) d g%

a fg(x) means that g(x) is the input of f(x).

Draw a flow diagram:

X 3x-1 (3x — 1)?
2]
fg(x) =f(3x—1)=(3x—1)?
b Draw a flow diagram:
X X2 3x2-1
e]

gf(x) = g(x*) = 3 — 1

¢ fgh(x) means that h(x) is the input of g(x) and then
the result of this composite function is the input
of f(x).

=) = k1) (21 <2

X

d g(x)=gg(x)=g(3x—1)=303x-1)—1=9x—4

x (x) gf(x)

Take care with the order of
the functions.

Draw a flow diagram if you
find it helps.

g2(x) means that g(x) is used
as the input of g(x).

S 37dNV X3

Given f(x) = 2x— 1 and g(x) = 2 + 1, prove that
gf(x) # fg(x) except for two values of x.
Find these two values.

fg(x)=f(x2+1)=2(2+1)-1=2x2+1
gf(x) =g(2x—1)=(2x—1)*+ 1 =4x> — 4x+2
Equate fg(x) and gf(x) and solve to find the values of x:

42 —4x+2=2x+1
2% —4x+1=0

giving x:—4i\‘i6_8:11%\/§

Hence fg(x) # fg(x) except when x = 1% %\/5

Exercise 1.3
1 For each function, draw a mapping diagram or a graph, find
the range, and state if the function is one-to-one or many-to-one.

a f(x)=4x-3,x=1{0,2,4,6}
b f(x)=4x-3,xeR,1<x<6
c flx)=9-xxeR,1<x<4
d fx)=x+2,xeR

e f(x)=+/x,x=1{0,1,4,9}

f f(x)=-Vx,x=1{0,1,4,9}

g f(x)=§-_"§,xe]R,x;t2

x% xeR0O<x<2
f(x) =
4, xeR2<x<6
2 a Given g(x) =mx+c¢g(2)=8and g(3) =11, find mand c.

b Given h(x) = ax> + bx+ cand h(0) =1, h(1) =0,h(2) =1,
find a, b, and c.

1 Algebra and functions

€0
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3 Find the domain of each function.
Say whether the function is one-to-one or many-to-one.

a f:x— 3x+ 5 with the range y = {5, 20, 35, 50, 65}
b fx— x* withtherangeye R,0<y<9
¢ fix— Jx—3withtherangeye R,0<y<3

d f:x%ﬁwiththerangeye]l&l<y<4

4 Sketch each of these functions, given the domain x € R.

Find the range of each function.
a f(x)=(x-2)2+3 b f(x)=(x+4)*-3

¢ f(x)=x>—6x+10 d f(x)=14+2x—x°

5 Explain why these mappings are not functions.

< x <K
a - 3x, xe RO x<2 b y=6+x,xeR
6-x xeR2<x<8 X

6 Sketch the graph of the function

f(x)=x+4

xeR, x#2
x—=2

Find the range of f(x) and the values of x which
are unchanged by this function.

7 Iff(x) =+ 1and g(x) =2x— 1, find

a f(3) b gf(3) ¢ gf(x)
d g(3) e fg(3) f fg(x)
g f*(3) h (%) i g’(3)
i g

8 Find fg(x), gf(x), f?(x) and g?(x) when
a fx)=x2-2,g(x)=3x+4

b f(x):%,g(x)=3x2+2,x¢0

c f(x):§+3, g(x)=4x-2

d f(x):ﬁ,g(x)=2—x,x¢1

1
x)

9 When fix—>5-x gx—>Jx and hix —
find

a fg b fh ¢ gh
d fgh e hgf f f?
g ¢ h h?

10 a Given that f(x) = 2x— 1 and g(x) = x%, show that

fg(x) # gf(x) for all values of x except x= o
Find the value of a.

b Solve the equations
i fg(x)=49
i gf(x)=9
iii f2(x)=13

¢ Find the values of x which map onto themselves under
the function fg.

11 Given that f(x) = 2x+ 1 and g(x) =3x+ ¢,

a find cif fg(x) = gf(x) for all x
b find aiff*(a)=«a

12 Givenf(x)=p+qx, g(x)=x>—4andh(x)=3x+1,
find p and g such that hgf(x) = 4(3x% + 3x— 2)

13 a Iff(x)=2x+3,
find i f%(x)

i f3(x)

iii £4(x)

b If f(x) = 2x+ 3, find an expression in # for f"(x).

INVESTIGATION

14 Explain why the composite function fg(x) is not allowed
when f(x) =2x+ 1, xe R,-5<x <5
andg(x)=x%, xe R, x>0

How would you change the domains so that the function
fg(x) can exist?

1 Algebra and functions
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The inverse function f™}(x) of the function f(x) maps the range
of f(x) back onto its domain.

Eg Iffx)=3x—1 X 3x-1
1y X+1 x+1 .
then f-1(x) = % : X

The range of f(x) is the domain of f™!(x). The notation for the inverse
The range of f™!(x) is the domain of f(x). function uses ™.

Do not confuse it with the
Both composite functions ff ' and f~'f reciprqcal._l _ _
map x back onto itself, E.g. (sinx)™ is the reciprocal
soff x> xand f'f: x > x si%,WhereaS sin“lxis the
or ff(x) = xand f'f(x) = x inverse function of sinx.

The inverse of a one-to-one function is a function.

E.g. For a one-to-one function,
If fx)=3x—1 then flpx)=%% f(x) =y leads to f}(y) =x

5 3 with no ambiguity.
and f(5)=14 S0 f(14)=5

—_

The inverse of a many-to-one function is a one-to-many mapping so
the inverse is not a function. In such a case, the inverse can be a
function only if the domain of f(x) is restricted to certain values

to make the inverse a one-to-one mapping.

Eg.

If fx)=x2 then f1(x)==Jx

and f(3)=9 so f1(9)=4+3 y
So f1(x) is not a function. \ y=x2

For f~1(9) to have a unique i
value, the domain of f(x) must [
be restricted to non-negative numbers.

In this case, f1(x) = +/x

W= === ===
><V

Il 37dINVY X3

You can find an inverse function

algebraically by X f(x)

either using a flow

diagram in fx) X
reverse
or rearranging the

function y = f(x) to give
x in terms of y, then
interchanging x and
yand writing y as f!(x).

graphically by
reflecting the graph of
y=f(x) in the line y= x
(which is equivalent to
interchanging x and y).

Find the inverse function f~!(x) when f(x) = 52> + 4, x € R
Find the domain and range of the inverse function.

Sketch a graph to help you to visualise the function and its inverse:

If x € R, then the inverse of y = 5x* + 4 would not be a
one-to-one mapping and therefore not a function.

By restricting the domain to Ry, the inverse is then a
one-to-one mapping and a function.

First method Second method
Draw a flow diagram for f(x): Write y= 5x2+ 4

Rearrange to make x

X f(x)
—>—{square |>{ x5 > + 4 | the subject:

Draw the flow diagram in reverse: x=4|2=4
5
) [square X
— 1 oot Interchange x and y and
replace y by f~1(x):
This reverse flow diagram gives y =+ [xT—‘l

() = 4252 100 = + /x;4

The domain of f(x) is Ry (x> 0) and the range of f(x) is y > 4

So, the domain of f!(x) is x > 4 and the range of f '(x) is y > 0

1 Algebra and functions

R; means all positive real
numbers and zero.

Ya )
\ e
\ f(X) 7
\\ //y = X
\ s
\ e
\ s
N - 1(x)
) ///
e
e
,
7
e
e
2 { >
, Vi X
7 ~
s S~

Use the method that you feel most
comfortable with. You can use a
different method to check your answer.

17

€0



C3

18

¢ 37dINV X3

€ 37dINV X3

1 Algebra and functions

Find the inverse function and its domain and range if

_ 4
f(x)—x_3f0rxe]R,x¢3
Make x the subject of y = 4.

xX—3
y(x-3)=4
xy=3y+4
x=3y+4

y

Interchange x and y and replace y by f~(x):
_3x+4
X
f—l(x) _ 3x + 4

X

f1(x) exists for all real values of x except x=0
So, the domain of f'(x)isx e R, x# 0
The range of f!(x) is the domain of f(x) giving y € R, y # 3

a Find f!(x) given that
flx) =+Vx+2,xe R, x>-2
Sketch the graphs of f(x) and f™!(x).
b Show algebraically that ff(x) = x
¢ Find x such that f(x) = f ()

a Make x the subject of y = ~/x + 2:
yP=x+2
x=y*-2
Interchange x and y. Replace y by f~(x):
y=x>-2
f1(x) =22

The graph of the inverse function is half of the curve y =

«® translated 2 units downwards.

The graph of f!(x) is a reflection of f(x) in the line y = x

From the graph, the domain of f(x)isxe R, x>0
and the range of fl(x)isyeR,y>-2

b Substitute f(x) = ++/x + 2 into f~1f(x):
il il 2
ff(x)=f (+ x+2):( x+2) —2=x+2-2=x

So, f followed by ™! leaves x unchanged.

The domain has x # 3 because
when x = 3 the denominator,

x — 3, is zero and division by
zero is not defined.

f(x) only exists if x + 2 > 0 so
the domain of f(x) is limited to

x > -2. Also, only the positive
value of the square root is
allowed, so that f(x) is a function.

("1NOD) € 31dINV X3

1 Algebra and functions

¢ f(x)=f"(x) gives the equation ++/x + 2 = x-2
This is not easy to solve.

However, the graphs of f(x) and f™!(x) intersect on the
line y=x
So, at this point of intersection, f(x) = f(x) = x

Solve the two equations vx +2 = x and x2 — 2 = x;

Both these equations give x> —x—2 =0

(x—2)(x+1)=0 x =-1is outside the

So the only solution is x = 2 domain of f1(x).

Exercise 1.4

1 Find the inverse function f(x) of each of these functions, f(x),
where the domain of f(x) is R.

a f(x)=3x-2 b f(x)=2x+1 c f(lx)=2(x+1)
d flx) =253 e f()=1x+3 fof(x)=(x+1? x>-1
g flx)=x2+1, x>0 h f(x)=6-x i fx)=+vx-3, x>3

2 Find the inverse function f~!(x) of each of these functions, f(x),
where the domain of f(x) is R.
In each case, sketch the graphs of f(x) and f™!(x) on the same axes.

a flx)=2x+1 b f(x)=10-2x c f(x):x;r4
d f(x)=x+2,x=>0 e flx)=(x-2)4,x>2 f fx)=vx—4,x>4
g f)=vx+3,x>-3 h f(x):ﬁ,x>2 i f(x):%+2,x>0

3 A function is self-inverse if the function and its inverse are identical.
Determine which of these functions have an inverse function.
Find the inverse function where one exists and say whether the
function is self-inverse or not.

a f(x)=8—xxeR b f(x):%,xeR,x;tO

c fx)=vi—-x*,xeR0<x<2 d fo)=vVva-x*,xeR,-2<x<2

e f(x)=8-xxeR,0<x<8 f f(x)zﬁ,xe]R, x#1

19
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5 Prove that g(x) =

the function f(x) is not self-inverse.

i + }, x € R, x# 1 is self-inverse.

Find the elements of the domain that map onto themselves
under g(x).

The function f(x) is defined by f(x) = x> — 6x+ 14, x e R, x > 3
By completing the square, draw the graph of f(x) and find
its range.

Find the inverse function f™(x), stating its domain and range.

Sketch its graph on the same axes as f(x).

For each of these functions, find its range and its

inverse function.

State the domain and range of the inverse function.

Sketch the graphs of y = f(x) and y = f!(x) on the same axes.

a fix>xXX—4x+5xeR,x>2
b fx>xX-8x+2l,xe R, x<4
c fix—>4x—-x,xeR,x>2

d fx>x2+4x+2,xe R, x>-2

For each of these functions, f(x), find f !(x) and its domain.
Solve the equation f(x) = f™!(x)

To complete the square, rewrite
in the form (x —a)2 + b
See | ¢ | for revision.

You can use the ‘completing
the square’ method.

Find the points where the graphs of y = f(x) and y = f!(x) intersect.

a f(x)Z%x+4,xeR

b f(x)=x,xeR, x>0

c fl)=(x-22%xeR, x>2

d flx)=x2+8x+12,xe R, x> -4

a Finda band csuchthatf'(x) = +ax+bxe R, x> ¢
is the inverse function of f(x) = 1+ Jx+1,xe R x >-1

b Find the values of
i f(8)
i £71(8)
iii x such that f(x) =f'(x)

11

12

13

14

4 Find the inverse of f(x) =8 — x, x € R, x > 0 and explain why 10 The function g(x) is defined as g: x — ﬁ, xe R, x#2

Find the inverse function g!(x) and its domain.
Solve the equation g(x) = g!(x)

Find the inverse g™ (x) of the function g(x) = 3x_+31, xeR,
x # 3. And show that g(x) is self-inverse. *

Sketch the graphs of g(x) and g(x).

Find the values of x which map onto themselves.

The function h(x) = C;C_Jr 21, x € R, x# 2 is self-inverse.

Find the value of c.
Find the values of x which map onto themselves.

Prove that f(x) = %, x # a is self-inverse for all o and £.

Find the values of x which map onto themselves.

2
x2+1,xeR3,x =1
x" =1
and its inverse f!(x) on the same axes.

State the domain and range of the inverse function.
Explain why the solution of the equation f(x) = f!(x) is also
asolutionof ¥ — - x—1=0

Show that an approximate solution is x = 1.84

Sketch the graph of the function f(x) =

INVESTIGATION

15 Which one of these four functions has an inverse function?

Explain why the other three functions do not have
inverse functions.

fix)=2-5xeR

fx)==,xeR
X

f5(x) =5-2x,x € R*

fi(0)=sinx,xe R,0<x< 7

Find the horizontal asymptote by
letting x — oo. Also find the
vertical asymptote.

21
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when x > 0,
when x< 0,

% = x
|xf = —x

In general,

E.g.
|2| =2and |-2| =2

|x| <2 can also be written as -2 <x < 2 — 5
|x| > 2 can also be written as x > 2 orx < -2 - -
-2 2

The graph y = |f(x)|
|f(x)| is always positive, so the graph y = |f(x)| always lies above
the x-axis.

Sketch the graph of y = [2x — 3|

Sketch the graph of y = 2x — 3
Where y < 0, reflect the graph in the x-axis:

The reflected line has the equation y=-2x+3
The function f(x) = |2x — 3| can be written as

2x —3,x > 1%
f(x) =

2x+3,x < 1%

The graph of y = f{(|x)

|x] is always positive. So, the two points on the graph with x= k
and x = -k have the same value of f(|x]). The graph y=f(|x]) is
therefore symmetrical about the y-axis.

The modulus of a number |x] is its magnitude or absolute value.

On your calculator, [x| may be
written as ABS(x).

An empty circle shows that
the end value is not included.

A filled circle on a number
line shows that the end
value is included.

Show the part below the x-axis
as a dashed line.

Y,

A

N

Cc 371dINV X3
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Sketch the graph of y=2|x| — 3

Sketch the graph of y = 2x — 3 forx > 0
and reflect it in the y-axis:

The reflection has the equation
y=-2x-3

The function f(x) = 2|x| — 3
can be written as

2x—3x>0
fx) =
2x—-3,x<0

y=2|x| -3

Sketch the graphs of
a y=1f(x) b y=If(x)]
when f(x) =x*> —2x—8

c y=1(x)

a y=x>-2x-38
=(x—4)(x+2)
When x=0, y=-8

When y=0,x=4or-2

y=x>-2x-8

b For y=|f(x)|, reflect the
part of the graph below the
x-axis in the x-axis.

-8

(1,-9)

1,9
. 9) y=|x2-2x-8§|

1 Algebra and functions

Differentiating or completing the
square shows that there is a
minimum value at (1,-9).

You could use computer software
or a graphical calculator to check
these results.

O

The solution to part ¢ is shown

on the next page.
23
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c Fory="f(|x]|), reflect the part of

the graph to the right of the
y-axis in the y-axis:

XV

y=KX?>-2x| -8

Exercise 1.5

1 Sketch the graphs of these functions.
Give the coordinates of any point where a graph meets the

X-ax1s or y-axis.

a y=[x-3

c y=|[2x—1|

e y=[4—-x

g y=[2x+3]

i y=|—4x+3

K y=3-2x+x

_16
m y= >
o0 y=|log,x|

a y=|x+4/+|x-1

b y=[x-2|+|x—1]

and y = f(|x|) where
a f(x)=x>-3x—4

b f(x)=4x—x

b y=|x-3
d y=2|x-1
f y=4—|«
h y=-2x+3|

joy=h-4d+3

| y=3-2|xd+ |x?

n y=-x

Sketch the graphs of these functions.

On separate axes, sketch the graphs of y = f(x), y = [f(x)|

4 Sketch the graph of g(x) =6 — 2x| for the domain 0 < x < 8

Find the range of the function and the solution of the equation
g(x) =4

5 Sketch the graph of h(x) =|2x + 5] for the domain -4 < x < 1

Find the range of the function and solve the equation h(x) =3

6 Sketch the graph of y=f(x), y=|f(x)] and y=1f(|x]) forr < x< 7

where
a y=|sinx|
b y=sin|x|

c y=|cosx

d y=cos|«

7 Find the point of intersection of the graphs of y =5 — x|

and y =[x+ 1|

8 Find all points of intersection of the graphs of y = |x + 2|

and y=2x| -4

9 How many solutions are there to the simultaneous equations

y=(]x —2)*and y=[2x— 4]?
Find them.

INVESTIGATION

10 Use computer software or a graphical calculator to check
some of your answers to the questions in this exercise.
You may have to use abs (absolute value) button to
input a modulus.

1 Algebra and functions

25
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Solving modulus equations and inequalities

Exercise 1.6
1 Use these two diagrams to help you solve

b

1 Algebra and functions

€0

a Y,
You can use a graphical or an algebraic method to find solutions Yx I
to equations and inequalities which involve modulus signs. \E y=k-4 y=K=+2
il _ \ = -4
d Solve |2x+ 1| =5 2 y=5 N y=h=4
z 2
i Algebraic method Graphical method o 4 > //,_/ o i %
b (2x+1)2=5% Find the points of intersection Y,
4x* +4x+1=25 ofy=|2x+ 1| and y = 5: -4 44
y:-2x—1 y=2X+1 ’ ‘
4% +4x—-24=0 AtP, 2x+1=5 sox=2 s
_ : B . /-
P+x—6=0 The.reflectlonofy_2x+1mthe Q P i lx—4=5 i |[x—4|<5 i x—d]= |5 +2 o= d]> |3 +2
(x+3)(x—2)=0 x-axis is y = -2x — 1:
x=-3or2 AtQ=2x—1=5 0 > 2 Solve these equations and inequalities.
. -2x=6 sox=-3 /
The solutions are The solutions are K ai |[x+2/=5 i [x+2/<5
x=-3and x=2 ) 3
x=-3and x=2 b i [2x+3/=7 i 2x+3[>7
c i [Bx—1=8 i Bx—1/>8
m
) e Solve a |x]+4=3x b |x+4<3x The graph of y = |x| + 4 involves di |[6-2x=2 i [6—2x<2
) < a reflection in the y-axis. e i |x—2/=| i x—2| <o
2 Sketch the graphs of y = |x| + 4 and y = 3x: B
¥ ’} f i Bx—2)=|x+1] i Bx-2|<|x+1
M a The two graphs have only b For |x| +4 < 3x, you y=3x LoBx=2l=fer 1] i [Bx=2<fx+ 1]
one point of intersection, P. need the graph of y=>xr4 Ive th .
At P, x+4=3x y= x| + 4 to be below y=x+4 3 Solve these equations.
4=2x thegraphofy:3x 4 P a |X+1|=X+4 b |X|+1=X+4 Cc |2X+3|=3X—2
The solution is x=2 T,hls S D HE . d 2x+3|=6—-x e 2lx+3=4x f 2x—4|=x+2
right of P. 70 >x
The solution is x> 2 g ¥ —4x=3x-6 |xf? — 4l = x
4 Solve these inequalities.
U . . - o i -1]> -1< -6/ <
; How many solutions has the equation |x® — 3x| = |x— 2| ? Both graphs involve a reflection in a x—1]>x+1 b 2l -T<x+1 ¢ [Bx—6[<lx
= Find the solution nearest to x=3 the x-axis. d 2x-2|>[x-3 e [¥®-3x<2x—-4 f [x2—4<[x+2
o Yy
; , 1 y= |X2 - 3x|
Sketch the graphs of y = |x“ —3x| andy = |x - 2|: -
& graphs ofy = | | y= | 5 Solve a [xX*—x—6|=|x+2 b x—§‘<4
The two graphs intersect four times. i X+
So, there are four solutions to the equation |x* — 3x| = |x — 2| p ) Y=k-2
The solution nearest to x = 3 is given by the point P. ol 175 4 > INVESTIGATION
At P, the graphs of y=x—2 and y=-(x* - 3x) intersect. YN 6 If|»® + bx+ d = x> + bx + cfor all x, find a condition
So x—2=-(x-3x) .~ which b and ¢ must satisfy.
2-2x-2=0 giving x=14 3 Reflecting y = x* — 3x in the x-axis
es V= (2 — 3x) — 2
Reject the invalid value 1 — /3 which is negative. glves y = ~(x" = 3 = "+ 3x
o6 The required solution is x= 1 ++/3 = 2.73 (t0 2 d.p.) Use the quadratic formula.
See | €1 | for revision.
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Recall the rules of transforming a function:

o

y=1(x) £ a is the result of translating y = f(x) parallel to the
y-axis by £ a units

o y=f(x=£ a) is the result of translating y = f(x) parallel to the

x-axis by ¥ a units

o y=-f(x) isthe result of reflecting y=f(x) in the x-axis

o y=f(-x) isthe result of reflecting y=f(x) in the y-axis

o y=af(x) isthe result of stretching y=f(x) parallel to the
y-axis by a scale factor of a

o y=f(ax) isthe result of stretching y=f(x) parallel to the

x-axis by a scale factor of %

You can combine these transformations to give new functions.
E.g. When y = f(x) is transformed by:
a 0
O translations of 0 and then b ,theresultisy=f(x —a) + b
O a stretch of scale factor 2 parallel to the x-axis and then a reflection

in the x-axis, the resultis y = ff(g)

The quadratic function f(x) = x> — 3x s reflected in the y-axis
2
and then translated by the vector ( . J

Find the equation of the final function.

After reflection in the y-axis, the function becomes
f(x) = (-x)? = 3(-x) = 2% + 3x

After the translation, the function now becomes
flx) =(x—2)?+3(x—-2)
= —4x+4+3x—6
= —x-2

The equation of the final function is f(x) = x> — x — 2

Transformations of graphs of functions

Refer to | €1 | for revision.

The order in which you do the
transformations can sometimes
affect the final function.

The reflection in the y-axis
changes f(x) to f(-x).

The translation changes the new
f(x) to f(x — 2).

You can check the answer using
a graph-plotter.

¢ 317dINV X3
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1 Algebra and functions

Describe the two transformations needed to transform
the graph of y = »? into the graph of y=4 — x*

Work out the result of a reflection in N You can use a sketch to check
the x-axis: your work.

If y = f(x) = 2, then after
reflection in the x-axis

y=-f(x) =-x

In Example 2, the order matters:
the reflection must be first and
the translation must be second.
If you did the translation first and
the reflection second, then the
final graph would have the
equationy =-(x* +4) = x> -4

Now work out the result of translating
the new function, y = —x2, parallel to
the y-axis 4 units upwards:

After the translation, y = f(x) = -x
is transformed into  y=f(x) + 4

=4-x

y=x>+4
1

These are the two required transformations.

y=-x>-4

Sketch the graph of the function y = 3sin2x, x € R and find its range.

If y = sinx, then y = sin 2x is the result of a stretch
parallel to the x-axis with scale factor %

The ‘stretch’ is really a ‘squash’.

y = sin 2x

If y = sin 2x, then y = 3sin 2x is the
result of a stretch parallel to the y-axis ‘i”
with scale factor 3.
The range of y=3sin2xis -3 < x < 3 (or |x] < 3).

Each point on y = sin2x maps onto a point three
times further away from the x-axis.

The stretch parallel to the x-axis has changed
the period from 27 to 7 (360° to 180°).

29
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Sketch the graph of y=1+ cos (x - %), x € R and find its range.

If y=cosx, then y = cos(x — %) is the

result of a translation parallel to the

y = 1+cos(x—%)

. . . Y = C0S X
x-axis of +% units to the right. -~ =

N, Sy= cos(x - %)
y = f(x — @) is the result of translating y = f(x) 2* ] 70 W / ‘2 ;x
parallel to the x-axis by +a units. e T o | N S "
Ify=cos(x—%), then -2

y=1+ cos(x — %) is the result of a

translation parallel to the y-axis of +1 unit upwards.

y = f(x) + a is the result of translating y = f(x) parallel to the y-axis
by +a units.

The range of y=1 +cos(x—%)i50 S BES X

By not involving any stretches
in this problem, you have not
changed the period of 27r.

In this problem, the order in
which you do the two
translations does not matter.

Sketch the graph of y = 2|x + 3| — 4, x € R and find its range.

Three transformations of y = ||

Firstly, there is a translation of y = |x] N are involved.
parallel to the x-axis of -3 unitsto = px +3] Y=+ 3]
the left. N %

. y=MK
Secondly, there is a stretch parallel
to the y-axis of scale factor 2.
Thirdly, there is a translation parallel 12 3 X

to the y-axis of -4 units downwards.

The range is y > -4 y=2|x+3|-4

9 3T7dN VX3

1 Algebra and functions

This diagram shows the graph of y = f(x)
On the same axes, sketch the graph of y =3 —f (%x)

Find the coordinates of the images of points
0(0,0) and P(2,3).

This function is defined by its
graph rather than by an equation.

N

The three transformations involved are, in this order:

A

o= f(x)

i astretch parallel to the x-axis of scale factor 2
ii areflection in the x-axis

e

iii a translation parallel to the y-axis of +3 units upwards.

The image points are O'(0,3) and P'(4,0).

Exercise 1.7
1 This diagram gives the graph of y =/x
On the same axes, sketch the graphs of

i y=\/; i y=vx+3

il y=vx—-3 iv y=x +3
v y=Jx-3

Label each sketch with its equation.

2 On the same axes, sketch the graphs of
y=x y=x>+3 y=x>-3
Label each sketch with its equation.

y=(x+3)?

y=(x—3)?

3l
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1 Algebra and functions 1 Algebra and functions

3 a Iff(x) = x|, sketch on the same diagram the graphs of 8 Describe the transformations of the graph of y = cos x which
y=f(x), y="f(2x) y=2f(x) result in a graph with the equation

b If f(x) = ||, sketch on the same diagram the graphs of a y=1+2cosx

y=1(x) y=fx+2) y=f(x-2) b y=3+cos(x+%)
Label each graph with its equation. ¢ y=3—cos2x
4 Sketch the graph of y= x> — 3x d y= 4cos(x - 5)
Sketch the graph and write the equation after the graph 2
of y=x* — 3x has been transformed by e y=2cos3x
a areflection in the x-axis b areflection in the y-axis f y= % cos(-x)
. 2 . 0
¢ atranslation of d atranslation of .
0 —4 9 On the same axes, sketch the graphs of y = tan x and

y=1 +tan(x—§) foro0< x<
5 The graph of y = x? is reflected in the x-axis and then translated
i llel to the y-axis. Sketch the final i f
5 uI;lclztS upwar'ds paralle '['O the y-axis. Sketch the final image o 10 The graph shows the function y= f(x)
y = x* and write its equation.

6 Sketch the graph of y=4 — x*

a Sketch the image of the graph of y =4 — x? after a reflection
in the x-axis followed by a stretch (scale factor 2) parallel
to the x-axis.

b Sketch the image of the graph of y =4 — x? after a
reflection in the y-axis followed by a stretch

(scale factor 2) parallel to the x-axis a The graph of the function y = f(x) is transformed into the

_ (1
Write the equations for the resulting graphs. graph of y = f(fx) 1

i Describe the transformations which have taken place.
7 Sketch the graph of y = f(x) and its image when ii Sketch the graph of y=f(x) and its image on the same diagram.

a f(x) = x® —4x+ 3 is stretched (scale factor 2) parallel to the b

. and th fected in th ) Repeat when f(x) is transformed into y =2 — 3f(x— 1)
y-axis and then reflected in the x-axis

b f(x) =% - 3xis reflected in the x-axis and then translated
+1 units parallel to the x-axis

INVESTIGATION

11 Which two transformations result in the graph of

¢ f(x) =|x— 4] is stretched (scale factor 3) parallel to the x-axis .
y = f(x) being

and then translated -2 units parallel to the x-axis

a enlarged with scale factor k and centre (0,0
d f(x) =sinxis reflected in the y-axis and translated +1 unit 5 0,0)

parallel to the y-axis b rotated through 180° about the origin (0,0)?

W A

e f(x) =sinxis reflected in the x-axis and translated by the vector [ J Write the equation of the image of y = f(x) in each case.

In each case, write the equation of the image.

€0



™
@)

34

Reviewv 1

1 Express each of these expressions as a single fraction in its
simplest form.

1 2 2 2x

x—1+2x+3 b x+1 x+2
3 3 2¥a+b),, 6b°
c + d
x+Dx—-4)  (x-Dx-4) b
e 3mm—2) . m*—m-2 f 4x* xP—3x+2
m—1 m? (x=1° 8x(x-2)
2 a Express t 1)); g + x2+ 1; as a single fraction in its
X X X —

simplest form.

b Hence, find the solution of X + % 2+ 12 _ ;1
x+Dx+3) x" -9 2

3 a Find the quotient and remainder when
i 4x°+4x° —5x— 3 is divided by 2x + 1
ii x°—7x+8isdivided by x—2

b Find the function f(x) and the constant k which satisfy the identity

20 =32 +4=(x-1)f(x) + k

¢ Divide f(x) = x°* — 2x% — 9x + 18 by x— 2 and so factorise
f(x) completely.

4 The functions f and g are defined by f(x) = - 1, xe R, x>0
and g(x) =2x—-1,xe R

a Find the values of

i f(3) ii g(3) iii fg(3)

iv gf(3) v 1(3) vi g1(3)
b Find algebraic expressions for

i fg(x) i gf(x)

iii £'(x) iv gf(x)

¢ Prove that there are no solutions to the equation
fg(x) = gf(x)

[(c) Edexcel Limited 2001]

5 The function f is defined over the domain 0 < x < 4 by
f(x)=x 0<x<?2
flx) =4—-x 2<x<4

a Sketch the graph of f over its domain.

b Find all the values of x for which f(x) = £ Z 4

6 The function g is defined by g: x > 4+ 9, x e R, x > 0
a Find the inverse of g.

b Find the value of g71(18).

7 Prove that the function f(x) = X+ %, x € R, x# 1 is self-inverse.
x—

Also prove that the only elements of the domain which map
onto themselves are x=1+ /3

8 Given that f(x) = x> — 5x + 6, sketch the graphs of
a y=|f(x)l
b y=1(x)

9 This diagram shows the graph of the function
y=1(x),-1<x<6

Y

A

5 y = f(x)

Y

Sketch, on separate diagrams, the graphs of

a y=f(x)-2
b y=If(x)]
¢ y=1(x)

Give the coordinates of any turning points on your three diagrams.

1 Algebra and functions

[(c) Edexcel Limited 2002]

Self-inverse means that the
function and its inverse
are identical.

35
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1 Algebra and functions

10 The graphs of y=x—2 and y=1 are shown on this diagram.

Y

A

1
T

0

_%

Y

Sketch the graphs of y = |x— 2| and y =1 on the same diagram

and find their po

ints of intersection.

11 Sketch the graphs of

a y=|[2x-3| b y=2[x-3
c y=[4-x d y=4-|x
e y=|—5x+4 f y=|x*>-5/x+4
g y=[2x- h y=2lx |’
12 Solve the equations
a 3x-2|=x+2 b 3jx—-2=x+2
c [2x—3|=4—-x d 2(x-3=]4—x«
e [6-2x=x+3 f j6—-2x=|x+3
13 Solve the inequalities
a [2x-3|>4—4 b 2|x—-3<4—x
c [2x—4|<x d |6-2x>x+3
e 6-2d=>1-x fo(x-22<x+4
14 Solve
a |X¥—4/=x+2
b |xX*—4>x+2
c |X2—4>d+2
36

1 Algebra and functions

15 The graph of the function f(x) =3 —/x, x> 0 YA
is shown on this diagram.

a Give the range of f(x).

b Find the values of
i f'f(6) i f1(-1)

¢ Sketch the graph of y= [f(x)|

Find the values of the constant cif the equation
[f(x)| = c has exactly two roots.

16 This diagram shows the graph of y = f(x)

yA

(2,4)
f(x)

(5,-3)

Sketch on separate diagrams the graphs of
a y=1lfc+ b y=f(1x)+1
17 The graph of y=x? is transformed onto each of these graphs

by successive transformations.
Describe the transformations which have taken place in each case.

a y=3x-5 b y=%(x—2)2
c y=1-24
18 f(x) = X2 _ 1 ,x>-2

x+3 (x+3)x+2)

a Express f(x) as a single fraction in its simplest form.

b Hence show that f(x) = 2 — L, x> -2
x+2

¢ Thecurve y = %, x> 0, is mapped onto the curve y = f(x),

using three successive transformations T/, T, and T,
where T and T, are translations.

Describe fuﬂy Tl’ T2 and T3. [(c) Edexcel Limited 2005]
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Exit

Summary

o
o

o

Algebraic division follows the same procedure as numerical long division.
A function maps each element of the domain onto one and only one
element of the range.

The composite function gf(x) means that the function f is applied

first and the function g is applied second. The function gf(x)

only exists if the range of f is part of the domain of g.

To find the inverse function f™! (x) of f(x)

either use a flow diagram in reverse

or make x the subject of y = f(x) and then interchange x and y

or reflect the graph of y = f(x) in the line y = x.

A one-to-one function always has an inverse. A many-to-one function has
an inverse only if the domain is restricted to make it a one-to-one function.
If |x| < a, then —-a< x < a. If |x| > a, then x> a or x < -a.

To sketch the graph of y = [f(x)], sketch y = f(x) and reflect

any part below the x-axis in the x-axis.

To sketch the graph of y = f(|x]), sketch y = f(x) for x> 0 only

and reflect it in the y-axis.

You can apply a combination of transformations to the graph of y = f(x).
The order of the transformations may affect the result.

Refer to
1.2

1.3

1.3

1.4

1.5,1.6

1.7

Links

Many situations in real life involving several variables and
uncertainty can be modelled using mathematics.

Computation using complex numerical methods is used in
forecasting weather, and mathematics is essential in
understanding and predicting climate change.

Even though, in reality, the variables involved are complicated,
they can be simplified using a mathematical model which can
then be used to understand the system being studied and to
make predictions.

Trigonometry

This chapter will show you how to

o use reciprocal and inverse trigonometric functions
o solve trigonometric equations and prove identities
o use the compound angle formulae

o use the double angle and half angle formulae

o find equivalent forms for acos 6 + bsin 6.

Before you start

You should know how to: Check in:
1 Use the special triangles. 1 Find the values of

a sin60° + cos30°
30° b tan60°+ tan45°
V3 2 1\ 5in?30° + sin260°
- @ L & sin®45° — cos®45°
1mm 1

1
e.g.sin30° + tan45° = 7+ 1=15

o

o

2 Find cos @ when 01is acute and 2 a IfOisacuteandsinf= 8 find the

. 17
tan 6 is known. values of cos 8 and tan 6.

e.g If tanQ:l, 7N§\ 4
24 b If Ois obtuse and sin 6= = find the

then x = \7° + 24° = 25 24 values of cos 6 and tan 6.
_24
and cos 0 = %5
3 Find angles in all four quadrants. 3 Find Osuch that 0° < 0 < 360° when
e.g If cosezé, then @ is in the second a sinf=0.3 b tanf=-2
and third quadrants. c cosO= 1
Possible values of O = 180° + 60° = 120° or 240° 4

4 Use identities involving sin 6, cos@and tan6. 4 a If Ois obtuse and sin 6 = 0.4, find cos 6.
e.g.Ifsin@=0.6 and Ois acute, then sin? 0+ cos2 = 1 . .
¢ b Prove the identity 1 + e

gives cos O =+/1 — (0.6)> = +/0.64 = 0.8 tan’0  sin’0

39
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The reciprocal trigonometric functions, secant, cosecant and
cotangent, are defined as

cot=—— — cosf

L
cosecO=——F5 il —
anv - sino

secO=—— -
cos 0 sin6@

Find, to 3 decimal places, the values of

a sec40° b cotl62° c cosec%r
S S
a secd0® =05 = 076604 — 1-30°
b cotl62°=——=—1 _=—L __ 3477
cot162” =1 n162° ~ “tanl18°  -0.32492
1
c cosecﬂz L 1.051

5 sinZZ T 095106

The graphs of sec 6, cosec 0 and cot 0

Starting with the graph of y = cos 6, you can sketch the graph of
its reciprocal y = sec 6

N HE
NI I
N Y

i : \; i
T -+ T i T ‘i/ 0
-540°-450°-360° —2‘{0\" -180° -40°
: : s

HENS N
4 AN
i/ A

"\ iy =cos6
N

:v\ T + T K T >
96  180° /27§0° 360° 450° 540° 6
N HE P HEEEN

= RSO S
=24

The domains and ranges of cos 0 and sec 0 are:

Domain Range
y=cosf feR yeR,-1<y<1
y=secO | geR,0=+90°4+270°... | yeR,y>1,y<-1

You would expect cosec to be

| Be careful not to confuse these.
related to cos and sec to sin.

162° is in the second quadrant
where tan is negative.

16

oy

n
5

360°

radians = =72°

I sec O is not defined when
cos0=0

y =cos 8 and y = sec 6 both have
a period of 360° (2 radians).

When cos0=+1,sec0==+1
When cos 0= 0, sec 6 = « and
its graph has vertical asymptotes.

When cos 6 is positive, sec 0 is
also positive. When cos 0 is
negative, sec 6 is also negative.

Similarly, you can sketch the graph of y = cosec 8

YA

y = cosec 9

S L=<

N ’ N 7

iy =sinf® i/

i

: N /
i, N ,

—360°-270°-180°-90° O

90° 18Q° 270° 360° 6

S
N -

s
-

The domains and ranges of sin 6 and cosec 0 are:

Domain Range

y=sin0 0eR yeR,-1<y<1

y=cosecO | geR,H=0° +180°+360°% ... | yeR,y>1,y<-1

The graph of cot 6 is shown here.

The domains and ranges of tan 0 and cot 0 are:

Domain Range
y=tan0 | e R, 0=+90° +270° ... | yeR
y=cotd | peR,0+0°+180° ... |yeR

2 Trigonometry

I cosec 0 is not defined when
sin0=0

y=sin6and y = cosec 6 have
periods of 360° (2 radians).

When sin @ = +1, cosec 6 = +1
When sin 0 = 0, the graph of
cosec 0 has a vertical asymptote.

When sin 6 is positive, cosec 0 is
also positive. When sin 0 is
negative, cosec 0 is also negative.

I cot O is not defined when
sin0=0

y =tan 0 and y = cot O have
periods of 180° (7 radians).

When tan 6 = £1, cot0 = *1
When tan 6 = 0, the graph of cot &
has vertical asymptotes.

You should be familiar with all of
these graphs when O is in
radians as well as in degrees.

41
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2 Trigonometry

Standard trigonometric results

The standard trigonometric results from these two special
triangles are:

See | 62 | Chapter 12 for revision.

sin0° =0 cos0° =1 tan0° =0
sin 30° = % co0s30° = % tan 30° = % 30°
V3 2
sin 60° = g cos60° = % tan 60° =/3 V2
. 1 1 1 60° 45
45°=— 45° = — tan45° =1
sin 5 cos A an 1 1

You should also know these results

The same two special triangles also give you:

2 1
cosec60° = == sec60° =2 cot60° =—
NE) NG
cosec30°=2 sec30° = 2 cot30°=+/3
3
cosec45° =2 sec45° =2 cot45°=1
and from the trigonometric graphs you get:
sin90° =1 cos90° =0 tan90° =o0
sin180° =0 cos180° =-1 tan 180°=0
The triangle shown gives See [ €2 | for revision.
a
_a4_c
tan 0= b=
c a ¢
_ sin0
: cos b 0
. By Pythagoras’ Theorem, a?+=27 b
. Divide by ¢ sin” 0+ cos> 0= 1

You have the following results:

sin@
cosO

sin @ = cos (90° — 0)

tan 0= sin20+ cos?0=1

cos 0= sin (90° — 0)

42

in radians, where 180° = x radians.

¢ 37dINV X3

' 11 cosH
Consider cot 0= tan® ~ sin@ ~ Gnp
cos6

Use Pythagoras’ Theorem.

ISl
N
[ S}
w
)
—
1Y
=)

[38)
(o)
+
—

Il
w»
o
o

38
(.a)

: 2
: Divide a% + b? = 2 by b*: (%) +1=(

You have

cot O — <080

" sin6
tan 6 = cot (90° — 0)
sec20=1+tan?0

cosec’?0=1+ cot?0

Find, giving each answer as a surd, the exact values of

a sec330° b cosec225° c cot%r

a 330°is in the fourth quadrant where cosine is positive.

11 _ 2 243

c0s330° f

1
sec330° = = =—=
cos30° V3 f3 3
2

b 225°isin the third quadrant where sine is negative.

1 __ 1 __»

= o _ 1
sin45 5

cosec225° =

C %Tradians -7 XéSOO = 210° is in the third

quadrant where tangent is positive.

7w _ o _ 1 = 1 —
cote = C0t210% = o700 = tan30°

-

1
B
NG

2 Trigonometry

You need to be able to recall
all of these trigonometric
values and formulae. They are
not provided in the formulae
booklet in the examination.

330°

N

N
¢

43
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2 Trigonometry

If cos = —% and 0 is an obtuse angle,

find the exact value of cot 0.

Method 1

Use 1 + tan?0=sec? 0

with sec 6 = —%:

2
tan? 0= (—%) -1

—169 _
~ 25
_ 144
T 25

12
=dis
tanO =+ 5

But 0 is obtuse, so tan O
is negative.

So tan@z—g
5

d cotf=—1
an cot _tan0
-

T 12

Method 2
Draw a right-angled triangle for
a first quadrant angle, ¢, where

of
CoOSp=—:
¢ 13

13 X

(6/$\ [

Use Pythagoras’ theorem:

x=+/169 — 25 =12 and

=2
cot(l)—12

Angle 0 is obtuse, so tan 0

and cot 0 are negative.

cotf= —cot¢=—%

Exercise 2.1

1 Use your calculator to find, to 3 significant figures, the values of

a sec200° b cot130° Cc cosec340°
d sec n e co f cosec?™
5 9
2 Find, in surd form where needed, the values of
a cotl35° b sec120° ¢ cosec210°
d coti™ e f cosec
3 2

3 Find angle 0 such that —180° < 6 < 180° when

a secf=1.25
d sec0=-1.25

4 Given that angle 0 is obtuse and tan 6 = —%, find the value of
a secf b cotf

b cot0=2.5

e cotf0=-3.5

c cosec6=3.0

f cosec0=-2.0

Use the graphs of these
functions to help you.

Angle a is a reflex angle and cos o = %

Find the value of

a coseca b cota

Write each of these expressions as a power of sec f3, cosec f§ or cot f3.

a — b sech
tan” cos” f3
1—cos’ B cot® Bsec’ B
c d —~/—>—F

sin’ B8 sin’ 3

Find the value of cot @ when

a 2sin0=3cos0 b 4tan0=1
¢ cosOsin O=sin% O d cosO=9sinOtan O
e sinO=3tan?6 cos O f cosecO0=2

Simplify these expressions.

a cotxtanx b cotxsinxtanx

¢ cot?xsecxsinx d cosecxsecxsin®x
: : 1 sec’ o

e sinx(cotxcosx+ sinx) f — L%

COS2 o CosS eCZOC

. cota
Lt cotasin?a h — 12 -~
cosec o | sin“g tana

. 1 tana
I Seca -
cosa  coseco

INVESTIGATION
9 What transformation maps the graph of y = secx onto y = sec (x—90°)?

What two transformations are needed to map the graph of y = cotx
onto y = cot (90° — x)?

Use computer software to compare the graphs of
y=sec(x—90°) and y = cosec x and to compare the graphs of
y=cot(90° — x) and y=tanx.

What can you deduce?

Is this investigation sufficient as proof of your results?

2 Trigonometry
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An equation is true for some, but not all, values of the
variables involved.

An identity is true for all values of the variables involved.

There are two strategies for proving identities.

You prove:

either that the LHS of the identity is equal to the RHS
(or vice versa).

or that both sides of the identity are equal to a common
third expression.

Prove that tanxsinx+ cosx= secx

Manipulate the LHS of the identity:

a Sinx o
LHS = tan xsin x + cos x = cosx < sin X + cos X

sin’x + cos’x
CcoSX
1

= =secx=RHS
COSX

So the identity is proved.

3
cosxtanx COS X
Prove that =

COSCC2 X COt3 X

Show that both sides are equal to a common expression:
sinx _ . .

LHS = cosx x ~—— xsin’x = sin’x
COSX

0 3
Sin X .

RHS = cos’x x —— = sin’x
cos’x

Hence, LHS = RHS and the identity is proved.

It is usual to start with the more
complicated side of the identity.

Choose one side of the
identity to work on.

1

Remember cosec?x = —;
Sin~ X

1 _ cos’x

cot®x =
tan®x  sin®x

€ 37dINV X3

Solve the equation 1 +tanx=sec’x for0<x<2m

Substitute 1 + tan®x for sec2x: 1 + tanx =1+ tan®x
0=tan’x—tanx
0=tanx (tanx—1)

so tanx=0ortanx=1

tanx=0 gives x=0 or 27

or tanx=1gives x= %

INE

or

The solutions are x= 0,

NP

5t
>_a2
4 T

Exercise 2.2
1 Solve these equations for -180° < x < 180°

a sec(x—10°)=3

b cosec(x+20°)=-4
¢ cot(x+30°)=-2

d cot2x=%

e sec(2x+40°)=-2

f cosec(%x - 10°) = —%
g 3cosx=secx

h 4cotx=3tanx

i 3cosx—cotx=0

j 4sinx=3tanx

K 2cotx= cosecx

| cotx=tanx

2 Solve these equations for-7 < 0<

a sect0=2
b cot?’0=3
Cc 4sin 0= 3cosecO

d tanO=4sinOcosO

2 Trigonometry

tan is positive in the first and
third quadrants.

5

o

L

See [€2] for revision of
translations of trignometric
functions.
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6 Find the points of intersection of these pairs of curves for
-360° < x < 360°, giving answers to 2 significant figures

3 Solve these equations for 0 < x < 360°

a 2+sec’x=4tanx

C3

48

b 2cotx=tanx+1

¢ 3sinx—2cosecx=1
d 2secx—1=tan’x
e 4cosx—3secx=1

f cosec’x=4cotx—3
g cosx+secx=2

h tan0+ cotO=2

i tan6O+ 3cotO=>5secO

Rewrite each pair of equations as one equation in terms of x and y.

where necessary.

a
b
c

d

y=1+cosx, y=2sin’x
y=1+2tanx, y=1+secx
y=secx,y=1+cosx

y=tanx— sin’x, y = (cos x — sec x)*

7 Prove these identities.

a

b

tan Osin O + cos O =sec O

tan 0 + cot 0= sec Ocosec O

1

secO—tan 0= 3cch i tang

1 - tan’0 )

= = d —=~=1-2sin"0
a x=4seca, y=2tana 1+ tan’0
b x=3coseca, y=2cota )

e _sin@ _ cosO
C x=4cosa,y=3tana 1+ tanf 1+ cotO
d x=1-sina, y=1+cosc f (1+secO)(1—cosB)=tan0Osin6
e x=3cosa, y=4+tana P sind 1+cosh _ 2
) 1+ cosf sinf ~ sinf
f x=asina, y=bseca
. . . 1 _1—cosf

Describe the transformations which map the graph of the h ot0 F cosecl = sind

first equation onto the graph of the second equation.

a y=secx, y= SGC(%X)

b y= secx,yz%sec2x

Cc y=cosecx, y=2cosec(x+90°)

d y=cotx, y=-cot(-x)

8

tan’0 + cos*0

- = secO — sin0
sin@ + secO

INVESTIGATION

Use a graphical package on a computer to check your
answers to all the questions in this exercise.

For example, you can check question 1 part a by plotting
the graph of y = sec (x— 10°) and finding the points
where y=3.

For question 3 part a, you can plot the graphs of

y =2+ sec’xand y = 4tan x and then find their points

of intersection.
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Domain Range
If f(x) = sin x, then the inverse function is I Do not confuse sin"1x Ufe) = B Osx<m | 1sy<1
f~1(x) = arcsin x or sin”! x. with (sinx)™. fix)=arccosx | -1 <x<1 | O<y<n

. T . T
Eg-sing =05 soarcsin0.5 =g The principal values of arccos x are in the range 0 < y < 7

arcsin 0.5 is the angle whose sine is 0.5.

f(x) = sin x is a many-to-one function. See Chapter 1 for revision of Domain Range
. . . i i f(x) = tan - T
Its domain must be restricted to —% <x< % for it inverse functions. ® X 2 SXS3 yel
to have an inverse. f-1(x) = arctanx xeR _% <y< %
The graph of y=arcsin x is a reflection of y=sinx
in the line y=x The principal values of arctan x are in the range —% <y< %
%
y = arcsinx
31, o
YN X Find the values of
14 fr-- y = sinx % a arccos ﬁ For arccos (*/25) you need to find
< T T T T \I » X For the reflection to Work, the r 2 ) ) \/5
=32 - q ] 1 2 3 scales on the two axes must be T b arctan(-1) the angle whose cosine is b
™ 5 the same, with angles measured
A/ 4 .
(@) \ in radians. ¢ arcsin(-0.3)
v =x =35
Use the special triangles:
The graphs show their domains and ranges as:
Domain Range
. 300
f(x) = sinx 2<X<§ 1<y<1 V3 2
f1(x) = arcsinx | - T T
x) 1<x< 5<Y<3% 1 V2
NN
The principal value of arcsin x is the unique value of arcsin x This is shown as the continuous 1 1
within the allowed range -Z < y < Z blue line on the graph.
2 2 \/g T o
a arccos —=="¢ (or 30°)
The principal values of arctan are
Similarly, provided that domains are restricted, The alternative notations are b arctan(-1) = —7 (or -45°) in the first and fourth quadrants.
y = cosxand y = tan x have inverse functions cos™ xand tan”" x. 4 So, an angle with a negative
y=arccosxand y = arctan x tangent (in this case, -1) is in the
fourth quadrant.
A oo ¢ Use a calculator:
3. 5|y =itanx arcsin (-0.3) =-0.305 (or -17.5°) A negative principal value of
\2\ | arcsin is a fourth quadrant angle.
i 2]
!
4 1 . //
/':L .y =C0sXx y = arctanx
T 2 T T ~ T T } X T T T T T T : X
-3 2 - A X 3 -3 -2 - 1 2 3
e 14, N i
_p] ¥ = arccosx 1o
4 1
L3 -3
50 y=x y=x 1
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2 Trigonometry

Find tan (arcsin %)

You need to find tan 6 given that 0 = arcsin i

3,

that is, find tan 60 given that sin 6 = %

Take angle 0 to be an acute angle.

Method 1
_ sin®
tan 0= oy

You know sin 6 = % and so

you need cos 6.

Use sin2 0 + cos2 0 = 1:

cosf=4/1— (%)2

NS

Take +ve square root for cosine in
the first quadrant.

Hence, tan 6 =

§|w %‘ﬁdﬁ\w

Method 2

Draw a triangle to show sin 6 =

X

6\

Use Pythagoras’ Theorem:

X+ 3 =4

x=\16-9=7

SotanGzi

NG

and tan (arcsin %) =

3
V7

Blw

Exercise 2.3

1 Giving answers in terms of r, find

: 1
a arcsin| —
(ﬁ )

¢ arccosl

€ arccos (%)

g arccos (—%)

b arctan (\/5 )

d arctan(-1)

f arcsin0

h arctan(

1

3

5)

Sine is positive, so angle O is in
the first or second quadrant.

2 Find, as a surd where necessary, for angles between 0° and 180°

a sinx, given that x=arccos %

b tan (arccos %)

¢ cos(arcsinl)

d sin (arcsin %)

e cos[arctan(-1)]

f sin[arccos(-0.5)]

g tan [arccos(— %)}

3 Find the values of

NE

(1 )
a arccos 5 +arcsm( >

b arctanl — arctan(-1)

4 a If O=arcsinx, find in terms of x
i cosO ii tan@

b Express sec (arccos x) as an algebraic expression in x.

5 a Given that a = arctan x, express sin o + cos ¢ in
terms of x.

b Given that x = tan 0, find arccot x in terms of 0.

6 Prove these identities.

a arctanx= % —arccotx

b arcsinx+ arccosx= us

NS}

IR

C arctanx+ arctan (%) =

INVESTIGATION

7 Explore how to input the inverse trigonometric functions

using a computer’s graphical package.

2 Trigonometry
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You can find an expression for sin (A + B) in terms of the
trigonometric ratios of angle A and angle B.

It is not true that sin (A + B) =sin A + sin B
You can prove this statement using a counter-example:

- Let A= B=45°

i sin (A + B) =sin (45° + 450) =sin90° =1
. . 1

and sinA+sinB=—L+-L=2 =221
V22 2

So, sin (A + B) #sin A + sin B

In fact, sin (A + B) = sin Acos B + cos Asin B

Consider angles A and B in the
right-angled triangles OPQ and OQR:

Triangles OMN and RMQ are similar
so ZMRQ = ZMON = angle A

In triangle ORN, sin (A + B) = gﬁ NLO-;QLR = PQ IR

_PQ.,.0Q LR RQ
=0Q“0orR " rRQ*OR

sin Acos B + cos Asin B

Although proved here for A and B as acute angles,
this formula is true for all values of A and B.

Replacing B by -B and using
sin (-B) = -sin B and cos (-B) = cos B
gives
sin (A — B) = sin Acos (-B) + cos Asin (-B)
or sin (A — B) = sin Acos B— cos Asin B

NL = PQ

Angle -B is in the fourth
quadrant where sine is negative
and cosine is positive.

Similarly, you can derive formulae for cos (A + B):

cos (A + B) = cos Acos B — sin Asin B
and  cos(A — B) = cos Acos B + sin Asin B

You can derive expressions for tan (A + B) and tan (A — B)

using tan0 = %:

sin(A+ B) _ sinAcosB + cosAsinB
cos(A+ B)  cosAcosB — sin Asin B

s1nA/0813{ /OM“/smB
cosA/os’g /os/z‘fcosB ~
M/OS'E _ sin Asin B
MQ’{E cosAsinB

tan(A+ B) =

tan A + tanB
" 1-tanAtanB

By replacing B by -B, you can derive the formula

tanA — tanB

gtan(A B) = 1+ tanAtanB

These compound angle formulae can be summarised as:

sin (A =+ B) = sin Acos B * cos Asin B

cos (A £ B) = cos Acos BT sin Asin B

tan A * tanB

+ )= 2L WAns
tan (A B) 1F¥ tanAtanB

Find cos 15° as a surd.

Use the formula cos (A — B) = cos Acos B + sin Asin B:

Il 37dINV X3

cos 15° = cos (45° — 30°)

= c0845°c0s 30° + sin45°sin 30°

_ 1 ﬁ L1 1
RPN
s

2J_
=ix/§(\/§+1)

2 Trigonometry

Try this for yourself.

Divide all terms by cosA cosB.

Cancel as shown and use

tan 0 = sinf
cos 0

Take care with the signs:

sin (A £ B) uses only the + sign
cos (A £ B) uses only the = sign
tan (A £ B) uses both + and .

Use the special triangles.

30°
V3 2
1 V2
60° 45°
1 1

Multiply by Q to rationalise
V2
the denominator.

You could also have used
€05 15° = cos (60° — 45°)

O
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2 Trigonometry

Find the value of cos (a + ) when a is acute, 3 is obtuse,

3 : 5
=Zandsmp=—=—

From the triangles, you have
12

9 4
mno =-=an ===
s o and COSﬁ 13

so cos(a+ ) = cos acos f— sin asin §

_3. (. 12)_4_ 5
_5X( 13) 5%13
_-36-20 _ 56
= T5x13 65

Solve the equation sin (6 —30°) =3cos0 for 0° < 6 < 360°
Expand the brackets:  sin Ocos 30° — cos Osin 30° = 3cos 6
sin O x é—cos@x%z?mos@
N
= sin 0= 5¢0s 0
7
tan 0= =
NE)
For 0° < 6 < 360°, 6=76.1° or 256.1°
Prove the identity SNA+B) _tanA+tanB
cosAcosB

Show that the LHS is equivalent to the RHS:

LHS = sin AcosB + cos Asin B
cosAcosB

_ sinAgys/E . MsinB
cosAgys/g MCOSB

=tan A+ tan B

= RHS

Hence the identity is proved.

tan O is positive, so O is in the
first and third quadrants.

Using tan @ = S0
g cosf

S 31dINV X3

Solve the equation arctan (1 + x) + arctan (1 — x) = arctan 2

tano=1+x
tanf=1-x

Let o = arctan (1 + x):
Let = arctan (1 — x):

The equation to solve is now o+ f#=arctan2

or tan (a+ ) =2

. _tana+tanf _ (1+x)+(1-x)
Clomstdar e (@ ) = l-tanatanB 1-(1+x)(01-x)

-2 _2
1-1-x3) «*
Hence % =2
x

The solution is x==*1

Exercise 2.4
1 Write as a single trigonometric ratio and so find the exact value of

a sin35°c0s10° + cos35°sin10° b sin70°cos10° — cos 70°sin 10°

¢ c0s40°c0s10° +sin40°sin10° d cos80°cos40° — sin 80°sin 40°

tan100° + tan35°
1 — tan100°tan35°

tan70° — tan45°
1+ tan70°tan45°

2 Simplify
a sin2AcosA + cos2Asin A b cos3acos2a—sin3asin2a

tan2x + tanx

1+ tan3xtanx
1 —tan2xtanx

tan3x — tanx

3 Write each expression as a single trigonometric ratio.

1 . .

a LCOS.?C—_SII'IQC b ﬁCOSX-FlSlnX
N 2 0%% 3

c \/§+tanx 1+ tanx
1—3tanx 1-tanx

e sin(90° — x)cos x + cos (90° — x)sin x f cos’x—sin’x

4 By expanding sin (A — B), show that
a sin(90°—A) =cosA b sin(180°— A)=sinA

5 Find the exact value of

a sinl5° b cos75° c tan75°

d tanl15° e tanl105° f sec75°

2 Trigonometry
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2 Trigonometry

6

10

11

12

Given acute angles o and 3 such that sina = % and tan = %, find

a sin(a+pf) b tan(o+ f) c sec (a+f)

If sinf= % and sin¢ = % where 0 is acute and ¢ is obtuse, find

a cos(0—9) b sin(0-¢) c cot(0-¢)

Angles A and B are obtuse and acute respectively, such that
tan A= -2 and tan B= 5. Find the value of

a cot(A+ B) b sin(A- B)
a Iftan(a+ B) =4 and tan a = 3, find tan S.
b Ifsin(a+ ) =cosfandsina= %, find tan S.

¢ Iftan(a— B) =5, find tan o in terms of tan S.
If sin (0 + ¢) = cos ¢, show that tan 0 + tan ¢ = sec 6

Solve these equations for 0 < 6 < 360°
a 3sin0=sin(0+ 45°) b 2cosO=cos(0+ 30°)
c 2sinO+sin(6+60°) =0 d tan(6-—45°) =3cot0
e sin(0—60°) =3cos (60— 30°) f sin(60+90°) =tan0

g tan(60° — 0) = tan(0 — 45°) h sin9+c039=%

Prove these identities.
a sin(a+30°) +sin(o—30°) = Vsina

b (sina+ cosa)(sin B+ cosfB) =sin(a+ f) + cos(at— P)

sin(a + )

=tan o + tan
cosa cos 3 B

d sin(%+a)+sin(%—a) =2cosa

e cos(a— ) —cos(a+ B)=2sinasin f

cos(a@ + fB) _ B
SinasinB = cotacotff—1

g cos(a+ B)cos(a— B)=cos® o —sin? B
h sin2(0 + %) + c052(9 - %) =1+ 2sin6 cosH

cotacotff —1

P cotla+f)= cota + cotf

13

14

15

16

17

Find
i the greatest value i the least value

that each of these expressions can have, given that 6 varies with 0° < 6 < 360°

a sin 0 cos40° + cos 0 sin40°

b cos0cos20°— sin Osin20°

Give the values of 0 at which the greatest and least values occur in each case.

If tan (9 + %) = %, show that tan9=2 — %\/5
Prove that arcsin (%) + arcsin(%) = arcsin(@)

Solve these equations.

a arctanx=arctan?7 — arctan2

b arcsinx+ arccos (%) = arcsin (%)

¢ x=arcsin k + arcsin (\/1 - kz)

Prove these identities.

a arctanx+ arctan(l) =7
X 2

b arcsinx+ arccosx= %

INVESTIGATION

18 Use graphical software on a computer to check your
answers to any equations in this exercise and to confirm
any identities that you have proved.

For example, for question 11 a, draw the graphs of
y=3sinOand y=sin (0 + 45°)

2 Trigonometry
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Double angle formulae
Let A = B in the expansions of sin (A + B), cos (A + B) and tan (A + B):

sin2A = 2sin Acos A
cos2A = cos? A —sin’ A
tan2A = %
1—tan" A
These are the double angle formulae.

There are two other forms of the formula for cos2A:

© Use cos?A +sin?A=1
Substitute cos?A = 1 — sin?A into the formula for cos 2A:

cos2A = cos* A —sin? A
=(1-sin*A) —sin’ A
=1-2sin%A

Similarly, substituting sin? A =1 — cos* A
© gives cos2A =2cos’A—1

The three versions of the formula for cos2A are

cos’A —sin’A
c0s2A =42cos’A —1
1—2sin’A

You can rearrange the identities for cos2A to give expressions for
cos? A and sin® A:

Rearrange cos 2A = 2cos?A — 1:

20082 A=1+cos2A
© Divide through by 2:
: cos’A = %(1 +cos2A)

Similarly, sin?A = % (1 —cos2A)

A+A=2Ais called a
double angle.

Work through this proof on your own.

O

Work through this proof on your own.

O

Il 37dINV X3

C 37dINV X3

COs’A = %(1 + cos2A)

sin2A=% (1—cos2A)

Find the solutions of cos20+3sin0=2 for0<0<n

Choose an identity which gives the equation in terms of sin 6 or cos 6 only:
c0s20+ 3sin 0 =2

Substitute cos26 = 1 — 2sin? 9:
1 —2sin?0+ 3sin 0 =2

Rearrange to equate to O:
2sin’@—3sin@+1=0

Factorise:
(2sin@—1)(sin0—1) =0

1

Solve for sin 6: sin 0 = +§ or +1

For0< 0< m,

sin0=+1 gives or t——=

2

and  sinO=+1 gives

NE!

3
6

0=
0=

SIERENE

The solutions are 0 = %, % and %

Prove the identity cot @ — tan o = 2cot 2o

Show that the LHS of the identity is equivalent to the RHS:

cosat  sina
LHS=—">-—-=>—=
sinot  cosa

_ cos’a —sin’a

sino cosa

_ _cos2a
sino cosa

_ _ 2cos2a
2sino cosa
_ 2cos2a
sin2a
=2cot2a
=RHS

The identity is proved.

2 Trigonometry

Learn these formulae. They are not
in the formulae booklet.

This is a quadratic equation
in sin 0.

sinf= % gives a first or second
quadrant angle.

o3

Choose one side of the identity
to work with.

ol
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2 Trigonometry

Find y in terms of x given that x=secf and y = cos26

Express x in terms of cos O:

x=secO= 050
Rearrange to make cos O the subject:
cosf=1L
X
Use the double angle formula to express y in terms of cos O:

y=cos20=2cos’0— 1= 2(%)—1 = %_1

So,yz%—l
X

Given that 2arctan 3 = arccot x, find x.
Let arctan3 = a so that tana =3
Let arccotx= f3 so that cot f = xand tan S = %
Substitute  and f3 into the equation:
2arctan 3 = arccot x
200=
So tan2a:2ta—n?: tan 3
1-tan“a
2x3 _ 1
1-3% «x
The solution is x= % =- %

Half angle formulae

You can also change between single angles and half angles.

You can find the half angle formulae by replacing 2A by A and
replacing A by %A in the double angle formulae.

: . A A
SinA = Lcoss
251n2cos2
2A _ 2A
S 3 sin 3

2A
5 1

_9gin2A
1 251n2

CcOo

CcOoSA =12cos

2tané

tanA= ——2_
1- tan2%

Choose the double angle
formula which converts
€0s206to cos O only.

S 31dINV X3

9 3TdNV X3

You can also find expressions for coszé and sinzé.

24 _ 1
08”2 2(1 + cosA)

A1 _
sin®> —2(1 cosA)

2 Trigonometry

Try to prove these results yourself.

Given that angle 0 is acute and sin = 0.6

find the value of cos%.

Firstly find the value of cos 0:
cos’0=1-sin’0
Substitute sin 6 = 0.6:
cos’0=1-(0.6)>
=0.64

Hence cos 0= +0.64 = +£0.8 = 0.8 as O1is acute.

Now use 0052% = %(1 + cos 0) and substitute cos 6 = 0.8:

20 _ 1 -
cos” 2 2(1 +0.8)=0.9
Hence cos% =+0.949 to3s.t.

0 is acute, so cos% =0.949 to3s.f.

Solve the equation sin @ = cos% for0<a<n
Change LHS into half angles:
- a a
2sin 3 cos > = cos >
2sin % cos® — cos& =
sin 2cos > — cos 3

Factorise by taking out cos% as a common factor:

Areinl _ 1) —
cosi(Zsm2 1)=0

: o _ in® _1
either cos > =0 or sinz-=>
a_mn 3 a_7 om
2 2727 2 6’6"

5
oa=rm,3m,... a=%,—;t,

For 0 < a < 7, the solutions are o

1]
w|
o
L
3

Using sin2 0 + cos2 0 =1

. a. . a . .
sin 7 is positive, so 5 is in
the first or second quadrant.

O
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Exercise 2.5

1

Write each expression as a single trigonometric ratio.

o
a 2sin23°cos23° b cos?42° —sin?42° c M
1—tan“70°
d 2cos?50°—1 e 2sin36cos30 f 1—2sin%40
1 . .
g 5(1 + c0s40°) h 1+cos260 i sinBcos6
2tan36 1— tan?460
. 2& o 22 an
J 1-tan®30 k  cos 5 sin 5 I 2tan40
m 1+cosO n secOcosecO o0 cotO—tan0
Find the exact value of each expression.
Give each answer as a surd where necessary.
a 2sin cos X b 2cos?Z -1 ¢ 1-2sin*Z%
12 12 8 8
1- tan2 22% Sin%
d ——= e 1-sin?75° f pe
tanZZ% secg
Find the values of sin2a, cos2¢ and tan 2a when
_3 ing=_1 —_3
a cosoc-5 b sina 3 C tana 3
Find the values of cos 0 and sin 0 when
acosz—4 bcos2 3
Find the values of sin x, cos x and tan x when x is acute and
_17 : _4 =3
a cost-25 b sm2x—9\/§ c tan2x-4

Find the values of sin %, cos % and tan% when a is acute and

[SSIITN

c tano=

il w

a cosazé b sina=

Find y in terms of x given that

a x=sina, y=cos2a
b x=3tana, y=tan2a

C x=3seca, y=cos2a

8 Solve the equations for 0 < 0 < 360°

10

11

. 1
a 2sinOcosO=—
V2
0 0 _ 1
c smzcosz—\/g

e cos20+3sinf0+1=0
g cos20—cosO+1=0
i cosO—2=3cos20

3

cos? 0 —sin? 9= 5

c0s20=sin 0

sin260 = cos 0
tan20=3tan 0

sin20—1=cos26

k sin20+sin@=tan0 | 4sin9=sin%
m tan9:6tan% n 3cos%=2+c059
o sin@zcot% p cos@sting+3
q cos20=tan26 r sin%—2=3c059
s tanOtan20=2 t 4sin®0+ 5sin260cos O =4
U sin@+2cosf=1
Prove these identities.
a 12024 _ a4 b sin2AE%
sin2A 1+tan" A
C sec2A+tan2A= w d cotA—tanA=2cot2A
COSA —sin A
e tanA+ cotA=2cosec2A f cosec2A+ cot2A=cot A
g 2cosec2A =secAcosecA h cosecA— cotA= tan%

i tan Asec% = 2sin %secA

Prove that 2arctan 2 + arctan 3 = arccot3

Use 3A =2A + A to prove that

sin3A = 3sin A — 4sin’ A

and cos3A = 4cos® A — 3cos A

Find an expression for tan 3A in terms of tan A.

2 Trigonometry

65

€0



C3

66

Consider y=3cos 0+ 4sin 0

Compare the graphs of y=3cos 0, y = 4sin 6 and
y=3cos0+4sin 0

y = 3c0s 6 +4sin6

The graph of y = 3cos 0+ 4sin O is a transformation of the
basic sine curve y = sin 0 under a stretch (scale factor 5)

parallel to the y-axis and a translation of about 37°
to the left.

This diagram shows y = sin 6 transformed into y = 5sin (0 + 37°)

The 37° is only approximate.

You will find a more accurate value later.

Alternatively, the graph of y=3cos 0+ 4sinfis a
transformation of the basic cosine curve y = cos 0 under
a stretch (scale factor 5) parallel to the y-axis and a
translation of about 53° to the right.

This diagram shows y = cos 6 transformed into y = 5cos (0 — 53°)

The 53° is only approximate.

You will find a more accurate value later.

For each value of x, you can add
the two y-values on the two blue
curves to give the y-value on the
black curve as the arrows show.

y =5sin(0 + 37°)

y = 5cos (6 — 53°)

Il 37TdNV X3

In general, acos 6 + bsin 6 is equivalent to rsin (6 + o) or
rcos (0 = ), where r is positive and « is an acute angle.

Let acos O+ bsin 0= rsin (0 + a)

= rsin Ocos o + rcos Osin o

Equate the coefficients of sin 6 and cos 6:

a=rsino
b=rcosa

Divide these two equations:

a _ rsino _

tan o
b rcosa

o = arctan (%)

Square a and b and add:

@+ =rP(sinfa+cos’ o) = 1

So r=+la® + b*

Hence, acos 0 + bsin 0 = rsin (0 + o)

© where r = va? + b? and tana = %

You can also find r and « for each of rsin (0 £ a) and rcos (6 + o). | Try this yourself.

2 Trigonometry

Cancel through by r.

sinfa+cos?a =1

ris positive.

If 4sin O + 3cos O = rsin (6 + o),
find r and o such that r > 0 and « is acute.

Expand rsin (0 + «):  4sin 6+ 3cos 6 = rsin Bcos o + rcos Osin o

Compare coefficients of sin © and cos O:

4=rcosa (1]

3=rsina (2]
Divide equation [2] by equation [1]: 3= rsino = tano

4  rcosa

o = arctan % =36.9°

Square equations [1] and [2] and add: 32 + 42 = A(sin® o + cos* @)

e
1’=\/E=5

Hence, 3cos O + 4sin O = 5sin (0 + 36.9°)

I Both sides contain + signs.

a is acute, so sin a, cos o and
tan o are all positive.

ris positive so ignore r=-5
You can check your answer by
using a graphical package on
a computer.

O
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Exercise 2.6
1 In each equation find the values of rand o, where r > 0 and « is acute.
Give r as a surd where appropriate and o to the nearest 0.1°.

a 4cos0+ 3sin 0= rcos (60— a) b 5sin 0+ 12cos 0= rsin (0 + o)

¢ cosO—2sinO=rcos(0+ ) d 4sin@—2cosO=rsin(0— o)

e 3sin0—4cosO=rsin(0+ a) f 8cosO+ 15sin 0= rcos(0+ o)

2 Solve these equations, given that 0° < 0 < 360°
a 5cos0+12sin0=6 b 2cosf—3sinf=1

c 8sinO+ 15cos =10 d 3sin@-5cosO=4

3 Prove that

a c039+sin9=\/§sin(9+%) b cosG—sinGzﬁcos(9+%)

4 Prove that

a 3c059+sin9=25in(0+%) b cosG—ﬁsin9:2c05(9+%)

5 Solve these equations, given that-7 < 0 < 7w
a cosO+3sinf=2 b cos@+sinf=——
NG

¢ 3cosO+sinf=1 d cosO+2sinf=2

6 Solve these equations, given that -180° < 6 < 180°
a cos20+2sin20=1 b 2cos30—6sin30=>5

9 1 9— 1 Q— Q:
c 6c052+8sm2—3 d sm2 4cos2 1

7 a Show that v2cos 6 + ~/3sin 6 can be written in the form rcos (60— o),
where r > 0 and o is acute. Find the values of rand o.

b Hence, find the maximum value of v2 cos @ + +/3sin 0 and
the smallest positive value of 0 at which a maximum occurs.

1
¢ Find the minimum value of J2cosh + J3sind
COS Sin

smallest positive value of 6 at which a minimum occurs.

and the

8 a Express 8cos260— 6sin26 in the form rcos (20 + a) where
r> 0 and o is acute. State the values of rand a.

b Find the minimum value of 8cos26 — 6sin 26 and the smallest
positive value of 6 at which a minimum value occurs.

¢ Find the maximum value of 8cos 260 — 6sin 260 and the smallest
positive value of 6 at which a maximum value occurs.

9

10

11

2 Trigonometry

a Show that 5sin 6 —12cos 6 = rsin (0 — «) for r > 0 and « acute.
Give the values of rand a.

b Find the maximum and minimum values of 5sin @ — 12cos 0
and the smallest positive values of ¢ at which they occur.

Find the required stationary values of these expressions and,
in each case, give the smallest positive value of 6 at which
they occur.

¢ maximum of 5sin  — 12cos 6 + 20

d maximum of 20 — (6cos 0 + 8sin 0)

20

e minimumof ——=~
6cosO + 8sinf

15

f minimum of 5sin@ —12cos6 + 2

a Express 3sin 0 — 2cos 0 in the form rsin (0 — a) such that
r> 0and o is an acute angle.

b Sketch the graph of y=3sin 8 — 2cos 6 for -360° < 6 < 360°,
labelling all points at which the graph crosses the axes
within this interval.

¢ Describe the transformations which the graph of y=sin 0
undergoes to become the graph of y = 3sin 6 — 2cos 6

Two alternating electrical currents are combined so that the
resultant current [ is given by I = 2cos ot — 4sin ot where the
constant w = 4 and tis the time (¢ > 0).

Find the maximum value of [ and the smallest value of tat
which it occurs.

INVESTIGATION

12 Let4cos0—3sin 0= r,cos(0+ o) = ry,cos (60— a,)
=rsin (60— a3) = rsin (0 + )
Find the values of r,, r,, 3, r, and «;, o, 03, 0ty

Use computer software to draw five sinusoidal graphs
to confirm your results.
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. : ) 20— 20— a2
Review 2 7 a Given that sin® 9+ cos” = 1, show that 1 + tan’ 8 = sec’* 0

b Solve, for 0 < 0< 360°, the equation 2tan?0+sec 0= 1

1a IfOisacute and tan §= 3, find in surd form giving your answers to 1 decimal place. [(c) Edexcel Limited 2005]
i cotd ii secO iii cosec 8 a Sketch, on the same diagram, the graphs of
b If Ois obtuse and sin O = %, find as fractions y=cosxand y=secx for-270° < x < 270°
i cosecO ii cotf iii secO b  On the same diagram, also sketch the graph of y = sec (x — 90°),

stating the transformation which maps sec x onto sec (x— 90°).
2 Solve these equations where 0° < 0 < 180°

a cosecf=4 b cot(6+20°) =4 9 Given that sinA = % and sin B= % where A and B are both acute angles, find
a sin(A+B
¢ cot(20-30°) =3 d sec(30-380°)=3 ( )
1 1 b cos(A+ B)
s 2 — 2 — =
e sin 29—5 f sec (20) 4 ¢ tan(A- B)

3P hese i ities. . .
rove these identities 10 Use the expansions of sin (A = B) and cos (A + B) to find

a (sin?0—2cos* O)sec* O =sec’ 0 -3 : -
(sin cos” B)sec S a sin15° as a surd by substituting A = 60° and B = 45°

tan0 +1 _ cotf +1

o snd  ~  cosO b sin (A + B) where A is obtuse, sin A = % and B=15°
) cosech + secO = in6+ cos O
cotd + tan6 11 Solve these equations for 0° < 0 < 360°
d (cot9+cosec9)2zi+cosz a cos(0+30°) =2sin0 b cos20+cosf+1=0
— cos
¢ cos20=sin0 d tan’0=2secO-1
4 Solve these equations where —180° < 6 < 180 e 1+ sin% — 3c0s 6 f tan20=3tan 0
a 2cotO+tan0=3 b 6sinO=1+ cosecO P
4tan 0+ 3tanZ =0 h 3sinf=2+ 0
¢ cot@—3cos0=0 d tan’0-7=2sec g an s - cosee
e 3cos’0=2sin0Ocosh f tanO=3-2cot0 i sinf+cosf=1
5 a Describe the successive transformations which map the 12 Prove these identities.
graph of y = sin 6 onto a 02 _ 050 sind
. ) . . . . cosf +sinf
i y=2sm(0+%) ii y=3-sin20  iii y:1+251n(9—z)

b cot(a+f)= cotacotf —1
b Sketch, on one diagram, the graphs of y=cos @ and y =3 — cos 26, cotar + cot

for -180° < x < 180°, giving all points of intersection with the coordinate axes. c sin30+ sin 0= 2sin26cos O
6 a Find, in terms of 7, the principal value of d tana+cota=2cosecla
i arcsin (%) il arctan(\/g ) iii arccos(-1)

b Find, as a surd, the value of

V3

i cos (arcsin 7) ii sin(arctanl) iii tan(arccos %)
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2 Trigonometry

13 Solve these equations for -180° < 6 < 180°
a cosfO+cos20=2
b sin20=1sin’0

Cc 4tan20tan0=1

14 Rewrite each pair of equations as an equation in terms of x and y.
a x=sina, y=cos2a
b x=%seca,y=cos2a

C x=tan2a,y=tana

15 a Given that sinx= %, use an appropriate double angle

formula to find the exact value of sec2x.
b Prove that

cot2x+ cosec2x = cotx (x " e Z)

> [(c) Edexcel Limited 2004]

16 Find the values of

a arcsin(%)

c sin(arctan(%))

b arccos(—%)

d tan(arcsin(%))

17 Ifa= arcsin(%) and f= arccos(%), find the values of sin(o + f3).

18 Given that a + = arctan(S\/g + 8) and f= arctan(%), use the expansion

of tan(a + P) to find the acute angle .

19 a Prove that, for all values of x,
cos x — cos(x + 60°) = cos(x — 60°)

b Use the fact that 36° = 120° — 84° to find the exact value of
o given that sin o = sin 84° — sin 36°

¢ For 0 < x < 360°, solve the equation
sin (60° + 2x) — 4sin2x =1 + sin(60° — 2x)
giving your answer in degrees correct to 1 decimal place.

20 a Ifsin(x+ 30) = 2sin(x— 30°), prove that tan x = %\/3

b Solve the equation 2 —2c0s26=sin26,
for 0 < 0 < 360°, giving answers correct to 0.1° where necessary.

2
21 a Prove the identity l_t#
I+ tan”x

=Ccos2x

b Hence, prove that tan 1”—2 =7 -4/3

22 Find the values of rand o, where r > 0 and angle « is acute, when

a 12sin0+5cosO=rsin(0+ )
b 8sinO-15cosO=rsin(0— a)
¢ 2cosO+sinO=rcos(0— o)

d cosO—sinO@=rcos(0+ )

23 a Find the values of rand a such that 3sin 0 + 4cos 0 = rsin (0 + «),
where 7> 0 and o is an acute angle.

b Write down the maximum value of 3sin 6 + 4cos 6.

¢ Solve the equation 3sin 0+ 4cos 0 =2 for 0 < 0 < 360°

24 a Find the maximum and minimum values of each of these
expressions and the smallest positive values of 6 at which
they occur.

i 3sin@+cos6
ii cos@—2sin6

b Solve these equations for 0° < 6 < 360°
i 3sinf+cosf=2
ii cosf@—2sinf=1

25 f(x) = 12cosx — 4sin x

a Given that f(x) = Rcos (x+ o), where R > 0 and 0 < o < 90°,
find the value of R and the value of a.

b Hence, solve the equation
12cosx —4sinx="7
for 0 < x < 360°, giving your answers to one decimal place.

¢ 1 Write down the minimum value of 12cos x — 4sin x.
ii  Find, to 2 decimal places, the smallest positive value of x
for which this minimum value occurs.

2 Trigonometry

[(c) Edexcel Limited 2006]
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Exit

Summary
1 1 1
o sec9——cose cosec@——sine COtO_tanQ

tan 6 = cot (90° — 0) sec?0=1+tan’0 cosec? @ =1 + cot?> 0
0 The inverse trigonometric functions are arcsin x, arccos x and arctan x.
Their principal values are unique values within the allowed range.

0 = arcsin x exists within the allowed range —% <0< %

0 = arcos x exists within the allowed range 0 < 0 <
0 = arctan x exists within the allowed range —% <0
0 The compound angle formulae are
sin (A = B) = sin Acos B + cos Asin B tan(A+ B) = %
. . an Atan
cos (A + B) = cos Acos B ¥ sin Asin B +

0 The double angle formulae are

YR

2 .2
cos"A —sin" A

sin2A = 2sin Acos A cos2A =42cos’ A — 1 tan2A = —Ztanél
1—tan”"A
1-2sin*A
O The half angle formulae are
sinA = ZSin% cos% coszé 3 sinzé
2tan? cosA ={2cos’ A —1 05?2 = L(1 + cos A)
tan A = —2A 2 272
— 27 .
I-tan 2 1—25in2% sm2%=%(l —cosA)

O acos 0 £ bsin 0 can take the equivalent forms rcos (0 £ o) or rsin (0 + «),
where ris positive and a is an angle.

Refer to

2.1,2.2

2.3

2.4

2.5

2.5

2.6

Links
Trigonometry is behind the technology of modern
Satellite Navigation (Sat Nav) systems.

Sat Nav uses the Global Positioning System (GPS) which relies
on a collection of satellites, orbiting the earth and transmitting
data. Information about how the satellites orbit, and their
position at a particular time, allows a GPS receiver to calculate
its position on the surface of the Earth using basic trigonometry.

Combined with some maps and planning software, this is the
basis of in-car Sat Nav technology.

Revision 1

1 Simplify ! 3 S 5 and express your answer as a single fraction.

+x_2+x_(2+x)

2 Simplify as far as possible

0+ xr - 2x

a
xt -1

b X 2
x+1+x+2

3 Find the quotient and remainder when x* + 4x° + 2> + x— 5
is divided by x> + x + 1.

4 Given that x* =32 + 732 —8x+ 5= (.2 - 2x+ 1) x Q(x) + R(x)
find the two function Q(x) and R(x).

5 a Find the quotient and remainder when x> — 3x + 2
is divided into 2x° — x* — 9x + 6.

b Hence, or otherwise, find the values of the constants A and p
so that there is no remainder when 2x° — x> + Ax + u is divided
by x> — 3x+ 2.

6 a Express 4sin 0 + 3cos 0 in the form Rsin (6 + o), where R > 0
and o is an acute angle.

b Hence, solve the equation 4sin 6 + 3cos 0 = % for 0° < 0 < 360°

7 a Express cos 0+ 4sin 0 in the form Rcos (60 — ) where o is an
acute angle. Give the exact value of R and the value of « correct
to the nearest degree.

b Hence, or otherwise solve the equation cos 6 + 4sin =3 for 0 < 0 < 360°

8 By writing 5sin @ — 12cos 0 in the form Rsin (6 — o) where R > 0 and
0°< a < 90°, find

a the greatest possible value of 5sin 6 — 12cos 0

b the smallest possible value of 0 for which the greatest value occurs.

9 Given that f(x) =9 — (x+2)?, xeR
a find the range of f(x)

b state whether f~!(x) exists or not

¢ find the value of ff(-4).
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Revision 1

10 a Express &2 — 4x+ 1 in the form (x— a)? + b.

b Given that the function fis defined by f:x— x> —4x+1,xe R, x> 2,
find i therangeoff ii the inverse function .

¢ Sketch the graphs of the functions f and f™! on the same axes.
11 a Describe the transformations which are needed to transform

the graph of y = x° into the graph of y=1—2x°
Indicate the order in which the transformations occur.

b The graph of y=x* — 2x+ 5 is reflected in the y-axis and then
-1
translated by { OJ . Find the equation of the final image in its

simplest form.

12 The functions f and g are defined by

fix>x-5x+4, xeR, 2<x<5
g x—>kx—2, xeR, wherekisa constant.

a Find the range of the function f.

b If gf(5) =2, find the value of k.

13 a The function fis defined by f:x—5x, xeR.
Write down f~!(x) and state the domain of f!.

b The function gis definedby g x—>3x*-2, xeR.
Find gf !(x) and state the range of gf !

14 This sketch shows the curve with equation y=f (x),xe R, 0 <x<a A

The curve meets the coordinate axes at the points (g, 0) and (0, b). b

a Sketch, on two separate diagrams, the curves
i y=fl(»

i y= 4f(£)

y 2
marking the coordinates of all points where these two curves
meet the coordinates axes.

b If f defined by f(x) = (x—3)%, xe R, 0< x< 3, find the value of
aand b. State the range of f.

¢ The function g is defined by g(x) =1 +vx, xeR, x>0
Find gf(x), giving your answer in its simplest form.

15 a Sketch the graphs of y=|2x+ 1| and y = |x— 1| on the same axes.

b Solve the equation [2x+ 1| =[x — 1]

16 a Solve these equations.
i [3x—1]=8 i |x+3=2x iii |x+3|=2x

b Solve these inequalities.

i 3Bx—1/>8 ii |x|+2>%x i Jr—1]<2x+1

17 This sketch shows the curve y = f(x), x € R. Point (1, 3) isa
turning point on the curve. The x-axis and the
line x = 3 are both asymptotes to the curve.

Sketch, on three separate diagrams, the graphs of
a y=|fx)l b y=1(x) ¢ y=f(x-3)

showing any asymptotes and the coordinates of any
maximum or minimum points.

Revision 1

18 a Sketch the graphs of y=|3x—2|and y = % on the same diagram.

b  Use your graphs to say why there is only one solution of the
equation x|3x—2|—-1=0

¢ Use algebra to find the solution of the equation  x{3x—2|-1=0

19 This diagram shows a sketch of the curve y=f(x), x > -1
The curve passes through the origin O, has a maximum value
at the point P(3, 2) and has the x-axis as an asymptote.

On separate diagrams, draw sketches of the curves with
these equations

a y=|f(x)l b y=1f(x) ¢ y=f(x+3)

On each sketch, indicate the coordinates of points at which
the curves have turning points and the coordinates of points
where the curves meet the x-axis.

20 This figure shows part of the graph of y=f(x), x € R.
The graph consists of two line segments that meet at the point
(1, a), a < 0. One line meets the x-axis at (3, 0).
The other line meets the x-axis at (-1, 0) and the
y-axis at (0, b), b< 0.
On separate diagrams, sketch the graphs with equations
a y=f(x+1) b y=1f(x)

Indicate clearly on each sketch the coordinates of any points
of intersection with the axes.
¢ Given that f(x) = [x— 1| -2, find

i the value of a and the value of b

ii the value of x for which f(x) = 5x

g
><‘

Yx
2 A/P\
_‘/zf 3 >
Yx
ENY 3 "X
-b
(17 _a)
[(c) Edexcel Limited 2005]
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Revision 1

21 Prove these identities.

sin 20

= cot0 b cotO—tanO=2cot20
1 —cos20

cosf n 1 =1

2
. tan 9+IEsec29
seclO 1+ cot“O

1- tan%0

22 Solve these equations where 0° < 6 < 180°
a 2sin’0=3(1-cos0) b sec?0=22tan0-1)

c 2cosO+cos(0+60°)=0 d cos20+cosO+1=0

. . _ 2p_ 6c0s20
23 a  Prove the identity 6—3sec” 0= o520
b Solve the equation 6c0s20 13 11tan@ for 0° < 6 < 360°
1+ cos20

24 a Prove the cos3a = 4cos’ o — 3cos o by substituting
2o+ a) for 3a.

b Solve the equation sec2occos6a+1=0 for 0° < a < 90°

25 a Find, in radians, the values of

. . (1

i arcsin|—
(ﬁ ]

ii sin (arctan NE) )

b Find the value of sin [arctan (-1)]

¢ Ifsina= % and sin = % where « is acute and f3 is obtuse,

find the value of cos (a — ).

26 a i Express (12cos0— 5sin 0) in the form Rcos (60 + a), where
R>0and 0 < a<90°
ii  Hence solve the equation
12cos 0 — 5sin =4

for 0 < 6 < 90°, giving your answer to 1 decimal place.

b Solve 8cotO—3tanf=2

for 0 < 6 < 90°, giving your answer to 1 decimal place. [(c) Edexcel Limited 2004]

Exponentials and logarithms

This chapter will show you how to

o discover the value of the irrational number e

o use natural (or Napierian) logarithms

o use the exponential function y = e* and its inverse function y = Inx

o draw graphs of functions which involve e* and Inx

o solve equations which involve e* and Inx

o use exponential and logarithmic functions to solve real-life problems.

Before you start

Check in:

1 Calculate a* and log,x for different 1 Calculate the value of
values of a and x.

You should know how to:

a afora=-3,x=-2

e.g. Ifa=1andx:—3, 1 1
2 b azx“fora:g,x:—z

(1)
then & :(5) =2°=8 ¢ log,(x+2x+1)fora=10,x=9
2 Use the laws of logarithms. 2 Find x, y and z given that log; x = 2,

e.8. If log;y y = 3, then y = 103 = 1000 logyo(y +1) = 1 and z=log, 16

3 TFind the inverse function of f(x). 3 Find the inverse function, stating its
e.g. If f(x) = 3x> + 1, x e R, then undoing domain and range, when
the operations in reverse order gives a f(x)=3x+5
! :+X_1,XGR,X>1 _
(X) 3 b f(x) — X 5 3

c f(x)=++v2x—1

4 Reflect, stretch or translate a graph and 4 Find the equation of the resulting curve
find its new equation. when y=x>+21is

e.g. When the graph of y =x* —x — 1 is a stretched (scale factor 3) parallel to the

translated by g , the equation of the new y-axis and then reflected in the y-axis

graphisy=(x—-3)2 - (x—3) -1

0
siving y =X — Tx+ 11 b translated by - and then stretched

(scale factor 2) parallel to the x-axis.
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3 Exponentials and logarithms

. . x Altering the values in the Altering the values in the
The exponential function, e . L
spreadsheet gives: spreadsheet again gives:
a*is an exponential function for all values of a. a | &%-1) a |la%-1)
ox ox
You can use a table to draw the graph of a particular 2.60 | 0.9556 2.70 | 0.9933
exponential function, for example y = 2* 2.65 | 0.9746 2.71 | 0.9970
2.70 | 0.9933 2.72 | 1.0007
X =2 =l 0 1 2 2.75 | 1.0117 2.73 | 1.0044
y | o2_ % o1 _ % 20_1 | 2i_92 | 922_4 2.80 | 1.0297 2.74 | 1.0080
3N
The value you want is between The value you want is slightly
You can also draw graphs of other members of the a=2.70 and a=2.75 less than 2.72.
f: i =g — 4X
amily of curves y=a y P . . : . - |
y = 2X This value of a is known as the exponential function, e, e is an irrational number (like 7).
All the culrves0 pass through the point (0,1) ) = 1.5¢ where e =2.718 28 to 5 decimal places.
because y = a’ = 1 for all values of a.
% The graph of y=e* has a gradient of 1 at the point (0, 1). Sometimes eX is written as exp(x).
0 "X
m
o Sketch the graphs, for x € R, of
. 2 a y=e~ b y=2e"-3 c y=e>'!
. . . . T
(@) To investigate the grfidlf:nt of the curves at the p01r‘1t ) M State the range of eachi function.
P(0, 1) from first principles, you calculate the gradient _
of the chord PQ for small Valueséof Ox. 7 Wi mrh el e e e "
Gradient of chord PQ = g_y =4 ; -1 reflection Ofy =e*in the )= e 51 )= e
* x y-axis. Its range is y € R, 44
In the limit, as 6x — 0 ]
> > y >0 3
the gradient of the chord PQ — the gradient of the ox N 5 |
tangent at P. 0 ox X
ox T T T T T —>
You need to find the limit of aé—x_l as 0x — 0. 3-2-19 1 2 3X
Let Ox take a very small value, say x = 0.0001 b The graph of y=2e*—3
x _ (@™ -1) i
This spreadsheet shows the values of £ 5y L a 5x I(SS:::IZ ;Ziligr(ziaoit;eicilx
for graphs with different values of a: 2.0 | 0.6932 parallel to the y-axis
2.2 | 0.7885 i
Between a =2 and a = 3, there is a point on the curve y = a* 54 | 0.8755 s
. . . . . : of -3 downwards parallel
where the gradient at P is exactly 1. This value is between 56l 0OEEE .
a=2.6and a=2.8 to the y-axis.
2.8 | 1.0297 Itsrangeisy € R, y> -3
You can get a more accurate approximation of this value by 3.0 | 1.0987
looking at the values between 2.6 and 2.8.
The solution to part ¢ is shown
on the next page.
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3 Exponentials and logarithms

2x+1

<

c y=eXl=e¥xel=exe®

The graph of y = e***! is the
result of a stretch (scale factor %)
of y=e* parallel to the x-axis

followed by a stretch (scale
factor e) parallel to the y-axis.

Itsrangeisy e R,y >0

Exercise 3.1
1 Sketch the graphs of these functions for the domain x € R.

State the transformations of y = e* which are involved.

a y=1+e™ b y=1-¢>*
C y=3e*+2 d y=2-3e*
e y=3e* f y=e~'!
g y=e*? h y=e™

The population, P, of rats infesting a sewer grows .

exponentially over time, ¢ (weeks), according to P = Ae2°

Find the value of A and copy and complete this table of values.

t 0] 5|10 | 15 | 20
P | 100

Draw the graph of P against t.
How long does it take for the population to double its initial size?

A mass of M units of a radioactive substance decays
exponentially over time ¢ (seconds), where M = M e 1©

Find the value of M, and copy and complete this table of values.

t |0|5]|10 |15 | 20
M | 6

Draw the graph of M against ¢.
How long does it take for the mass of the substance to

its?
reduce to 3 units? This time period is known as the

half-life of the substance.

3 Exponentials and logarithms

4 The growth of algae in a polluted river is governed by the equation
N= Nye*“,
where N is the number of organisms per unit volume of river

water, tis the time in weeks from the start of the observation,
and N, and o are constants.

a After 4 weeks, the number of organisms N is observed to be
double the initial number.
Find the value of o to 4 significant figures.

b If N, =20, what is the value of N after 10 weeks of observation?
¢ How many weeks does it take for N to treble its initial value?
d Give a reason why this model of pollution is unrealistic.

5 A radio-active substance decays such that its mass M at time ¢ (hours)
is given by M = Me™™, where M, and k are both constants.

a If k=0.00693 show that the half-life of this substance is 100 hours.
b How long does the substance take to decay to a tenth of its

original mass?

6 The number of cells N which are infected with a virus were
observed to change with time ¢ (hours) as given by

N =200 —50e7%

a Construct a table of values of N for 0 < ¢ < 15 and draw the
graph of N against t.

b How many infected cells were there initially?
¢ What is the limiting value of N as time increases?
d What series of transformations of N = e’ result in the

given relationship?

7 State the transformation of the graph of y = e which result in
a y=e¥ 44
b y=e>1-4

c yzez‘x—3

INVESTIGATION

8 Find other examples of exponential growth and decay
which are governed by the equations
y=Aeland y= Ae’H

E.g. What is Newton’s law of cooling?
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The logarithmic function, In x

The inverse of the exponential function y=e*
is the logarithmic function y=1log, x

Logarithms with base e are called natural logarithms.
They are usually written as In x rather than log, x.

The function y = e* has the inverse function y=1Inx

Y y=¢€
7/
,
,
e =
7/ y X
,
,
e
7/
,
e
1 7/
,
,
: |
7/ —
, =1nXx
e y »
X
O 1
e
,
,
e
7/
,
,
e
7/
,
,
e

You can show this by taking
logarithms in any base n and
finding x in terms of y.

Find the inverse function f~!(x) for the function f(x) =1 +e™*
Sketch the graphs of f(x) and f™!(x) on the same diagram,
labelling any intersections with the coordinate axes.

Give the domain and range of f™(x).

To find the inverse, lety =1 + e™: %
y—1l=¢e>*

Take logarithms:
In(y—1)=In(e™)
=-xlne [Ine=1]
==5¢

Interchange x and y:
In(x-1)=-y
y=-In(x—1)

Hence the inverse function is f'(x) =-In (x— 1)

The domain of f(x) is x € R, x> 1 and its range is y € R.

Their graphs are reflections of
each other in the line y = x

o y=-e*has the x-axis as an
asymptote

o y=Inx has the y-axis as an
asymptote

o fory=e* the domainisx € R
and therangeisy e R,y >0

o fory=Inx, the domain is
x € R, x>0 and the range
isyeR

o ¢€"is positive for all values of x,

o Inx does not exist for negative
values of x.

The graph of y =1 + ™ is the
graph of y = e* reflected in the
y-axis and then translated
upwards by 1 unit.

The graph of y =-In(x — 1) is the
graph of y = Inx translated to the
right by 1 unit and then reflected
in the y-axis.

These transformations are the
inverses of each other.

Exercise 3.2

1 a Find the values (to 3 significant figures) of

i els i els iii#

. 1 .1

iv In1.5 v ln(ﬁ) vi =
b Simplify

i In(e) ii In(e¥) iii eln®

iv elnx v In(2¢°) vi e2ln’

these functions. Sketch the graphs of these functions, labelling
any points where the graphs intersect the coordinate axes.
State the domain and range of each function.

a y=2+Inx b y=3-Inx ¢ y=In(x+2)

e y=1+3lnx f y=1+In(2x) g y=1-Inx

3 a Describe the successive transformations of the graph

of y=Inx which produce the graph of y=2In(x+3) +1

b Find the points at which this graph cuts the x-axis and y-axis.

4 Find the inverse function f!(x) for each function f(x).

Sketch the graphs of f(x) and f™!(x) on the same diagram,
labelling any intersections with the coordinate axes.
In each case, give the domain and range of f(x).

a y=1+4+2lnx, x>0 b y=In(x+4), x>-4

1y
c y=3+¢% xeR d y=2-¢2, xeR

5 The functions f and g are defined by

1
ffx—>In(6-2x),xe R,x<33ndg:x—>e5x,xe R.

Describe the transformations of y = In x which result in each of

3 Exponentials and logarithms

d y=In(x-2)
h y=2In(1-x)

a Find expressions for f!(x) and g!(x). State their domains and ranges.

b Sketch the curves y = f(x) and y = f!(x) on the same axes,
stating the points where they cut the axes.

¢ Find an expression for gf(x) in its simplest form and
calculate the value of gf(-5).

INVESTIGATION

6 What is semi-log and log-log graph paper?
Explore why and how scientists and engineers use it to
draw graphs of y = Ae* and other exponential curves.
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Equations involving e* and In x

You can use the laws of logarithms and the techniques from
unit Core 2 to solve equations involving e*and In x.

|

Solve the equation  e¥**2 =25

Take logarithms to base e of both sides:
In (e3¥?) =In25
(3x+2)lne=1In25

o= 1n253 =2 _0.406 to 3 s.f.

log, (x") = nlog, x

log,a=1solne=1

¢ 37dINV X3

N | —

Solve the equations a In(3x+1) =

b eX*=2e*+38

a Uselog.x=y o x=a"
1
3x+1=e?

x = @: 0.216 to 3 s.f.

b Rearrange: e**—2e*—8=0
lety=e%  »—2y—8=0
(y-4)(y+2)=0

y=4or-2

Hence e*=4or-2

e*> 0 for all x, so the solution is x=1In 4 = 1.39 to 3s.f.

3x+1:\/5

y = €"is a useful substitution.

Exercise 3.3
1 Solve these equations. Give your answers to 3s.f.

a e*=9 b e*=7.39
e 4e*+2=36 f e*=7.39
i 2e31=10 joel= %

2 Solve these equations.
a Inx=6 b In(x+1)=2

d In(2x+1)=1 e In3—-x)=2
3 Solve these equations.
a e¥—3e+2=0 b eX+12="7e"

d 2e¥*=e*+10 e 4e*—8e*+3=0

Remember it.
c 4e*+2=36 d e*+2=36
g 7-2e%=4 h e*2=20
k %=1 | e23xe*=0.1
c In(2x-1)=0
f In(5-2x)=2.78

-

e?*=e*+2  Use the substitution y = e*

e~ 16=0

10

11

12

3 Exponentials and logarithms

x+1

Find the three points on the graph of y = 2e**! where

a y=20 b y=2 c y=1
Find the point of intersection of the curves y = 2e**— 1 and y = 3e*— 2

The graph of the function f(x) =In (2x—-5),x € R, x> k
has a vertical asymptote x= k

a Find the value of k. b Find x such that f(x) =-1

a Find the equation of the asymptote to the curve y=3e?*+ 5

b Find the points of intersection with the curve y = 8e*
Find the point where the curve y=e*+ 1 intersects the curve y = 6e™

The population, P millions, of a country is growing exponentially
as given by P= 15¢ ¥ where tis the time in years.

Given that P= 20 when t= 5, find the value of k.

Calculate the population when

a t=0 b =10

The mass, m, of a radioactive material at a time ¢ is given The half-life is the time taken

by m = mye™¥ where k and m, are constants. for the material to decay to

half of its original mass.

Ifm= % m, when t= 10, find the value of k.

Also find the half-life of the material.

The isotope strontium-90 is present in radioactive fallout and
has a half-life of 29 years. Its mass m at a time ¢ (years) is given
by m = mye ¥ where k and m, are constants.

Find how many years elapse before any of this isotope in the
atmosphere decays to a hundredth of its original mass.

A hot liquid cools in such a way that the temperature difference, 6,
between its actual temperature and the room temperature is given

by 6 = ke* where tis the time and k and « are constants. When the
room is at a constant temperature 20 °C and the initial temperature
of the liquid is 70 °C, the temperature falls to 60 °C after two minutes.
Find the temperature of the liquid after 10 minutes.

INVESTIGATION

13 The graph of y = Asin ot can represent an oscillation of The variable y can represent,

amplitude A over a time t, where A and ® are constants. for example, the noise of a
If A = Aje’, where A, and k are constants, then the siren or an electrical current.
amplitude A changes with tim.e. Use computer software Start your exploration with
to draw the graphs of y = A, sin ot and y = Aje" sin ot Ay=2,k=-02and w=1
for t> 0 for different values of A, and k.
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Review 3

1 Solve these equations for x, giving answers to 2 significant figures.

a 3e*=10 b el™2*=0.5
¢c In(2x—-1)=3 d In(1-x)=-3

2 Sketch the graph of y=e¢*
Sketch the graphs of these functions, stating the

transformations of y = e* which occur.
a y=¢” b y=2e*+3

cC y=3-¢¥ d y=eM
3 Sketch the graph of y=1In x
Sketch the graphs of these functions, stating the
transformations of y = In x which occur.

a y=2-Inx b y=2lnx+1
¢ 1-2Inx d y=|lnx
4 Solve the equations
a e*+e*=6 b e*+e*=25
5 Find the exact solutions of
a e =6 b In(3x+2)=4

6 Given that f(x) =e*and g(x) = %e" —1, find

a the values of f(2), f1(2) and g7'(2), to 2 decimal places
b the functions f!(x) and g !(x).

7 Find the inverse function f~!(x) for each function f(x).
Sketch the graphs of f(x) and f~!(x) on the same diagram,

labelling any intersections with the coordinate axes.
In each case give the domain and range of f™!(x).

a f(x)=3+Inx b f(x)=In(x-2)

c f(x)=2+¢* d f(x)=1-e**

[(c) Edexcel Limited 2003]

8 The population, P, of a certain organism grows exponentially

t
over time ¢ (days) according to P = Ae?°

Find the value of A and complete this table of values.
Draw the graph of P against t.

t | 05|10 |15 | 20
P |5

Calculate how long it takes for the population to double its
initial size.
9 The temperature T °C in a boiler rises exponentially over
o
24 hours so that, after a time thours, T = Te2

a Given that the temperature is 165 °C after 10 hours, find
the value of T,

b What is the temperature after 24 hours?

10 Trees in a certain location are infected by a disease.
The number of unhealthy trees, N, was observed to change over
t

time f (in years) as given by N= 200 — Ae 20

a If there are 91 unhealthy trees after 10 years, find the
value of A.

b How many unhealthy trees were there initially?

¢ What is the limiting value of N as time increases?
11 Find, giving your answer to 3 significant figures where

appropriate, the value of x for which

a 3*=5

b log,(2x+1)—log,x=2

¢ Insinx=-Insecx, in the interval 0 < x < 90°

3 Exponentials and logarithms

[(c) Edexcel Limited 2005]
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Exit

Summary Refer to
0 f(x) = a*is an exponential function for all values of a.

f(x) = e*is the exponential function, where the irrational number

e has a value of 2.71 828 to 5 decimal places. 31
0 f(x) = e*has the inverse function f !(x) =Inx,

where the natural logarithm In x denotes log, x.

The graph of y =In x is the reflection of the graph of y=e*in

the line y=x 3.2
O You can solve the equation e™? = g by taking natural

logarithms of both sides.

You can solve the equation In (ax + b) = q by rewriting it

asax+ b=el 3.3
0 Exponential growth occurs when a variable y changes with

time tand y = Ae*" where k> 0

Exponential decay occurs when a variable y changes with

time tand y = Ae™* where k> 0 3.3

Links
Exponentials and logarithms are used to understand
and quantify many natural phenomena.

The decibel scale, used to measure sound, is based on
logarithms.

The equation dB = 10log(1/1,)

is used to compute the intensity of a sound, where dB

is a unit of sound in decibels, I is the intensity of the sound,
and I, is the softest sound that a human ear can detect.

This equation can be used to calculate certain values,
such as the threshold for noise pollution.

Differentiation

This chapter will show you how to differentiate

o the three basic trigonometric functions (sinx, cosx, tanx) and the
exponential and logarithmic functions (e* and Inx)

o the sums, differences, products and quotients of these functions

o composite functions formed by having functions within functions

o functions of the type x = f(y)

Before you start

You should know how to:

1

Find the gradient of the tangent at a 1
point P on a curve using the method

of small increments.

See | €2 | Section 7.1.

Find the gradient of a tangent to a curve. 2
e.g. Ify =3x> — 4x + 1, then j—i =6x—4
The gradient of the tangent at (1,0)is6x 1 —-4=2

Find the equation of a straight line if you 3
know its gradient and a point on the line.

e.g.The point (1,2) is on a straight line, gradient 3.
Substituteiny=mx+c¢:2=3x1+csoc=-1

The equation of the lineisy =3x— 1

Find a stationary value of a function and 4
decide if it is a maximum or minimum.

eg. |fy=x2—6x+1,thenjl=2x—6
X

dy
dx

d2y
a’

=0Owhenx=3andy=32-18+1=-8
=2 >0, so -8 is a minimum point.

Use the laws of logarithms. 5
e.8. 10g,,500 = log,o (5 x 10?)

= log;,5 + log;, 102

=10g;,5 + 2log;, 100

=log;y5 + 2

Check in:

Draw the graph of y= x? accurately.

The point P(1,1) is fixed and point Q moves
from (3,9) to (1,1). Draw the chord PQ in
several positions and find its gradient each
time. Compare these values with the
gradient of the tangent at P.

Find the gradient of the tangent to these
curves at the point (1,2).
a y=x>+2x-1

c y=2-x03-x

b y=x—x+2

Find the equation of the straight line which
a has a gradient of 4 and passes through
the point (3,2)

b passes through the points (3,1) and (5,5).

Find the turning points on the curve

y=x -3 -9x+1

and determine whether they are maximums
or minimums.

Prove that log;v18 =1+ % log;2

9l
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See [€2] and [€2] for revision

of differentiation.

You can find the value of the derivative of the function

y = sin x graphically from the gradient of the tangent at
a given point. When differentiating

Itrigonometric functions you

The tangent is parallel to the x-axis when x = % must work in radians.

and 377[ and the gradient is 0.

The tangent at the point The gradient is also

where x = 0 rises at 45° 14 - Loy
to the x-axis and has a \ y—V
gradient of 1. L

x r x X
2
—1-
By symmetry, the gradient
is-1whenx=m
For y=sinx
T 3 You can find other values using
X 0 2 T 2 2r computer software to draw the
dy curve and its tangents.
ax 1 0 -1 0 1 O

The values in the table and on the
graph are the same as those for the
function y = cosx

which, as a graph, gives these points:

|
= e}
NI -
° 3 A
M‘;‘““)*
N |
3
xv
|
= e}
N1y
<
N[]
N |
3
><V

This suggests that the derivative of
y=sinx is closely related to the
function y= cosx

The derivatives of sin x, cos x and tan x.

Consider the function y = sinx, where x is in radians.

Let P(x, y) and Q(x+ Ox, y + y) be two points on
. the graph of y=sinx

For P, y=sinx
i For Q, y+ Oy =sin (x + 0x)
| -
The gradient of the chord PQ = PR
sin(x + 6x) — sinx
(x+6x)—x

_ sinxcosdx + cosxsindx — sinx
ox

If Pis fixed and Q approaches P, then 0x— 0
i cosox— 1
and sindx — O6x

and, in the limit, the chord PQ becomes the tangent at P.

The phrase ‘in the limit’ indicates that 6x has reduced to zero and ? has
H X

H . ., d
i become an exact differential d—i’.

sinx X1+ cosx X Ox —sinx
ox

So, as 0x — 0, the gradient of PQ —

_y COosx X ox
ox

—> COS X

In the limit, when Q reaches P, the gradient of the tangent
i at Pis cosx.

In a similar way, you can show that

d(cosx) _ e
o=

d(tanx)

2
=sec’x
dx

4 Differentiation

YA
Q = sin
y + 0y , Y *
e
YT Aae==5 JYR
ooX
1 1
1 1
= : >
X X+ 0X X

Use the expansion of sin (A + B)
from Chapter 2.

You can test these statements
by finding the sine and cosine
of small angles (in radians) on
your calculator.

O

€0

X is in radians in all of
these results.

The derivative of cosx
has a negative sign.

Derive the results for cosx and
tanx for yourself.

O
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4 Differentiation

Find the gradient of the curve y= x> + cos x
at the point where x = %

You have y=x>+cosx
Differentiate wrt x:

% =2x —sinx
Substitute x = %;

& 2xZ - sin%

dx 2
=n—1

The required gradient is 7 — 1.

Find the equation of the normal to the curve
y =1+ 2tan x at the point (0,1).

You have y=1+2tanx
Differentiate wrt x:
% = 2sec’x
Substitute x = 0:
=2sec?0
_ 2
cos?0
_2_H

1

The gradient of the tangent at the point (0,1) is 2.

1

The gradient of the normal at (0,1) is - 3

The y-intercept of the normal is 1.

So, the equation of the normal is y = —%x +1

wrt means ‘with respect to’.

SecX = L
COSX

If the gradients of the tangent

and normal are m and m’, then

mm' =-1orm' =-1
m

See | c1 | Chapter 2 for revision of

equations of straight lines.

€ I1dINV X3

Find the values of 0 for which y=3 +sin@ has a

maximum value.

You have

Differentiate wrt O:

Differentiate again:

Atg =2
92

Atg = 3%
2

51
="
At 5

and so on.

y=3+sin0
%zcos 0=0
for stationary values when § = %, 37”, 57”, e
2
% = -sinf
2
dy =-sinf=-1<0

a6® 2

which indicates a maximum value of y

2
d—};:—sing’—ﬁ=+1>0
do 2

which indicates a minimum value of y

-
d—ez——SIH—T——1<0

which indicates a maximum value of y

Maximum values of y occur when

o=" 5t 9w

B Th il

= %+2nﬂwhere n=0,%1,%2,...

Exercise 4.1

1 Differentiate these functions with respect to x.

a x*+sinx

b 6x—cosx

sin x+ tan x
sinx+x+1
3cos x —4tan x

324+ 2x—1- %cosx

4 Differentiation

d2y - .
107 < 0 indicates a maximum

d2y - -
102 > 0 indicates a minimum

95
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4 Differentiation

2

10

Find the gradient of the tangent to each of these curves at the
point with the given value of x.

a y=2x+tanx whenxz%
b y=x—sinx whenx:%
C y=6x+2cosx when x=7
d y=cosx+sinx whenx:%
e y=3tanx—2cosx whenx=0

Find the equation of the tangent to the curve y = cos x at the

point where x = %

Find the equation of the tangent to the curve y = sin x at the point

where x = % At which point does this tangent cut the x-axis?

Find the equation of the normal to the curve y = sinx + cos x at the

point (%, 1), At which point does this normal intersect the x-axis?

Find the smallest positive value of 6 for which
1
2

b the gradient of the curve y=sin @ — v3cos 0 has the value 0.

a the gradient of the curve y = 0 + sin 0 has the value

Find the smallest positive value of 6 for which these functions
have maximum values.

a y=sin0-2 b y=sin60+ 2cos6

Find the smallest positive value of 6 for which these functions
have minimum values.

a y=5+cos6 b y=cosO-sinf

Find the maximum and minimum values of the function
f(x) =3sinx+4cosxfor-n < x< 7w

Show that, if o and f are the smallest positive values of x at the
maximum and minimum values respectively, then a — f=7

An object moves in a straight line such that its distance y from
a fixed point at a time ¢ is given by y = Asint, where A is a
positive constant.

. . . d
a Find the velocity of the object % and prove that d_)t/ = JA* -

d2
b Prove that d_t); +y=0

4 Differentiation

11 A pendulum bob swings such that the angle 6 that the pendulum makes

with the vertical is given by 0= 0,(sin t + cos t), where 6, is a constant.

a Find the value of O when

. .o T
i t=0 i ==
2

b Find the value of its angular velocity % when
i =0 i =2
2

¢ Explain why the time taken for one oscillation of the bob is 27.

12 A particle moves in a straight line so that its distance, y metres,

from a fixed point O is given by
y=>5cost+ 3sint
where ¢ is the time in seconds after it has begun to move.

a How far is the particle from O at the start of the motion?
b Find the first two times that the particle is at rest.

¢ What is the particle’s acceleration after one second of motion
and when does the particle next have this acceleration?

INVESTIGATION

13 Construct a table of values with these headings for 0 < x < 0.5 in radians.

X (radians) | x (degrees) | sinx | cosx | tanx

a When xis in radians, for what range of values of x is

i sinx~x ii tanx~x

so that they differ by no more than 10% of the value of x?
b The diagram shows the graph of y =1 — kx?

yA

7N
ATV

y =1 — kx?

Find a value of k such that
cosx~ 1 — kx? for small values of x (in radians).

97
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Suppose you want to find a function that stays unchanged when
it is differentiated.

Start the search with the simple function y=1

Now work backwards.

d . .
In each step, make é the same as y from the previous step and integrate
to give a new y:

%:0 = y=1

%= = y=1l+x
%:1+x = y=1+x+x72
%:1+x+x; = y=1+x+x72+2§3

Continue this process to produce a series with an infinite number of terms:

2 x3 x4 xn
Y= et G T naxa T Tt

By substituting different values of x, you can calculate the sum
of the series and record the results in a table.

Forx=0 y=1
Forx=1 y=1+1+1 +é+i+ .=2.718282...
_ 8. 16 _
Forx=2 y= 1+2+2+6+24 =7.389056... and so on.
0 1 2 3 4
1| 2.718282... | 7.389056... |20.085537...| 54.598150...

=2.7182821 | =2.718282% | =2.718282°% | =2.718282*

Like v2 and 7, the number e is irrational.

It cannot be given an exact numerical value, but this series
allows you to calculate the value of e to as many decimal places
as you wish.

You can also use negative values of x in the series.

Forx=-1, y=1—1+1—1+i—...=#=e’1
2 6 24 2.718282
-1 0 112 |3 ]| 4 n
el |ef=1 e2 | ed| et e"

le

Fory = 1 0

dx

This series differentiates to give
the same series.

You need to also show that this
series converges no matter what
value is given to x.

Recall from Chapter 3 that the
number e = 2.718282...

Try substituting other negative
values of x into the series.

O

1 37dINVY X3

Cc 37dINV X3

You can use these values to draw the graph of y =e™

It is the exponential function and is one member of the family of
exponential functions y = a* which you first met in unit C2.

In summary,

. dy d(e)
X — X X
1fy—e,then—1 e* or Pl

Find the gradient of the tangent to the curve
y=(e*+ 1)? — e**at the point where x=0

You have y=(e*+1)>—e**
=e2¥ 4 De*+ 1 —e2*
=2e*+1

. ) dy
Differentiate wrt x; =2~ = 2¢*
dx =

dy _ 0
Atx=0 a—zﬁ
=2x1=2

The gradient of the tangent is 2 at the point where x=0

Find the point on the curve y = e* — x at which y has a
stationary value.
Determine the nature of the stationary value.

Differentiate y = ¥ — x wrt x: % =e*—1

At a stationary point, dy =0 e*~1=0
=1
x=0
and y=e'-0=1
There is a stationary value at the point (0,1).
e 4 _
Differentiate again: 0 e
dZ
At the point (0,1) —};= e?=1>0

Hence, the stationary value at the point (0,1) is a minimum.

4 Differentiation

37
y=¢e
-/1
0] >
@)
w
dzy
At a minimum p0|nt is positive.
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4 Differentiation

Exercise 4.2
1 a Draw the graphs of y=2% y=e*and y= 3" accurately on the
same axes for-3 < x <3

b Calculate the gradient of y = e* when
i x=0 i x=1

¢ Find the equation of the tangent to the curve y = ¢* when
i x=0 i x=1

2 Differentiate these functions with respect to x.

a 3xX%+e* b 4e*+6x—1

c 5sinx+ 2e* d 3tanx—%e"

e (e*+1)(x—1)—xe* f (e*+1)(e*—1)—¢™*

3 Find the gradient of the tangent to each of these curves at the
point with the given value of x.

Give each answer i intermsofe ii asadecimal to 3 significant figures.
a y=e*—x when x=2

b y=3x—4e* when x=1

c y=e*—cosx whenx:%

d y=x*+2x+1-e* whenx=-1
e y=tan x+2e* when x=0

4 Find the equation of the tangent to each curve at the point
where x=0

a y=3x+2e*
b y=3e*—sinx+5

5 Find the equation of the normal to the curve y = %e" + 2x7

at the point (O, %)

6 Prove that the normal to the curve y =1 — x + e*at the point (1,e)
passes through the point (e, -1).

7 Line L, is the tangent to the curve y = 2e* — x at the point (0,2).
Line L, is the tangent to the curve y = sin x — x° at the origin.
Prove that the point of intersection of L, and L, is (2,4).

10

11

4 Differentiation
Find the values of x for which these functions have stationary values.
Determine the nature of the stationary values.
a flx)=1—-x+e*
b f(x)=1+x—¢e*

c f(x)=1+4x—2e*

Sketch the graph of the function y=x—e”*
Indicate any stationary values.

Consider the function y=e**—3e*+ 2
a By letting t=e” find the points where the graph of This substitution gives a

y= e2X _ 3e% 4 2 cuts the x-axis. quadratic equation in t.

b  Find the value of x at which y has a stationary value.

Find whether the stationary value is a maximum or a minimum.

Sketch the curve y =% + e*

INVESTIGATION

12 Use a spreadsheet with these headings, where
f(x) = a*, f(x+ Ox) = a*+o*

and the gradient g(x) = W

a X 0X (x) f(x + 0x) g(x)

The function g(x) gives the gradient of the chord PQ which,
for small values of dx such as 0.0001, is approximately y,
equal to the gradient of the tangent at P.

Use the spreadsheet for a # e (say, a = 4) and confirm
that f(x) # g(x) for any value of x.
Repeat for other values of a# e

Now leta=e
Confirm the result of Chapter 3 that the gradient at the 0
point (0,1) is e.

<4 -3
x
oL
=3
x

Show that, for other values of x, f(x) and g(x) have (almost)
the same value. You have now illustrated (but not proved)
that f(x) = e* stays unchanged when you differentiate it.
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Exercise 4.3

The logarithmic function, Inx
9 1 Differentiate these functions with respect to x.

Rewrite the relationship: x=¢e log,b = ¢ implies b = a° a y=2x+Inx when x=2
; dc b y=x—Inx when x=1
i Differentiate with respectto y: — = e’ I'You differentiate x wrt y.
f dy ¢ y=InJx+e* whenx=1
The derivative of e” wrt y is e”.
} So %:é dy 1 d yzln(i)+L when x=-1
5 @ The result - = —— is shown 3x/ - 3x
y dx  dx )
| dy e y=Inx"+sinx whenx=2%
() == later in this chapter. 2
€
O | Find the points at which the graphs of these functions have zero gradient.
~x Determine whether the functions have a maximum or a minimum
_________________________________________________________________________________________________________________________________________________ at these points.
a flx)=x-Inx b f(x)=x>—1In(x)
d d(l . .
If y=Inx, then a}/ =L o ( dllx) =1 Find the equation of the tangent to the curve y = x — In x at the
point where x = 2. At which point does the tangent cut the x-axis?
m . ) ) Find the equation of the normal to the curve y = 2In x° at the point
; Find the differential of where x = 1. Find the distance between the points at which the
< _ _
& a In(3x%) b In[—= normal cuts the x- and y-axes.
- Jx
- Show that the point (1,e) lies on the curve y=e*+ In</x
a Let —In(3) 5 Find the area of the triangle bounded by the two coordinate
Y= b Let y = ln(—) Where possible, simplify the axes and the tangent to the curve at this point.
=In3 +Inx* Jx logarithmic function to make it
— % == Al B ~ % easier to differentiate.
SuElis 1 INVESTIGATION
dy _ 1 _ 1 \/; = X2
= dx — s> 4(?) =In3 - Elnx 7 Differentiate y = log,,x by first changing the base of the
_4 dy 11 logarithm to base e.
x So -0 5(;) You can then differentiate y = In x to find %.
_2L Try other bases. What do you notice?
x

102

a 2lnx b Inx? ¢ In(4x%)
SN
y=Inxis the inverse of the function y = e* ) = X d ln(%x) e ln(%) f 1ns5¢
x
The graph of y=In x is the reflection of the graph of y=e* P / g In 1 h In(e2) i In(xe)
in the line y=x . Jx
T i
Consider the derivative of y=1Inx /0 N i In(x2e)
X
R ﬂ/ =Inx

Find the gradient of the tangent to each of these curves at the
point with the given value of x.

4 Differentiation
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4 Differentiation
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m
The product rule o b Lety=(+2)sinx
4 u=x+2 v=sinx
T
Consider two functions u = f(x) and v = g(x) r du _ 5,2 I
. 1 i B i dx dx
which are multiplied so that y = uv y = f(x) x g(x) -
5 dy _dv, du _ o g
it iiiiftii ik (ZD So il e G e (x” 4+ 2)cosx + 3x“sinx
Let 6x be a small increase in x which produces small increases = d
: of 6u, dvand Sy in u, v and y respectively. *4 ¢ Wheny=xtanx, ay = x” x sec’ X + tan x x 2x d(tjnx) = sec’x
s s !
. You have y+6y=(u+ éu)(v+ ov) =’ sec’ x + 2xtanx
= uv+ udv+ véu + oudv
. 0= 1Syt VSt SuS Exercise 4.4
Subtracty = uv. Y = U0V + vout+ ouov 1 Differentiate these functions with respect to x.
Divide each term by ox: Oy _ udv  vou , Sudv (1) a xlnx b xsinx ¢ etanx
ox  Ox  Ox ox =
; d (X-3x+1)e* e e’lnx f sinxlnx
CAs S o Sy dy ov dv Su du .
I O g i ol il el e o g x’cosx h ie i (£-1lnx
and Su—>0,6v—>0 L Asx—> 0, 29 tends to zero.
| & dv du 5x j xtanx k (2-DE-2+1) | (2 +1)(2 - 2x+4)
- In the limit from (1),5 = ua+va . . .
8 _________________________________________________________________________________________________________________________________________________ 2 Find the gradient of the tangent to the curve y = x’sin x at the
point where x = %
In the limit, if y = uv then 3 Find the equation of the tangent to the curve y = x’ e* at the point where
Y _ uﬂ i v% =0 b x=-3
PR PP ax= =T
d ! !
of a[f(x) x g(x)] =£(x) x g'(x) + g(x) x £'(x) 4 Find the equation of the normal to the curve

y= (x> =2x+1)(x°* — 4x% + 1) at the point (1,0).
Think of the product rule as:
(1st function x derivative of the 2nd) + (2nd function x derivative of the 1st) 5 a Prove that the equation of the normal to the curve y=sinx x Inx
at the point where x =1 is given by y = 1.19(1 — x)

- . . i i
; Differentiate a 2lnx b (:+2)sinx S Do b Find the area of the triangle enclosed by the normal and the x- and y-axes.
§ a Lety=<lnx 6 Find the turning points on the curve with the equation y = x* (x+ 1)
m Determine the nature of each turning point and sketch the curve.
— u=x v=Inx
jx_“ = 2x % = % Differentiating both u and v wrt x. 7 Find the stationary value of the function f(x) = X’Inx
and show that it is a minimum.
dy dv du
So+—==u—+v-—
dx dx dx . .
8 Given that y = sin xcos x, prove that % =2cos?x— 1
=x2><%+1nx><2x i
Find the stationary points on the graph of y =sinxcosxfor0 < x< 7«
=x+2x] . . ..
Ty and determine whether they are maxima or minima.
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4 Differentiation

m .
_ o Differentiate Sllﬂ
= nx
=
Consider two functions u = f(x) and v= g(x - i
. o . (u) g(x) f ™ You have y = sllnx
which are divided to give y = % y =& — nx _
v ) _ _ Take care not to mix up the
where u=sinx and y=Inx )
g. .............................................................................................................................................. E functlons u and V.
Let 8x be a small increase in x which produces small increases % —cosx and % = %
i of 6u, 6vand Sy in u, v and y respectively. :
1
© You have y+5yzzigz - d_},:lnxXcosx—smxXz
dx (Inx)?
i Subtracty = U —utou_u : e
Y= OV = ov v Sflntsco BLLLL Multiply both numerator and
: *(Inx) denominator by x.
i Combine the two fractions on the RHS: = v(u+ 52‘) ; g(; +6v)
: viv v
H m
P 2
H o S — ud : : x"+4x+1
i Expand and simplify: = % 2 Differentiate T cosx
T
: - .
QU _ 5 OV m _ X 4dxtl
i Divide by ox: Sy _ VXsx "X sk (1) X} ot vt "’ COSX
ox v+ v8y 5 )
™ o dy _ cosxX(2x +4) — (x” + 4x + 1) X (-sinx) deosx) _ _ginx
ae 2 dx
© i Asox—0 g_y%jx_y,g_u%%’?_)% d i)
H X X X
and  Su—50. 8v—s0 _ (2x +4)cosx + (x* + 4x + Dsinx
’ du dv COSZX
VS —u
In the hmlt from (1)’% = M — (2x+4)+(x2 +4x+1)tanx
v cosx
m
L u & Find the derivatives of a tanx b cotx These results are given on the
In the limit, if y= - then >
Ty 2 C cosecx d secx formulae list. You do not need
dy VX du_ & = to memorise them.
Y _Tde T dx m _ _ sinx
b 2 B @ Lety=tanx= e
d (f “(x) —
or a(g((_g) = 80 X fx) f2(x) x g d_y _ COSX X cosx — sinx X (-sinx)
&) dx cos’x

_ cos’x + sin’ x

Think of the quotient rule as: OS2 x
(bottom x derivative of top) — (top x derivative of bottom), all divided by (bottom)? |
B COSZx
5 The solutions to parts b, ¢ and d
=Ssectx are on the next page.
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4 Differentiation

m
X cosx
N b Lety=cotx=_
sinx

<
= dy _ sinx X (-sinx) — cosx X cosx
w dx sin’x
= 2 2
= _ ~(sin"x + cos”x)
o sinx
= -1
o = —— =-cosec’x
= sin“x

¢ Let y=cosecx = .1

sinx

dy  sinxx0—1xcosx

dx sin’x
_ —COSX
sin’x

1 COSX
: X ——
sinx sinx

= —cosec xcotx

1
cosx

d Lety=secx =

dy  cosxx0—1X(-sinx)

dx cos’ x

sin x

COS2 X

C3
|

1 sin x
= X —— =secxtanx
COSX  COSX

For some functions, you need to use both the product rule and
the quotient rule.

. . xze X
Differentiate *<_
S x

Firstly, consider the function f(x) = x%¢”,
which is the product of x> and e”.

¥ 31dNV X3

Differentiate f(x) using the product rule: f'(x) = x%e*+ e* x 2x
. = x%e*+ 2xe*
X
Let y = £€ and use the quotient rule:
Sinx

2

dy _ sinx(x’e* + 2xe™) — x’e"cosx

dx sin®x
_ xe*(xsinx + 2sinx — xcosx)

sin’x

108

Exercise 4.5
1 Differentiate these functions with respect to x.

2

X X x*+1
a Sinx b tanx ¢ X
X
e - g ot g Vi
sinx e sinx
i l-«x j o+l K 2x2—1
1+ x X =1 3x° -1

2 Find the gradient of the tangent at the point where x=0
for the curve

3x —2 b y:tanx

a =
T 1 x+1

41

x-axis at the point P. Find the coordinates of P.

3 The tangent to the curve y = —*— at the point (1, %) cuts the

4 Find the equation of the normal at the point (0, 0)

on the curve y = z—f
€

2
5 Find 47 if , = 1+x
dx? x

= Inx ;o 1

6 Prove that the maximum value of f(x) 518 o
X

7 Use both the product rule and the quotient rule to differentiate
these functions.

sin xcosx Xxsin x xe*
a ——— b —— C
X cosx Inx
X 2 .
e“lnx x“Inx xsin x
d —= e §f Xxsnx
x e* Inx

INVESTIGATION

e“sinx

8 You can differentiate y = =
x

o either by first using the product rule on e*sin x
followed by the quotient rule on the whole expression

X
o or by first using the quotient rule on < followed by
X
the product rule on the whole expression.
Show that these two methods give the same answer.

Is one method easier than the other?

4 Differentiation
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A composite function is a ‘function of a function.

You can differentiate ‘functions of functions’ using the chain rule.

Consider y=g(u) and wu=f(x), sothaty=g(f(x))

Examples of composite functions:
In(x3—1) esin

(@ —2x— 1) 2+x°

i Let 8x be a small increase in x which produces small increases

of duand Sy in u and y respectively.

Then 5_)’:5_)’X@
H ox Ou Ox
%AsSx—)O, oy oAy Sy b and Su_ du
ox “dx’ ou " du Sx  dx
' In the limit from (1), & = 9 x 9
- Inthe limit from (1), 3o = 3% ¢

o8 BE dy dy _du
Inthehmlt,lfy—g(f(x)),thena—axa

C3

Think of the chain rule as:

derivative of ‘outer’ function wrt u x derivative of ‘inner’ function wrt x

m
; Differentiate a sin(x®+4x+3) b In(sinx)
<
i a Lety=sin(+4x+3) u=x*+4x+3 y=sinu
m
= du _ d_)’ _
a—2x+4 du—cosu
. . dy _dy _du
Apply the chain rule: - du X I

=cosux (2x+4)

Substitute u =x2 + 4x + 3: = (2x+ 4)cos (& + 4x+ 3)

b Lety=In(sinx) u=sinx y=Inu
du _ dy _ 1
o - Cosx =
. dy 1
Apply the chain rule: — = — X COS
pply in ru ety x
Substitute u = sinx: = .Lx COSX
Sinx
COSX
== =cotx
Sin x

Differentiating u wrt x and y wrt u.

CoSX 1
—— = ——— = CotX
sinx  tanx

no

Cc 371dINV X3

€ 37dINV X3

Gl Lodiem @ y=cos’x b y=4/x’-1

dx
a y=cos’x, soif u=cosxthen y= 1’
SO %:koszxx(—sinx)
=-3cos® xsin x
1
b y:\/x3—1,soifu=x3—ltheny=\/;=u2
$0 d—y:l(x3—1)_%><3x2
dx 2
__3xr
24x% —1

a Differentiate 2In (xv/x? +1)
b Find the equation of the tangent to the curve
y= 21n(x\/ X+ 1) at the point where x=1

a Lety= 2In (x/x? +1)

1
=2lnx+ 2ln(x* +1)?
=2lnx+In(@+1)

Differentiate, using the chain rule for In (x? + 1):

dy _ (l) 1
a—zx +2x><(x2+1)
-9 2 +1+x°
x(x* +1)

_ 22+
x(2 +1)

b Whenx=1 y=2In(1x+2)= 21n2% =In2

dy _2x3 _

dx1><23

y—In2 _
x—1

y—In2=3(x—1)

The equation of the tangent is 3

y=3x+In2-3

4 Differentiation

Y 3u® = 3cos’ x
du

du —-sinx
X

Where possible, simplify functions
before you differentiate.

In(@xb)=Ina+Inb

y=Inu and u=x*+1
du

so-~ == and — =2
du u dx

Y-y
X — Xy

Using

m
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4 Differentiation

Exercise 4.6
1 Differentiate with respect to x

a sin(x®+1) b cos(x*—1) ¢ tan(x?)
d In(x®+2x+3) e In(x®+1) f In(x)
g In(sin x) h sin(ln x) i In(Inx)
j esinx k ex+4 | ex2
m (2 +1)° n (2x+6)’ o (¥*-1)2
1
N | a Vx’+1 L
2 3 1
S x*+3x—1 t N2x +1 u X2 +1
1 2 3
Vo W X Yox—1

2 TFind f'(0) when
a f(0) =sin(6?) b f(0)=sin’0

¢ f(@)=sin0 d f(0) =tan(6?)
e f(0)=tan’0 f £(0)=

d
3 Find ay when

_ 1 et
a V= Sinx b y=e
1
4 L
= — :4ex
R d
= — _sinx
e y=InJx-1 f y_ln(l—cosx)
4 Differentiate with respect to x.
a y=sinkx b y=coskx
¢ y=tankx d y=Inkx
e y=ek

5 Find the equation of the tangent to the curve y = (2x — 4)°
at the point where x=3

6 Find the point on the curve f(x) = (2x—1)*
where the gradient is 1.

Simpify part f before
you differentiate.

Write part r as (x — 1) first.
You could use the quotient rule
instead of the chain rule but
the working is longer.

Simplify the function in parts e
and f before you differentiate as in
question 1 part f.

The differential of tan kx is in the
formulae list provided in the exam.
None of the other results here are
provided.

When the gradientis 1,f'(x) =1

4 Differentiation
7 Find the gradient of the curve y=1In+/1 + sinx at the point Simplify the logarithm before

where x = & you differentiate.

8 Find the equation of the tangent to the curve y=+/x* + 16
at the point (3,5).

9 Differentiate with respect to x, where a and b are constants.
2
a a* + bA? b —L ¢ (@ —bY)?

ax:+b

10 Given that a and b are constants, find the only value of x for

which 4__ has a stationary value.
ax* +b
X
11 a Prove that the curve y = ln(“'—xe) has no stationary values.
e

b Show that the tangent to this curve at the point where
x =0 has the equation x+ 2y =1Ina.
Find the value of a.

% + ;2 has only one turning point.

12 a Prove that the curve y =
x° (1-x)

b Show that the coordinates of the turning point are (%, 27).

2
¢ i Find an expression for _)2’
dx

ii Hence, prove that the turning point is a minimum.

13 Find the position and nature of the stationary points of
f(x) = sin® x

INVESTIGATION

14 Show that the function y=1In (5 + 1) has only one stationary value.
Determine its nature and position.

Sketch the graph of the function.
Check your answers by using computer software to draw the graph.

Investigate the properties of In (x* + k) for different values of k.

n3
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You can combine the product, quotient and chain rules to
differentiate more complicated functions.

Differentiate y = (Vx? +1)sinx

The function y = (m )sinx is the product of
m and sin x.

m is a function of a function.

You have u = m = (2% + 1)% and v=sin x
Use the chain rule to differentiate u:

1
% = %(x2 +1) 2X2x

Use the product rule:

1
% =Vx? +1Xcosx + sinx X %(x2 +1) 2x2x

Xxsin x
Jx2+1
_ (x*+1)cosx + xsinx

Jx2+1

= ( x2+ l)cosx +

Differentiate  y=1Insin (« + x+ 1)

You have y=Inuand u=sinvand v=x>+ x+ 1

. dy _dy _du_ dv
Use the chain rule: i ax a><a

1
u

X cosv X (2x +1)

Substitute for v and v: = $ xcos(+x+1)x(2x+1)

_ 2x + Dcos(x* + x+ 1)
sin(x® + x + 1)

=2x+1) cot(x®+x+1)

There are three links in the
chain rule here.

Differentiate ~ y=3*

Take the logarithms of both sides to remove the index:
Iny=In3*=xln3

€ 37dINV X3

Now, In y is a function of yand yis a function of x.
So, In y is a function of a function of x.

. dny) _d(lny) dy 1 dy
From the chain rule you have & - 4 X4 = 5 X%
Differentiate Iny =In3 X x with respect to x:
1 dy
; X a = ln3 x 1
dy _

In general, if y=a* then =a*lna

v
dx

Now consider a function of the type x=f(y)

Let 6x be a small increase in x which produces a small
© increase of dyin y.

Then 5_)’=L

ox  Ox
24
i Aséx—0and 6y —> 0
Sy dy Ox dx .. dy 1
i then =£ - - - I A——
en == = - and 5y - 3 giving - Ix
dy
_ dy _ 1
So, for x=1(y), &
dy
Findd—ywhenx=yz+3
dx
— . o dx
Differentiate x = y= + 3 with respect to y: = =2y
dy
so Y_1_1__1
de dx 2y 2Jx-3

dy

4 Differentiation

d(ny) _ 1
dy y

In3 is a numerical constant
that is multiplying x.

Examples are

x=4y*+1and

x=In(y2-3y+1)

Find j% in terms of y first and

then in terms of x.

[[[S)
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4 Differentiation

Exercise 4.7
1 Differentiate with respect to x.

a (x¥*—1)%sinx b (x°+1)*tanx
c (Bx+2)*xe~ d (\/x+1)><e’C
e sin22x f (\/xz—l)xlnx
X
g xsin(x?) h xsin’x
i xcos3x j »tan2x
k xe?¥t! I Zln(*-1)
m sin xcos2x n sin4xcosx
0 sinxcos®x p e*sin3x
eSx
q e *cosx ro=
s & t e*sin2x
X

2 Differentiate with respect to x.

a Insin(2®) b Intan(x?)
¢ sin’3x d cos’4x
e tan’2x f tan®(x+4)
g esinz x h eln(x2 +1)
3 Find % when
a y=4* b y=5*
¢ y=c“where cis a constant d y=2%
e y=5* f y=x

4 Find the value of x which gives a stationary point on the

curve y = Jxr—1xe*

2
5 Find the value of d—}; when x=0and y=e*sin2x
dx

6 Find the gradient of the curve y=In /1 + sin2x at the

point where x = %

7
8
9
10
11
Can you see an easier method for
part h using inverse functions?
O
12
Can you see a connection
between parts a and d?
O

14 a Find the turning points of the curve y = x + <

Find the value of x which gives a stationary point on the
curve y=5%—4 x 5*

Find % in terms of x when
b x=.y"+3

a x=3y-4

c x=(y+1)>

Find % in terms of y when
a x=4y+y

b x=3sin*y

¢ x=5tan’(2y)

d x=ylny

e x=e7siny

f  x=3sindy+ 4cos2y

g x=In(y*x.fy-2)

Find the equation of the tangent at the point (2,1) on the
curve x =2y’

Find the equations of the tangents to the curve x = 4)” at the
points where x =4

Prove that the curve x= y* e” has no stationary points.

INVESTIGATIONS

13 Find the turning points on the curve y=e*sin2xfor 0 < x < 27

Sketch its graph over this range and check your answers using
computer software.

1
Sketch its graph.

b Prove that the curve x = y + % has no turning points.
Sketch its graph.

¢ What is the connection between your two sketches?

4 Differentiation
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4 Differentiation

Review 4 9 The function y = sin (x) has the angle x measured in degrees.
a Write the function so that the angle x is in radians.
. . . . . . ., d(sinx)
1 Use the product rule, quotient rule or chain rule to differentiate these functions with respect to x. b Find — -
a xtanx b tan’x ¢ tan(x®) d ta%
. 1 * 10 Find the derivative with respect to x of these functions.
e e’sinx f X g > h cosxlnx
€ a f(x)=Intanx b f(x)=In(sinxcosx)
i sin3x j tané6x k In(2x+3) | ¥l
c f(x)=(02x-1)>*Bx+2)> d f(x)=In((2x—1)*(3x+2)%)
m g n e(?—-3x+4) 0 ;/;
€ x+1 11 Use the derivatives of cosec x and cot x to prove that
2 Differentiate these functions with respect to x, given that a and b are constants. % [In (cosec x + cotx)] = -cosec x [(c) Edexcel Limited 2004]
a y=e™ b y= edctb c y= ef®) d y=sin(ax) i
. . dy
e y=sin(ax+ b) f y=sin[f(x)] g y=tan(ax) h y=tan(ax+b) 12 Given that y = e*sin 2x, find the value Of@ when x=0
i y=tan[f(x)] i y=In(ax) k y=In(ax+b) I y=In[f(x)] & d
13 If y= e cos x, show that —}2/ + Zay +2y=0
3 Find the derivatives of these functions with respect to x. dx
o a e*cos3x b e*tanx c e*cos2x d 4tan(%x) 14 Find % when y = i + ;c
X -
2
) e In(xsinx) f In(x/x+1) g % h Ine*
* . L dy.
j sindx i X sin(2x LT ) K dtanx | ( 1 - sin x) 15 Find ay in terms of x when
cos 5x 2 1+sinx 5
X a x=(+1) b x=y"+3
m xcotx n In(tanx+ secx) o —
secx
16 Differentiate with respect to x
4 Find the values of x for which these functions have stationary points for -7 < x < 7. a e 2x ¢ tan’x
Determine the nature of the stationary points. €08 X
x d
a y=xe* b = x#0 c v=e*cosx d  Given that x = cos 2 find < in terms of y. [(c) Edexcel Limited 2002]
sSinx
5 Find the equation of the tangent to the curve y =In+1 + sin20 at the point where 0 = % 17 a Differentiate with respect to x
5 P22 j cos@x)
6 The curve C has equation y = 4x2 — In(5x), where x > 0. 3x
The tangent at the point on G, wherle %=1, meets the x-axis at the point A. b Given that x=4sin (2y + 6) find % in terms of x. [(c) Edexcel Limited 2006]
Prove that the x-coordinate of A is gln (5e). [(c) Edexcel Limited 2002]
d . 1
i i i 18 Show that & for the function y = V2x + 3 +
7 Differentiate with respect to x dx J L2x+3
a =X b =qg* c =log, x
Y y Y 810 is givenbyd_y: 2(x+1)
. . . & Jex+3y
8 a Find the equation of the normal to the curve y=1 + sin’x

at the point where x = %

19 Find the turning points on the curve y= (x> — 9)° and determine

b Find the equation of the normal to the curve y = tan®x whether each of them is a maximum or minimum.

e where x = % and the point where the normal cuts the x-axis. 19
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Summary Refer to
0 The derivatives of these functions f(x) are: 4.1

f(x) f'(x)
sinx | cosx
cosx | -sinx
tanx | sec?x

e e 4.2
nx | 1 4.3
X
B dy  dv | du
0 The productrule If y=uv, then el e + Ve 4.4
L dv
o The quotient rule If y=%  then dy o Zdx” Tdx 4.5
v dx 2
0 The chain rule If y=g(u) and u=f(x) so that y=g(f(x)), 4.6
dy dy _du
then  du X T 4.7
In particular, % = acosax and L6889 = _gqinax
_ dy dy _ 1
o If x=1(y), then you can find & from &KX 4.7
dy

Numerical methods

This chapter will show you how to

o use graphical methods to solve equations of the type f(x)
o use graphical methods to solve equations of the type f(x)
o find non-integer roots of the equation f(x) =0

o use iterative methods to solve equations

o distinguish between a sequence of convergent and divergent iterations
o represent iterative methods graphically.

g(x)
0

Before you start
Checkin:

1 Rearrange an algebraic expression. 1 Find f(x) such that f(x) = 0 when

5 +T 3 2
e-g-X—3X+4 a x= x +1 b x=3fx 1
2x 2x

becomes 2x2 — 4x+ 7 =0

You should know how to:

2 Solve equations graphically. 2 a Plot the graph of y= x> — 2x— 4
for-2<x<4

e.g. Plot the graph of y = x® — 4x? + 3x ‘
Hence solve the equation x> —2x—4=0

Hence find that the solutions of
3_ 242 _ _
x> —4x“+3x=0arex=0,1o0r3. 2+ 1
x—=2
for -2 < x < 4 and find the point where
the graph touches the x-axis.

b Plot the graph of y=

Links
Mathematics is used extensively in the financial world,
which relies on accurate forecasts of the future.

In calculus, a derivative shows how a dependent variable
is affected as an independent variable changes.

This can be applied in a financial setting to, for example,
predict how the change in price of an underlying asset
will affect the related market value. Techniques such as
the chain rule are usually used to calculate the
mathematical derivatives involved.

e.g. Plot the graphs of y =x> —x+ 1 and y = 2x — 1
Hence find that the solutions of X2 — 3x + 2 = 0 are
x=1landx=2

Use a spreadsheet to find the values of
f(x) for a range of values of x.

e.g. Forf(x) =x3 —x + 2 2 _x12

2

2

8
26

WIN[FP|O]| x

3 Solve simultaneous equations graphically. 3 Plot the graphs of y=4 — x*and y = i for

Ixl < 3. Explain how the graphs can be
used to solve the equation x° —4x+1=0
and find the solutions.

Create a spreadsheet to show the values of
f(x) = 2% +2x—3 and g(x) = x+ 2 for
integer values of x where 0 < x < 7.

State the value of the integer a such

that the solution of x* + x—5=0

lies between aand a + 1.
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Graphical rEdhcdE Intersection with the x-axis

Another graphical method for solving an equation of the type
f(x) = g(x) is to define a new function h(x) = f(x) — g(x)

Many equations, including those derived in real-life scenarios and then find the solution of the equation h(x) = 0

in science, engineering, economics and elsewhere, cannot be
solved algebraically. You are now searching for the x-values of the points at which the

graph of y =h(x) crosses (or touches) the x-axis.

Instead, you have to use numerical methods to find ‘Solutions’ are also called ‘roots’.

approximate solutions. -
Int i fe h § Find the solution of the equation cosx=xfor 0 < x< 7 This equation is the same as in
ntersection or two graphns = Example 1.
One method for finding an approximate solution to an equation & Let h(x) = cosx— x Ya
of the type f(x) = g(x) is to draw the graphs of y=f(x) and y= g(x) 4
. . . S Sketch the graph of h(x) = cos x — x:
and find the x-values of any points of intersection.
The sketch gives an approximate value of the root as x= 0.7 . X’j COSX =X
l
= Find the solution of the equation cosx=x for0<x<z The x-value where y = cosx — x crosses the x-axis is the same x-value 5> 1 0 . 2 X
= as that at the point of intersection in Example 1. -1
2 Sketch the graphs of y = cosx and y = x on the same axes: y
m 0 y=x Use a spreadsheet to record values with increments in x of 0.01: -2+
@l There is only one point of intersection so the equation
cos x = x has only one solution. /1/ <Y = COSX For x < 0.73, h(x) > 0 X ;0 0%’;5)(— X i ,
T T T L T T > 0 . > A
8 The sketch gives a rough approximation of the solution as x=0.7 -3 2 \2\3/ X For x > 0.74,h(x) <0 071 | 0.048 >0 0.0654
This is an approximation. It is not an accurate answer. The root is between 0.73 and 0.74. 8;2 ggié : 8
. Y =COSX — X
Y.ou e el more accurate value using The root is nearer to 0.74 because S'Zg :8‘82; : 8
either a grap}.ncal calculator or graphical computer software Ixis in radians. ~0.002 is closer to 0 than is 0.015. 076 0035 <0
or an ordinary calculator or computer spreadsheet.
y Reduce the increments in x to 0.001: oV —>y
Tabulate values of x and cos x with increments in x of 0.01: A 0.7 0.76
F <0.73. x < 071 For x < 0.739,h(x) > 0 X COS X — X
OF XS T/ X5 cOosx Al s 0.737 | 0.0035 >0
For x > 0.74, x > cos x 8';2 = 8;22 For x > 0.740, h(x) <0 0.738 | 0.0018 >0 -0.035- J
5 < 5
: : g 0.739 0.0001 >0
The solution is between 0.73 and 0.74 0.72 < 0.752 The root is between 0.739
0.73 < 0.745 and 0.740 0.740 | -0.0015 <O Y,
0.74 and 0.738 are closer together than 0.74 > 0.738 0.741 | -0.0032 <O 00055
0.73 and 0.745, so the solution is between 8;2 > 8;2; . THkie s e e ) (1) 750 : |
. > . - .
0.735 and 0.740. . than 0.740 because 0.0001 is
0 X closer to 0 than is -0.0015. y = Cosx—x
Reduce the increment in x to 0.001:
% | N
x < cosx for x < 0.739 x cos X 0.7404 To 3 significant figures, the solution of the equation 0J8_7‘37 0741 X
0.736 < 0.7412 ' y=x cosx=xis x=0.739
> for x > 0.74 = cosx
x> cosxfor x > 0.740 0.737 < 0.7405 g ek
.. eck:
0.738 0.7398
The SOIHU_OI? is between 0.739 and 0.739 = 0.7391 h(0.7395) = cos(0.7395) — 0.7395 = -0.0007 is negative, so the root 0.00324
0.740 but it is closer to 0.739. 0'740 = 0.7385 must lie between x = 0.739 and x = 0.7395 '
o > o
To 3 significant figures, the solution 0.735+
1 — 1 — /\/ T T >
of the equation cos x = xis x=0.739 0l0735 0.740 X
122 123
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Sometimes it is best to combine both approaches as shown in Example 3. Be aware that f(x) might cross the x-axis more than once in the [a, b] means the interval
interval [a, b]. asx<b
m . . 3 BV
; Solve the equation x2 = sin x for _% . % Also be aware of the following three possibilities:
<
T y yA yA
— 2 B A A y = f(X)
ull Sketch the graphs of y = x* and y = sinx: y =1x) ‘
W y = X2 :
There are two roots. y = sinx |
x=01s an obvious root. f(a) i
From the sketch, the other root is approximately x= 0.8 3 2 1 ' 1 2 3 ”x | : i b R
. 0 a | X
Let h(x) = sinx — x? ! ‘f(b)
The solution of the equation x = sin x i
occurs when h(x) =sinx— 22 =0 |
Record values for x from 0.85 to 0.90 in a table: K f(a) and f(b) are both positive, f(a) and f(b) are both positive f(a) and f(b) have different signs.
- ) 0.03+ e 5 but there are two roots between but there is a single root when However there is no root between
h(x) changes from positive to negative : - 0.024 Y= Sinx=x x=aandx=b the curve touches the x-axis. x=a and x = b because f(x) has
between x=0.87 and x=0.88 X s x= X a discontinuity.
0.85 | 0.0288 >0 0.01+
The solution is between x= 0.87 0.86 | 0.0182 >0 0 No,é5 o Sketching a graph will help you to visualise what is happening.
and 0.88. 0.87 | 0.0074 >0 _0.014
0.88 | -0.0037 <0 ~0.021 When you have found an interval [a, b] which contains a root,
h(0.875) = 0.0019 > 0, so the root is 0.89 | -0.0150 <0 you can then reduce the width of the interval to find the solution
between 0.875 and 0.88. 0.90 | -0.0267 <O i
< h(0.875) = sin(0.875) — 0.8752 to the required accuracy.
The solutions are x =0 and x = 0.88 to 2 significant figures. =0.001918...
m
§ Find all the solutions (to 2d.p.) of the equation e*+x—7=0
y
The location of roots on the x-axis = o . . el el 1
) ) e graph of y = e*+ x — 7 cannot be sketched quickly.
The roots of the equation f(x) = 0 are the x-values of the points m grapi oty 4 4
where the graph y = f(x) intersects the x-axis. sl Rearrange the equation e* +x —7=0ase*=7 —x

Let f(x) be continuous between x=aand x=10b 'Continuous' means that there is no and sketch the graphs of y =e*and y =7 — x:
break or discontinuity in the graph. . .
The graphs intersect only once so there is only one root.
'yA yA
y=fx) y =1k The sketch gives its approximate value as x= 1.5
\ Consider f(x) =e*+ x—7 Yy
. f(b) fa)
| positive . positive . Take values for x between 1.4 and 1.8 with steps of 0.1: 1 ’
off(a) ia b " x 0 a ib f(b) " x y=e‘+x-7
negative negative f(16) <0 and f(17) >0 X eX+x—-7
The root is in the interval [1.6, 1.7] i: Lo <g o[V 14 18 X
. . -1.018 <
i . . The root is nearer to 1.7 because 0.174
If f(a) and f(b) have different signs for distinct values a and b, . . 1.6 | -0.447 <O
. . is nearer to 0 than is -0.447. 1
then there must be at least one root of f(x) = 0 in the interval 1.7 | 0174 >0 -14
from ato b. Example 4 is continued on the next page. 18] 0850 >0
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5 Numerical methods

Explore within this interval in steps of x = 0.01:

f(1.67) <0 and £(1.68)>0 X S T

1.65 | -0.143 <O
1.66 | -0.081 <O
As f(1.675) = 0.014 which is positive, 1.67 | -0.018 <O
the root is in the interval [1.67,1.675] | 1.68 | 0.046 >0
1.69 0.109 >0

The root is in the interval [1.67, 1.68]

So, to 2 decimal place, the root
is x=1.67

Exercise 5.1
1 Sketch the graphs of each pair of functions f(x) and g(x).
State how many roots there are to the equation f(x) — g(x) =0

a f(x)=x* g(x)=x+2
b fx)=x g(x)=x+2
¢ fln=1 g(x) =x+2
d 9=y  g@=x
e f=x-4 g=1
f fx)=sinx  gx)=x+2
g fly=sinx gy)=1x

h f(x)=e* g(x)=4—x

2 By sketching appropriate graphs, find how many roots there
are for each of these equations.

a X’+x-5=0
3 1 _
b x¥»——=—+1=0
X
c ef—x+1=0
d sinx+x—1=0
e e*+x*—4=0

f 2+1-sinx=0

A
0.046 -
y=e+x-17 !
0.014 -
0 s T T l >
1}3//1.675 1.68
~0.018]

In parts f and g,
X is in radians.

Sketch the graphs of y = x> and y =9 — x on the same axes.

Explain why there is only one root of the equation
X©+x-9=0

Use your graph to state the interval [a, b] within which the
root of the equation x* + x — 9 =0 lies, where a and b are
consecutive integers.

Find the root of the equation x*> + x—9 =0
correct to 1 decimal place.

Sketch the graphs of y = x> and y = ¢ on the same axes.

Show that the only root of the equation x> — e*=0
lies in the interval [0.70, 0.71].

Find the root correct to 3 decimal places.

Sketch the graphs y = % and y =5 — x* on the same axes.
How many roots has the equation % +x2-5=0?

Show that one root lies in the interval [2,3] and find its
value correct to 2 decimal places.

Without drawing any graph, show that each of these equations
has a root within the given interval.

a

b

X =5x*+6x—1=0 1[0,1]

B-2x*+x-3=0 [2,3]

L-L_g=0 1, 2]

X
e*—x—-8=0 (2, 3]
Inx—x2+5=0 [2.4,2.5]
sinx+x—-5=0 [5.6,5.7]

Show that the equation xsin x + 2 = 0 has a root a such
that 3 < o < 4. Find the value of o correct to 1 decimal place.

The equation e*— x+ 1 =0 has a root in the interval [a, a + 1]
where a is a positive integer.

Find the value of a and the value of the root correct to 2 decimal places.

5 Numerical methods
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9 a Copy and complete this table for the function

10

11

12

flx)=x>—4x* —x+5

x |2|-1|10|1|2|3|4]|5

f(x)

Sketch the curve y= x> —4x?> —x+5for-2 < x< 5

Write down the three intervals [a, b] where a, b are
consecutive integers within which roots of the equation
X —4x — x+5=0lie.

Find the largest root of x* — 4x? — x+5=0
correct to 2 decimal places.

Copy and complete this table for the function

f(x)=%x3—2x2—x+1

x |[2(-1|10|1[2]|3|4]|5
f(x)

Write down the three intervals [a, a + 1], where a is integer,

within which roots of the equation %x3 —2x* —x+1=0lie.

Find the smallest root of x> — 4x? — x+5=0
correct to 2 decimal places.

Find the interval [a, a+ 1], where ais a positlive integer,
such that the only root of the equation € + 5x=10=0
lies within it.

Find the root correct to 2 decimal places.

Show that the function f(@) = \/sin@ —0 +2for0 < 0<

has a solution in the interval l:%ﬂ.’, %7‘[]

Find the solution correct to 2 decimal places.

13 a By sketching the graphs of y = 2J/x and y = x* on the
same axes, find how many solutions there are to the
equation 2J/x — x*> = 0

b Find the non-zero solution of the equation correct to
2 decimal places.

14 a Sketch the graphs of y=Inxand y =12 — x* on the same axes.
Explain why the equation Inx + x> — 12 = 0 has only one root.

b Find the root of the equation correct to 2 decimal places.

15 a Choose two functions f(x) and g(x) and sketch the graphs
of y=f(x) and y = g(x) to find the number of roots of the
equation cos x—x+6=0

b Show that a root o exists such that6 < a <7

¢ Find a correct to 3 decimal places.

16 Solve the equation 3 — x> =0
giving solutions correct to 3 decimal places where necessary.

17 Find all the roots of the equation xcosx+ x=10
Sketch the graph of y = xcosx + x

INVESTIGATION

O

In this diagram, the area of triangle OPQ is half the area
of the sector OPQ.

Show that the angle, 6, in radians, must be a solution of
the equation

2sin@—0=0

Solve this equation to find 0.

5 Numerical methods
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Whether a sequence converges or diverges depends on the

Iterative methods gradient of f(x) at the point of intersection where x = f(x)

The root of the equation x — f(x) = 0 is at the point of intersection There are four possibilities:

of the graphs of y = x and y = f(x) where x = f(x)

y A At the point of intersection, x = o
You can show the steps of the iterative process of finding a root of  An iterative method is a 1 y=100 . y—x Is the root of x =f(x) in each case.
the equation x — f(x)=0 repetitive process which uses a y=x f(Xg) 4 -~
succession of approximations. ;
Numerical process Graphical process Each approximation builds :(XO)A ””””” Cy =1 f(xo) 4~ - - !
. . . X, ) o o | I
Choose a value x, close to the Locate the value x, on the xaxis | © (e preceding approximation fExliA ,,,,, L o !
B until the required degree of 2 T L !
Calculate f(x,) Rise vertically at x, to meet accuracy is achieved. i i l i _ 0 T i i i "
the curve at a height of f(x,) O  axXzXy, X; Xo X aXoXy  Xp
Let f(xp) = x4 Go horizontally to the line y = x
L be th vahere flxo) = Xrll . y = f(x) is a rising curve and y = f(x) is a rising curve
etx; be the nexth ocate x, on the x-axis 0<fla)<1 and '(c) > 1
CEPOAIMELET @ t € rgot ) The iterations converge. The iterations diverge.
Perform the next iteration and Go vertically to the curve and
calculate x, then go horizontally to the line
to find x, y oo ;
Perform more iterations. Go vertically to the curve and ry=1(x) y =1 B
go horizontally to the line for \ y=Xx y=x
each iteration. fxo)q---
™ f(x2)7 l ‘
O] } )
m fxg){ ! : S
ol Find the root of the equation J/x + 1 — x = C using an iterative o N R
= method, starting with x, = 1 as the first approximation. ! L N o
= ’ & Wit %o PP o %k a i x O oty Xg
=
m .
al Rearrange the equation: y = f(x) is a falling curve y = f(x) is a falling curve
x=3x+1 and -1 <f'(a) <0 and f'(a) < -1
Define the iterative formula: The iterations converge. The iterations diverge.
Xy = %, T 1 withx=1 Overall, the iterative process converges provided that This condition can also be
Carry out the iterations: -1 < f'(a) < 1 where « is the root. written as [f'(a)] < 1
x =3 +1=3+1=32  =1259921...
Try to choose a starting value x, which is close to the root. A different iterative formula with
x, = Y +1 = 1259921, +1 =1.312293... Y . 8 vAHe %o v . .
o _ Start by looking for an interval which contains the root and then the same starting value can lead
x5 = 3x, +1=Y1312293... +1 =1.322353... fhe fteralions seem o be comversing choosing x, from within that interval. 10 a different 1oot .
The same iterative formula with a
different starting value can lead
=3 =3 = 3
xy =3x;+1=31.322353...+1 =1.324268...and so on. n X X+l 10 3 different root of even &
‘ . . 0 1 1.25992105 diverging sequence.
After four iterations, the root is correct to 1 | 1.25992105 | 1.31229384
2 decimal places and has a value of 1.32 2 | 1.31229384 | 1.32235382
More iterations will improve the accuracy. 3 11.32235382 | 1.32426874
4 | 1.32426874 | 1.32463263
You can do these calculations efficiently on a spreadsheet or 5 | 1.32463263 | 1.32470175
using the ‘Ans’ key on a scientific or graphical calculator. 6 | 1.32470175 | 1.32471488
. . . . 7 | 1.32471488 | 1.32471737
A h 1 places.
g fter 8 iterations, the root is correct to 5 decimal places 5 [aemiia |4 e 3
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5 Numerical methods

Explore the roots of the equation x°> — 5x—3 =0
using iterative methods.

First method

Rearrange x® — 5x — 3 = 0 into the form x = f (x):

X =5x+3

x=3/5¢+3

Define the iterative formula: x,,,; = 3/5x, + 3

Letxy = 2: Let xo=-2:

x, = 313 = 2.351334... x, = 3/-7 = -1.912931...

X, =2.452803... x,=-1.872423...

X, =2.480597... Xy =-1.852964...

X, =2.488102... x,=-1.843470...

X =2.490121... x5 =-1.838803...

X, =2.490664. .. X =-1.836499. ..
x,=-1.835360...

The sequence is converging.
The root is x=2.49
to 2 decimal places.

The sequence is
converging on a
different root. The root
is x=-1.84

to 2 decimal places.

Second method
Rearrange x° — 5x — 3 = 0 into the form x = f(x):
3
5x=x — 3 giving x:xT—3
x -3
Define the iterative formula: X, = ”T
Let xy= 2: Let x, = 3:

-3 _3-3_
xlszl XI—T—4.8
x,=L=3- 04 5, =483 _715
2 5 . 2 5 . “ee
x;=-0.6128 x;=1992.18...

%, =-0.64602... This sequence is

%5 =-0.65392... diverging very fast.
X, =-0.65593... No root is found.
x,=-0.65644...

This series is converging on
a third root which is
x=-0.66 to 2 decimal places.

The equation x> —5x—3 =0

is a cubic. This example shows
that it has three roots x = 2.49,

-1.84 and -0.66 (to 2 d.p.).

Exercise 5.2
1 a Show, without drawing a graph, that the equation

X =5x+2=0
has a root in the interval [4,5].

b Show that ¥ — 5x+ 2 = 0 can be rewritten as x = 5 — %

¢ Using the iterative formula x,,,, =5 — xl and x,=4

n

find a root of the equation x*> — 5x+2 =0
correct to 2 decimal places.

a Show that the equation x* —4x—5=0
has a root in the interval [2,3].

b Show that the equation x* — 4x—5=0
can be rearranged as x = 3/4x + 5

¢ Use the iterative formula x,; = J/4x, + 5 with x;=2
to find a root of the equation x* —4x—5=0
correct to 2 decimal places.

d Show that the equation x* —4x—5=0

xi -5
4

Take x,=2 and find whether this iterative formula

can also produce the iterative formula x,,,; =

creates a converging or diverging sequence of
approximations to the root.

a Show that the equation ¥ —x*—1=0
has a root in the interval [1,2].

b Show that the equation x* — x> — 1 =0
can produce the iterative formula x,,, = 3/x. +1

Take x,= 1 and find this root correct to 3 decimal places.

Show that the iterative formula x,,,; = %e’x”

can be derived from the equation e™*—2x=0
Taking x;, = 1 find a root of this equation to 2 decimal places.

To find the value of {L/%, show that the equation x*= 50 can be

rearranged to give the iterative formula x,,, = 3/i—0
n

Use this formula with x,= 3 to calculate 4/50
correct to 4 significant figures.

5 Numerical methods
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6

10

a Find the values of A and u such that the iterative formula

_ 7
Xp1 = 4| A%, + .

n

can be used to solve the equation x* — 5x> —7=0
b Show that a root of the equation lies between x=5and x=6

¢ Take x,=>5 and find the root correct to 3 significant figures.

a Evaluate f(1.1) and f(1.4) for the function f(0) = 60— 5sin 6 — 3
where 0 is in radians.

Explain why there is a root of the equation 60— 5sin0—3 =0
in the range 1.1 <0< 1.4

b Find the values g, b and c such that the iterative formula

0 __asinf +l

n+l b c

can be used to solve the equation 60— 5sin 0 —3 =0

¢ Taking 6,= 1.1 find a root of equation 660 — 5sin -3 =0
correct to 3 decimal places.

The iterative formula X,;; = ,[6 — xi is used to find the root
of the equation f(x) =0

Find the function f(x) and the root of the equation correct to
3 decimal places, given that x, =2

Find the equation f(x) = 0 which each of these iterative formulae
can be used to solve.

_5x,—7 _ _
a X, == 5 b Xot1 = wSISXn +1 C X1 =

xﬂ
d x = |30_x o o A1 c L
+1 2 +1 +1
! X, 2 " 42 "

a Find the constants a and b which would allow these two
iterative formulae to be used to solve the equation x* = 20

2
_ a Xn _ b
Yo =42 T3 and X, = ,3/x—
n n

b Taking x, = 2 find which one of these two iterative formulae
converges faster to the root of the equation.

¢ Find the value of 420 correct to 5 decimal places.

a

5 Numerical methods

Show that the equation 2x — e*+ 3 = 0 has a root between
-1 and -2.

e + x

Show that the iterative formula x,,,, = 1]

can be used to solve this equation.

Take x, =-2 and find the root of 2x—e*+3 =0
correct to 4 decimal places.

Hence find a root of the equation 2tan 8 — % + 3 =0
in degrees correct to 1 decimal place.

Show that the equation x* — 4x— 3 = 0 has a root in the
interval [2,3].
3(x) + x, +1)

4x2 -1

Show that x,,, = is an iterative formula for the

equation x° —4x—3=0

Take x, = 3 and find a root of the equation correct to 3 decimal places.

Hence, find a root of the equation 8" — 2/*2=3
correct tol decimal place.

INVESTIGATION

13 Create several of your own iterative formulae to solve the

cubic equation
ax’ + bx* + cx+d=0

for your choice of 4, b, cand d.

Use a computer spreadsheet to calculate the iterations
for different starting values x;,.
See if your iterations converge or diverge.

Which one of your formulae converges most quickly to a root?

135

€0



™
@)

136

Review 5

1 Sketch the graphs of each pair of functions f(x) and g(x).
State how many roots there are to the equation f(x) — g(x) =0

a flx)=x* gx)=x+2 b flx)=¢* glx)=4-x

2 By sketching appropriate graphs, find how many roots there
are for each of these equations.

a x3+2—%=0 b sinx—x’=1

¢ lnx—x2+2=0 d Ix+2l—x2=1

3 a Sketch the graphs of y=3 — x? and y = ¢ * on the same axes.

b Explain why there are only two roots of the equation
*+e*=3
Show that one root lies in the interval [1.6, 1.7] and find
this root correct to 2 decimal places.

¢ Find the other root correct to 2 decimal places.

4 Without drawing any graph, show that each of these
equations has a root within the given interval. In each case,
find the root correct to 2 decimal places.

a ¥-L-2=0 [13,14 b Inx—e*=0 [1.0,1.5]
X
C cosx+2x—4=0 [23,24] d e*+x*—-8=0 [-3,-2]
5 a Show that the equation x*> — 3x — 4 = 0 has a root in the
interval [2, 3].

b Show that the equation x° — 3x— 4 = 0 can be rearranged
asx = Y3x + 4

¢ Use the iterative formula x,,,; = 3/3x, + 4 with x,= 2 to find the
root of the equation x° — 3x— 4 = 0 correct to 2 decimal places.

d Show that the equation x> — 3x— 4 = 0 can also produce the

3
iterative formula x,.,, = x”TAL Take x, = 2 and find whether

this iterative formula creates a converging or diverging
sequence of approximations to the root.

In part b, x is in radians.

6f(x):x3—2—%, x#0

a Show that the equation f(x) = 0 has a root between 1 and 2.

An approximation for this root is found using the iteration formula
1

X, = (2 +xLT with x,= 1.5

n

b By calculating the values of x;, x,, x; and x,, find an

approximation to this root, giving your answer to 3 decimal places.

¢ By considering the change of sign of f(x) in a suitable
interval, verify that your answer to part b is correct to
3 decimal places.

7 a Sketch, on the same set of axes, the graphs of
y=2—-e*and y = Jx

(It is not necessary to find the coordinates of any points of
intersection with the axes.]

Given thatf(x)=e* +Jx -2 x>0

b explain how your graphs show that the equation f(x) =0
has only one solution

¢ show that the solution of f(x) = 0 lies between x=3 and x=4
2

The iterative formula x,,, = (2 — ¢ ™) is used to solve the

equation f(x) =0

d Taking x, = 4, write down the values of x,, x,, x; and x,,
and hence find an approximation to the solution of
f(x) = 0, giving your answer to 3 decimal places.

8flx)=x>+x>—4x—1
The equation f(x) = 0 has only one positive root, .

a Show that f(x) = 0 can be rearranged as x= (4;:11), x#-1

. . 4x, +1).
The iterative formula x,,,, = L 1 J is used to
X

n

find an approximation to o

b Taking x; = 1, find, to 2 decimal places, the values
of x,, x; and x,.

¢ By choosing values of x in a suitable interval, prove that
o = 1.70, correct to 2 decimal places.

d Write down a value of x; for which the iteration formula

Xy = (4%::—11) does not produce a valid value for x,.

Justify your answer.

5 Numerical methods

[(c) Edexcel Limited 2004]

[(c) Edexcel Limited 2003]

[(c) Edexcel Limited 2004]
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Exit

Summary

o Graphical methods
To solve an equation of the type f(x) = g(x), draw the graphs
of y=1f(x) and y = g(x) and find the x-values of any
points of intersection.
To solve an equation of the type f(x) = 0, draw the graph of
y=1f(x) and find the x-values of the points at
which the graph intersects (or touches) the x-axis.
If, between x = a and x = b, the graph of y = f(x) is continuous
and f(x) changes its sign, then there is at least one root of the
equation f(x) = 0 between x=a and x=b.

o Iterative methods
To solve an equation of the form g(x) =0
rearrange g(x) into the form x = f(x)
choose a value x, which is close to the root
use the iterative formula x,,, , = f(x,) to generate the sequence
Xop K> X X35 e
decide if this sequence of x-values is converging or diverging
if it is converging, continue until you have the root to the
required accuracy.

Refer to

5.1

5.2

Revision 2

Links

In cases where a real-life problem cannot be solved
analytically, a numerical method is applied to find
an approximate soluton.

Applied problems can arise from diverse areas such
as engineering, economics and biological sciences.

Solutions to such problems often require scientific
computation involving advanced iterative methods.

1 Express as a single fraction in its simplest form.

3x” —x _ 12
BGx—-Dx+2 x*-2x-8

2
2a Simplify X 5*-14
x"—4

3x2—x—14+ 2

b Hence, express 5
x°—4 x(x —2)

as simply as possible.

3 a Express as a fraction in its simplest form
2 +— 1
x—=3 x"—=8x+15

b Hence, solve the equation 2 1

x—-3 x2—8x+15_

4 2
4 Given thatws (ax® + bx+¢) + d92c+e ,
(x* =1 (x" =1

find the values of the constants a, b, ¢, d and e.

[(c) Edexcel Limited 2008]

as a single fraction.

1
5a Express2—x_4

b The function f is defined by f(x) =2 — x+’ xeR, x#4

Find an expression for the inverse function f ~!(x).
¢ Write down the domain of f !
6 The functions f and g are defined by

fix>2x+In2, xeR
g x— e, xeR

a Prove that the composite function gf is  gf: x — 4e*, xe R

b Sketch the curve with equation y = gf(x), and show the coordinates
of the point where the curve cuts the y-axis.

¢ Write down the range of gf.

d Find the value of x for which %[gf(x)] =3,

giving your answer to 3 significant figures. [(c) Edexcel Limited 2006]
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7 The function f is defined by

fix—2x—a|, xe€ R, whereaisa positive constant.

Sketch the graph of y = f(x), showing the coordinates of
the points where the graph cuts the axes.

On a separate diagram, sketch the graph of y = {(2x), showing
the coordinates of the points where the graph cuts the axes.

Given that a solution of the equation f(x) = %x isx=4,

find the two possible values of a. [(c) Edexcel Limited 2002]

8 The functions f and g are defined by

fix—>In(2x-1), xeR, x>l g:x—)x% xeR, x#3

2 3’
Find the exact value of fg(4).

Find the inverse function f “!(x), stating its domain.

Sketch the graph of y = |g(x)|. Indicate clearly the equation
of the vertical asymptote and the coordinates of the point
at which the graph crosses the y-axis.

Find the exact values of x for which [(c) Edexcel Limited 2008]

2
x—3‘_3

9 The functions f and g are defined by

ffx—>|x—al+a xeR,
where a is a positive constant.

gx—>4x+a, xelR

On the same diagram, sketch the graphs of f and g, showing clearly
the coordinates of any points at which your graphs meet the axes.

Use algebra to find, in terms of a, the coordinates of the point
at which the graphs of f and g intersect.

Find an expression for fg(x).

Solve, for x in terms of a, the equation fg(x) = 3a [(c) Edexcel Limited 2003]

2

2
10 Prove that L= 80X — 050y Hence, prove that tan?L =7 — 43

11 a

b

12 a

1+ tan”x 12
By writing sin 360 as sin(20 + 0), show that sin 36 = 3sin 0 — 4sin° 0

Given that sin 0= é, find the exact value of sin 30. [(¢c) Edexcel Limited 2007]

Given that 2sin(0 + 30)° = cos (0 + 60)°, find the exact value of tan 6°.

i Using the identity cos (A + B) = cos Acos B — sin Asin B,
prove that cos2A=1-2sin’A

ii Hence solve, for 0 < x < 27w, cos2x=sinx,
giving your answers in terms of 7.

iii Show thatsin2ytany+cos2y=1 for0<y< %n [(c) Edexcel Limited 2005]

13

14

15

Revision 2

a Using sinZ 0 + cos? 0 = 1, show that cosec?0— cot? =1
b Hence, or otherwise, prove that cosec* 0 — cot* 0 = cosec? 0 + cot* 0

¢ Solve, for 90° < < 180°, cosec?*0— cot*@=2 —cotB

a Show that

1

2 .
COSSX = cosx—sinx, xi(n—z)ﬂ, neZz

Ccosx + sinx

2

.1 . . 1
ii 5(c052x—sm2x)scos X—cosxsinx—-

b Hence, or otherwise, show that the equation

co0s26 _1
cos G(COSQ + sinej )

can be written as sin260 = cos 260

¢ Solve,for0 <0< 2w sin20=cos20
giving your answers in terms of 7.

f(x) = 5cosx+ 12sinx

Given that f(x) = Rcos(x— a), where R>0and 0 < a < %,

a find the value of R and the value of o to 3 decimal places
b hence, solve the equation 5cosx+ 12sinx=6 for 0 < x < 27

¢ i Write down the maximum value of 5cos x + 12sin x.
ii  Find the smallest positive value of x for which this
maximum value occurs.

16 a The graph of y=e*is transformed into the graph of each

of the following equations.

Name the transformations involved in each case and give the order

in which they occur. Sketch the graph of y = e*and each of its images.
iii y=3e*?

i y=1+2" i y=2+e™

b Name the transformations (and the order in which they occur)

that transform the graph of y = In x into the graphs of each of these
equations. Sketch the graph of y =Inx and each of its images.

i y=3-Inx ii y=1+2lnx  iii y=%ln(x+2)

17 a A population P of individuals increases over a time t (days) from
t

an initial value of Py, according to the relation P= Pyel0
How many days have to elapse for the population to double in size?

b A number of cells are being infected with a virus. The number N

of uninfected cells reduces with time ¢ (hours) as given by

_t
N=280+25¢ 2
i How many uninfected cells were there initially?
ii  What is the limiting value of N as time increases?

[(c) Edexcel Limited 2006]

[(c) Edexcel Limited 2006]

[(c) Edexcel Limited 2008]
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18 A savings account earns interest on the money invested in it
at a constant rate of 5% each year. An initial investment of
£1 thus has a value of £y after t years where y=1.05

a

b

19 A particular species of orchid is being studied. The population

Sketch the graph of y=1.05" fort>0

Find the total value of an initial investment of £500 after it has been
in the account for 6 years. Give your answer to the nearest £.

How many years does it take for any investment to double in value?

What must be the interest rate (to 1 decimal place) if an
investment is to double in value after 10 years?

p at time ¢ years after the study started is assumed to be

0.2t
p= 2800% where a is a constant.

Given that there were 300 orchids when the study started,

a

b

C

d

show that a=0.12
use the equation with a = 0.12 to predict the number of

years before the population of orchids reaches 1850.

336
Show that p= ————
P 0.12 + %

Hence show that the population cannot exceed 2800.

20 A heated metal ball is dropped into a liquid. As the ball cools,
its temperature, 7°C, t minutes after it enters the liquid, is
given by

T=400e %%+ 25 >0
Find the temperature of the ball as it enters the liquid.

Find the value of ¢ for which T'= 300, giving your answer
to 3 significant figures.

Find the rate at which the temperature of the ball is
decreasing at the instant when ¢ = 50. Give your answer
in °C per minute to 3 significant figures.

From the equation for temperature T'in terms of t, given
above, explain why the temperature of the ball can never
fall to 20°C.

21 Solve the equations

a 6+3e*=8 b In(x+3)*=4 c e¥=3e-2

[(c) Edexcel Limited 2005]

[(c) Edexcel Limited 2006]

22 Differentiate with respect to x.

a e“sinx b Llnx c e *(x?-3)
Inx f X -1 g In(tanx) h
X1 X +1
i A -22+5 > Kk |
x> =1 e -1
23 a Differentiate with respect to x.
i g2edrt2 i cos (2x%)
3x
b Given that x=4sin (2y + 6), find jx—y in terms of x.
24 a Differentiate with respect to x
i e3*(sinx+2cosx) il x°In(5x+2)
2
Given that y = w x#-1,
(x+1
b show that dy__20 :
dx  (x+1)
2 2
¢ Hence find d—J; and the real values of x for which d—J; b
dx dx 4
25 a The curve Chas equation y = 3
9+ x
Use calculus to find the coordinates of the turning points of C.
. . dy 1
b Given that y = (1 + ¢™)2, find the value ofa at x= Eln3

Revision 2

cos? xsin x

[(c) Edexcel Limited 2006]

[(c) Edexcel Limited 2008]

[(c) Edexcel Limited 2007]

26 Find the stationary points on these curves and determine their nature.

a

C

X

=< = xeX
y—x b y=xe

X

2T d y=e?sinx where-r<x< 7

y:

27 A curve Chas equation y = x’e*

a

b

Find jx—y, using the product rule for differentiation.
Hence, find the coordinates of the turning points of C.
&y

dx?

Determine the nature of each turning point of the curve C.

Find

[(c) Edexcel Limited 2008]
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X
x* -1
the graph of Cis a falling curve for all values of x.

28 a Find % for the curve C where y= and explain why

b Find the equation of the tangent to Cat the point where
x = 2. Also find the equation of the normal to C at the
point where x=-2.

¢ Find, to 2 decimal places, the coordinates of the point
where this tangent and normal intersect.
29 A curve Chas equation y=e**tanx, x# (2 n+1)%
a Show that the turning points on C occur where tan x=-1

b Find the equation of the tangent to C at the point where x=0 [(¢) Edexcel Limited 2008]

30 a Given that y=log,x, x > 0, where a is a positive constant,

i express xin terms of aand y
ii deducethatlnx=ylna

dy _ 1
b Show that 4 = %o
The curve C has equation y=log,yx, x>0
The point A on C has x-coordinate 10.
Using the result in part b,

¢ find an equation for the tangent to Cat A.

d The tangent to Cat A crosses the x-axis at the point B.

Find the exact x-coordinate of B. [(c) Edexcel Limited 2004]

31 a Sketch the graphs of y = x* and y = 6 — x* on the same axes.

b Explain why there is only one root of the equation

L+x2-6=0

¢ Use your graph to state the interval [a, b] within which the
root of the equation x> + x> — 6 = 0 lines, where a and b are
consecutive integers.

d Find the root of the equation x*> + x> — 6 =0

correct to 1 decimal place.

32 a Find the interval [a, a + 1], where a is a positive integer,
such that the only root of the equation e*— x> —2 =0
lies within this interval.

b Find the root correct to 2 decimal places.

Revision 2

33 a Show that the equation % x-x-3=0

has a root in the interval [2,3].

b Show that the equation % ¥-x-3=0

can produce the iterative formula x,,, | = 4/10x, + 30

¢ Take x, =1 and find the root correct to 3 decimal places.

34 Find the equation in the form f(x) = 0 which each of these
iterative formulae can be used to solve.

3—-x
a Xy = xz” b x,,=35kx,-2) ¢ x,, = 3+xl

n n

35 a Show that the iterative formula x,,, ; = /% - % can be
used to solve the equation 2x° + x> —24 =0

Find the values of a and £ in this case.
b Show that a root of the equation lies between x=2 and x=3

¢ Take x, =2 and find the root correct to 3 significant figures.

36 f(x)=x-2-1, x=0
a Show that the equation f(x) = 0 has a root between 1 and 2.

b An approximation for this root is found using the
iteration formula

1
X =(2+xi)3 with x,=1.5

n

By calculating the values of x;, x,, x; and x,, find an
approximation to this root, giving your answer to
3 decimal places.

¢ By considering the change of sign of f(x) in a suitable
interval, verify that your answer to part b is correct to

3 decimal places. [(c) Edexcel Limited 2004]
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37 This diagram shows part of the curve C with equation
y=1f(x), where f(x)=0.5e*— x
The curve C cuts the y-axis at A and there is a minimum at
the point B.

a Find an equation of the tangent to C at A.

The x-coordinate of Bis approximately 2.15. A more exact /
estimate is to be made of this coordinate using iterations
X1 = In g(xn)

b Show that a possible form for g(x) is g(x) = 4x

¢ Using x,,, =In4x,, with x, = 2.15, calculate x;, x, and x;.
Give the value of x; to 4 decimal places.

38 f(x)=%—1+ln§, x>0

This diagram shows part of the curve with equation y = f(x).
The curve crosses the x-axis at the points A and B, and has a
minimum at the point C.

. 1
a Show that the x-coordinate of Cis 7

[(c) Edexcel Limited 2002]

\4

™ b Find the y-coordinate of C in the form kln2,
@) .
where k is a constant.
¢ Verify that the x-coordinate of B lies between 4.905 and 4.915
d Show that the equation % -1+In % =0 can be rearranged into
1
the form x = Ze( 2""]
The x-coordinate of Bis to be found using the iterative formula
L
X, =2e\ with x;=5
e Calculate, to 4 decimal places, the values of x;, x, and x;.
39 f() =3e"~1lnx-2, x>0
a Differentiate to find f'(x).
b The curve with equation y = f(x) has a turning point
at P. The x-coordinate of Pis a. Show that o = % e
The iterative formula x,,,, = %e_"", X, =1, 1s used to find an
approximate value for o.
¢ Calculate the values of x;, x,, x; and x,, giving your
answers to 4 decimal places.
d By considering the change of sign of f'(x) in a suitable
- interval, prove that o = 0.1443 correct to 4 decimal places.

[(c) Edexcel Limited 2005]

[(c) Edexcel Limited 2005]

Y

Partial fractions

This chapter will show you how to

o separate a fraction with different linear factors in its denominator

into partial fractions

o separate a fraction with a repeated linear factor in its denominator

into partial fractions

o separate an improper fraction into partial fractions
o use the methods of equating coefficients and substitution, including

the cover-up rule.

Before you start

You should know how to:

1 Substitute into formulae.

. 3x—1 3
e.g. Find z = when x = =
¢ x—1? 4
9 4
__4 -5,16 _
z_(3 1)2_4><1 20
0

2 Factorise expressions.
e.g. 6x2+ 11x — 10
= (2x + 5)(3x - 2)

3 Create and use identities.
e.g.Find Aand B if 3x + 8 = A(x + 2) + Bx
Equate constants: 8 =2Aso A=4
Equate coefficients of x:
3=A+BsoB=-1

4 Add and subtract algebraic fractions.

2 4 20 + 1% + 4(x + 3)
e.g. =
gX+3+(x+1)2 X+ 3+ 172
_ 2+ 8x+14
X+ 3)(x + 1?2

5 Divide algebraic expressions.
eg (X2 +4x+7)+(x+3)

_ 4
_x+1+—x+3

Checkin:
1 Find the value of y and zwhen x = i
: 2xr +1
if a y=
Y xX1-x)
b z=-2=% %)’
xX(1 + 3x)
2 Factorise
a 4x3-9x

b x*—1

3 Find A and Bif
a x(5x+3)+6x=x(Ax+ B)

b (Ax+3)(2x+ B) =8x%>+10x+3

4 Work out
3 4
+—
x+1 (x+1)7°
b Ly 2 4 3

x x+1 x-1

5 Divide
a (x*-3x2—x+3)by(x+1)

b (x?+6x—1)by(x—2)
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You can express a proper fraction of the type
f(x)
(ax + b)(cx + d)(ex + f)

. . A B C
as partial fractions of the type prrosry i s ey 7

where A, Band C are constants.

You can use the method of equating coefficients to separate a
fraction into partial fractions.

Sxi=1l
(x—2)(x+1

Express in partial fractions.

Form an identity (which is true for all values of x):

Let s5x-1 ___A B

x=2)(x+1) x—2+x+1

_ Alx+1)+ Blx—2)

(x=2)(x+1)
_(A+Bx+A-2B
T (k=2 +)

Equate the numerators: 5x—1=(A+ B)x+ A—2B
The two sides of this identity must be identical.

Equate the coefficients ofx: 5=A+ B
Equate the constants: -1=A-2B

Subtract these two equations to eliminate A:
5—(-1)=B-(-2B)
6=3B
B=2
Substitute into 5=A+B: A=3

5x-1  _ 3 . 2
(x=2)(x+D)  x—-2 x+1

So, in partial fractions,

The initial fraction must be a
proper fraction. That is, the
numerator must be of a lower
degree than the denominator.

See [¢[3] for revision of
adding fractions.

You now have two simultaneous
equations in A and B.

Check your answer by adding

3 2
x—Zandx—l

You can use the method of substitution to separate a fraction into
partial fractions.

m

X 5x —1 ° o o

)g, Express G oeiD ™ partial fractions.

T

[

Ul et 5x —1 - A + B _ Ax+D+Bx-2
N x=-2x+D)  x-2 x+1 (x-2kx+]

Equate the numerators: 5—1=A(x+1)+B(x—2)

In particular, let x = -1 to eliminate A:
-5—1=0+B(-1-2) so B=2

Now let x = 2 to eliminate B:
10-1=3A so A=3
So, 5x—1 3 2

(x=2)(x+1) x—2+x+1

You can use either of these methods or a mixture of the two
to keep your working to a minimum.

x*—11x -6

Express as partial fractions 70 —20x =1

€ I7dINVv X3

XX —1lx—6 _ A B . C

et G —Dex )~ x+2 %2 2% -1

_Ax-2)2x-D+Bx+2)2x -1+ C(x +2)(x —2)
B x+2(x-2)02x—1)

Consider the numerators.

Letx=2to eliminate Aand C: 4—22—6=0+Bx4x3+0
so -24=12B and B=-2

Letx=-2toeliminate Band C: 4+22—6=AX(-4)x(-5)+0+0

so 20=20A and A=1
Equate coefficients of x?: 1=2A+2B+C

Substitute the values of Aand B: C=13

2
L-1lx-6 _ 1 _ 2 3
80 T D - =D - x42 x-2 21

6 Partial fractions

This is the same as Example 1,
using a different method.

An identity is true for all
values of x.

Check your answer by adding
3 2
X [

X—2

and 1

A, B and C are numerical
constants. The Core 4
specification does not extend
to algebraic numerators.

X¥—11x-6=4-22-6

To find the coefficients,

expand the brackets:

Alx—2)(2x — 1) = A(2x2 — Bx + 2)

B(x+2)(2x—1)=B(2x* —2x - 2)
Cix+2)(x—2)=C(2 - 4)
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6 Partial fractions 6 Partial fractions

You can use the cover-up rule when a fraction has only linear Exercise 6.1
factors. It is a shortened form of the method of substitution. 1 Use the method of equating coefficients to express these in partial fractions.
q g p p
4x + 5 b x+ 25 c 2
m (x+2)(x+1) (x=3)(x+4) (x =3)(x+5)
; Use the cover-up rule to express 3x +16x ~ 10
z . ' ] (x-Dx+2)2x-1) q 4x-3 7x +2 f _2x-5
w)  in partial fractions. x(x—1) (x+52x—1) 2 —6x+8
m
A 3x* +16x — 10 A B C L : - -
= + + 2 h h f h 11 .
Let oD+ 20x—D - 71 %12 o1 Use the method of substitution to express these in partial fractions
a 4x -7 b 5x +11 c X +4
To find A, cover up (x — 1) and substitute x = 1 in the rest of the fraction: _3X2 +16x - 10 (x—3)(x-2) (x +D(x +4) x(x+1)
< ) x+2)(2x-1)
_ 3+16-10 _ 9 _ ) i
S ST . g _x-11 . 3x ¢ X oxtl
XX -7x+6 (x = Dx = 2)(x —3) (> = D2 - %)
To find B, cover up (x + 2) and substitute x = -2 in the rest of the fraction: 3x2 ’f/,1<X - 10
(x-1)( (2x - 1) ~ . . .
5 3X4+16X()-10__ 30 _ &\ 3 Use the cover-up rule to express these in partial fractions.
(2-Dx(4-1)  (3)x(H) 7 a — 9 b X7 c L
(x=-2)(x+1) (= Dlx +4) (x = 5)(x - 3)

To find C, cover up (2x — 1) and substitute x = Liin the rest of the fraction: 3x? + 16x - 10

! PRI TN x—3 . 4-x 1
oD )(g\ d x(x —2) © x(x +D(x +2) f 457 — x

c4

3(l)+5—10 ol
C = 4 2 = 4 =] é X é = 1 . . .
1 1 1 5\ 475 4 Express these in partial fractions.
(z-1)x(z+2) (2)xG)
2 2 2)7\2 2 3 c 6x
2_ —3)(x?2 - 2x —D)(Bx -2
e Wile-10 _ 3 2 . x> —6x+8 (x =3 +x-2) (2x - 1)Bx - 2)
x-Dx+22x-1 x-1 x+2 2x-—1 4 3-x o 2643 ¢ 2x+5
1-x? 4x3 — x 9 — 4x?
m g x*+4 h 2x i 6
; Express as partial fractions zx;l 2% — x> = x° i 1+ 2x)(4 — x7) 1 x*—5x* +4
2 8" —2x -3
=
m 2
B Factorise the denominator:  8x* —2x—3=(2x+ 1)(4x—3
o ( I ) INVESTIGATION
Let x+1 ___A , B 5x-=1  _ 3 2
Qx+D@x—3) 2x+1 4x—-3 5 a Examples 1 and 2 showed that CEOCT —
1 Use a graphical calculator or a graphical computer package
To find A, let x = 7%1 A= _22_ 3 = —% Cover up (2x + 1) and substitute x = 7% to draw the three graphs of
_ 5x —1 _ 3 __2
=41 7 y_(x—Z)(x+l)’y_x—2andy x+1
To find B, let x = %: B = ‘31— == Cover up (4x — 3) and substitute x = %
5t1 iy See how the graphs of the two partial fractions add
together to give the graph of the original fraction.
So x+1  _ 1 W Pay particular attention to the asymptotes.
82 —2x—3  10Q2x+1) 10(4x—3) ] B - ] ] ]
b Repeat this graphical investigation using a fraction which

has a denominator with three factors,

3x
= Dx—-2)(x-3)
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A proper fraction of the type f(—x)z, where f(x) is a (ax+b)*is a
o . (ax +b) . . repeated linear factor.
polynomial in x, will produce two partial fractions of the type

A B
ax+b  (ax + b)?
where A and B are constants.

A repeated factor (ax + b)2 will produce partial fractions

A B C

* 2+ 3
ax+b (ax+b)y” (ax+Db)

4 —7x

Express as partial fractions —=—"=—
(x+3)(x—2)

t
x+3)(x-2°7 x+3 x-2 (x-27

_Ax-2"+Bx+3)(x -2 +Cx +3)
- (x +3)(x — 2

4-7x A+B+C

Equate the numerators: 4 — 7x= A(x— 2)? + B(x+ 3)(x—2) + C(x+ 3)

Letx=2: 4-14=04+0+Cx(2+3)
C=-2

Letx =-3: 4421 =A% (-52%+0+0
A=1

No other choice of x-value reduces a bracket to zero.

There are now two ways forward:

either or
UseA=1,C=-2and Equate the coefficients
let X =1 in the numerators: of X2 in the numerators:

4-7=1x(-1?>+Bx4x(-1)+(-2) x4 0=A+B
—3-1-4B-8 B=-A
B=-1 B=-1

You could choose any value of x.
x=1and x = 0 are generally simple to use.

Equating coefficients is usually the most
efficient method at this point.

4 -7x _ 1 1 2

(x + 3)(x — 2) _x+3_x—2_(x—2)2

¢ 31dINV X3

2
Express as partial fractions w
(x+4)(x—2)
2
Let2X—2x+14 _ A B , C (1)

(x + 4)(x — 2)° Tx+4 x-2 (x — 2)?
Use the cover-up rule.
To find A, cover up (x + 4) and let x = -4:

So =2 —2x+14 _2X(A4P-2x(4+14 _54 _3
(x — 2)° -4-27° 36 2

To find C, cover up (x — 2)2 and let x = 2:

So _2x’—2x+14 _2x2°-2x2+14 _18 _4
(x+4) 2+4 6

To find B

either

2% —2x+14 _ Alx—2" + Blx +9(x —2) + Clx + 4)
(x+4)(x—2?% (x + 4)(x — 2)°

Equate coefficients of x2:
2=A+B

—9_A=9p_3_1
so B=2-A=2 555
or
Let x = 0 and substitute in (1):
14 _ 3 B, 3
ix4 2x4 2%%
Multiply by 8:

7=3—-4B+6

-1

B‘z
So 2 -2x+14 _ 3 1 3

(x+4)(x—-2° 2(x+4)+2(X—2)+(x—2)2

A fraction with a numerator of degree higher than (or equal to)
the degree of the denominator is an improper fraction.

Before you can separate an improper fraction into

partial fractions, you must first change it to a mixed fraction,

consisting of a quotient and a remainder, by

O either algebraic long division

O or rearranging the numerator and finding the quotient
and remainder by inspection.

6 Partial fractions

Any x-value would do,
but x = 0 is the easiest.

41
——is an example of an
x° =1

improper fraction.

A numerical equivalent is
9 1
changing vy to 21.
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6 Partial fractions

2
Express 22x—+7 as partial fractions.
X" —x—6
Numerator and denominator are both of degree 2, so it is an improper
fraction. You must change it to a mixed fraction.
either or
Use long division: Rearrange the numerator:
2 2 +7
x2—x—6i2x2 +7 xX-x-6
2" —2x—12 _ 2 —x—6)+2x+19
2x +19 x*—x—6
2x +19
2 =4+ == -
<5 22x +7 =2+ 22x+19 X —x—6
X" —x—6 X —x—6
2x +19 25% 4 19
Let =
x-x-6 E+2)(x-3
A B
= 1
x+2 x-3

Use the cover-up rule.

Coverup (x+2)and letx=-2: A = “4+19 _ 15 -3

-2-3 -5
6+19 _ 25
© —3) and letx = 3: = =22 =
over up (x — 3) and let x B 310 5 5
2% +7 3 5
S =2 +
© XX—x—6 x+2 x-3
. . 0 —2x* -1
Express as partial fractions =5———
x"—=3x+2
This is an improper fraction.
Use long division:
3 2
So —x2—2x _1Ex+1+—2x_3
X" —3x+2 X" —3x+2
Let x—3 — x—3 — A + B
x*=3x+2 @-Dx-2 x-1 x-2
Use the cover-up rule.
Cover up (x— 1) and letx = 1: A:E:Z
Cover up (x —2) and let x = 2: B:%:—l
3 2
Hence sz+1+i— 1
x°—3x+2 x=1 x-2

The numerator is now
2 x denominator
+ compensating terms

The quotient is 2 and

the remainder is _2X+19
XX_x—6

Factorise the denominator.

x+1

X2 —3x+2)x% - 2x2 -1

X2 —3x% + %
X2 —2x—1
x> —3x+2
x—3

Exercise 6.2
1 These fractions have repeated factors in the denominators.
Express the fractions as partial fractions.

x+1 b 16 c x> =7
(x — D) (x — 2)° (x + 1) (x — 3)° Q2x — D (x +1)*
2
d % 2 e 210 f }; _12
(x—-4) x(x —2) x> —2x
1 h x—4
x(Bx — 1) | x(x +2)°

2 Express these improper fractions as partial fractions.

a X b x? xt -2
x+2 X2 -1 (x—D(x+3)
2 2 3
x +1 e X f 2x
x(x +1) x—1 X =1
=32 +5 h 9 + x? i x’
P +x-2 | 9—x* | 4x* -1
3
3 Expresstzin partial fractions of the fooma+84+ ¢ 4 D >
x(x —2) x x-2 (x-2

4 Express in partial fractions.

4 6 c 22 +1
2x =3)(x+1) (x=2(x+1>° (x+1)2x -1

q 2 e _ X +5 f 2x +1
x* -1 x*+2x -3 @x-1Bx+1

g x> +2 h x° i X +1
x(x+1) Xt —x-2 | x*(x 1)

: 3 x> +1 (x* + 1)?

J 2 2 k 2 T
x(x+1) | x(x+1) | x“(x" =1

INVESTIGATION

5 Explore the graph of y=f(x) if f(x) is
o a proper fraction with repeated linear factors in the denominator
o an improper fraction.

Consider some of the fractions in this exercise, draw their
graphs, and take particular notice of any asymptotes, both
vertical and horizontal.

6 Partial fractions
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6 Partial fractions

O

: —_ 3x+2 : : :

Revievw 6 9 a Expressf(x) = TiO6 D in partial fractions.
b Find f'(x) and deduce that the graph of y =f(x) has a

1 Use the method of equating coefficients to express these in partial fractions. negative gradient at all points on the curve.

_X+3 b 3-x_ c _° e

(x—2)(x-1 x(x + 4) X2 —9 10 The function f is given by

o ) . ) f(x):M xeRx#-2,x#1
2 Use the method of substitution to express these in partial fractions. (x+2)x-1)
x+1 b _X —x+5 x*—2x =2 a Express f(x) in partial fractions.
(x—Dx+3) x(x =1)(x -5 (> = 1)(x +2) ,
b Hence, or otherwise, prove that f'(x) < 0 for all values of

3 Use the cover-up rule to express these in partial fractions xin the domain. [(c) Edexcel Limited 2003]

8 b X+l c X -x-4 The fraction in part b

(x=D(x+3) (x=2)(x+1) x(x+D(x—2) is improper. 11a Write —=2*in partial fractions.

(x=2)(x+3)
4 Express these in partial fractions. b Find the gradient at the point where x= 1 on the graph of
4x 2 _ 1—3x
@ x+DEx-) b Bx—-2)(Bx—1) TR
I 4 %46 ¢ Explain why the graph is a curve which is always rising.
< (x=2)(x =1’ x - 3)
12 E i ial fractions.
o 9 f T a  Express -~ in partial fractions
2 2
xQ2x - 3) x*=Dx-1 1 1 1 n

b Deduce that 1

><2 TGt ixa T T amr) T n+l

5 Show that == x +4 B C

X —4 -2 +2 ¢ Find the value of Z P 1)
Find the values of A, Band C.
1 . . .
6 Express these in partial fractions. . 13 a Express T+0e+2 ™ partial fractions.
3x° -3 p 2’ —3x-24
(x—=Dx+2) X -x-6 N 1 _ 1
b Hence show that Z(r+1)(r+2) =l--

x’ =2 d X +2x*—4 0

fc+1 o
XD x4 ¢ Show that,as n— oo, zm converges.

7 Show that Wl(x—k) can be expressed as partial fractions in the form State the sum to 1nﬁn1ty.

1(1 1

” - ) Find a in terms of k.

x—k x+1

8 a Show that, if f(x) = x> — 2x? — x+ 2, then f(2) =0
Hence, factorise f(x) completely.

b Express ﬁ in partial fractions.

¢ Theline x= a is a vertical asymptote to the curve y= f(l )
56 State all possible values of a. 157



Exit Parametric equations

This chapter will show you how to
o sketch curves using their parametric equations
o convert parametric equations to Cartesian equations

Summary Refer to _ _ : ) _ : _ _
) f(x) o find points of intersection of curves and lines using parametric equations

o For a proper fraction of the type @+ hex+ Dt ) o differentiate parametric equations to find equations of tangents and

where the factors of the denominator are all different and f(x) is a stationary values

polynomial in x, the partial fractions are of the type A B C o integrate parametric equations to find areas under curves.

ax+b ox+d ex+f

where A, Band C are constants. 6.1
o For a proper fraction which has a repeated linear factor (ax + b)? Before you start

in its denominator, there will be two partial fractions of .

N A B N I; You should know how to: Checkin:
the type + ere A and B are constants. 6.2 . . —
TP ax+b (ax +Db)’ whereAd ar 1 Substitute into formulae. 1 Ifm=2(x+1)andpn = X =2
O You can find the constants A, B, C,... in the partial fractions by using eglfa=2x+3andb=1-4 find y when
the method of equating coefficients findy wheny =a%—b

a y:im+2n

the method of substitution Substitute f02r aand b:
The cover-up rule is a shorter version of the method of substitution. 6.2 y= (2)2( 3 -(1-4 5 5
. . . . . =4¢+12x+9-1+4x b y=2m" +16n
0 You must change an improper fraction to a mixed fraction, consisting 1+ 16x+ 8
of a quotient and a remainder, before you can create partial fractions by
either  algebraic long division 2 Solve simultaneous equations. 2 Solve these simultaneous equations.
or rearranging the numerator and finding the quotient and 5
. . . eg . Solvey=x+1landy+5=x a 2x+3y=1,y+3x=5
remainder by inspection. 6.2 Eliminate y: (x+1)+5=x
2 —x—6=0 b X+ =3,x+2y=1
x+2)x—3)=0
Links So,x=-2or3andy=-1or4
Partial fractions allow you to express complicated The solutions are (-2, -1) and (3,4).
fractions as the sum of simpler fractions. dy
These simplified expressions can be applied to find 3 Differentiate and integrate functions. 3 Find ax and | ydxwhen

antiderivatives as well as inverses of transforms,

. dy . 1V
e.g. Find — and Jydx ify=(1+=2
such as the Laplace transform. dx / x?

Expand the brackets:

_ 2 1
a y=x"+1+—=
X

Engineers use Laplace Transforms to simplify

problems by converting relationships that are y=1+ 722 + X% =1+ +x" by =x+ x)(l * i)
dependent on time tto a set of equations expressed dy , . 241
in terms of the Laplace operator s. They can then Hence o = 202X+ Ax ¢cr= )
use Inverse Laplace Transforms to return to the 4 4
time domain. S
Laplace Transforms are particularly useful in and J ydx =x+ 2%1 + X_;; +c
analyzing electronic circuits. 2
=x-i-gate
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7 Parametric equations

m
| Parametric equations and curve sketching B St the carve g panetialy by e cqutons | 0 s
4| x=sin6, y=sin20 for0 <0< 2n
T
A Cartesian equation has the form y=f(x egy=x+2x+1 c
q y= 1) &y E Construct a table of values for 0 < 0 < 27
Sor'ne r‘elat10n.sh1ps'between x and y involve a third variable. ol o |l =z 3] , |5 || = |, Gis in radians.
This third variable is called a parameter. 4 2 4 4 2 a
X 0.707| 1 |0.707| O |-0.707| -1 |-0.707
The equations x = (1), y = g(¢) are called parametric equations. tis the parameter. y 1 0 Al 0 1 0 -1
You can sketch a curve described by parametric equations by 4
finding points on the graph for a range of values of t.
Each point on the graph has a value of tassociated with it. 0= 57“ 0T
1 A 4
3
m : . . 0= 6= , 2m :
; Sketch the graph of the curve with the parametric equations i 7 x As O increases from 0, the
2 x=2t—1,y=F£ for-4<t<4 - 0=7 curve traces the two
T 1 loops of a figure-of-eight.
= 1
fil Construct a table of values: 0= 77” 0= 3777
t 4| 3| -2 |1 0 1 2 S 4
g X 1_69 "; "i ":13 "é 1 i Z 176 When a curve is expressed using parametric equations, you can
¥ find the Cartesian equation by eliminating the parameter ¢ (or 6).
Ya m
; Find the Cartesian equation of the curves which have these
4| parametric equations.
It is useful to label each point E a x=2t— l,y:8t2+3 b x=2sin0+ 3,}/:2(;059_5
with its value of t. You can m
@
then see how the curve a Substitute t from x = 2t — 1 into the equation for y:
takes shape as t varies. 5
From x=2t—1,¢ = x+1,soy :S(xérl) -1
=2(x+1)*-1
=2 +4x+1 2x% + 4x + 1 is a quadratic

160

The curve is a parabola.

The Cartesian equation is y = 2x + 4x + 1

b Find sin 0 and cos 6 in terms of x and y:

From x=2sin 0 + 3, sing = X=3

2
From y=2cos 6 -5, cosO = yT+5

Substitute into sin% 6 + cos? 0 = 1:
2 2
x—-3 y+5) _
(553 +(53) =1
(x—3)+(y+5)2=4

The Cartesian equation is (x— 3)* + (y+ 5)* = 4

expression, which indicates
that the curve is a parabola.

This equation represents a circle,
centre (3,-5) and radius /4 = 2.

See [@] for revision.

O
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7 Parametric equations

You can also find parametric equations of a curve represented
by a Cartesian equation.

Find parametric equations for the curve with the Cartesian

equation y = 6xv1 — x°

You need to find a parameter which will simplify V1 — x

Recall that 1 — sin® 0= cos? 0

Let x = sin O:

So y = 6sin6y1— sin? @ = 6sin Ocos O
= 3(2sin Ocos O)
=3sin26

Hence, parametric equations for the curve are
x=sin6, y=3sin26

Exercise 7.1
1 A curve has the parametric equations x=3t, y= £ — 3
Copy and complete this table.
Hence sketch the graph of the curve for-3 <t <3

2 The parametric equations of a curve are x= 3£, y= 1
Copy and complete this table.
Hence sketch the graph of the curve for -2 < < 2

3 Construct your own tables of values to sketch the graphs of
the curves with these parametric equations for the range of
values given in each case.

a x=1>—4, y:%tS for-3<t<3
b x=t2-2t+4, y=t-1 for-2<t<2
c x=1% y:% for-3<t<3
d x=4sin0, y=4cos6 for0<0<2r
e x=5cos0, y=3sin6 for0 <0< 2
f x=secH, y=tan0 for0<O0<2rn

The parameter is 0.

Letting x = cos 0 will also give
y = 3sin 26. Try this yourself.

There may be more than one
possible pair of parametric
equations for a given curve.

. 3| 2|1
y
t{-2]-1]0
y

10

11

12

Find the Cartesian equation for each of the curves given
parametrically by these equations.

a x=t+4 y=1-2t b x=: y=4t

c x=t+1 y=£-2 d x=1t y=1t

e x=£~-1 y:t3+2 f x=1t? y:%

g x=1;—t y:HTt h x=3cos0 y=4sin0
i x=sinf y=cos20 j x=3cosO y=>5cos20
k x=2secO y=3tan0 I x=}+T; yz%

Point Plies on the curve x=2t—4,y=1t+1
If the y-coordinate of Pis 6, find its x-coordinate.

2+t _3-2
2-0) T 2oy
If the x-coordinate of Q is 4, find its y-coordinate.

Point Q lies on the curve x =

The point (4, k) lies on the curve x=£ -5, y=t—1
Find the possible values of k.

7 Parametric equations

The variable point P (at, * — 1) meets the line y = 8 at the point (6,8).

Find the possible values of a and the Cartesian equation of the
curve along which P moves.

Find the coordinates of the points where these curves meet the x-axis.

a x=£'+1 y=t-3 b x=1+£ y=2-t

c x=5t+3 y=£-4 d x=3cosf y=sin6

Find the coordinates of the points where these curves meet the y-axis.

a x=t-5 y=£-2 b x=£-3t+2 y=t+4

c x=P-t y=t d x=tan6 y=secO

The curve x = at> — 3, y= a(t — 2) contains the point (17,0).
Find the value of a.

The point (20,40) lies on the curve x = at?, y = 4at
Find the value of a.
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13

14

15

16

c4

17

18

19

20
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The curve x=2asin 0, y = 1 + acos 20 intersects the y-axis at
the point (0,4).
Find the value of a.

Points A and Blie on the curve x= 12 — 3, y=2t+3
where =2 and = 3 respectively.

Find

a the distance between A and B

b the gradient of the chord AB

¢ the equation of the chord AB.

Show that these two pairs of parametric equations represent
the same straight line. Find the Cartesian equation of the line.

a x=1-t y=3-12t
__1 _t+3
b x=r ey

Find parametric equations of the curve with the Cartesian equation
y =xVv4 - x*

if Ois the parameter such that x=2cos 6

Use the identity 1 + tan? 0 = sec? 0 to find parametric equations

for the curve with the Cartesian equation y =
1+ x?

341 — x2

The Cartesian equation of a curve is y =
X

Find parametric equations for this curve if
1

a x=sin0 b x:;

The equation of a circle is x* + y* — 6x— 4y +12=0

a The equation is written in the form (x— «)* + (y— f)*=1
Find the values of a and f3.

b Hence, find parametric equations for the circle in terms
of the parameter 6.

A hyperbola has the equation 9x? — 4> — 18x+ 16y — 43 =0

-a (-9 _,

a The equation is written in the form ——; 2
b d

Find the values of a, b, c and d.

Refer to Example 3.

b Hence, find parametric equations for the hyperbola in terms of 6.

7 Parametric equations

21 A curve has parametric equations
x=t-2sint, y=1-2cost,0<t<2x
a Find the values of t, in terms of 7, at the two points where
the curve crosses the x-axis.

b The curve crosses the y-axis at two points where t= a and r=f3
Show that one of these points has a = 0. Find, by trial-and-improvement,
the value of B to 1 decimal place. Find the coordinates of these
two points on the y-axis.

22 By substituting y = tx, find parametric equations for the
curves with these Cartesian equations.

a yP=x
b y=x-2x
¢ Pop=x
d x—y=xy

23 A curve has the Cartesian equation x> + y° = 3xy

a Show, by substituting y = tx, that the curve can be represented
by the parametric equations

3t 3t?
X = N =
SRR

b i Find the points where t=0and t=
ii Investigate the curve when tis close to -1.

¢ Hence, sketch the curve and find the equation of any asymptote.

INVESTIGATION

24 a Usea computer’s graphical package to check your
answers to questions 1, 2 and 3.
You can also check answers to other questions by
drawing appropriate graphs.

Your computer software may
need to have O in degrees,
thatis, 0° < 0 < 360°

b Investigate how changing the values of constants A,
B, m and n in these parametric equations alters the
graphs of the curves.

x=Asinmf, y=Bcosnf for0<6O<2rn
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Points of intersection

You can use simultaneous equations to find the points of
intersection when a curve is expressed in parametric equations.

Find the points of intersection of the curve with
parametric equations x=2t—1,y=1
and the straight line y=3x—2

Solve the equations x=2t— 1, y=t?| simultaneously.

y=3x—-2 [
Substitute x =2t — 1,y = t? into y = 3x — 2 to eliminate x and y:
£=302t-1)-2
2 —6t+5=0

(t—1)(t—5)=0 so t=1lor>5

When t=1,x=2(1)-1=1land y=1*=1
When t=5,x=2(5)—1=9and y=5*=25

The points of intersection are (1,1) and (9,25).

Find the points A, Band C where the curve given parametrically
by x=t—4,y=t-1 intersects the two coordinate axes.
Hence, find the area of triangle ABC.

When y=0,¢t—1=0giving t=1
When t=1,x=12-4=-3,
giving the point of intersection A(-3,0).

When x=0, #*—4=0giving t=12

When t=2, y=2-1=1

and, when t=-2, y=-2-1=-3,

giving the points of intersection B(0, 1) and C(0,-3).
The area of triangle ABCis

%BCXOA = %X4 X 3 = 6 square units

Exercise 7.2

1 Find the points of intersection of the parabola x= t? y =2t
and the straight lines

a x+y=3 b 4x+2y=15

There are three unknowns,
X,y and t.

The curve meets the x-axis wheny =0

The curve meets the y-axis when x =0

XVV

7
B
A//
0

7 Parametric equations

2 Find the points of intersection of each curve and the given line.

a x=£-1,y=2t+1 y=x+2 b x=2£,y=£2+2t y=2x+1

c x=t—-1l,y=2+t+1 2y—-x—-3=0

3 Find the points of intersection of the curve with parametric

equations x = 2#%, y=3tand the circle x> + y* —6x—1=0

4 Find the points of intersection of the parabola x+ y*=9

and the curve x= (t—3)% y=2t

5 Find the points where these curves cross the coordinate axes.

a x=t-1 y=t-4 b x=t-2 y=£-9 c x=r+1 y=t-3

t+1
2

d x=£-1 y=£-4
t°—4

-1-1 =
e x=1 ; y

f x=mn-2t y=1-sint

6 The variable point P(#%, 2t) moves along a locus.

Find the points where the locus crosses the straight line y=2x—4

7 The point P(#%, 4t) moves as t varies. Q is the midpoint of OP

where O is the origin. Write down the coordinates of Q. Find the
Cartesian equation of the locus of Q.

8 The point P(2#% 6t) lies on a curve. The foot of the perpendicular

from P to the x-axis is Q. The midpoint of PQ is M. Find

a the coordinates of Q and M in terms of t

b the Cartesian equation of the locus of M as P moves.

9 Find the points of intersection of the curve

x=1-5ty=1+ andtheline x+y+2=0

10 The curve x=t+ 1, y=t> — k intersects the x- and y-axes at

points P and Q respectively.
Find the value of k(k # 1) such that OP=20Q where O s
the origin.

INVESTIGATION

11 Use a computer’s graphical software to draw graphs
using their parametric equations.
Check your answers to the problems in this exercise
where you have found points of intersection.

167

O



Differentiation

You can differentiate parametric equations to obtain %
If x=1(t) and y=g(?) dy
. . dy dy dx dy E
the chain rule gives P i T dx
dt

d . .
Once you know %, you can use it to find equations of tangents

and normals to a curve and to find stationary values.

m
; A curve has parametric equations x= £ + 2t +4, y=1— 1
= Find a theequation of the tangent at the point where r=2
= b the nature of any stationary values and the points at which they occur.
m
a Differentiate x wrt t: % =32 +2
: ) dy
Differentiate y wrt t: = =2
dt
3 d
@) v
S & _dr_ 2
© dx dx  3°+2
dt
2X2

Substitute t = 2: = % % is the gradient of the

When t=2 x=23+2x2+4=16 tangent when t =2

and y=22-1=3
So, the tangent passes through the point (16, 3) with a gradient of %

. .. y—=3 _2 Y=V _
The equation of the tangent is L——=c o
Rearrange: 7Ty=2x-11 See | €1 | for revision.
. dy 22
b For stationary values, 312
So the only stationary value occurs when =0 The numerator 2t = 0 when t =0
at the point where x=0>+2x0+4=4
and y= 02—1=-1 Investigate the gradient on either
Ya side of the point (4, -1):
t] 1101 Choose values of t either side of
t = 0 and make sure that the
- RSN x-values are either side of x =4
%% _% ° % \& /

There is a minimum -1 AW 1‘6 E

value at the point (4,-1).
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A curve is defined parametrically by x=3 — t, y=4 — t— £
A normal is drawn to the curve at the point A where t=1

Find another point B at which this normal intersects the curve.

lett=1 x=3-1=2andy=4-1-12=2
So, the normal is drawn at the point A (2,2).

Find (%l and substitute t = 1:

dy
dy _dr _-1-2
dx  dx -1
dr
=1+2t
When t=1,

the gradient of the tangent at the point A(2,2)is 1 +2(1) =3

The gradient of the normal at the same point is -1

3
So, the equation of the normal at the point A(2,2)
is y=2_1
x—2 3
3y+x=8

To find the intersections of the normal and curve, substitute the parametric
equations into 3y + x = 8:

34—t—-1)+(3-1)=8

3 +4t-7=0
(t—1)(3t+7)=0
t=1or 3
t=1 gives the initial point A on the normal,
Hence at B, t = —%
Substitute t = —% into the parametric equations:
_a 75l 4.7 _49_8
x=3+ 3 53 y=4+ 5 =9
The required point of intersection is (5%, g)

7 Parametric equations

If the gradients of tangent
and normal are m and m’,

thenm’ = i

You

1

know that the curve and

normal intersect when t = 1
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7 Parametric equations

Exercise 7.3
1 Find the gradient of each curve with these parametric equations

at the point with the given value of ¢ (or 0).
a x=t+1 y=3¢ when t=2

b x=£-2 y=£+1 when t=4
c x=£-£ y=(t+3)*> whent=1
d x=3sinf y=5cos®  when@ :%

e x=1+¢ y:1+% when t=-2

—h

x=sin20  y=06cos O when 6=0

Find the equation of the tangent and the normal to the curves
with these equations at the point where ¢ (or 6) has the given value.

a x=2¢ y=4t whent:%

b x=£2+1 y=£-1 when t=1

€ x=2cosf  y=cos20 when0=%
2

x:L2 y:l_—tz when =2
1+1¢ 1+1¢

Find the stationary points on these curves.

a x=t y=1£—t
b x=¢ y=t+%

¢ x=60-cos0 y=sin0 for0<6<2m

d x=3sin0+2 y=3cos0+5 for0 <0< 2x

The curve x = 21, y = 4t has a normal at point P(8,8).
Find the equation of the normal.
Also find the point where the normal meets the curve a second time.

Find the equation of the normal to the curve x=6¢, y = = at

the point where t=2

~+ |\

Also find the point where the normal intersects the curve again.

6 The tangent at point P(1,1) to the curve x = %, y = t* intersects
the curve at point Q.

Find the equation of the tangent at P and the coordinates of Q.

7 The point Plies on the curve x=5cos 0, y = 4sin 0
A and B are the points (-3,0) and (3,0) respectively.

a Find the distances AP and BP in terms of 6.

b Show that the sum of the distances AP and BP is constant
for all points P.

8 The line from the variable point P(t, %) to the origin O
intersects the line x= 1 at the point Q.

y

A

Y

Find
a the gradient and the equation of the line OP

b the coordinates of Qin terms of ¢

¢ the Cartesian equation of the locus of the midpoint of PQ.

INVESTIGATION

9 Investigate how to draw tangents and normals to curves
using a computer’s graphical package. Hence, check some
of your answers to the problems in this exercise.

7 Parametric equations
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Integration

b

You can modify the expression | f(x)dx for the area under a

u

curve using the chain rule.

For parametric equations x = (1), y = g(1),
the area under the curve between the points where
t=t, and t=t, is given by

Cdx

The limits of this integral are t =t
and t=t,, as the independent
variable is now t and not x.

This sketch shows the curve with parametric equation
x=£2+1,y=t+ %

Find the shaded area between the curve and the x-axis from
x=2tox=10

/N
4 4 t=3
i=1dl , B
27 AT |
w l
o 2 10 ¥
=2 ﬁ—\i\
44

letx=2: £=1,t=%1 so y=2or-2.
So, point A is (2,2).

letx=10: #=9,t=43 so Y= 3% or—3%.
So, point Bis (10, 3%)
You want the area under the curve from A(2,2) where t=1

to B(10,3%) where t=3

Integrate:

:J(H_%)(%)dt

3

:ZJ(t2+1)dt

3 3
_o2
=8+

= 2(9 +3— % _ 1) - 21% square units

10 3
Required area =J ydx= J y% dr where y=t+ % and % =2t
2 1

You are calculating the area
above the x-axis only.

as the independent variable

| Notice the change in the limits
changes from x to t.

¢ 317dINV X3

7 Parametric equations

This diagram shows the curve with parametric
equations x=t>+ 1, y=1>— 4t

Find the values of fat the points A(1,0) and B(5,0).

Find the area of the region enclosed by the loop of the curve.

YA

Find t at A and B:
At points A and B, y=0

£—4t=0
H(t—2)(t+2)=0
t=0or 2

lett=0: x=0*+1=1andy=0-0=0
So, t=0 at the point A(1,0).

lett=2: x=2>+1=5andy=2>-4x2=0
lett=-2: x=(-2)’+1=5and y=(-2)>-4x (-2) =0
So, t= 12 at the point B(5,0).

You want the area under the curve from
A(1,0) where t=0 to B(5,0) where t =12

Whent=1,x=2,y=1 -4 =-3, giving the point (2,-3) below the x-axis.
So, integrating from t = 0 to t = 2 will give the area below the x-axis.

Similarly, t = -1 gives the point (2,3) and integrating from t=0to t = -2
gives the area above the x-axis.

area of loop = 2 x area enclosed by the curve above the x-axis
S

(7, dx _ dx _
=2><J1ydx—2fo yEdtwherey—P—éltanda—Zt
=2
=2J (£ —41)(21)dt
0
—2
:4f (- 4£)dt
0

-2
:4[i_i3:|
573 |,

—4(_32 32 _
_4(5+3 )

1 °
= 17— square units
1715 q

Find x and y when t =0

Find x and y when t = +2
and t=-2.

The curve is symmetrical
about the x-axis.

You could find the answer directly
by integrating the whole way from
t=-2tot=2 using

2
f 2t* — 8¢2 dt
2

Try this yourself.
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7 Parametric equations

Exercise 7.4

1 Find, in each case, the area between the x-axis and the curve
between the two points P and Q defined by the given values

of tor x.

a x=t+2 y=3t-1
b x=2t y=4£+1
c x=t  y=1+12t-3¢
d x=t-1 y=2t-1
e x=2t y=1+2

f x=4t y:%

2 A and Bare the points on the curve x= £, y=

where t=0and t=2

Find the shaded area on the diagram.
Also find the area of the region labelled R.

yA
fort=1tot=4
fort=0tot=2
fort=0to t=4
forx=1tox=5 ]
forx=2tox=4 0

forx=2tox=4

3 a Thecurve x=1*—1,y=2#2— 1) cuts the ,
coordinate axes at the points A, B, Cand D.

Find the positions of these points and their

associated t-values.

Y

b Calculate the area of the region R in the cto
first quadrant enclosed by the curve and the

two coordinate axes.

¢ Calculate the total shaded area.

D
4 This diagram shows the curve x= >, y= (4 — 1*) Y,
Find the values of fat the two points where the curve
cuts the x-axis.
Hence, find the area enclosed by the loop.
0]

Y

5 a This diagram shows the curve x = t* + iz, y=2t
t

Find the coordinates of the points A, Band C on the
curve where t = %, 1 and 2 respectively.

b Calculate the shaded area of the diagram bounded by
the curve and the line AC.

6 The curve x=t>—3t+2, y=4t>+ 1 is shown on

this diagram.
Find the points at which the curve cuts the y-axis.

Also find the area bounded by the curve and
the line y=5

a A curve is expressed parametrically by x= > + 1, y =2t
Another curve has the parametric equations x=2s, y = %

Find any points of intersection.

b Find the area enclosed by the two curves and the line x=5

a The straight line y = c— 2x touches the curve x=1, y = %
at point P.
Find the possible values of c and the coordinates of P.

b Find the area enclosed by the curve x=1,y = % and the
line y=3 - 2x

INVESTIGATION

9 Show that, when finding the area under a curve, you
get the same answer whether you use the curve’s
Cartesian equation or its parametric equations.

Consider some of the curves in questions 1 and 2 of
this exercise.

NS
»

7 Parametric equations
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7 Parametric equations

8 A curve has parametric equations x = %, y = 2t

Review 7 Ris the point on the curve where r=r

a Show that the normal to the curve at point R has a gradient of -r.
1 Find the Cartesian equation for each of the curves given

parametrically by these equations. b If Sis the point (s? 2s), find the gradient of the chord RS in terms of rand s.

a x=t—1, y=£+1 b x:tzl) y:t-:l ¢ If the chord RS is normal to the curve at R, show that  + rs+2=0

d At what point does the normal at the point (9, 6) meet the curve again?
¢ x=4cosO, y=3sin6 d x=2cos6, y=cos20

9 The trajectory of a cricket ball is given parametrically by the equations
2 Use the identity sin® 0 + cos* 0 = 1 to find parametric equations

for the curves with the Cartesian equation x=10t, y=2+10t-5¢
a y=3x 1 - 42 b y= Sx where x and y are the horizontal and vertical distances travelled
4 — x? (in metres) after a time of ¢ seconds from the ball being struck.

] a Find the Cartesian equation of the trajectory.
3 The point (5, a) lies on the curve x=#+ 1, y = =(t — 1)

. . 3 b Find the time taken before the ball hits the ground.
Find the possible values of a.

¢ What is the horizontal distance travelled by the ball before

4 Find the points where the curve given by these parametric equations it hits the ground?
a x=3t+1, y=t"—1 intersects the straight line 2x+ y=6 o .
< 10 This diagram shows a sketch of part of the curve C with Yy
O b x=£-4, y=t—4 intersects the x-axis parametric equations
¢ x=cost, y=+/5sint intersects the circle x>+ y* =2 x=1+%, y=t*sint, %gtén y ‘P
R |
2 ]
5 Find the equation of the tangent and the normal to the curves with a The point P(a, %) lies on C. Find the value of a. l
these parametric equations at the point where ¢ has the given value. 0 a >
a x=2i—1, y=f+1 whent=1 b x=£-1, y=f+i+1 whenr=2 b Regloansenchlosede C, the x-axis and the line
x = aas shown in the diagram. x
= = _1 = = 1 = 1 = —
¢ x=l+t y= 1—t whent=2 d x=2sint y=sin2t  whent Show that the area of region R is given by 3L sintdt
2
6 Find, in each case, the area between the x-axis and the curve ¢ Find the exact value of the area of R.
between the two points defined by the given values of t or x.
11 A curve has parametric equations
a x=t+2 fromt=1tot=4 b x=2t+1 fromx=3tox=9
y=3t—1 y=At x=2coth, y=2sin’0, 0<9<%
. . dy .
c x=Int fromt=2tot=3 d x=¢' fromx=1tox=2 a Find an expression for a}’ in terms of the parameter 6.
y=tsint y=e'+1 . . . T
b Find an equation of the tangent to the curve at the point where 6 = T
7 The curve Cis defined parametrically, for 0 < 6 < 7, by the equations ¢ Find a Cartesian equation of the curve in the form y = f(x)
x=3cos0, y=3cos20+6 State the domain on which the curve is defined. [(c) Edexcel Limited 2005]

a Find % in terms of 6.

Explain why the gradient at any point on the curve Cis never greater than 4.

b Find the Cartesian equation of C and sketch the graph of C.
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Exit

Summary

O You can sketch the graph of a curve given by the parametric equations x = f(#),
y = g(1) by using a table of values showing the values of x and y as t varies.

To convert the parametric equations x = f(), y = g(t) of a curve into a
Cartesian equation, eliminate the parameter ¢ from the two equations.

You can find the points of intersection of two curves by solving

o

o

the equations of the curves simultaneously.

For example, you can substitute the parametric equations of one curve into

the Cartesian equation of the other curve.

To differentiate x = f(¢), y = g(¢) to find d_y,

dy
dy _ qr _ gl
the chain rule gives: a}/ = % = %’Et)

)
dt x=b =h gy
The area under a curve is given by f ydx = f yzdt
x=a t=t,

where the parameter f has the value t, at the point where x=a

and the value t, at the point where x= b

Refer to

7.1

7.1

7.2

7.3

7.4

Links

The path of any projectile is the result of two independent
motions, horizontal and vertical, which can be expressed
in terms of a parameter time .

You can model the path of a projectile at any time ¢ by the
parametric equations

x(1) = (vycos O)t, y(1) = (v,sin O) ¢ —%gt2

where 0 1is the angle at which the projectile is launched at
time ¢= 0, v, is the initial velocity of the projectile, and gis
the acceleration due to gravity.

This model can be used to analyse the motion of a specific
projectile, which is useful in areas such as sports science
to study, for example, the flight of a golf ball.

The binomial series

This chapter will show you how to

o find the binomial expansion of (a + b)" and (1 + x)” when n is a positive integer

o find the binomial expansion of (1 + x)" when n is a fraction or a negative number
and write the condition for which the expansion is valid

o use partial fractions to express certain kinds of algebraic fraction as a

binomial series

o find numerical and algebraic approximations using binomial expansions.

Before you start

You should know how to:

1 Use the laws of indices.

2
eg ——=—1 _=(1+x)2

VA+X? (g4 3

2 Manipulate surds.

9x11 3
.£.4/0.99 = ==J11
e.£ V099 100 10

3 Use Pascal’s triangle and calculate [n]
r

10
e.g| . |=toc, =10X9x8 _49q
3 1x2x3

4 Find terms when multiplying brackets.
e.g. Find the term in x? in the expansion of

(1+2x + 3x? +...)(1—1x—1x2 —)
2 3
The term is (1)(7%)(2) + (2x)(f%x) + 30
= (—1 -1+ 3)x2 =9y
3 3
5 Express a fraction in partial fractions.
7 A, B

g et 5 20 T Tox | 5+ 2x

The cover-up rule usesx=1to give A=1

and uses x = 72% to give B=2

So ! =1 4 2
l-x6+2) 1-x b+

Check in:

1

Write in the form (1 + x)"
1
b /
(1+x)?

Write in terms of the root of an integer

1
a V121 b J4x3+2 c —
9 V1.2

a Use Pascal’s triangle to expand (2 + x)°

a J1+x)°

b Find the value of 8C; and expand (2 + x)®

In the expansion of

(1—3x—5x2+...)(l+lx+lx2—...

2 4
find

a thetermin x

b the term in x2.

Express in partial fractions

3

4 1—2i+»

-3
1-2%)1+ x)*
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The binomial series

For n a positive integer, the binomial series is

@+b)"= [n]a” W (n)a”_lb + [n]a"_zbz ot (n]an—rbr + ...(”)bn
0 1 2 . "

This is a finite series with n + 1 terms.

You can find the coefficients (ZJ, (Tj, ...

either or
from the nth row of
Pascal’s triangle when 7 is small by using
1 Row n __ n!
="C,~ n=pir!
11 «— 1st . r (m=nlr!

1 2 1 <« 2nd
1 3 3 1 <~— 3rd =

n! means factorial n

=nx(n-1)x(n-2)...x1

nmn—10n-=2)...00—r+1) There are r terms in both the

1X2X3...Xr

c4

1 «— 4th

numerator and denominator.

The special case when a=1 and b = x gives the binomial series for (1 + x)"

nn-=1 .2, nn—-1)n-2) 3

mn—-1)n-2)..n—r+1) r

x4 x"

n __ ces n
1+x)"=1+nx+ o x° + T x4+

This is valid for all x when # is a positive integer.

Find the first four terms in the expansion of (1 + 2x)*

20 _ 2019 2, 20x19%18 3
(1+2x)" =1+202x) + 2 2x)* + T 2x)" +...

=1+ 40x+ 760x% + 91203 + ...

which are the first four terms of the series.

The binomial expansion of (1 + x)" is also valid for all
negative or fractional values of n provided that-1 < x< 1.

180

1x2x3...

Xr

n
n is large, so use . to find
the coefficients. Using
Pascal’s triangle is not an
appropriate method in this case.

You can write -1 <x< 1 as
|x| < 1.This restriction on
the value of x ensures that
the series converges.

¢ 37dINV X3

€ 317dINV X3

8 The binomial series

When n is negative or fractional

0 the binomial series obtained is an infinite series — it does not
terminate after n+ 1 terms

0 the series can be written as a series of ascending powers of x

0 Pascal’s triangle and "C, have no meaning when # is negative or
fractional and cannot be used to find coefficients

0 the condition -1 < x < 1 which restricts the range of values
of x must always be stated

0 to expand (a+ x)" as a series when # is not a positive integer,

n
you must first rearrange (a+ x)" as a” (1 + %)

. . . 1
Find the first four terms in the expansion of
P V1= x

State the range of values of x for which the expansion is valid.

1

As
V1 —x

1
=(1—x) 2,letn= —% and replace x by —x in the expansion of (1 + x)":

WE A

(-x) +

1x2 1x2x%3

Write out the expansion in full with
brackets to avoid errors with the

fractions and negative signs.

1

L _(1-x)> :1+(-l

1l =% 2
3.2 5

_ 1 3 5.3
—1+2x+8x +16x +...

The expansion is valid for |-x| < 1 which gives |x] < 1

2
Find the first four terms in the expansion of (8 + 3x)3

Give the range of values of x for which the expansion is valid.

Rearrange so that the first term inside the bracket is 1.

Then let n = % and replace x by gx in the expansion of (1 + x)™

8]

2 2 =
8 +3x)° = 83(1 ¥ 3—")3

8
2(2_ 2(2_q)(2- 2
=4[1+(;)(3_x)+3(3 1)(3_x)2+3(3 ) 2)(3_x)3+ } 834
3/\8 1x2 \8 1x2x3 8
2 3 2 3 .
:4[1+§_x_+x__mj|:4+x_x_+x__m As a check, substitute a small
4 64 384 16 96 value of x (such as x = 0.01)

‘ <1 into the series and compare

The expansion is valid for ‘%x 2
with the value of 8.03% from

which gives |x| <%or —2% <x< 2% your calculator.
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8 The binomial series 8 The binomial series

Y 4 Expand each expression as far as the term in x%.
4 . . . . .
53 Find the coefficient of x* in the expansion of a+x)* Find the values of x for which each expansion is valid.
< 31-3x
T 1-2x
. . . a 1+xVl—-x b

r For what values of x is the expansion valid? N
N

(1+x)* . _1 c 2+x d x+3

fT-3x (I+x)4(1-3x) 2 You can find the coefficients of (1 1 )2 x—1

N1 (1 + x)* from Pascal’s triangle. X
—)-%-1
_ 2 1) ( 3 )( 3 ) _24)2 2
_(1+4x+6x +...)[1+( 3)(3x)+ T (=3x)" +... e }+x f B-x(+ 23
-x
=(1+4ax+6x?+.. )0+ x+2x2+..) )
g 2+ x)W1l-2x

The term in 22 is (1)(2:2) + (4x)(x) + (622)(1) = 122

The coefficient of the x* term is 12. 5 Find the coefficient of 2 in the expansion of V1 + x + x*

The expansion of (1 + x)* is valid for all values of x because

the index 4 is a positive integer. 6 Find the first four terms in the binomial expansion of , /1 + %

1 . .
The expansion of (1 — 3x) "3 is valid for |-3x|< 1 or —% <x< % in descending powers of x.
For what values of x is the expansion valid?
The whole expansion is thus valid for —% <x< %
7 The coefficient of » in the expansion of /1 + ax is 2.

Find two possible values of a and the first four terms of each
possible expansion.

c4

Exercise 8.1
1 Expand as a series of ascending powers of x up to and including »°. 8
State the range of values for which each series is valid.

a 1+12x b J1+x c 1+ 2x d L

The first three terms in the expansion of (1 + ax)™ are 1, +2x, and -2x%.
Find a, #n and the coefficient of »° in the expansion.

9 The second and fourth terms in the expansion of (1 + kx)"

5.3
e IJ1+3x f 1 g 1 h 41 +2x arexandgx.

2
I-x -3 Given that k, n > 0, find k and 7. Also find the third term of the expansion.
2 . . ‘1
i 1 j 1 i k 0+ 22 | (1 1 )3 For what values of x is the expansion valid?
Vi-2x (1 1 x) 2
2
INVESTIGATION
.1 o1 /
2 a Expand i T+x T 1-x 10 Express f(x) =,/1+ % as a series of descending powers of x.

as a series of ascending powers of x as far as x*
Show that f(x) = L /1+xandso express f(x) as a series of

b Identify each series as a geometric progression and so find the =
sum of each series using the formula for a geometric progression. ascending powers of x. Use computer software to draw the
graphs of f(x) and these two series.
3 Find the first three terms in the binomial expansion of each expression. Notice the importance on the graphs of the values of x for
Give the values of x for which each expansion is valid. which the two expansions are valid.
1 1 1
a V4+x b T c =3 d 5
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8 The binomial series

Exercise 8.2
1 Write each expression in partial fractions and so expand each
expression as a series of ascending powers of x as far as x°.

Using partial fractions

O

You can express some fractions as a series of ascending powers Find the range of values of x for which each series is valid.
of x by firstly expressing them as partial fractions. 3 4 5
a ————— b —— = cC —————
- 200- % 1 +300-x (1_1 )(1+2x)
- 2
; Find the first four terms of the expansion of % d 3 o 6 ; 2
= as a series of ascending powers of x. 2-x)01+x) G+x)Q2+x) G -2x)1-2x)
™ Find the range of values of x for which the expansion is valid. 4
U & 1rxl-x
1+5 _ A B
L (1—x)(2+x)_1—x+2+x 243 A B
_ AQ+x)+Bl1-x) 2 a Express (xx_+4)2 in the form —at e where A and B are constants.
T 1-x2+x
b Hence, or otherwise, express 2t 32 as a binomial series up to and
Equate the numerators: (x—4)
1+5x=A2+x)+ B(1—x) The cover-up rule gives including the term in x*. Give the range of values of x for which the
Whenx=-2, 1-10=0+3B the same results with series is valid.
B=-3 less written working.
When x= 1, 145=3440 ¢ Compare the value of (ix_+4)32 with the value of the series up to
g A=2 and including the term in x* when
S 1+5x _ 2 3 2 3 i x=1 i x=1.5 ii x=2
0 1-0Q2+x 1—-x 2+4+x 1-x 2(1+%x) What do you notice?
=l
=21-x"-31+1 __ l+ldx 1
=2l=a 2(1+2x) 3 0= yar 2 Il < 3
_ e CDED, e EDEDED), ] a Express f(x) in partial fractions.
2|i1+(1)(x)+—1><2 (x)+—1><2><3 %) +... %
b Hence find the exact value of fl f(x) dx, giving your answer in the
2 3 %
—%[1 + (—1)(%x) + (_11;(_22)(%x) + %Z)X(_;)(%x) + ] form In p, where p is rational.
¢ Use the binomial theorem to expand f(x) in ascending powers
=20 +x+x2+x°+..)- %(1 - %x + ixz - %x3 - ) of x, up to and including the term in x°, simplifying each term. [(c) Edexcel Limited 2003]
_1, 10, 130,35
—2+ 4x+ 8x +16x T 000
INVESTIGATION
The expansion of (1 — x)™! is valid for |x] < 1; thatis-1 < x< 1 )
: 4 Use a computer’s graphical software to draw the graph of
The expansion of(l + %x) is valid for ‘%x‘ <ljie -2<x<?2 -1 <x < 1is a stricter condition y = f(x) where f(x) is one of the fractions in this exercise.
than -2 < x < 2. Also draw the graph of the equivalent binomial expansion.
Both these conditions must apply, so the whole expansion is Explore the graphical significance of the range of valid
valid for -1< x < 1. values of x. Repeat for other functions f(x) selected

from this exercise, especially for Question 2.
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8 The binomial series

You can compare the graph of y = f(x) with the graph of its

Approximations
PP binomial expansion.

2 3
o X _ X, x
The terms of the binomial expansion of (1 + x)" have ascending In example 2, you found that V1 +x =1+ 3 — TR
powers of x. for |x| < 1
If the value of xis small, such as 0.01, then successive terms in the

expansion have smaller and smaller values. The graph of y = +/1 + x and the graph of this infinite series are

identical for x| < 1.

m . o However, you can also compare the graph of y = /1 + x with
4 Find the value of 0.9998 correct to 6 significant figures by . . .
> . . . the graphs of just parts of the series; for instance
= letting x=0.001 in the expansion of (1 — x)®.
T 2 2 3
c =1+2 y=1+2-%X and y=14+2-X X
el u 8XT, 0 BXTX6, 3, ., -8 4 2 278 278 16
= (1-x) —1+8(x)+1x2(—x)+1X2X3(x)+ + x
1 8t 2852 — 5623 4 o 4 5P These are approximations to /1 + x and are valid when x is small
B and high powers of x are negligible in size. That is, they are valid
Let x=0.001 when x is close to x= 0 and the graph is in the neighbourhood of
s0 (1 —x)%=0.9998 the point (0, 1).
Then 0.999% = 1 — 0.008 + 0.000 028 — 0.000 000056 + ... Keep your working to at least o . o . .
~0.992 027 944 7 significant figures if you The approximation y =1+ 5 givesa straight line graph. The line y =1+ ZXisiin fact, the
=0.992 028 correct to 6 significant figures. fequire accuracy to 6 .. It is a linear approximation. tangent to the curve y = \/1 + x
< _ 2 at the point (0, 1).
(@) You can check this value on a calculator. The approximation y = 1+ % — X is a quadratic approximation.
By including more terms of the series, the value could be calculated 2 8
beyond the accuracy of a calculator. , ,
The approximation y = 1 + % - % + f—6 is a cubic approximation.
Y This diagram shows that the more terms there are in the
™ Find the value of V2 correct to 5 decimal places by letting approximation, the closer the graph of the approximation
% x=-0.02 in the expansion of V1 + x. is to the graph of y = V14 x
-
m "\
V)

+

AT

X X o
1 approximation

\/m:(1+x)%=l+(l)x

2 2 1x2x%3 This expansion is valid for |x| < 1

_ 1+£_x_2+x_3_ and is thus valid for x = -0.02 6
2 8 I

Let x=-0.02, s0+v0.98 =1-0.01—-0.00005— 0.0000005

=0.9899495 to 7 decimal places

N 98 — [49><2:l
ow +/0.9 100 IOXﬁ

So+2 =19 0.9899495 = 1.41421
correct to five decimal places.

quadratic
6 approximation®

cubic —
approximation
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8 The binomial series

. . . . . 1
Find linear and quadratic approximations to (27
L _ 2 _ (2)xX(3) .2
——=(1+x)" =1+ 2Dx+ 2 x" —...
=07 =14 (2 X \
=1-2x+3x>—...for|x<1 \
\ quadratic
1 \ a . .
1 1 1 1 —— =] \ pproximation

The linear approximation is 0+ 2 1-2x linear

1 approximation ',
The quadratic approximation is s ~1-2x+ 3’

X

Exercise 8.3

1 Substitute x=0.03 in the expansion of (1 — x)'* to find the
value of 0.971° correct to 5 decimal places.

2 Expand (3 + x)° and show, by substituting x = 0.02, that
3.02% = 758.650 correct to 3 decimal places.

3 By expanding /1 + x as a binomial series, find

a the value of /5 correct to 5 decimal places by letting x =

b the value of \/5 correct to 5 decimal places by letting x = —i

4 Expand —L

1—-x

find the value of V10 correct to six significant figures.

as a binomial series and, by substituting x=0.1,

5 a Find the first four terms of the binomial series for 3/1 + 3x

b By substituting x =

1000

—L_find the value of /1003

correct to eight significant figures.

6 Expand .

1+ 2x)?°

as a series as far as the term in 2.

Substitute x = 0.001 and so find the value of 1.0027?
correct to 8 decimal places.

You can check many of the
answers in this exercise on
a calculator. However, you
should not use a calculator
to work out the answers.

7 a Find the first four terms in the binomial expansion of |1 — .
in descending powers of x.

For what range of x-values is the expansion valid?

b By letting x =100, find the value of /99 correct to 6 decimal places.

¢ Choose a value of x and use the same series to find V101

correct to 6 decimal places.

8 Show, by using a binomial expansion, that

a the linear approximation to |
+

is1—3x

b its quadratic approximation is 1— 3x+ 6x*

3
9 Find the cubic approximation of the function (1 + %)

10 Find

a aquadratic approximation to the function

b a cubic approximation to the function

11 A quadratic approximation to

Find the values of A, Band C.

INVESTIGATION

1
1+ x)

of y =

3

questions in this exercise.

1+2x

NJ1-2x
5
1-2x)2+ x)

.1 3 2
158 4x+Cx

12 Use a computer’s graphical package to explore the graph

and the linear, quadratic and cubic

approximations found from its binomial expansion.

Explore other functions and their approximations from

8 The binomial series

See question 8 in this exercise.
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Review 8

1 Expand as a series of ascending powers of x up to and including x°
State the range of values for which each expansion is valid.

1 b 1+ 2x

1-3x
2
c (1—%x)3 d V9+2x
1 1
e f
2-x 4—x
g (1-0Jl+x h itf

2 Find the constants A, Band C where “21__ ; =A+Bx+Cx*+...

Find the range of values of x for which the expansion is valid.

3 Find the coefficient of x* in the expansion of V1 — x — x°

<
@)

190

4 Find the first four terms in the binomial expansion of ,/1 — %
in descending powers of x.
For what values of x is the expansion valid?

5 When (1 + ax)" is expanded as a series in ascending powers
of x, the coefficients of x and x are -6 and 27 respectively.

a Find the value of a and the value of n.

b Find the coefficient of x°.

¢ State the set of values of x for which the expansion is valid.

6 Write each expression in partial fractions and so expand it as a
series of ascending powers of x as far as x°.
Find the range of values of x for which each expansion is valid.

3
1-x01+2x)

3x+1
1= %1+ x)?

[(c) Edexcel Limited 2004]

8 The binomial series

7 Given that — >t A B
v 1+3x)(1-x) l+3x+1—x

a find the values of the constants A and B.

b Hence, or otherwise, find the series expansion in ascending

3+ 5x
1+3x)01 - x)
c State, with a reason, whether your series expansion in

part b is valid for x = %

powers of x, up to and including the term in X2, of

[(c) Edexcel Limited 2004]

8 Expand (2 + x)° and show, by substituting x = 0.03, that
2.03° = 34.473 correct to 3 decimal places.

9 By expanding /1 + x as a binomial series, find the value of J10
correct to 5 decimal places by letting x = %
10 Show, by using a binomal expansion, that

1
1+ x)

a the linear approximation to is1—3x

3

b the quadratic approximation to Q 1 ; is1—3x+6x°
+x

3
11 The binomial expansion of (1 + 12x)4 in ascending powers of x up
to and including the term in 2% is 1+ 9x + px” + gx°,  [12x]<1

a Find the value of p and the value of q.

b  Use this expansion with your values of p and g together

3
with an appropriate value of x to obtain an estimate of (1.6)4.

3
¢ Obtain (1.6)4 from your calculator and hence make a comment

on the accuracy of the estimate you obtained in part b. [(c) Edexcel Limited 2003]

12 f(x) = 3%’ +16 -4 , B , C
1-3x)@2 + x) 1-3% @2+x @+x

1
< =
< 1

a Find the values of A and Cand show that B=0

b Hence, or otherwise, find the series expansion of f(x), in
ascending powers of x, up to and including the term in x°.

Simplify each term. [(c) Edexcel Limited 2006]
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Exit

Summary
0 When nis a positive integer, the binomial expansion of

(a+ b)"is a finite series, valid for all values of x, where

(a+b)" = (nJa" + (”Jan_lb + [n]a”‘zbz +eee g (”Ja”"b’ +. ..[n]b"
0 1 2 r n

n
You can find the coefficients (r J either from Pascal's triangle

. !
or by using —"=__

Y 5 (n—n'r!
When n is negative or fractional, the binomial expansion of

(14 x)"is an infinite series, valid only for |x| < 1, where

(n—1) m—-1n-2) 3

nn—1)n-2)..

I+x)"=1+nx+"2 x2+ K4t

When 7 is negative or fractional, you must rearrange (a + x)"
n
as a”(l + %) to obtain its binomial expansion.

You can rewrite some algebraic fractions using partial fractions
before expressing them as binomial series.
You can use binomial expansions to find numerical and algebraic

approximations when x is small and terms containing high powers

of x are negligible in size and can be ignored.

.(n—r+1)x,
1x2 I1X2x%3 1X2x%3...

Refer to

8.1

8.1

8.1

8.2

8.3

Links
The binomial series is useful for approximations. There are
many applications of this in physics.

For example, in special relativity, which studies space and time,
the parameter yis defined as

1 2
A

where v is the velocity of a particle and cis the speed of light.
This is of the form (1 + x)" and, with v very much smaller than ¢,
can be approximated by the first few terms of its series expansion

2 4
1(v 3(v
el 43l
r 2\c 8\c
Using this approximation can make calculations easier and allow
related equations to be defined.

Differentiation

This chapter will show you how to
o differentiate implicit functions and parametric functions
o use implicit and parametric functions in problems of coordinate geometry
o apply exponential functions to problems involving growth and decay
o find rates of change and explore how different rates of change
relate to each other in practical situations.

Before you start

You should know how to: Check in:

1 Find the equation of a tangent and a 1 a Find the equation of the tangent to
normal to a curve.
e.g. Find the equation of the normal to the curve

_ 1 1
y—x+}at(2,2§).

the curve y = 2x> — - at the point
X

where x=1.

b Find the equation of the normal

d 1 .
ézl_p to the curve y = sin x — cos x at the
oint where x = %,
. d 13 p
At the point (2,21), Y2 4
2 dx 4 4

So, gradient of normal is —%

The equation of the normal is

1
y_2§__ﬂ
xX—2 3

which gives 6y + 8x = 31

2 Use the chain rule and product rule. 2 Differentiate each expression with
e.g. Differentiate y = sin®x + sinxcosx respect to x.
d |
d—y = (2sinxcosx) + (sinx x -sinx + COSX COSX) a y=tan’x b y=vx’+1
X
= 2sinXxcosx + €0s2x — sin?x c y=esinx d y=2Ilnx

=Sin2x + c0s2x

3 Manipulate logarithmic expressions. 3 Solve these equations,
e.g. Solve the equation 3* = 2**4 giving answers to 2 s.f.
Take natural logarithms: a In3*=xn2+1

xIn3=(x+4)In2 _
b e*7=20
X(In3 —=1In2)=4In2
42 _ In16 c el00x=15

X= =
In3—In2 In1.5
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Equations such as y* + xy + y = 8, which are not easily rearranged

into the form y = f(x), are known as implicit functions.

You usually need to use the chain rule or the product rule
(or both) to differentiate an implicit function.

The chain rule gives % = %}/) x a =y %
d(xy) dy dy

and  the product rule gives —2~ o = Xg T y oYt

Differentiating implicit functions

m
; Find%when a 2°+4y°=3 b X+3xy+y*=6
= c xlny=y+1 d Xy =sin(x—y)
-
m
ml a Differentiate wrt x: 6x” + 4 X 3y* X % =0
< 2dy dy x’
O a x~ and T = 2y
. . dy
b Differentiate wrtx:  2x + 3(xa +y X 1) + 2y— =0
dy .
a(?)x +2y) =-(2x + 3y)
dy _ _2x+3y
dx 3x + 2y
c Differentiate wrtx: x X[ — d_y +lnyx1= 2y Y 40
' e dx
—0, Y _xdy
Iny = 2ya S dx
ylny d_y
2y" —x dx
d Differentiate with respect to x:
d dy
2 X (2yay)+y2x 3x% =cos (x— y) x (l—a)
%(cos (x—y) +2x°y) = cos (x— y) — 3x%)*
dy _ cos(x—y) - 3x%y?
dx  cos(x — y) + 27y
194

See Chapter 4 for revision.

Use the chain rule for 4y3 to give

d(4y ) dy
dy dx

4><3 ><—
dx

Use the product rule for 3xy and
the chain rule for y2.

Use the product rule to
differentiate xIny wrt x. Within
the product rule, use the chain
rule to differentiate Iny wrt x.

Use the chain rule to differentiate
sin(x —y) wrt x:

disin(x — y))
dx

=Cos (X — y) x dix=y)

dx

=C0S(x—y) x (1<ij
dx

¢ 37dNVX3

€ I7dINVv X3

Implicit functions and coordinate geometry

You can use the approaches from the Core 1 and Core 2 units
with curves expressed by implicit functions.

Find the equation of the tangent to the curve x° — y’e*+ 8 =0
at the point (0,2). Find the equation of the normal at this point.
Differentiate with respect to x:
x” — y3><ex+ex><3y2% +0=0
o U _ M
3y’e”
At the point (0,2), dy _0-8x1_ 2 =1
dx 3x4x1 3
Find the equation of the tangent at (0,2): Use Y =01 _
y-2_2 so the equation of the tangent is 3y + 2x=6
x—0 3 ! & Y ex=
The gradient of the normal at (0,2) = +%

Find the equation of the normal at (0,2):

z : S = % so the equation of the normal is 2y = 3x + 4

Find the stationary points on the curve x> + y* = 12x

Differentiate with respect to x:
dy _
26+ 2ya =12

dy 12-2x 6—x

&~ 2y Ty

%:Owhenx=6

When x=6, > =12 x 6 — 6*=36 and y = £6

So, there are stationary points at (6,6) and (6,-6).

You can determine if a stationary point is a maximum or minimum by

. . o o d
either investigating the change in sign of a}’
2

d’y

near to the stationary point

or finding whether 2 is negative or positive at the stationary point.

9 Differentiation

Referto | €1 | and | €2 | for revision.

The gradient of a tangent is given
by the value of

at the point of

contact with the curve

The gradient of the normal, m” = -

The gradient is zero at
stationary points.

3=
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7 a Find the equation of the normal to the curve

9 Differentiation

Exercise 9.1

1 Find % when

a 2—3p=5 b y—x=2 ¢ R+ -3xtd=0
d y+3y=x e xy=2 f x+xy+y=1

g L+xy+y=1 h X2y +2+y=2 i 32 +2) =5

j P43y +3x7+y =1 k =5 =1 | x2+y2 1

m cosxsiny=1 n x+y=tany

Find % when

a y=Inx b ylnx=Iny c Jx+fy=1
d sin(x+y) =sinx e cos3xsin2y=1 f e=x
g xe’+ye*=1 h x=e‘lny

Find the gradient of the tangent to each of these curves at the given point.
a xX-y=7 (4,3) b Zy=12 (2,3)

c X+3xy+y=1 (3,-1) d cosx=siny+1 (0,0)

— % (m xy =
e cos(x—y)=x 5 (2,0) f xy+ey=1 (0,1)
_ Dy
g )/2—12x (3,6) h ?4‘%—1 (3, )
i X+x+y=11 (2,1) j o xe’=2 (2,0)
Find the equations of the tangent and the normal to these curves at the given point.
a x(y-3)=y (-4,2) b 2sinxcosy=1 (%,%)

¢ In(xy)=2y-1 (2,%) d e*+e¥=x+y+2 (0,0)

Find the equation of the normal to the curve y* = at the point (1,2).

1+ x%
The tangent to the curve =" at the point (4,8)
intersects the x-axis at the point P.

The normal to the curve at the same point intersects

the x-axis at point Q.

Find the length PQ.

Y +3xy—2x2+1=0 at the point A(2,1).

b The normal intersects the y-axis at the point B.
If Ois the origin, find the area of triangle OAB.

10

11

12

13

14

15

16

17

18

Tangents to the curve > =4x at the points (1,2) and (4, 4) meet
at the point P. Find the coordinates of P.

The gradients of two tangents to the curve y?=16x are 2 and %
Find the point at which the two tangents intersect.

The curve y(x+ y)*>+15=3x" has a tangent at the point (2,1).
Find the point where the tangent intersects the x-axis. Also find the
angle that the tangent makes with the x-axis.

Find the two points of intersection of the curves )*=x and x*=8y
Find the gradients of the curves at both points of intersection.
Hence, find the angles at which the curves intersect.

12

Find the equations of the tangents to the curve y* =3x+ -5
X

which are parallel to the x-axis.

Find the x-coordinates of the turning points on the curve
=y -22+3y+x-4=0

Find the points on each of these curves where the gradient of
the curve is zero.

a X+3y—-8x—4y+17=0 b 2x2+2) —4x+5y+4=0

Find the turning points on each of these curves and determine
whether they are maximum or minimum points.

a X¥—y+10x—5y+19=0 b -2y +6x—3y+18=0
Find the turning points on the curve x> — 3x)> — y° + 3 =0
Find the maximum and minimum values of y when

a 3(x-2)+4(y-1)*=16 b 3(y—1)2-2(x+1)*=12

9 Differentiation

a Find the values of x which give stationary values of y on the curve x* + y* =3xy

b Find the stationary values and determine whether they are maxima or minima.

INVESTIGATION

19 Show that the equation xy — x> + 4y + x = 0 can also be written as y =

Find % in two ways: by using implicit differentiation of the first

equation and by using the quotient rule in the second equation.
Show that your two answers are equivalent.

x(x—1)
x+4
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9 Differentiation

c o s c c 3 The strophoid in this diagram has parametric equations
Differentiating parametric functions P s P d s
t"—1 " -1
X = , V=1

21’ (tz + 1)

You can find d from the parametric equations x = (1), y = g(¢) The chain rule gives

) dx ) dy _ dy dx Find the positions of its stationary points. ~
by using the chain rule to give dt " dx T dt ”x
& _ & dr g0

dx ~ dr ~dt @)

4 The point P(4, 2%) lies on the ellipse with parametric equations

m . . |
; The curve Sh(?WH n Fhe diagram YA x=>5co0s 0, y=4sin 0 and Sis the point (3, 0).
=| has parametric equations The normal to the ellipse at P meets the x-axis at Q.
T —
~ 3C_OS 0+ cos 30 and 0=2 Prove that the length QS = 3ps
4 y=3sin6+sin30 /\%\6 >
Find the gradient of the 0 >y 5 A curve has parametric equations
tangent to the curve at the \/\J | , , Ya
oint Pwhere § =% x=—L_ y=_t
P 6 R AR e .
dc - s dy o o The parameter =1 at the point P.
o qg ~ oS- s qg ~ 2cost+ 3cos3 Show that the tangent to the curve at P has the equation y = 2x — % ol . o
O dy dy  dx _ 3cos6+3cos30 _ cosf +cos30 Find the point Q at which the tangent meets the curve again. Q &
dx = d@ " dO  -(3sinf+3sin36)  sin6 +sin36
d cosZ + cosZ ﬁ +0 NS
Wheng =29 - ___ 6 2_.2 _N3_ 1 INVESTIGATION
6 dx sin” +sin” 1 J V3 .
6 2 2 6 When a curve (such as a circle) rolls along a fixed curve,
. a point on the rolling curve traces out a locus called a roulette.
The gradient of the tangent at Pis —=
& 8 3 If a moveable circle rolls on the outside of a fixed circle,
a point on its circumference traces out a special roulette
called an epicycloid.
Exercise 9.2 If the moveable circle rolls on the inside of a fixed circle, the
1A hyperbolg has parametric equations x = sec 6, y = tan 6 point traces out a hypocycloid.
d(secO
Prove that ay = cosec ( 0 ) = secd tan6 Use a computer’s graphical software to investigate these
Find the equations of the two tangents to the curve which special roulettes for different values of k.
are parallel to the y-axis. Their parametric equations are:
o ) ) x=kcos O+ coskf, y=ksinO—sink@ for hypocycloids
2 The astroid in this diagram has parametric equations Ya ] . ) .
B 30 . 43 and x= kcos 0 —coskO, y=ksinO—sinkf for epicycloids.
x=4cos’ 0, y=4sin” 0

Prove that jx—y = -tan 6 and find the equations of the four

tangents to the astroid which are equally inclined at 45° to
both axes. Also find the area of the square that they enclose.
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9 Differentiation

m
| Growthanddecay | Cellsna i rowso that, aa ime ¢ (hous), the mumber
= of cells, n,is given by n = 10x 82
a* is an exponential function for all values of a. When a = e, the function " is ml
lled th tial function.
Consider y= a* where a> 0 catied e exponemiar Tneton =] a the number of cellswhen t=1and t=5
i b the average rate of increase over the period t=1tot=5
Take natural logarithms of both sides: ¢ the instantaneous rate of increase when t= 5.
: Iny=Ina* =xlna
Differentiate with respect to x: { Use the chain rule to a Whenr=1,n=10x8"°=28 n is given to the nearest
H 1dy © differentiate Iny. When t=5,n=10 x 8= 1810 whole number.
ydx = 1% Ina { Inaisa constant. )
b The average rate of increase = %
dx ~ Inaxy = 445.5 cells per hour
¢ The instantaneous rate of increase is given by the gradient
d dy of the curve at the instant when 7=>5.
Wheny:ax,ayzlnaxax Whena:e,d—X:InexeX:eX
L &
For n =10 x 82, fl—’z =10 (In8x82)x 3
% d =(5In8) x 8%° when t=5
< & If y=2% find the value of & when x=3
O < dx = 1882
3| Hence, find the equation of the tangent to the curve at the
™ point Pwhere x= 3. The instantaneous rate of increase is 1882 cells per hour.
- Ya N
Fory=2x:%=ln2x2" y=2
1 3_g| h _ The gradient of the chord PQ gives
=In2x2°=8ln2 whenx=3 the average rate of increase.
When x=3,y=2%=8 1810
Hence, the equation of the tangent at the point (3,8) is Pt
y=38_ 8n2 i The gradient of the tangent at the
-3 ! point Q gives the rate of increase
y=(8ln2)x—24In2 + 8 | at the instant when t = 5.
e i >
Substitute In2 = 0.693147...:  y=5.55x—8.64  to2d.p. 0 / 3 X
28
(0]
m
§ Find the value of f'(1) for the function f(x) =3**! + 4 x 3*+ 1
<
B Differentiate f(x) = 321 + 4 x 3* + 1 with respect to X: Exponential functions of time of the type ak and a* are used in
m Use the chain rule to : ;
5 £1(x) = (In3 x 351 x 2+ 4 x (In3 x 3%) + 0 differentiate 321 real life to develop models of exponential growth and decay.
— 2x+1 x
= (Glmas™ - (a When a = e, the models use functions involving e for
So f'(1) = (2ln3) x 3° + (4ln3) x 3 exponential growth and e for exponential decay, where k > 0
=54In3 + 12In3
=66Iln3
200 201
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9 Differentiation

Sri Lanka had a population N, in 2006 of 21 million people.
Its population N in another tyears is predicted to be
N= N,e" where r=0.013
Find
a the predicted population of Sri Lanka in 2046
b how long it will take to double the 2006 population
¢ the rate of growth of the population in 2026.
a In 2046, t=40
and the predicted population N= 21 x e%-013x40
=21 x €032
= 35.3 million
b When N=2N,
ert =2
rt=In2
;- In2
r
_ 0.6931..
0.013
=53.3
So, the population will have doubled in 53 years time;
that is, by 2059.
AN _ d(N,e™)
¢ Therate of growth - =—g
— e
dN 0.013x 20
In 2026, t=20 and Frae 21x0.013x e
=0.273 x 26
=0.354

So, according to this model, in 2026, the population of
Sri Lanka will be growing at a rate of 0.354 million
= 354000 people per year.

N (million)
A

L
35.34----mmm-

21— |
O[ 1020 30 40 50 t(years)
53.3

This value gives the gradient of the
curve when t = 20.

These calculations assume that
the mathematical model N = Nye"*
will hold, but it is unlikely that r
will stay constant over many years.

S 31dNV X3

Radioactive fallout in the atmosphere contains the isotope
strontium-90.

The mass m grams after a time ¢ years is given by m = mje”
where k=0.024 and m, is the mass at time t= 0.

Find

a the mass after 10 years if m,=5

kt

b the initial rate of decay and the rate of decay after 10 years
if my=>5

¢ the time taken for m to reduce to a value of %mo

a When t=10and m,=5, m=5 x e 02410

=5x0.786...
=3.93 grams (to 3 s.f.)
—kt
b The rate of decay = C(li_T = _d(m(tl): )
= my x (k) x ™

= —kmye ¥
When t= 0,%—’? =-0.024 x5x%x¢e°
=-0.12

The initial rate of decay is 0.12 grams per year.

When t= 10, (ilT = _0.024 X 5 X e 0-024x10

=-0.094

The rate of decay after 10 years is 0.094 grams per year.

¢ Whenm = %mo 1 _ o002xt

2
2= e0.024><t
In2=0.024 x ¢t
_ 0.6931... _
b="0024 252

It takes almost 29 years for half the initial mass to decay.

Exercise 9.3

1 Find % when

9 Differentiation

t(yéars)

28.9

This value of -0.12 is the gradient
of the curve when t = 0.

In the final answer, the negative
sign is implied by the word ‘decay’.

O

Take the reciprocal of both sides.

This time of 29 years is called the
half-life of strontium-90.

a y=3* b y=3>1 C y=4x 3>

1

d y=, e y=10%" f y=3x5"%

32x
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9 Differentiation

1
Find f'(x) and f'(2) when f(x) = 2277 4 32%) -4

Find the equation of the tangent and the equation of the
normal to the curve
a y=2x3*whenx=1

b y=3x2""!when x=0.
A population P grows over a time t according to
a P=5X23t b P:20.4t+2

¢ P=3eldt d P=el4t-1

In each case find the value of P and Ccll—]; when t=1.

A population Q is in decline over time according to

a Q =4 x 3702t b Q = 32-041
c sze—0.0lt d Q:e672t
In each case, find the value of Q and d_? when t=1.

A number of cells, 1, grows over a time ¢ such that n = n,e%?
where 1, = 5.

Find

a the number of cells when t=0 and when =10

b the average rate of growth over the period t=0to t=10

¢ the instantaneous rate of growth when 7= 5.

The population, P, of Manchester was 126 000 in 1821 and
236000 in 1841.

a If tis the number of years after 1821, model the population
as P= Pyef*and find the constants P, and k.

b Find C(ll—]; and evaluate the rate of growth in 1831.

¢ Estimate the population in 1851. Find the percentage error in this
estimate compared to the actual population in 1851 of 303 000.

8

10

The number, N, of cells infected with a virus changes over t hours
according to N =200 — 50e7%!

a Find the value of Nand (ii_]j when t=0.

b Find how many infected cells there are after 4 hours and
the rate of change in the number of infected cells at this time.

A mass m grams of a substance decays exponentially over a time
thours where m = mye™

a If m=20when t=0, find m,.
If m=15when t=5, find k.

b Find the time taken for mass of the substance to decay to

i half its original mass ii 10% of its original mass.
¢ Find the rate of decay when #=0 and when r=5.
A hot liquid cools such that the difference, 6, between its temperature
and that of its surroundings at a time t minutes is given by 0 = ke™**

a If the liquid’s temperature is 70 °C after 1 minute, find the
values of k and a. Room temperature is constant at 10 °C and
the liquid’s initial temperature is 80 °C.

b Calculate the initial rate of cooling and the rate of cooling
after 5 minutes.

¢ Write an expression for the temperature T of the liquid at time t.

d Calculate the time taken for the temperature of the liquid
to drop to 40°C.

INVESTIGATION
11 The population of London was 1950000 in 1841 and

2800000 in 1861.

Model the population in two ways as:

o P=Py

o P=Pgek

where P, a and k are constants.

The actual population in 1871 was 3250 000.

Do the two models give the same estimates?
Explain your answer.

9 Differentiation

O
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9 Differentiation

O

m
) Reesofchange | gttt s
= 2m’ per minute.
T . . .
The rate at which water is flowing out of a tap affects the - Assuming the balloon is spherical, find
rate at which the depth of water in the bath increases. V| a therate of increase in its radius r when r = 2.5 metres
This is an example of a rate of change in which a change in b the rate of increase in its surface area A when
one variable over a given time produces a change in the 7=2.5metres,
other variable over that time.
If Vis the volume of water running into the bath, av
. dv a If the volume of the balloon is Vm?, then =— = 2 m® min’!
then the rate of change of V'is T dt
Similarly, if h is the depth of water in the bath, To find {7, use the chain rule 9 = &V, 4
thenthenueofchangeofhiséﬁ.
d To find ?T‘:' use the geometry of the sphere.
These two rates of change are linked by the chain rule Vo4
=>7r
v _dv. dn ’
dt ~ dh " dr AV _4 32 4
dr 3
< The differential (31—‘; is independent of time ¢ and can be derived Substitute into the chain rule with r = 2.5:
@)
from some physical or geometrical relationship between Vand h. C(li—‘; = (il_‘r/ X %
, dr
= 2=4mx2.5" X g7
X A cylindrical water tank of radius 2 m holds water which
= is being pumped in from the top of the tank at a rate of The rate of increase in the radius, % = %
i 3m’ per hour. _ &
m = 0.025 metres per minute to 2 s.f.
= Find the rate at which the depth h of water is increasing. — = — = T
z b The surface area of the balloon A = 477
%
If the volume of water in the tank is V, then av _ 3m*h! i dA _ .
dr ~— _— dr
=8 x25=201
. . dv _dv _dh _ dh
The chain rule gives - an @ You have to find ‘- when r=2.5
. The chain rule gives &4 = 44 X 9" where, from part a
From the geometry of the cylinder, V= nr’h g dr — dr ~ dr D p B
dr 2
dV=47'ch forr=2 IR
dA 2
— =4 1 1 1 —_—= —_— =
an Substitution gives " 207 X — 1.6
Substitute into the chain rule: 3 =47 X % When r=2.5m, the rate of increase in the surface area is
o o 1.6 m? per minute.
The rate of change of the depth of water, T
_1 Make sure you use the correct
=0.24mh units in your answer.
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9 Differentiation

Exercise 9.4
1 A square sheet of molten glass is increasing in size such that
the rate of increase of the length, x, of its sides is given by

% = 0.2m per minute.

Find the rate of increase of its area, A, when x= 0.5 metres.

2 Oilis dripping onto a horizontal floor forming a circular pool
of radius rcm. If the rate of increase of the radius is 0.5cm per
second, find

a the rate of increase of the area of the pool when r=15cm

b the rate of increase of the circumference of the pool.

3 A crystal forms in the shape of cube of edge length xmm.
If the rate of increase of its edges is 0.3 mm per minute, find

a the rate of increase of its volume when x =6 mm

b the rate of increase of its surface area when x = 6 mm.

4 An ice cube melts uniformly on all its faces. When its edges are
2 cm long, the rate of decrease of its surface area is 4 cm? per hour.
Find the rate of decrease in its volume at this instant.

5 A spherical bubble under water is rising to the surface and its
radius ris increasing at a rate of 0.2 mm per second.

a When its radius is 4 mm, find the rate of increase in its volume.

b Find the rate of increase in its surface area when its volume is 36 7mm?.

6 Molten plastic is extruded from a nozzle at a speed of 20cms™
and forms a cylindrical shape. The nozzle has a circular
cross-section of area 0.75 cm®.

Find the rate of change in the volume of the extruded plastic.

7 Air is leaking from a spherical balloon at a rate of 2 cm?® per second.
When its radius is 12 cm, find the rate of decrease of

a its radius

b its surface area.

8 A hollow cone, with a semi-vertical angle of 60°, is held vertex T

downwards with its axis vertical. Water drips into the cone at
a constant rate of 4 cm? per minute. Find the rate at which the
depth of water is increasing when the water is 4 cm deep.

10

11

12

9 Differentiation

A spillage of coffee on to a horizontal table forms a circular
stain with a radius increasing at a rate of 2mms™.

Find the rate at which the area of the stain is increasing
after 5 seconds.

You will need to use the formulae
for volume and height of a cone.

Sand falls onto horizontal ground at a constant rate of
20cm’s! to form a pile in the shape of a circular-based
cone with a semi-vertical angle of 45°.

Calculate the rate at which the vertical height of the conical
pile is increasing after 5 seconds.

A boy 1.5 m tall runs directly away from a light which is fixed
2m above a horizontal road. If he runs at a speed of 3ms™,
find the rate at which his shadow is lengthening.

Robert Boyle (1627-1691) discovered that, for a fixed amount

of gas at a constant temperature, its pressure varies inversely

as its volume varies.

A quantity of gas has an initial volume of 0.25m?® and an initial
pressure of 2N m™. Its volume is allowed to increase at a

constant rate of 0.05m’s™!. Find the rate at which its pressure

is changing at the instant when its volume is double its initial value.

INVESTIGATION

13 Asa piston moves into the cylinder of an engine, the

length L of the cylindrical space changes. «~—r—>
This change in length causes a change in the volume V
of the gas in the cylinder, which causes the pressure P
of the gas to change.

Find an expression for the rate of change of pressure
in terms of radius r, length L and time ¢.

“«—r—>
<

Have you made any assumptions?

O
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Reviewv O

1 Find % when

a 32+4P=9 b 2+3xy+)2=2 c %—%:4
d cos2xsin3y=1 e y=Inx f - yer=2

2 Find % for the curve x> — 2x%y — 3x)* + ¥ =9

Find the gradient of the tangent to this curve at the point (2, -1).

3 Find the equations to the tangent to these curves at the given points.
a y=22 (2,2 b X-22y—y'=8 (3,1) c ye¥*=3 (0,3)

4 The normal to the curve x>+ 3xy+)?=11 at the point (2,1)
meets the axes at the points Pand Q. Given that O is the origin, show that

the area of triangle OPQ is % square units.

5 A curve has equation x° —2xy—4x+)°—51=0
Find the equation of the normal to the curve at the point (4,3).
Give your answer in the form ax+ by + c=0,

where g, b and c are integers. [(c) Edexcel Limited 2003]

6 a Show that, for the curve x>+ 2y —4x+4y=26
dy _ 2-x
dx  2(1+y)

b Find all the stationary points on the curve.

¢ Find the points on the curve where the tangents are parallel to the y-axis.

7 An ellipse is expressed by the parametric equations x=4sin 6, y = 3cos 0

Find the equation of the tangent to the ellipse at the point where 6 = %

8 A curve is expressed parametrically by the equations x=#+1,y=1£
a Find the equation of the tangent at the point where t=2

b Find the equation of the normal at the point (2,-1).

9 The curve Chas parametric equation x= asect, y= btant,0 < t < %,
where a and b are positive constants.

Prove that j—y = b cosect

X a
Find the equation in the form y = px+ g of the tangent to

C at the point where t= % [(c) Edexcel Limited 2003]

10 The parametric equations of a curve are
x=2cos0+cos20 and y=2sinO+sin20

Show that stationary values occur on this curve when cos 6 = %
Find two stationary points for 0 < 6 < 2.

11 A curve is given by the parametric equations x= %, y = %

a Find the equation of the tangent at the point A(9, %)
b The tangent at A intersects the curve at point B.

Find the value of the parameter ¢ at B.

12 The normal to the curve with parametric equations x = %, y="=

at the point P(1, 4) meets the curve again at points Q and R.

a Show that the gradient of the normal is i and find its equation.

b Prove that the values of rat points Q and R are given by ¢ = —% +2

13 The curve Cis given parametrically by x = — %, y=t+ %, t#0

a Find the coordinates of the points on C at which the gradient is zero.

b Find the equation of the normal to C at the point (0,2).

14 a Find%when i y=4"+4 i y=4"+2x4*+1

b Find the equation of the tangent to the graphs of both these
equations at the points where x=0
15 Bacteria grow so that, at a time ¢, the number # of bacteria
t
isgivenby n=5x43

Find
a the number of bacteria when t=2 and t=5

b the average rate of increase in the number of bacteria over the
period from r=2to t=5

¢ the instantaneous increase in the number of bacteria when t=2

d the value of tat which the value of 7 is double its initial value.

16 The value £V of a car tyears after the 1st January 2001 is given
by the formula V'=10000 x (1.5)”
a Find the value of the car on 1st January 2005
b Find the value of (il_‘t/ when t=4

¢ Explain what the answer to part b represents.

9 Differentiation

[(c) Edexcel Limited 2005]

21

O



Revision 3

1 Express these as partial fractions.

c4

g a x+4 b x+3 c 2x
EXlt x—=2)(x+1 x(x* =1 x*—5x+6
2
+2 2 +2
d == © o7 f—=
Summary Refer to x(x+1) x°(2x—1) (1-2x)(x -3)
0 You use implicit differentiation when the relation between how th 43 B C D
x and y cannot be expressed explicitly by y = f(x) 2 Show that x(x2-1) can be expressed as A + PR R
The chain rule gives dg:) = ny”‘l(% Find the values of A, B, Cand D.
The product rule gives d(xy) _ N y de _ Ay y 9.1 3 Express these as partial fractions.
dx dx dx dx a 42 b X =2 c X = 2% +2
0 For parametric equations x=f(1), y=g(1), -1 (x—1)(x+2) x(x - 1)2
the chain rule gives &_d X dx 9.2
dt  dx dt N 5 5
4 x” +1 4x” +1 f 2x” =1
o Ify=a" thenay = lnaxa® 9.3 x(x-2) x*(2x —1) (x+1D*(2x-1)
Whenaze,yzexgivesd—y:lnexex=ex . 5
dx 4 Tf X_+2x +3x+1=px2+qx+r+sx+t
2 - 2 4
© You can model Y, —2 T
exponential growth by y= Aet | = Aekt 2\ find the values of the constants p, g, r, sand t.
exponential decay by y= Ae™® ) ) ) _ )
where k> 0 B A 93 5 a Point Plies on the curve with parametric equations x= £ — 4, y=t+ 1
y=Ae If the y-coordinate of Pis 6, find its x-coordinate.
0 o > b The point (4, k) lies on the curve with parametric equations x = Lz —-5y=t-1
Find the possible values of k. ‘
0 When changes in x effect changes in y over a period of time, He e possible vatues o
their rates of change are connected by the chain rule where
dy dy y dx 9.4 6 The variable point p( ./7. 3; — 1) meets the line y= 11 at the point (6,11).
e dx dr a Find the value of 1.
b Find the Cartesian equation of the curve along which P moves in the form y = f(x)
Links _ _ )
Differentiation is a versatile tool that can be 7 Find the points where the curve expressed parametrically
used in many fields, particularly within industry. by the equations x = %, y=2t+ 1 intersects
Derivatives can be used to express the rate of decay a the x-axis b the y-axis ¢ theliney=x-1

of a radioactive substance in a chemical power plant.

8 A curve is defined parametrically by x=2t+ 1, y= £ — 4t + 1
A normal is drawn to the curve at the point where ¢ = 4.
Find
a the equation of the normal

Engineers can use differentiation to calculate rates
of change of variables when designing systems to
ensure efficiency.

Managers can solve maximum and minimum problems to
determine how to maximize profit or minimize waste. b the point at which the normal intersects the curve a second time.
212 213
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9 a A curve has parametric equations x= £+ 3, y=1+t
Find the two points A and B on the curve at which

x=7and x=12.
a

b Find the area between the curve, the x-axis and the

ordinates x=7 and x=12. q

fl—lx
4

Revision 3

13 Expand as a series of ascending powers of x up to and including x°
State the range of values of x for which each expansion is valid.

1 b 1+ 5x

1+ 3x

¢ J9+2x

X 1 f 1
4 + 3x

14 Find the first three terms in the binominal expansion of each expression.

10 The diagram shows the graph of the curve with parametric
equations x= > — 12, y= £ — 9t

a Find the values of tat the points where the curve
intersects the x-axis.

\4

b Find the shaded area on the diagram.
Hence, find the total area of the loop.

15 Find the first four terms in the binomial expansion of

\ Give the values of x for which each expansion is valid.

a (1—2xnW1+x b

1+ x

V14 3x

_3
X

n

descending powers of x. For what values of x is the expansion valid?

16 The coefficient of » in the expansion of v/4 + ax is -1. Find two possible
values of a and the first three terms of each possible expansion.

11 The curve expressed parametrically by Ix
< x=4-2ty =1+ Lz i 17 Write each expression in partial fractions and so expand it
o ) o t ) i as a series of ascending powers of x as far as x°.
1 shonn on this dlagra@..The curve cuts the y _?XIS at | Find the range of values of x for which each expansion is valid.
the point P and has a minimum value at the point Q. ! ) s
l __Z2=x =X
a Find the coordinates of points Pand Q. | 1-2x)1+ x) 2+ x)(1-3x)
b Find the shaded area on the diagram. ‘ > 3 — 1
18 flx) = =L, x| <1
¢ Find the area of the region labelled R. (1-2x) 2
Yy Given that, for +x # l, 3x = 12 =_4 B 5
o : . . L 27 (-2 (-2 (1-2x)
12 This diagram shows the curve C with parametric equations where A and B are constants,
x=8cost, y=4sin2f, 0<Lt< % £ C a find the values of A and B.
The point Plies on Cand has coordinates (4, 23 ) i b Hence, or otherwise, find the series expansion of f(x), in
a Find the value of tat the point P. R ascending powers of x, up to and including the term in x°,
The line L is 2 normal to Cat P. 5 ; > simplifying each term. [(¢) Edexcel Limited 2006]
b Show that an equation for Lis y = -x+/3 + 6+/3
. . . 19 Find d when
The finite region R is enclosed by the curve C, dx
the x-axis and the line x = 4, as shown shaded a X-5xy+p=1 b xe’=y -1 ¢ xy=1+xsiny
in the diagram. z
¢ Show that the area of Ris given by the integral _ 64 sin” fcos tdt S xCosy y X y=tan{x+y
3
d Use this integral to find the area of R, giving your answer in 20 a Find the equation of the tangent to the curve e+ 1=x at (2,0).
the form a + b~/3, where a and b are constants to be determined. [(c) Edexcel Limited 2008] b Find the equation of the normal to the curve In (xy) =2 — 1 at (1,1).
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Revision 3

2
21 A curve is expressed parametrically by x = tTH, y=£—-1(t#0)
Show that there are tangents to the curve which are parallel to
the y-axis and that they meet the curve at the points (2, 0) and (-2, 0).

., d . . . . .
22 a Find ay for an ellipse with parametric equations x=3sin 6, y=2cos6, 0<O0< 7

b Prove that the equation of the tangent to the ellipse at the point P
where 0= o is given by 3ycos a + 2xsina = 6

¢ The tangent at P intersects the coordinate axes at the points A and B.
Find, in terms of a, the area of triangle OAB, where O is the origin.

d Find the value of a which gives the smallest possible value of the
area of triangle OAB. State this area.

23 The tangent and normal to the curve y =5 x 2%, at the point where
x =1, intersect the y-axis at the points P and Q respectively.
Find the distance PQ as a decimal, correct to 1 decimal place.

24 The population N, of a town in 2008 is 56 000. A model of its growth
predicts that its population N in f years after 2008 will be N'= N, %008

Find
a its population in 2018
b the rate of growth of its population in 2018

¢ how long it takes for its population to be double the 2008 figure.

25 A spherical balloon is being inflated at a constant rate of 0.2 m* per minute.
Find
a the rate of increase in its radius r when r = 0.5 metres

b the rate of increase in its surface area when r= 0.5 metres.

26 This diagram shows a right circular cylindrical metal rod which
is expanding as it is heated. After ¢ seconds, the radius of the
rod is xcm and the length of the rod is 5x cm.

The cross-sectional area of the rod is increasing at the constant o 5x

rate of 0.032 cm?s™!

a Find % when the radius of the rod is 2 cm, giving your

answer to 3 significant figures.

b Find the rate of increase of the volume of the rod when x = 2. [(c) Edexcel Limited 2008]

Integration

This chapter will show you how to

o find the area under a curve to a specified accuracy using a
numerical method

o find the exact area under a curve by integration

o integrate a variety of functions by using standard integral forms,
substitution, trigonometric identities and partial fractions, and
integration by parts

o be systematic in your approach to integration

o use integration to find volumes of revolution.

Before you start

You should know how to: Check in:
1 Differentiate various functions using the 1 Differentiate
product, quotient and chain rules. a Zlnx b xle*
. . o 2 .
Z.g. Differentiate y = x“sin 3x ¢ etanx d x/x2+1
y ; 2
— = 2xsin3x + (3cos 3x) x .
dx ( ) e InTx f In(sinx)
= 2xsin3x + 3x%cos 3x
2 Manipulate trigonometric identities. 2 Prove these identities.
e.8. Prove that 1—Si2§sA2A = cotA a tanA+ cotA=2cosec2A
Use the double-angle formulae: % =sin2A
sin2A _ 2sinAcos A 1+ tan"A
1-cos2A 1 — (1 - 2sin’ A) C cos3A=4cos’ A—3cosA
_ 23|nAgosA _ CosA _ cot A
2sin“A SinA
3 Find partial fractions. 3 Express these in partial fractions.
2 . . x
e.g. Express —=— in partial fractions. a
& DPIESS S P x* =25
2 A B 6
Let ==+ _
-2 x Tx-2 b G- )x+2)
_ Ax—2) +Bx 1
n X(x — 2) C W
Hence 2 = A(x — 2) + Bx e
Letting x = 0 gives A = -1 d x*+3
Equate coefficients of xx A+ B=0soB=1 x(x=2)
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For n equal intervals,
use (n + 1) x-values.
x-values are sometimes
called ‘ordinates’.

When the area enclosed by a graph, the x-axis and two ordinates
x=aand x = bis split into n equal intervals of width h, then the
trapezium rule gives

b
j f(x)dx = %h[yo +¥,+2(0n+y,++y,_)] where h= b

Ya
y =1(x)
Ya
/ %
v,
Yo
0 a <IT b X

Using more strips involves more calculation but gives a more
accurate approximation.

convex

concave See @] for revision.

The shaded areas are the errors
in each approximation.

If the graph is convex, the
trapezium rule underestimates
the actual area.

If the graph is a concave curve,
the trapezium rule overestimates
the actual area.

Il 37TdNV X3

10 Integration

a Estimate (to 3 significant figures) the area under the curve

y=sec’x fromx=0tox= % by using the trapezium rule with

i 4 equal strips ii 8 equal strips.

3
b Calculate the exact value of f sec’xdx asa surd.

Find the percentage error in each of the two estimated values of
area found using the trapezium rule.

=~-0
a i With 4 strips, the width of each strip, 3 T 1”—2
Record the values in a table:
0 n 2 3 4r I Use radians on your calculator.
% 12 12 12 12
y=sec?x 1 1.0718 | 1.3333 2 4

Estimate of the area required = >< [1+4+2(1.0718 +1.3333 + 2)]

Ly
2
| 4
= EX[1+4+8'8102]
=1.

8078 = 1.81 units* (to 3 s.f.)

71'

T_o
ii  With 8 strips, the width of each strip, h = T = 2”—4
0 T 2 3 A 4 6r I 8t _m
X 24 24 24 24 24 24 24 243

y |1 (10173 | 1.0718 | 1.1716 | 1.3333 | 1.5888 2 2.6984 4

Estimate of the area required = Ly Z x x[1+4+2x10.8812]  Allthe ‘middle values’ add
2 24 together to give 10.8812
—lym
==X X 26.7624
=1.7516 =1.75 units® (to 3 s.f.)
3 n
b f sec’x dx = [tanx 3 d(t;;x) p—
0
=3 -0=43

1.8078 —\/3

3
=4.4% (to2s.f)

17516 =3 = = x100 The percentage error is smaller
\/5 when more strips are used (but
=1.1% (to2s.f.) more calculation is involved).

i The percentage error with 4 strips = x 100

ii The percentage error with 8 strips =

O
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Exercise 10.1
1 Use the trapezium rule to estimate the value of these integrals
correct to 3 significant figures using the number of strips given.

1
a f 2*dx 5 strips
0

5
b f In(1+x)dx 4 strips
1

(2]

%
f (Jsin@)dO 6 strips
0

o

j e dx 5 strips
1

(4]

Jijcos2 0do 6 strips

Y1

5}

-h

4
f 1+e*dx 6 strips
2

2
2 a Estimate the value of the integral = f cos xdx

U

using the trapezium rule by dividing the interval from 0 to 5

into six strips.
b Find the exact value of I by integration.
¢ Calculate the percentage error in the estimated value of I.

d Explain, using a suitable diagram, why the answer to part a
is an underestimate of the exact value of I

1
3 Find an approximate value for I= f e*sin xdx using the
0

trapezium rule with

a six ordinates

b eleven ordinates.

Give reasons why one of these values is more accurate than
the other.

The semicircle y = ++/36 — x* is split into twelve vertical strips.

Find an estimate of the area of the semicircle (to 3 s.f.) using
the trapezium rule. Hence, obtain an approximate value of 7.

Use the trapezium rule with seven ordinates to estimate the
3

2
value of I= J 1- % dx to 2 decimal places.
0

Sketch the graph of the ellipse

ES
9
and use your value of I to estimate its area.

2
Y =
+4 1

8 2
a Estimate the value of the integral I = f (3/; + 1) dx

using the trapezium rule with 8 strips.0

b Calculate the exact value of L

¢ Find the percentage error in the estimated value to 1 decimal place.

INVESTIGATION
7 Do some research to find a formula for the area of an ellipse.
How does this formula also give you the area of a circle?

Use your answer to question 5 to find another estimate for
the value of 7.

10 Integration
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Integration as summation

You can find the exact area under a curve by summing an
infinite number of infinitely thin rectangles.

b b
Area PQRS= ) 8A = ) ydx

Each strip of area 6A is approximated by a rectangle of height y and
width ox, so its area 6A ~ yox

The Greek letter sigma, 2, indicates the sum of many of these rectangles.

In the limit, as ox — 0,

b
=1
area PQRS 5;13—1302‘ ySx

b
=f ydx

Integration is also the reverse of differentiation, so you should
already recognise these basic results:

d(sinx) _ _ de®) _ .«
g - cosx Jcosxdx— sinx+ ¢ il
d(cosx) _ ] _ dnx) _ 1
e . sinx Jsmxdx— COSX+ ¢ o " x

d(tanx) _ o

2
sec’xdx=tanx+ ¢
dx J

Find the area enclosed by the graphs of y = cosxand y = e*
and the line x=1

From the sketch, the area required is the area under y = cos x
subtracted from the area under y = e*

1 1
Area =J e*dx — f cosxdx
U ()

1 . 1
= [ex]o — [smx]0
=(e—1)—(sinl—0)=2.718—1-0.841 = 0.88

The area required is 0.88 units® to 2 d.p.

See | €2 | for revision.

/N

0 a gx’ b X

As ox— 0, the number of
rectangles — .

In the limit, the Greek letters ox
and Y, become the English letters

dx and frespectively.

fis an elongated letter S (for Sum)
invented by Leibnitz in about 1680.

Jexdxz e+ c

Jldlenx+c
x

c is the constant of integration.

A sketch graph will help you to
visualise the problem.

Ya

/ >

—Yl 0 'X

1
y = COSX

You could write this as one integral
1
J (e¥ — cosx) dx
0

sin 1 means the sine of 1 radian
(not 1°).

Exercise 10.2
1 Find the values of these definite integrals.

3 3. : 14
a j 2cos xdx b 5sin xdx c e*dx d P
0 i -1 !
b 4 4 5
e f4sinx—cosxdx f f x+1gy g J de h fswdx
T 1 X 1 X 0 COSX
2 Find these indefinite integrals.
a f%secZQdG b Jx - %dx c fScosx— 3sin xdx
3 a Find the area bounded by the graph of y = e*, the two

coordinate axes and the line x=2

10 Integration

The region bounded by the graph of y = e*, the two coordinate axes

and the line x = k has an area of 2 units2. Find the value of k.

Find the point of intersection of the graphs

y=cosxand y=sinxfor 0 < x < %

Find the area, A, bounded by the graphs of y = cos x, y = cosx

y=sinx and the x-axis as shown in this diagram.

y =sinx

Find the area bounded by the two graphs and the y-axis.

~
[\)\?

5 Find the area between the graphs of y= e*and y = 1 from x=1 to x=2.
X

6 If the region under the graph of y = % from x=1to x= o has

an area of 4 units?, find the value of a.

7

INVESTIGATION

If a temperature is measured discretely » times with the
results 6,, 6,, ..., 0,, then the average (mean) temperature

1 6
is=) 0,

nzl" '
If the temperature varies with time # such that 0= f(f) and
it is measured continuously over a period T, then the 51

L (T
mean temperature is T f(0)dt
0
0

Find the mean temperature if 0 =5sintfrom t=0to t=7

A
X'

O
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Exercise 10.3

Integration using standard forms :
1 Integrate with respect to x.

O

a cos5x b sindx c sec’3x
The Core 3 and 4 specifications list the derivatives and integrals
that you are expected to remember. d cos %x e cosec’dx f et3
The formulae booklet lists derivatives and integrals that are
provided for you in your examinations. g (Bx+2)* h tan3x i ﬁ
Here is a list of standard integral forms where a, b, cand Try to derive these results yourself. j 1 - K cot2 | cos(2x+ 3)
1 are constants: O (Bx — 1) >
m sec’(4x+ 1) n sec4xtan4x 0 secdx
_ 1 1 1 1 .
Jx”dx = mxw +c(n#-1) J(ax+b)"dxzz><n+1(ax+b)"+l+c p cosecdx q e r cos3x+ sm%x
s cosec2xcot2x t (e¥—e™)?
. 1.
fcos xdx=sinx+c fcos(ax +b)dx = Esm(ax +b)+c 2 Evaluate these integrals.
s % Vs
3
2 X
Jsin xdx=-cosx+ ¢ jsin(ax +b)dx = —%cos(ax +b)+c a fo cos 3xdx b J sec”2xdx ¢ L ) dx
() ~
2
2xdx= Yax + b)dx = Ltan(ax + b) + ¢ 3 ! 2
< fsec xdx=tanx+c Jsec (ax + ; d [Pein3® e [ ey f 1
O sin - dx Bt 1
0 -1 0
Jexdx =e*+c fe““h dx = Le®* 4+ ¢ 3 Integrate with respect to x.
a x
1 1 1 1
a S+ b —+
x> cos’x X sin’x
1 1 1 You can always check
f} dx=lnx+c fax s dx = Eln lax +b| +¢ your inte.grz?ltion by c X1y ol d sm23x
differentiating your answer. cos”3x

2
See the formulae booklet for other standard integrals. € cos3xcosec”3x

Evaluate fg(cos 3x + 4sin x) dx INVESTIGATION
0

4 An AC current i varies with time ¢ such that f\C means ‘alternating current’.
% B ot where o = 3 Rectified’ means that the current

g c : q always flows in the same direction;
The current is rectified so t‘hat i=|5sin of| thatis, i > 0 at all times.
Draw the graph of the rectified current for 0 < t < 27

Il 3TdNV X3

5
f (cos3x + 4sin x) dx = [%sin 3x — 4cos x]
0

0

= (lsin T— 4cos£) - (l sin 0 — 4cos 0)
3 3 3 Use the ideas of the investigation in Section 10.2 to find

—0—4xt_0+4=2 the mean value of the rectified current for t=0to t= %
2
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e - R ST

There are two special cases which use standard forms and the

O

chain rule in reverse.
ider y = 5 x __cosx
Consider y= (3x2 +2x+ 1) Integrate a sz +1 dx b j3sinx —
Apply the chain rule: % =503 +2x+1)* x (6x+2) The derivative of x* + 1 is 2x.
X _1( 2x 1 ) Modify the integral so that you
=5(6x+2)(3x2 +2x+1)* a sz_,_ldx = ij 1 dx = ln(x +1)+c have 2x ‘on the top’.
2 4 N o) 5 The derivative of 3sinx — 4
In reverse, f(6x +2)0x" +2x + 1) dx = §(3x T2+l +c b I—Fosx = IJ—%OS’C dx = —ln |3sin x— 4| + ¢ is 3cosx. You need to have
3sinx — 4 3 ) 3sinx — 4 3cosx ‘on the top’.
In general, you can perform an integration of the form Check your answers mentally
£1() x g[f(x)] dx by sight. by differentiating them using Exercise 10.4
the chain rule. . .
1 Integrate each expression with respect to x.
2
a ?x b 32 -1) c 22x—+3
x =1 x"+3x -1
Integrate fx cos(x® +1)dx d 2x+3)(x*+3x-1)* e Zx;z f (x—2)(x%—4x+1)3
The ‘inside’ function f(x) is x* + 1 Xl
g 1 and its derlivative is 2x. g —,Cosi ; h xcos(x*+1) i x/x' -1
chos (Z+1)dx= % j2xcos (2+1)dx= Esin (2+1)+c¢ Introduce 7 x 2 to make a smx
‘ PN 2
2x on the ‘outside’. j X Kk 2x | xe™
x? -1 x" =1
2
m 1 m xe™ n (x+Wx>+2x+3 0 —2x+1
; 2 X +2x+3
< Evaluate mdx sinx 2,%° 1
= p cosxe q x‘e r ——
= 0 xlnx
m
= ' 2 ' 2 ' The ‘inside’ function f(x) is x* — 2 3
_ X gy =1 3x 1 2.3 =2 - " _cos6 2 1
J (x3 _ 2)2 dx - 3J (x3 _ 2)2 dx - 3J 3x (x - 2) dx and its derivative is 3X 2 BY ertlng cot 9= sin 9, ﬁnd fCOt 9 d9 and ShOW that Jﬂ cot 9 d9: Eln2
0 0 0 z
Introduce 3 % 3 to make a
3x2 on the ‘outside’
x _ 2 3 By writing tanf = Sme g prove that Jtan 0dO=InlsecO| + ¢
_1(1 1)\ _ >< 3 ' z
3 _1 5/ 3"27% Find the value off tan 6 d6O
0
Now consider y=1n|3x% + 2x+ 1] INVESTIGATION
. dy 1 6x +2 o i x
Apply the chain rule: -4 = ———X(6x+2) = —>"1% 4 By writing x=x—1+ 1, find
PPy de 3% +2x +1 ( ) 3x% +2x +1 4 J -1
Use | s A x2 x3 x"
6x + 2 se long division to rewrite ———, ..., 3
Inreverse, | —————dx =In|3x* + 2x+ 1| + ¢ . > x &
3x" +2x +1 and so integrate each of them.
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Consider the indefinite integral j(3x +2)°dx

Change the variable x by substituting u = 3x + 2:
You now have jus dx

You cannot integrate a function of u with respect to x.

Find a substitution for the operator ‘dx’ in terms of .

Differentiate v =3x+2 wrtx: du _ 3
dx
Separate the operators du and dx: % =dx

You now have j(3x+ 2)°dx= jus X d?” = % fuf’du

1.1 6
=-x-u’+
3 6u c
1. 6
=—u’+
18” c

Substitute u = 3x + 2: j(3x+ 2)°dx= %(336 +2°+¢

Perform this integration X dx
x+1

using the substitution u=+/x +1

Rearrange u=+x +1: w=x+1

Differentiate wrt x using the chain rule: Zugx—u =1
Separate the operators: 2udu=dx

Rewrite the integral in terms of u:

J X dx:J”Z_IXZudu=2J(u2—1)du
x+1 u
2.3

=91, _ —2.5_
—2(3u u)+c 3u 2u+c

Substitute for u and return to x:

X _dx=2Jx+1? —2/x+1+c
+1 3

Jo

You must give the final
answer in terms of x.

This substitution is chosen
to simplify the denominator
in the integral.

You could also use the
substitution u =x + 1. Show
that it gives the same answer.

You can simplify an indefinite integral using a substitution.

O

€ I7dINVY X3

To evaluate a definite integral, you can

either change back to the variable x and use the original limits of x
or stay with the new variable u, provided you change the limits
on the integral to the corresponding values of u.

10 Integration

Bl

2
Evaluate J cosX

s 4 + sinx

. d
Let u=4 +sinx, soau =cosxand du = cosx dx

Either

T )
2_Cosx g _ 1
f 4 +sinx _J Zdu
0 "

The actual values u; and u, are not needed.
= [Inu];
Change back to x and use the limits of x:
i3
— 1 2
= [1n(4 + smx)]0

=In(4+1)-In(4+0)
=1n(1.25)

or
When x=0, wu=4+sin0=4

Whenxz%, u=4+sin%=5

Z 5
2 cosx _ |1
J 4+sinxdx _f Edu
0 4
~nu

Stay with u and use the limits of u.
=In5-1In4
=1In(1.25)

Exercise 10.5

1 Use the given substitutions to find these integrals.

a fx2(1+x”)4dx u=14+x

c fcos xsin*xdx u=sinx

JG 1 1)4dx u=3x-1
 —

g J(x’il)zdx u=x-1

b fo\/1+x3dx u=1+2x

d fseczx(l +tanx)dx u=tanx

J( fs)zdx u=x+5
X

Jﬁdx u=e*+2
e” +

O
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10 Integration

2 Evaluate each integral using the given substitution.

a fexVI + e*dx

c4

T

P .
a f 2cos xes"*dx
0

|
e — cos/x dx
|

X

1
g fxex_ldx
0

230

u=1+¢e*
w=x-1
u=Inx
w=x+1
x=sin0
u=e*
w=x+1

u=sinx
=1+
w=x
u=x>-1

b Jsinx\/I — cosx dx
d fx3 1+ x* dx
1
f dx
J2+«/§

hj X gy
V1 — x?

j fsec3 xtan xdx

| J—dx
x2 /4 — x?

3
b f (x—1)(x—2)3dx

3

d JZx\/2x+3dx
1
2

f xdx
J, @x -1
5

h | 2 =Ldx
Jl x—1

u=1-cosx
w=1+xt
w=x
x=sin 0
u=secx
x=2sin O

3 Calculate the values of these definite integrals using the given substitutions.

u=x-—2
wW=2x+3
u=2x-1
w=x-1

4 The x-axis is a tangent to the curve y= (x—1)(x 2)*
at the point P.

Yy

a Write down the coordinates of P.

b Let u=x— 2 and find the area A enclosed between
the curve and the x-axis.

5 Find the points where each of these curves meets the x-axis.

For each curve find the area enclosed between the curve
and the x-axis.

a y=xVJ4-x
b y=x(x-2)*

c y=5cosxsin’xfor0<x< 7

INVESTIGATION

6 All these integrations can be performed by choosing
appropriate substitutions.
Some of them, however, can be done immediately on

sight using jf "(x) x g[f(x)] dx

Decide which integrals can be written down on sight.
Find all the integrals.

a faxz(x3+1)4dx b J2x3(x2+1)2dx

c jx\/x+ldx d Jseczx\/1+tanxdx

x 5
e dx f dx
J\/x2 +1 J\/x +1
g jxeszrl dx h Jex\/ex —1dx

10 Integration
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Integration using trigonometric identities

You can integrate some trigonometric expressions after
rearranging them into one of the standard integral forms.

m
X .
S Integrate a |<2%dx b Jsec2 x sinxdx
= secx
=
=
m
- cosecx 3. 1 COSX 4, _ [cosx 3. _
) J secx dx = Jsinx % 1 b= sin x dx = | cotxdx The formula book gives
=In|sinx + ¢ Jcotxdx—lnlsinxl
secxsin x and
b Jseczxsin xdx= J— dx = fsec xtan xdx S
cosx % = secxtanx
=secx+c X
You can integrate powers of sine and cosine by first changing the
powers to multiples.
m
X
J§> Integrate a jsin2 xdx b Jcos2 3xdx c f( 1 +tanx)>dx
=
=
= 1 1
o a Jsinzxdxz EJO — cos2x)dx = %(x - %sian) +c= %x - isian +c  sin’x= (1 —cos2x)

b jcos 3xdx 2J4(1-+-cos6x)dx > x+651n6x +c 2x+125.1n6x+c

c0s%3x = %(1 + €05s 6X)

1 + tan%x = sec?x

c f(l +tanx)?dx= f(l + 2tanx + tan?x) dx = f(2tanx+ sec?x) dx
jtanxdx and jseczxdx

=2In|secx| +tanx+ ¢
are both standard forms.

For higher powers of sine and cosine, the method you use depends
on whether the power is even or odd.

For even powers, use the double-angle formulae as many times as is needed.
For odd powers, use sin? A + cos? A = 1 as shown in Example 3 part b.

€ 317dINV X3

¥ 3T7dNV X3

Integrate  a fcos‘*xdx b Jcossxdx

2
a Jcos4xdx= f(%(l + cost)) dx

iJ(l + 2c0s2x + cos?2x) dx

1
= ZJ(I +2cos2x + %(1 + cos 4x)) dx

AN

J(% + 2cos2x + %cos 4x) dx

N

3 : 1.1 )
= _X_
(2x + sin2x + ) 4SIII4X +c

1 . 1 .
x+451n2x+3251n4x+c

Il
oo | W

b Write cos’ x as
cos x(cos? x) = cos x(cos? x)? = cos x (1 — sin® x)?

Jcos5 xdx = Jcos x(1 - sin?x)>dx
= Jcos x(1 - 2sin? x + sin* x) dx
= J(cos x— 2cos xsin® x + cos xsin*x) dx

=sinx — %sin3x + %sinsx +c

The simplest examples of a product of sine and cosine involve the
same multiple of the angle.

Find fsin 3xcos3xdx

Use the double-angle formula sin2A = 2sin Acos A:

sin3xcos3x = %x 2sin3xcos3x = %sin6x

Hence, f sin3xcos3x dx = %f sin 6xdx

1 1
><(—6cos6x) +c= 12c056x +c

DO | —

10 Integration

cos2x = %(1 + €05 2X)

You could use the substitution
method with u = sinx. Try this
method to show that it gives
the same result.

O

fcosxsinQde = % sin3x is of the form

Jf’(x) x g[f(x)] dx, as is

jcosxsin“x dx

O
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10 Integration

If the product involves different multiples of the angle, you can
write the product as the sum or difference of sines and cosines

and then integrate.

Find Jsin 5xcos3xdx

Consider the expansions of sin (A + B) where
A=b5xand B = 3x:

sin (5x+ 3x) = sin 5xcos 3x + cos 5xsin 3x
and sin (5x— 3x) = sin 5xc0s 3x — cos 5xsin 3x

Add the expressions together:
sin 8x + sin 2x = 2sin 5xcos 3x

Hence, fsin 5xcos3xdx = % j(sin 8x+ sin2x) dx

11 _1

= 2( 8cosSx 2cost) +c

= —LCOSSX - lcost +c
16 4

Find fg sin 6xsin2xdx
0

Consider the expansions of cos (A = B) where
A =6xand B = 2x:

c0s (6x — 2x) = cos 6xc0s 2x + sin 6xsin 2x
and cos(6x+ 2x) = cos6xcos 2x — sin 6xsin 2x

Subtract:
cos4x — cos 8x=2sin 6xsin 2x

5 43
Hence, J sin 6xsin 2xdx = lJS (cosdx— cos8x)dx
0 0

2
_ 11 1. B
—2[4s1n4x 8sm8x]0
_1lo1_0- -1
_2(4><1 0 0+o) :

Refer to Section 2.7
on the CD-ROM @

Exercise 10.6
1 Integrate with respect to x.

a cos3x
c cos(%x)
e cos(2x+1)

g sec’4dx

aJ L dx
cos” 3x

c Ji dx
sin” 4x

e fcot 2xsec2xdx

g ftan xcosecxdx

i fsin 3x(1 + cot3x)dx

sin’ x

Kk J(cosx+l)2dx

Find these integrals.

a fcoszxdx

2(x
c Jcos (E)dx
e f(l—tanx)zdx
g J‘sec2 xtan* xdx
i fsin3 xdx

k J‘cos7 xdx

b sin4dx
. (3x
d sm(T)
f sin(3x—2)

h sec?(2x—3)

2 Find these integrals by rearranging into standard forms.

b Jtanchos 3xdx

d Jtanzxcoseczxdx
=2t

h J(l +secx)?dx

j j(cosecx +2)%dx

| J c9t2x dx
sin4x

b jsin2 3xdx

d Jsin2(3x+ 1)dx
f j(l +sinx)*dx
h Jcos3 xdx

j jsin4 xdx

| Jtan3 xdx

10 Integration
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4 Integrate with respect to x. 11 Find the shaded areas in these diagrams where
a sinxcosx b sin2xcos2x a y=2sinxcos’x b y=2cos’x
¢ tanZcos’Z d sin?3xcot3x Yy
2 2 y
A
e tan’3x f cot?3x
1 —sin®2x h 1
sin”2x 1 — sin? (lx)
2
X 0 X
g s _m i
2 2 2

5 By expanding sin (A + B) and sin (A — B), show that

2sin Acos B=sin (A + B) + sin (A — B)
12 Find the area enclosed by the graphs of y = 2cos® x and

Hence find jsin 6xcos2xdx
y= %cos 3x and the y-axis, as shown in this diagram.

/N

c4
0

6 Find
a fsin 4xcos xdx b fcos 5xcos4xdx c Jsin 3xsin2xdx 1~ y = 2cos?x
.. e R
7 Evaluate these definite integrals. 0 %
. . . y= % cos 3x
a fzsin 3xcos2xdx b j4sin4xsin 6xdx c J4cos 2xcos3xdx
0 0 0
INVESTIGATION
8 Evaluate y
x : . 13 Consider the integralj sin” xdx where 7 is a positive integer.
a |?1+sin?xdx b j cosec xtan xdx c f sin® xdx N e
| x z . Use computer software to explore the graph of y =sin"x

! for different values of n.

5

d Explain your answer to part ¢ in terms of the graph of y =sin’ x

Give a reason why

. 5 . L a f sin"xdx=0 when nis odd
9 Find | ~cosec? xcot? xdx using the substitution u = cotx -
i
4

b f sin”xdx=2 x J sin"xdx when nis even.
10 Prove that the area between the graph of y = tan x and the - 0

x-axis from x=0to x = % is In 2.
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Integration using partial fractions

You can use partial fractions to help you to integrate certain algebraic fractions.

. x+5

Flnd dex

Let x+5 __ A . B _ Ax+2)+Bx-1)
x-Dx+2  x-1 x+2  (x+2(x-1

Equate the numerators: x+5=A(x+2) + B(x—1)

Letx = 1: 1+5=A(1+2)+0 sOA=2

Letx=-2: 2+5=0+B(-2—-1) soB=-1

So x+5 - 2 1

G-Dx+2 x-1 x+2

Hence, | - X*t5 dx=|-2 __1
(x=Dx+2 x—1 x+2dx

=2Iln|x—1|-In|x+2|+¢

=II'1—(X_D2 I E
x+2
"+l
Evaluate s 5 dx
()(x—Z)
Let X+1 _ A + B EA(x—2)+B

x-27 x=2 (x-2 (x -2
Equate numerators: x+1=A(x—2)+ B
Letx = 2: 2+1=0+B soB=3
Equate coefficients of xx A=1

(-2 x-2 (x-2

1 1
Hence,f x+12dx=J 1 3 i
(X—Z) 0

So x+1 1 3

0

1

— _ S| = Y
_[lnlx 2|+_1(x 2) [lnlx 2| e

0

- _3 _ 3 _3_
=Inl = ln2+_2 - In2

When you work with
partial fractions, you often
get an answer involving
logarithmic functions.

In1=0

4 Find the area between the graph of y = —

Exercise 10.7
1 Find these integrals.

4 ( x+5
2 Jx(x+2)dx b J e +D(x - 3)
d ( 2x ( 2
G-+ M e
(1 [ 1
dx h dx
g ) xXx - 1) ) x(x —1)?

2 Evaluate these integrals.

4 3
3 x+2
a | ———dx b
L(x—2)(x+1) Jz(x—l)zdx
_ 4
3 Show that the area enclosed by the curve y = CEECE the

lines x=-4 and x=-5 and the x-axis is lng square units.

1

x0 = 3x% +2x

x-axis from the ordinates x=3 to x=4.

and the

5 Either rearrange the numerator or use long division before

integrating these expressions using partial fractions.

2
o [ o [t
X" -9 x -1
42 =1 4, g [+l
x(x+1) -x-6

INVESTIGATION

6 You can evaluate the integral | —>— dx
P2
by several different methods.
Integrate using

a alogarithmic standard form on sight
b partial fractions
¢ the substitution u=x>—1

d the substitution x=secu

Show that your four answers are equivalent.

10 Integration

4x +1
¢ J(Zx—l)(x+1)dx
fJ 8 dx
xx” —1)

i J__j__jﬁ
x=2)(x+1)

4
1+ 2x

, B+ x)Q2—-x)

O
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You can use integration by parts to integrate the product of
two functions.

The method is based on reversing the product rule for differentiation.

If 4 and v are both functions of x, then the product rule states:

dluv) _ du
dx dx TV

. dv _ dwv) _ Q
Rearrange: dx I dx

Integrate with respect to x:

J Ldx = uv — j v 4y

The overall aim is to make sure that V% is easier to integrate

than the u4¥ o Y that you started with.

Your first step in choosing which function is # and which is %

is crucial for success.

Keep u Integrate Integrate Differentiate
steady u wrt x
dx
dv dx=u v j
" &
Find fxcos xdx
Let u=xand dv _ COSX
dx
Then,
Keep Integrate Integrate Differentiate
X steady COS X COS X X wrt x

N

jxcosx dx = xsinx — smx x 1dx
= xsinx + cosx + ¢

u must be simple to differentiate.
dv

e must be simple to integrate.

Choosing u = x gives a simplified

final integral because g— 1

Cc 371dINV X3

€ I7dINVY X3

Find a fx“lnxdx b flnxdx

a Letu=Inxan

dv 4
ddx 5%

Then, Jx“ln xdx=1x’Inx —Jlxs x L dx
5 5 X
=1 SInx - %fx‘*dx

1 5 1,15
Sx lnx 5 5x ©

_1 5 _
=55% Glnx—1)+¢

b Letu=1and%:lnx

This example is important.
By thinking of Inx as the product 1 x Inx,
you can use ‘integration by parts’.

Then, Jln xdx= Jl x In xdx
=xlnx— Jx x L dx
X

:xlnx—fl dx

=xlnx—x+c

Use integration by parts to evaluate the definite integral

1
J xe*dx
0

Let u= xanda—e

Then, fxexdx = [xe"]: = folex x 1dx
=[], -]
=(lxe'=0)=(el=1)
=1

10 Integration

_15

M =x*sov 5 and
u=Inxsodu _1
dx X

You can differentiate Inx
by sight but you can not
integrate it by sight.

dv _

—X_lsov:xand
u=lnxsodu _1
dx  x
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In some cases, integration by parts gives you an integral which is

still not simple enough to integrate.

However, if you integrate the new integral by parts again, you can

sometimes solve the problem in two stages.

m
X
»3  Find fxze“dx
=<
T
r
m
N Integrate by parts:
Let =2 and &% = ¥
o ©
sz e3*dx = x? x %63" —J%eS" X 2x dx
1 253x 2 3x
3xe 3Jxe dx
Now integrate xe®* by parts:
1 23 2 1 3« 1 3x
=L _2( L |1, xldx)
3xe 3(x 3¢ JS
1 23c  2(1 3 11 3
3Xe 3(3xe xse +c)
1 23 2.3, 2 3
= —Zxe™ + L™ +
3xe gxe 7€ c
—93x(x2—2x+%)+c
3 3 9
m
>< .
; Find e*cosxdx
3
=
m
5 Let u=e*and 4 = cosx

dx
Jex cosxdx=e*sinx— fe" sin xdx

Integrate by parts a second time:
=esinx — {ex(— CoSXx) — j(— cosx)e” dx}
=e*sinx+ e*cos x — fexcos xdx

So, ZJex cosxdx=e*sinx + e*cosx

X
Jexcosxdng (sinx+ cosx) + ¢

dl_ 3x _1 3x
dxfe SOV73G

and u =x2 so 3 — 2y
dx

du

Let u =x,s0 —> =1, and integrate

dx
e3> using a standard form.

You could also solve this problem

using u = cosx and g—; =eX
Try it for yourself.

Rearrange with both integrals on LHS.

Exercise 10.8

1 Find
a fxsin xdx b Jxex dx
c fxln xdx d Jxezxdx
e fxsec2 xdx f Jxe‘x dx
g fxsin 2xdx h le—f dx
i fxezx“ dx j fxz Inxdx
k f\/;lnxdx | chos(x—z)dx
m fxsin(x + %) dx on thanzxdx

I ) f(ln x)*>dx

2 Find
a fxcos nxdx b Jxe”x dx
c fx"ln xdx ) d Jsin nxIn (sec nx) dx

3 Evaluate these definite integrals.

2
b f}?lnxdx
1

3 2
¢ | Inxdx d f xlog,,xdx
2 A 1
4 5
e | log,,xdx f J xcot? xdx
| | 2 | | %
b 2
g | x’e¥dx h J e¥sin xdx
| 0 | 0

10 Integration

O
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10 Integration

4 The graph of y = x sin x for 0 < x < 27 is shown here.

/N

3
3

Find area Q and area R.

5 This diagram shows the graph of y = xe™

Find the position of the stationary value.
Find the area between the curve, the x-axis and the ordinates
x=0and x=5.

6 a Prove that the curve y = xInx has a minimum and find this
minimum value.

b Find the area enclosed by the curve and the x-axis.

7 Integrate each of these functions either by parts or by
using a substitution of your choice.

a fx(1+x)4dx b f(erl)zexdx c fxﬁdx

8 Find
a fxzex dx b fxzsin xdx c f x2e*dx
d fxze‘3xdx e fezxcos 2xdx f fxzcos 3xdx

g fe“sin 2xdx

9 Evaluate these definite integrals.

z
20

a e**cos xdx
0

1
b f 2x%e 2 dx

0

2
c f x(Inx)?dx
1

10 This diagram shows the graph of y = x%e**

Ya

y = X2e2x

Find
a the yvalue of the maximum stationary point

b the area enclosed by the curve, the x-axis and
the ordinate x = -2.

INVESTIGATION
11 Let Inzfsin”xdx

By writing sin” x as sin xsin" ! x, use integration by parts
to show that nl, = -cosxsin™ ' x+ (n— 1)I,,_,

Use this formula to find fsin3 xdx and fsin4 xdx

Find the value of J sin® xdx
0

10 Integration

O
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A systematic approach to integration

When integrating a particular function, you should look to use:

0 standard integrals to see if the function can be integrated on sight
O the two particular cases %dx and Jf "(x)g[f(x)] dx
0 the method of substitution
O trigonometric identities
O partial fractions
0 the method of integration by parts.

Find a fx(x3 +1)%dx b jx(x+ 1)7dx

c fxz(x3+l)7dx d fx\/x+1dx :'r?i)l;;d““rl

a fx(aé+1)2dx=fx(x6+2>é+1)dx b fx(x+1)7dx=xxWDS_J(“DSxldx

8 8

1

_1 8 _
_8x(x+l) 3

= | (& +2x* + x)dx i +1°+¢
9

1. 8,2 5,1 2 1 8
——x¥+ 2 4 e c
8x Sx +2x LG 72(x+1)(8x 1)+

c fxz(x” + 1)7dx=%13x2(x°’+ 1)"dx d fx\/x + ldxzf(uz— 1) x ux2udu

=%xé(x3+l)8+c =2J(u4—u2)du
— 13, 1\8 _2,p5 2,54
—ﬂ(x +1) +c 51/! 3“ ¢

3
= %(x +126x—2) + ¢

You could also use integration
by parts in d.
Try it yourself to show that the two
methods give the same answer.
O

Exercise 10.9
Integrate these functions with respect to x.

1 x(x—3) 2 x(x—3)? 3 (x—6)° 4 3x32(2-2)7
5 2Vx’ +1 6 X 7 x*cos (2x°) 8 3cos’x

X +1

10 Integration

9 2sin?3x 10 4sec’x 11 5cos4x 12 xsin2x
13 »In (2x) 14 > 15 x(x+1)* 16 x(:2 +2)°
x“+7
17 xe? 18 xe? 19 2tan2x 0Q _Cot2x_
cosec2x
21 tan (lx)cot2 (lx) 22 In(2x) 23 In (x?) 24 X+2
2 2 x+1

25 (x+3)(x*+1) 26 cos (Zx + %) 27 tan(2x— n) 28 e**sin2x

29 sin2xcos2x 30 sin2xcos4x 31> 32 > 1
(x+1)(x—4) X _2x
2x
33 2 34 ee* +1 35 < 36 08X
x—2 e +1 sin” x

37 sin5xcos2x 38 cosxsin’ x 39 (£-9)"! 40 sin xv/cosx
41 Evaluate
z 2 v i
a fsinzzxdx b J;dx c ftaﬂdx d J 3sin 3xcos 3xdx
A ) x(2x —1) |, sinx )
42 Find
2
a J% dx b ftan“xdx c fxzexsdx d fcossxdx
tan’ x
. 4 1 secxtanx x
e fsm xdx f Jxmdx g f3+secxdx h f3 dx

INVESTIGATION
b
43 What is a geometrical interpretation of the integralj f(x) dx for b > a?

Without evaluating these integrals, find whether they are positive,

negative or zero.
T

4
c f sin® xdx
T

4

b fx%(l _ ) dx

O
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The area under a curve y = f(x) between the ordinates x=a
and x = b is given by

S5x—0
a

b b
Area A = lim ) ySx =f ydx

If you rotate a rectangular strip of width 6x about the x-axis, the strip
generates a thin circular disc.

The disc is a cylinder, radius y

The volume of this thin disc is 5V = m)?dx. and thickness Sx.

Y
A }fk
= f(x
y2 ™ y=f(x)
x,y) Ox
y
(0] a 5)’( b X X
Area A volume &V Volume V

If you rotate the whole of area A about the x-axis, you generate a
solid which is formed by summing an infinite number of thin discs.

As the number of discs increases, 6x — 0 and, in the limit, the

summation gives the exact value of the volume, V, of the solid.
This is known as a volume of revolution.

b b
Volume V = li 5x =
olume 5’?—1302“:”}/ x L ny*dx

Il 37TdINVY X3

¢ 317dINV X3

The area enclosed by the curve y = x* + 1, the x-axis and the
ordinates x= 1 and x = 2 is rotated about the x-axis
through 360°.

Find the volume of the solid of revolution.

2 2
The volume = J mdx=r| (Z+1)%dx v,
1

1
2
=7rf (422 +1)dx
L N
1.5, 2 :
= n[—xs +Ex0+ x] )
5 3 0
A
32,16,, 1 2
=”(?+?+2 5 3 1)

= %ﬂ cubic units

3

Show that the volume of a sphere of radius ris given by %nr .

The circle x> + y* = 7* has a radius rand a centre (0,0).

The shaded semicircle is rotated about the x-axis through
360° to make a sphere of radius r.

Imagine a thin disc of thickness dx and radius y.

The volume of the disc, 5V = my*6x = n(r* — %) 5x

So, the volume of the sphere = frir(r2 — x*)dx

=T

10 Integration

7 is a constant. You can take it
outside the integral sign.

You can leave your answer as a
multiple of 7.

<

O
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A hollow bowl is formed by a solid of revolution when the
area between the parabola y* = 4x and the straight line

y = %x is rotated 360° about the x-axis.

Find the volume of the bowl.

€ 37dINV X3

2
The curve and line intersect when (%x) =4x
4x2 =9 x 4x
4x(x—-9)=0
x=0o0r9
y=0o0r6

The points of intersection are at (0,0) and (9,6).

A solid of revolution is formed from
thin discs (of radius y= Jax ) with the

central parts (of radius y = %x) removed.

The volume of the disc, 6V = ﬂ(\/ﬂ)z&c — ﬂ(%x)z ox

= (7T><4x—7r><%x2)6x

<
O The volume of the solid of revolution
x=9
=1 \%
Jim 2.5
9
=j (nx4x—7r><%x2)dx
0
9
= J (4x—%x2)dx
0
9
_ 2_ 4 .3
= 7T|:2x 27x ]O
=7 (162-108-0)
= 54 cubic units
Curves with parametric equations
If a curve is specified by parametric equations x = f(¢), y = g(1),
then the volume V of the solid of revolution is given by
V=J ﬂyzdx=f ﬂyz%dt
250

A slightly quicker method is to
realise that the ‘hollow’ in the bowl
is a cone of base radius 6 units
and height 9 units.

The volume of the cone is thus

%ﬂx 36 x 9 =108m and you

can subtract it immediately from

9
fﬂx4xdx—1627r
0

The independent variable is t.
The limits of this integral are
t=tyand t=t,.

10 Integration

m

§ The curve with parametric equations x= >+ 1, y=t + % 0 s

=| is shown in this diagram. t=1 -

— I :

: Find the volume of revolution when the shaded area i i R
bounded by the curve from t=1 to t= 2 is rotated 0 X
about the x-axis through an angle of 2. (\

: dx : 1\ dx
The volume V:J n)/zadtzj ﬂ(t+;) x 2t dt FTaEAl
1 1 The limits are values of t
2 2 (not values of x).
1 3 1

Expand the bracket (t + ;) 0 = 27Tf (t +2t + ;) dt

1

1 c _27

= 2”[Zt4 +t2 4 lnt] =57t mln4 cubic units
1

m

§ A circle of radius r has parametric equations N

% x=1cos 6, y=rsin O

=

2 The shaded semicircle is rotated 360° about the x-axis.

Show that the volume V of the sphere generated is %77.’1’3 B
—r
At points A and B, y=0, sin =0, so =0 and 7 respectively.
T dx T
sz ﬂf@ do =J n(rsin ) x (-rsin ) d6 g’é =-rsin0
0

0

= —7rr3f (1 — cos?0)sin 6dO
0

= —nr3f (sin O — sin O cos® ) dO
0

=77 [—cos@ + l(:os3 9]
3 o

(=) -4

The volume of the sphere = %nﬁ cubic units

Using sin® @ + cos? 0 =1

Either recognise the integral
of —sin Ocos? O on sight or use
the substitution u = cos 6

The negative sign indicates that
you have integrated anticlockwise
around the circle from A (where
t=0) to B (where t = 7).

251
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Exercise 10.10
1 Each of these three shaded areas is rotated 360° about the x-axis.
Find the volumes of revolution.

a b y c

>

10 Integration

5 The region Ris defined as the area between the curve y =tan x,

the x-axis and the line x= % If R is rotated 180° about the

x-axis, find the volume of the solid which is generated.

y=x(3-x) 6 a Find the volume generated when the area enclosed by the

curve y = x°, the x-axis and the line x = 3 is rotated 360°
about the x-axis.

b Find the points of intersection of the curve y = x* and the

2 In each case, the region R is bounded by the curve y = f(x), the
x-axis and the given ordinates. Find the volume generated
when R is rotated through an angle of 27 about the x-axis.

5 é\ > line x + y = 12. Find the volume generated when the area
in the first quadrant enclosed by the curve, the line and
the y-axis is rotated 360° about the x-axis.

7 a Find the points of intersection of the line y = 2x and the
curve xy =38

b The area in the first quadrant bounded by this line and

— _ — = — L = =
a flx)=x-1, x=1x=2 b flx) Jx x=2x=3 curve, the x-axis and the ordinate x =4 is rotated through
27 about the x-axis. Find the volume generated.
c f(x)=x(x-2), x=0,x=1 d f(x)=sin x, x=0,x % 8
o o o L 8 The area between the two curves y = x° and y? = x is rotated
g e o= cosx’ x=0x=7 fof=eVr,  x=lx=2 through 27 about the x-axis. Find the volume of the solid 0
which is generated. B
g f(x)zx;I, x=2,x=3 h f(x)=vxlnx, x=2,x=3
9 The region R is defined as the area enclosed by the y-axis and y
3 The line y = mx passes through the point (h, 7). Y the two curves y=sinxand y= cosx. If R is rotated through
. . y = mx 2 about the x-axis, find the volume generated. y = sinx
The area bounded by the line, the x-axis and the
ordinate x = h is rotated 360° about the x-axis 1 0 >
to generate a cone of height h. . ‘ Y= oosx
Find the value of m in terms of rand h. i
Prove that the volume of the cone is L 72k i 10 A metal washer has the shape of a solid of revolution. Y,
3 ;7 " The shaded area in this diagram, enclosed between the
curve y= x> — x+ 4 and the line y = 4, is rotated through 2 o
4 A solid of revolution is formed by rotating the curve an angle of 27 about the x-axis to form the washer. i
y = xv4 — x*, where x > 0, a full turn about the x-axis. a Write down the coordinates of the points of |
Sketch the graph of the curve and find the volume of the solid. intersection Pand Q. o
0 "X
b Find the volume of revolution.
252 253
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11 If the area between the curve y = In x, the x-axis and the
ordinate x = 3 is rotated through 180° about the x-axis,
find the volume generated.

12 A sphere of radius 13 cm is intersected by two parallel planes
7 cm apart.

The larger intersection is 5cm at its nearest point from the
centre of the sphere.
Find that volume of the sphere which lies between the two planes.

13 Find the volumes of revolution when the shaded areas on
these diagrams are rotated about the x-axis through 360°.

a C
yA
The parametric equations are
x=1r x=£+3 x=4t
y=1 y=3t+1 y= %
14 A curve has parametric equations x = %, y=1t Y,
The area bounded by the curve, the x-axis and x=Lly=¢
t
the ordinates x = % and x =2 is rotated through an angle
of 27t about the x-axis. i
Find the volume of the solid of revolution. |
0 i > x
2
15 The part of the curve, defined parametrically by x = £—1, y
y = ¢!, from the ordinate of P where =0 to the ordinate
of Q where t=-1 is rotated about the x-axis through 360°.
P
Find the volume of revolution. | Q N
0

16

17

18

19

That part of the curve, defined parametrically by

x=t,y= rlt’ which lies between the ordinates of

R (1, %) and 8(4, %) is rotated a full turn about the x-axis.

Find the volume of revolution.

The shape of a rugby ball is called a spheroid. It is the solid
of revolution when an ellipse is rotated about one of its axes.
Find the volume of the spheroid which is generated by
rotating the ellipse with parametric equations x = acos 6,

y = bsin 0 about the x-axis.

This diagram shows the curve with parametric equations
x=sin6, y=sin20

Find the volume of revolution when one of the loops is
rotated a full turn about the x-axis.

Find the volume of the solid of revolution when the area
bounded by the curve x = tan 6, y = sin 6, the x-axis and the
ordinates x = 1 and x = /3 is rotated through an angle of 27
about the x-axis.

INVESTIGATION
20 Y,

Y

T

(0] 2 X

This circle, with centre (2, 2) and radius 1 unit, is rotated
about the x-axis through an angle of 27 to generate a solid.

What name can be given to the solid?

Can you find an expression for the volume of the solid?

10 Integration

Y

O
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Reviewv 10

1 Use the trapezium rule to estimate the value of these integrals
correct to 3 significant figures using the number of strips given.

2 1 5
a j 3%dx 5 strips b f e’ dx 6 strips
0

0

4 us
c f In(x?—1)dx 6 strips d f4wltan6 dO 5 strips
2 0

us

4
2 a Use the trapezium rule to estimate the value of I :f sec? xdx
0
by dividing the interval from 0 to % into 5 strips.

b Find the exact value of I by integration.
¢ Calculate the percentage error in the estimated value of L.

d Explain, using a suitable diagram, why the answer to
part a is an overestimate of the exact value of L

y=(x-1)Inx

<
@)
3 This figure shows a sketch of the curve with equation Y,
y=(x—1Dlnx x>0
a Copy and complete the table with the values of
y corresponding to x= 1.5 and x=2.5
1 1.5 2 2.5 3
0 In2 2In3
3 ol 1
b Given that I= f (x— 1)Inxdx, use the trapezium rule
1
i with values of yat x=1,2 and 3 to find an approximate
value for I to 4 significant figures
ii with values of yat x=1, 1.5, 2, 2.5 and 3 to find another
approximate value for I to 4 significant figures.
¢ Explain, with reference to the figure shown, why an increase
in the number of values improves the accuracy of the approximation.
3
d Show, by integration, that the exact value of J (x—1)Inxdxis %ln 3. [(c) Edexcel Limited 2006]
1
256
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10 Integration

4 Use standard forms to integrate these expressions with respect to x.

a cos3x b sec?5x c sin% d (6x+1)*
e cot2x 1 g — L h ¥
4x +3 (4x +3)°
i (e*+1)? j cosec’ (%+1) k sec2x I sec2xtan2x
5 Find
a fo(x2+3)5dx b fxz’ir3dx c fxcos(x2+1)dx d fcosxsinéxdx

h fxlel +x° dx

2
—1 dx sec” x 2
e _x=-1 f dx .
sz —-2x—-1 J1+tanx g fxe dx
6 Use the given substitutions to find these integrals.

1 > dx u=x+3
(x+3)
c fex\/ex+3dx u=e*+3

b f(x— D(x—4)>dx u=x—4

d j X dx wW=x+1
x+1

O

2
2
7 Calculate the value of J (ﬁ) dx using the substitution u = x+ 2
1

8 Use the substitution x = sin 0 to find the exact value of J ;3 dx  [(c) Edexcel Limited 2005]

0 (1 - xz)z

9 Find these integrals, using appropriate trigonometric identities where necessary.
c tanx 4,
{1 - cos? x
f f(2 + tan x)?dx
[ fsin5 xdx
I J(l—sin2 (ix))dx

a fcos xcosec xdx b ftan2 xcosec? xdx

d fcos2 3xdx

g Jcos4 (%) dx

j fsin4 2xdx

e fs.in2 3xdx

3(x
h jcos (7) dx
k f(tan4 x—sectx) dx

10 a By expanding cos (A + B) and cos (A — B), show that
2cos Acos B=cos(A — B) + cos(A + B)

Hence, find fcos 6xcos4 xdx

%
b Use a similar method with sin (A + B) to find the value of f sin 6xcos4xdx 57
0
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11 Integrate using partial fractions.

x+3 5x 7
° J(x—l)(><—3)Cbc ° J(Zx—l)(ﬁz)dx ¢ J(x+1)(x—3)2dx

12 Find the value of

a fmdx b fﬁdx

_ 5x + 8
13 gl = 0+ 4002 -

E in the form —A 1+ B _ where Aand B
a Express g(x) in the form Tia0 T ao Where and
are constants to be found.

b The finite region R is bounded by the curve with equation
1

y = g(x), the coordinate axes and the line x = 5

Find the area of R, giving your answer in the form
[(c) Edexcel Limited 2003]

aln2+bIn3
14 Use integration by parts to find
a fxcos xdx b chos 3xdx c fxe“dx d fxsin nxdx
e fxzezx dx f jez"sin xdx g fx31n xdx

15 Evaluate these integrals using integration by parts.

4 1
a j xsin xdx b szexdx c f e*cos xdx
0

0 0

wly

2
d fx‘*lnxdx
1

16 a Use integration by parts to find chos 2xdx

b Hence, or otherwise, find chos2 xdx [(c) Edexcel Limited 2005]

17 Choose an appropriate method of integration to find each of these integrals.

a jf(xz—l)dx b J(x—Z)(xz—l)dx c J(x—5)6dx d fo(xz—Z)de

e fx\/x—de f J 2x dx g J 21 dx h le dx
x =1 x" =1 X —x
i Jxez dx j Jxezdx K Jxln(3x)dx | fﬁln(Sx) dx
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10 Integration

18 Integrate

.2
a Jl—smxdx

2
1—cos"x

c fcos3 (4x)dx d Jsin4 (%)dx

sinx

b J\/seczx —1 dx

e f(z —sin’x) dx f fsin 7xsin3xdx g jexsin 3xdx h fxz cos4xdx

19 Evalute
%

2 3 .
a x(x—1)°dx b J x—1)4n(x—1)dx c X dx
| stx= G- 1P e LTanzx
4

20 The region R is bounded by the curve y = f(x), the x-axis and
the given ordinates. In each case, find the volume generated

when R is rotated through an angle of 360° about the x-axis.

a f(x)=4-x x=1,x=2 b f(x)=sinx xz%,ng
yA yA
fix) =4 —x?
! f(x) = sinx
‘R i R
o 1 5 x o « = >
4 2

21 The area enclosed by the y-axis, the curve y = x>+ 4 and the straight
line y = 5xis rotated about the x-axis through an angle of 2.
Draw a sketch of the area and find the volume of the solid

which is generated.

22 Part of a curve is defined by a range of values of the parameter ¢.
In each case, find the volume of revolution when the area between

the x-axis and the defined part of the curve is rotated about

the x-axis through 360°.

a x=£+1,y=Ff 1<t<2 b x=e,y=t+1 0<r<1

o<

23 This diagram shows part of the curve with
. 1
equation y =1+ ——
RN

The shaded region R, bounded by the curve, the
x-axis and the lines x= 1 and x = 4, is rotated through 5

360° about the x-axis. Using integration, show that

the volume of the solid generated is ﬂ(5 + %ln2)

|

>
>

X

[EEN E,
NS

[(c) Edexcel Limited 2003]

O
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Exit

Summary Refer to
0 The trapezium rule gives an estimate of the area between a curve and the x-axis. 10.1
0 The area A between a curve and the x-axis from x= a to x= b is given by

b
either A =J ydx where the curve has the Cartesian equation y = f(x)

dr
The volume of revolution when the area between a curve and the
x-axis from x = a to x= b is rotated 360° about the x-axis is given by

2
or A= J y dx 4t where the curve has parametric equations x = f(¢), y = g(1) 10.2
tl

b
either V= f 7 y* dx where the curve has the Cartesian equation y = f(x)

2}
or V= f nyz% dr where the curve has parametric equations x = (1), y = g(1) 10.10
tl
To integrate a function, you may need to use
standard integrals which can be integrated on sight 10.3
the two particular cases J% dxand ff "(x) x g[f(x)]dx 10.4
X
the method of substitution 10.5
trigonometric identities 10.6
partial fractions 10.7
the method of integration by parts, where Ju% dx =uv— JV% dx 10.8
Links

Engineers use integration to determine the pressure exerted
on the vertical gates of a dam by the water.

Pressure is defined as the force per unit area. In a fluid, the
force exerted on a submerged object increases if either the
density of the fluid, the depth of the object, or the exposed
area of the object increases. The force can also vary at
different points on the object if its shape is not uniform,
as is the case with many dam gates.

The force exerted by the water on the gate can be modelled by

b
szf xy dy

where w is the density of the water, (b — a) is the vertical length of the gate in the water and
x is the horizontal length of the gate at a point at depth y below the surface of the water.

Differential equations

This chapter will show you how to

o solve first-order differential equations of the forms

dy dy dy _
o= ), — = 0 and e = f(x)ely)

o use the method of ‘separating the variables’

o use first-order differential equations to solve problems in practical contexts.

Before you start

You should know how to:

1 Solve simple problems involving

gradients of curves.

e.g. A curve passes through the point (1,5) such

d
that d—i = 2x. Find the equation of the curve.

Ifj—i’ =2xtheny=x*+¢

To pass through (1,5),5 =12+ ¢
soc=4

The equation of the curve is y = x2 + 4

2 Integrate various functions.

e.g.Find a J4e3xdx b J L ox
X(x+2)
-3x
a [de¥dx=4x& _+c=-Re¥ 4
-3 3

1 _1 (1 1
b jx(x+2)dx_2j(x x+2)dx
= %(Inx—ln(x+2))+c

=1In( X )+c
2 \x+2

3 Use exponentials and logarithms.

e.g. If In(x + 1) — Inx = k, find x in terms of k.

In( +1) — Inx =|n(”1) — K
X

Sox+1:ek
1=x(e"-1)
_ 1
ek -1

Check in:

1 a The gradient function of the curve

y=f(x)isf'(x)=x>-5
If the curve passes through the point
(3,-4), find its Cartesian equation.

b The derivative of a curve is % =(x+17°

If the curve passes through the point
(2,5), find its equation.

Integrate
a (2x+1)°

b cos2x+ sec’3x

1
¢ G
d xcosx

X
x*+3

f X

x—1
Find x in terms of k when
a In(x—-2)=Inx+In2+k
b 2lnx=In(x*+1)+k
c K=1+ke™

201
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11 Differential equations

- . - - m
First-order differential equations ; Find the particular solution of the differential equation
= xz%—3x:1ify=4whenx=1.
A differential equation is a relationship between two (or more) -
variables and one (or more) of their derivatives. - dy
2
x=-3x=1
The order of a differential equation is given by the highest 62
derivative in the equation. Rearrange: xzjx_y =1+3x
E.g. dy 1+43x 1 3
d . . . . a = — = — + =
d—y = xsinx is a first-order differential equation in x and y. % 2
X
¢ d . . . Integrate with respect to x:
&Y 6% +9=0is a second-order differential equation in x and y.
dx dx _ 1 3 dx
A lpw +
This chapter considers only certain types of first-order 1 o _
differential equations. =T 3lnx+c¢ This is the general solution.
d When x=1, y=4,so 4=-1+3Inl+c¢
Consider the differential equation Ey = 2x c=4+1-3%0
=5
You have y= fodx To find the solution of the equation, i
integrate with respect to x. The particular solution is y = -=+3lnx +5
< giving y=x>+ ¢ where cis an arbitrary constant. X 0
O hS
This solution is called the general solution.
Different values of ¢ give different solutions but the graphs If gx_y = f(y), then % = % & 1
of these different solutions all have the same basic shape. g . . A . . A
. . . and integrating with respect to y gives the general solution v Y
The graphs form a family of curves, in which each curve dx
can be formed from any other by a simple translation parallel x= j%dy =gy)+c
to the y-axis. Y
) _ (3,14
If you choose one member of the family, then that solution
is called a particular solution. m
P § Find the particular solution of the differential equation
FOF example, consider the graph which passes through the ‘ % dy _ cos’y
point (3,14). 0 % - dx
Substitute x=3 and y= 14 into y=x + ¢ 4| given that y=0when x=1.
14=3%+¢ giving c=5
. . . dY _ e? e de _ 1 _ >
- R v _ : == =
The particular solution in this case is y= x> + 5 ST =G0 &~ cos’y secy
d L Integrate with respect to y:
If ay =f(x), then the general solution is given by
The general solution is x= jsec2 ydy=tany+c
7= [ dx=gin+c .
Given y=0 when x=1, l1=tan0O+¢soc=1
The particular solutionis x=1+tany
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Differential equations

Find the particular solution of (1 — y)jx—y +yr=1,ify=2
when x=0.
: dy _ 0+y)d-y)
Rearrange: e Ay AL LN~
g ax = 1+y
dx 1
S -1ty

Integrate with respect to y: s= fﬁ dy=In(+y)+¢

When x=0, y=2so 0=In(1+2)+c

c=-In3
The particular solutionis x=In(1+y)—In3
=in(52)
x_1ty
€T3
y=3e*-1

If % = f(x)x g(y), then the general solution is given by

1 _
f@dy _jf(x) dx

This method is called separating the variables.

This is the general solution.

You could have used this method
on j—i =1+ yin Example 3.

Try it yourself to show that it
gives the same answer.

Find the general solution of xyz% =x"+1

Separate the variables and integrate:

2
fyzdy:fxTﬂdx

“Jeri)e

1. 3_1.2
3V =5 +Inx+¢

y = %xz +3lnx + ¢’

O

x and y (with the operators dx
and dy) are separated onto the
two sides of the equation.

A new arbitrary constant ¢’ has
been introduced where ¢’ = 3¢

S 37dNV X3

Find the particular solution of b _y if y = /3 when x=2.
de  x* -1

Separate the variables and integrate:

e
Y xr -1

_ 1 1 1

_Ej(x—l x+1)Cbc
Iny = %(ln(x —D—-In(x+1)+c
Iny =In [x_l+lnA

x+1
:ln(A x_—l)
x+1

x+1
Substitute for x and y:
J3=A %
3
soA=3
x—1

Exercise 11.1
1 Find the general solutions of these differential equations.

dy _ .4 dy _
a I = 3x b e =cos2x
2oz dy _
c (x +1)—] =x d (x+1)—] =x

2 Find the general solutions of these differential equations.

dy _ .4 dy _ ~2y
dy  _ dy _
c i y=3 d _dx_COty

3 Find the general solutions of these differential equations.

dy «x dy J dy

a —] —; b Ix  x c :]/._xy
d}’_ _ dy _ y _

d X TV = e yg=¢ f ty =yt
dx
20X _

g ta—.x"‘l h td——COtx

11 Differential equations

Factorise and use partial fractions:

1 1

2—1 x=Dx+1

Define a new arbitrary constant A
sothatc=1InA

You can now incorporate A within
the logarithm, using the fact that

Inp+Ing=In(pq)

O
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4 Find the particular solutions of these differential equations.

a jx—y:x2+x+l,giveny=2whenx=0
b & _

dx

2
c (gx—y) = x, given y =4 when x=1

: &y

d 1+x o
dy _ secy
dx  secx’

e == given that y=0 when x=

ﬁ, given y=2 when x=1

= xy’, given y =1 when x=0

r
2

f e"”’% =1, given y=In2 when x=0

5 Use a mixture of methods to find the general solutions of these

differential equations.

a (x+1)j—;/=l

g 3x%+x=x2

&r__y
dx  x(x+1)

dy _
k tanxa = coty

d .
m cos’x < = sin’x
dx

o ex%+y2=4

dy

,3}/
— =e
dx

dy _
o tany

dy _

xcosy o= = siny

2y%+y:1

dy  x*+x

dx  yP 4y

dy _
(x+1)a—xy—0

y%zsecy

. d .
(cosx —sinx) == = 2sinx

dy
dx

6 Find the equation of the parabolic curve which passes through

the point (-1,2) and for which (y — 1)

dy _
=4

7 Show that the curve, which contains the point (3,7) and for

which ¥ = 1+_y’ has the equation y+ 1 =k(x+ 1)
dx 1+«

Find the value of k.

8 The gradient at the point (x,y) on a curve is given by

dy _ «x
dx  ysecx

If the curve passes through the point (0,2),

find its Cartesian equation.

9 Find the particular solution of the equation (1 + cosZG)% =2

given that x=1 when 0 = %

10 Find the general solution of the equation (y° + 1)% —Xy=x

11 The differential equation xy% = x” + y* can be solved

using the substitution y = xz

. . dy .
a Find an expression for £ in terms of xand z.

dx

b Eliminate y from xy% = x* + y* and show that Lo

dx

¢ Hence, prove that y* = 2x’In (ax) where ais a constant.

12 Prove, by using the substitution y = tz, that the general solution

of the equation &y _yt+y)

dt — ty—1)

INVESTIGATION

in the USA in 1940.

Y
is Aty = e! , where A is a constant.

13 Oscillations and waves in, for example, simple
pendulums and electrical circuits, can be modelled
using differential equations. Architects and structural
engineers use differential equations when designing
buildings and bridges to take account of their natural
frequencies when these structures sway in the wind. If
the oscillations induced by the wind match the natural
oscillations of the structure, then resonance occurs.
Use the Internet to investigate

o the early discovery of resonance;
o the conditions under which resonance leads to instability;
o the structural collapse of the Tacoma Narrows Bridge

11 Differential equations

O
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O

0 0 o o o m
Applications of differential equations = The radioactive element strontium-90 has a half-life of In radioactive material, atoms
| 29 years. Find what percentage of the initial amount of disintegrate spontaneously. The
. . . T i 3 g g rate of disintegration at a given
You can solve problems involving rates of change by forming a - radioactive strontium is left after a hundred years. time t is proportional to the
differential equation and then using integration. ® amount of radioactive material left
You have M o M giving M _ kM where kis positive. in the sample. The amount of
1] . 2 . . dr dr radioactive material M is
ol The acceleration, ams™, of a moving particle depends on the decreasing over time, so the rate
)§> time, ¢ seconds, which has elapsed since the start of the SIS Vel e e I dm 7
= t', Wh ’ o0t . of disintegration o is negative.
&1 motion. When a = 6cos J _j rd
. . . == = || =lkalif
48 a find the velocity of the particle, vms™, in terms of the M
time ¢, given that the velocity after % seconds is 7ms! InM=-kt+c=-kt+InA Let ¢ =InA, so that InM — InA
initi i can be combined.
b find the initial velocity. ln( % ) — k¢ giving M= At
a Acceleration a= % — 6cos2t ér?zcaitgegaot;ovneliscti?; rate of A half-life of 29 years means that, if the initial amount of M,
strontium is M,, then %MO remains after 29 years. M = Met
Integrate with respect to t: y= j6cos 2tdt=3sin2t+ ¢ This is the general solution. Mo ¢
When t=0, My =Ae’ so A=M,and M= Mye"
_T _a T > Mg 0 0
Whent—4,1/—7,so 7—3sm(2><4)+c X i, 1 Lo LN
c=7_3=4 Whent=29,§M0:Moe ) e =7 270 |
The velocity of the particle, v=3sin2¢+ 4 This is the particular solution. k . 1 | >
e =2 gives 29k=In2 and k==-1n2 0 ‘ t
S b Whent=0,v=3x0+4=4 N = 7
. o ) _(In2
The initial velocity =4ms Hence M = Mg ( 29 ) This graph illustrates the half-life of
10012 strontium as 29 years.
- When t=100, M =Mge 2 =Mze>>
o Atany given time t, the rate of increase of a population of =0.0916M, (to 3 s.f.)
4 Dbacteria is proportional to the size of the population, N. The Py st 9% of the strontium is radioacti
4 initial population is 50. If the population has increased to 100 e years, Just over 2o ot the strofitium 15 radioactive.
E when t= 1, find the size of the population when 7= 5.
. Exercise 11.2
The rate of increase of the population is - 1 Asa train enters a tunnel with a velocity of 6ms™, its acceleration, am s,
soN . N giving iiﬂ = kN where k>0 is given by a = ﬁt + %, where ¢ is the time in seconds spent
d t in the tunnel.
Separate the variables and integrate: . . Lo
14N fkd a Find an expression for the speed of the train in terms of ¢.
A — t
Nl N Let ¢ = InA. 50 that NN — InA b If the train leaves the tunnel after 30 seconds, find its speed on exit.
nN=kt+c¢ o -
— ki+InA can be combined.
N 2 The population of a certain kind of insect is growing at a rate
IH(X) = kt which is proportional to the number, N, of insects present at a
N= Ak given time ¢ (in days), where (il_zj =0.IN
You have N=50 at t=0 and also N=100 at =1 There are two unknown. constants, The population is monitored over time and N = 200 when £ = 0.
When £= 0. 50 = Ae®. so A = 50 A and k. You need two items of Find the s i i L aft - oring has b
’ ’ information to find their values. a Find the size of the population one week after monitoring has begun.
When =1, 100 = 50e¥, so e¥ =2
Hence N = Ae* = A (e¥)!=50 x 2! This is the particular solution. b How long will it take for the initial population to increase tenfold?
When t=5, N=50 x 2°> = 1600
The size of the population when #= 5 is 1600.
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3 Pine trees in a forest are dying due to a fungal disease. Initially there
were 2000 trees, but, with a rate of infection proportional to the
number of trees still unaffected by the fungus, the number unaffected
after 2 years is 1600.

Find how long it will take before half the trees are infected.

4 A crystal suspended in a chemical solution is increasing in size
over time. The rate of increase of volume is inversely proportional to
the square of its volume. Initially, the crystal had a volume of 3 cm?
and, one day later, its volume was 4 cm”’.
How long will it take for its volume to increase to 10 cm??

5 When the power is switched off in an electrical circuit, it takes
time for the current to stop flowing. At the moment of switching
off the time #= 0 and the current i = 4,

If the circuit has a resistance R and an inductance L, then

L% + Ri =0 where Land R are constants.

a Find an expression for i as a function of tin terms of L and R.

b How long does it take the current to fall to a value of ﬁth of
its initial value?
Give your answer in terms of R and L.

6 A oil-tank 4 metres tall has a leak. The depth of oil, h metres, in
the tank is decreasing over time at a rate, in metres per hour,
which is proportional to the square root of the depth.
a Given that the tank is full initially and that the initial rate at which
the depth is decreasing is 16 cm per hour, find the depth of
oil in the tank after 10 hours.

b How long does it take for the tank to empty?

7 Radium is a radioactive element and it decays at a rate proportional
to the mass M of radium which exists in a sample at a time .

a If the initial mass of radium in a sample is M, show that the
mass of radium remaining after a time is given by M = Mye™,
where kis a constant.

b If the half-life of radium is 1620 years, show that the value of kis
approximately 4.28 x 107

¢ How long will it take for the initial mass of radium to decay by 99%?

8

10

11 Differential equations

Newton’s law of cooling states that, for an object at a temperature 6°C,
the rate of decrease in its temperature is proportional to the difference
between its temperature and the ambient temperature. An object is
initially at 70°C in a room at a constant temperature of 10°C.

During the first 10 minutes its temperature falls to 60 °C.

a Prove that 0= 10+ 60e™* where k = %ln (g)
b Find how much longer elapses before its temperature falls to 50 °C.

¢ What will its temperature be one hour after it initially started to cool?

The growth of a leaf on a plant depends on the water absorbed
from the plant and the water lost by evaporation from its surface.
If the width of a leaf is wcm, then the rate of increase of the width
is equal to 2w — w?.

2e2t
1+e*

a If w=1when t=0, show thatw =

b Find the maximum width of the leaf.

In a chemical reaction in a solution a new chemical is formed.
At a time  seconds, y grams of this chemical are present in the solution

and the rate of increase of the chemical is given by % =23-y)(1-y)
a Given that y=0 when =0, find an expression for y in terms of ¢.

b Find the mass, y grams, which has formed 2 seconds after the
start of the reaction.

¢ Find the limiting value of y as t increases.

INVESTIGATION
11 Shake 100 drawing pins on to a table.

Pins landing point down can be used to simulate radioactive
atoms which have decayed in the first second. Remove them.

Repeat over and over again, removing all the pins which land
point downwards, until you have only half of the original
100 pins left.

The number of shakes that you have made gives you the
half-life in seconds.

Construct a mathematical model and check its validity for
predicting the number of shakes required to leave 10 pins.
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7 a The acceleration, a ms, of a moving particle is inversely

Review 1l : . o .
evie proportional to the velocity, vms™, at which it is travelling
after a time of ¢ seconds.
- . . o o 3
1 Find the general solutions of these differential equations. i Find vin terms of ¢, Slve“ thét lt§ initial velocity is 10ms
dy , . dy ) and, after 5 seconds, its velocity is 20ms™'.

a xg - =x+2 b (" =17, =3 ii Find its velocity after a further 5 seconds of motion.

c s dy g Y_ oo b If the acceleration is directly proportional to the velocity,
S T 08X 7 find its velocity after 10 seconds of motion, given that v= 10
dy dy when t=0 and v=20 when ¢=5.

—Z = -3y - =
e L =¢ f oty 1
8 Liquid is stored in a cylindrical tank of radius 5 metres. Algae
2 Find the particular solutions of these differential equations. on the surface of the liquid is growing at a rate proportional to
dy the surface area, A, which is covered with algae. The algae was
a =1- 2x+2x* given y=4 whenx=3 first noticed when it covered 10% of the surface and, after a
further 10 days, it covered 20% of the surface.
dy _ » : _ _1
by Friab il given y = V2 when x = 2 a Write down a differential equation involving %

Solve the equation to find the area of the surface covered with

3 Separate the variables to find the general solutions of these
algae after another 10 days.

differential equations.

O

o a dy _ 14 e~ b (*+1) (Cilx_y = xy b How many (.lays in total does it take for 75% of the surface
(@) dx to be covered with algae?
c secxd—y = cos’ d 3 Y, 1 , . .
dx Y Vax Y 9 Newton’s law of cooling states that an object at a temperature 6°C
d cools in such a way that the rate of decrease in its temperature is
e L= % f y—y = 2xsecy proportional to the difference between its temperature and room
dx  x* —3x+2 dx

temperature. An object is initially at 70°C in a room at a constant
temperature of 20 °C. During the first 5 minutes, its temperature

4 Find the particular solutions of these different equations, given falls to 60°C.

that y =2 when x=1.

Jdy a Show that 8 =20+ 50e* and find the value of the constant k.

2
a y-—-=x
dx b How many more minutes elapse before its temperature falls to 50 °C?
o 2
i T 10 Chemical A is converted into chemical B during a reaction. At any
d time during the reaction, the rate at which A is converted into B
¢ cosec(x — l)ay = yzy 1 is proportional to the quantity of A that remains at that time.
d a The quantity of A at time tis x and, when =0, x = x,.
5 A curve contains the point (0, 7). Show that, if a)/ = xsec’y, then Write down a differential equation involving t, x and x,,.
the curve has the equation y + sin ycos y — x* = k b In a particular experiment, the initial quantity of A is reduced by

Find the value of k. a half in 5 minutes. Find how many more minutes it takes for A
to reduce to only 10% of its initial quantity.

6 Given that y = % when x = 7, solve the differential equation

d_

==
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Exit

Summary

o % = f(x) has the general solution y= ff(x)dxz g(x)+ ¢

dy _ SN (D
o oo f(y) has the general solution x= f ) dy=g(y) +c¢

o jx—y = f(x) x g(y) has the general solution found from Jﬁd}/ = Jf(x)dx

This method is known as separating the variables.
0 The general solution of a first-order differential equation has just
one arbitrary constant.
You can represent the general solution graphically by a family of curves.
O You can represent the particular solution of a first-order differential equation
by just one curve selected from the family of curves.

Refer to

11.1

11.1

11.1

11.1

11.1

11.1

Links

An example of a differential equation with

many applications is the logistic equation
dpP

EZP(I—P)

where Pis a variable dependent on ¢.

This differential equation is often used to
model population growth, where the rate
of reproduction is proportional to both
the existing population and the
supportability of that population.

In this setting, the equation now takes the form

dP _ .p(1_L
E—TP(]. K)

where the constant r defines the growth rate of the
population, and Kis the supportable population
within the given environment.

This chapter will show you how to

o express vectors in different ways and use the components of a vector to
calculate its magnitude

o investigate properties of vectors, including how to add and subtract them

o calculate the distance between two points and find their midpoint in
3-dimensional space

o find the scalar product (or dot product) of two vectors

o calculate the angle between two vectors and the intersection of two lines

o find the vector equation of a straight line.

Before you start

You should know how to:

1

Check in:

1 a Find the vector which maps the point
(3,4) onto these points.
i (4,6) i (4,-1) iii (2,7)
b Find the image of the square
(3,3), (5,5), (3,5), (5,3) under the

. 6
translation Y

Describe a translation using a vector.
e.g.The point (4,1) maps onto the point (5,3)

1
under a translation given by the vector (2]

Use Pythagoras’ theorem. 2 a Find the distance from the point (0,0)
e.g. If the two shorter sides of a right-angled to the point (4,5).
triangle are 8cm and 6.¢m, then the longest b A right-angled triangle has two sides
side is given by \/64 + 36 = 10cm of length 5cm and 7 cm. Calculate

two possible values of the length of

its third side.
Solve simultaneous equations in 3 Solve these simultaneous equations.
three unknowns. a 3x+4y—z=3
eg 2x+3y+z=8 (1) 2x—=2y+z=7
X—-y+z=1 (2) x—=3y+2z=38
xX+4y+z=9 (3) b Xt y+2z=4
Subtract (2) from (1) to get
2x=3y+z=7
KAy =T *) 3x+2y+32=7
Subtract (3) from (1) to get
x—y=-1 (5)
Add (4) and (5): 3y =6
y=2
Substitute into (5) and (1):
x=1,z=0
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Unit vectors parallel to the coordinate axes are denoted by

Basic definitions and notations X
i= (0} j= (2) in two dimensions

A vector is a quantity which has both a magnitude (size) and a

direction. For example, velocity and force are both vectors. I 0 0
andbyi=|0|,j=|1|andk =0 |in three dimensions.
A scalar is a quantity which needs only a magnitude to describe it 0 0 1

fully. For example, speed and mass are both scalar quantities.

i i . : q s xi+ yj
A displacement vector represents a movement from a point P to The unit vector parallel to xi + yj is Y]

a point Q. [ + 52

The vector is represented by a directed line segment or an arrow.
The length of the arrow represents the magnitude of the vector.

g 4 L . .
) . o —> For the vector PQ = with [PQ | = 5, a unit vector in the
The vector in the diagram is printed as PQ, PQ or a. 0 3
.
When handwritten, this vector can be written as 176 ,PQor a. same direction will have components one-fifth of those of PQ .
~~ ~ a

The magnitude of the vector 176 (also called its modulus) can

The unit vector parallel to PQ is
—>
PQ

glw o~
I
|
+
|
—

be printed or handwritten as PQ,
be printed as |al.

, |a| or just a. It can also

Two vectors are equal if they have the same magnitude and

The components of a vector are the movements parallel to the o
the same direction.

coordinate axes when the vector is drawn on a Cartesian grid.
One vector is the negative of another vector if they have the

The components of this vector are 4 and 3. same magnitude but opposite directions.

One vector is a scalar multiple of another vector if they have
the same direction but different magnitudes.

In general, the vector ka is parallel to the vector a and has a
magnitude k times that of a.

. _—> 4
The vector can be written as PQ = (3 ]
Pythagoras’ theorem gives you

—>|2 —>
‘PQ’ =42+32=25and \PQ\ =5

. . . C id 2 4 d -2
In general, in two dimensions 5 e.g. Lonsidera = _ b= Llande=t

> X
the magnitude of PQ = is x?+ 2
(y ] ¢ P

and, in three dimensions, the magnitude of

0 You have b =2a,c=-aand b =-2¢

PYe y : 2 2 .2
PQ=|y|is Jx +y +z 0
4 \ . .
:l“\E y Adding and subtracting vectors
X You can represent two successive displacements by two
The zero vector O has zero magnitude and no direction. imensi —> —>
~ & In three dimensions there are vectors PQ and QR.
three axes for x, y and z. h val disol . by th
A unit vector is a vector with a magnitude of 1. They affqulva ent to one displacement given Dy the
The notation for a unit vector uses a ‘hat’ so that 4 or 4 is the vector PR.

. . . . The symbol ~ is known as ‘twiddle’.
unit vector in the direction of vector a.

—> —> —>
So PR =PQ + QR
or r=a+b

12 Vectors

> (4
The vector PQ = {3] can be

*
written as PQ = 4i + 3;j

Check: its magnitude

SRR

If k is positive, ka and a have the
same direction.

If k is negative, ka and a have
opposite directions.

O
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—>>
PR (or r) is called the resultant vector or, simply, the resultant.

Using the components of the vectors, the resultant of the

—> — . (6
vectors PQ and QR is (5)

On diagrams, the resultant is
marked by a double arrow.

You can change the order of displacements without affecting
the result.
So r=a+b=b+a

When the two vectors are drawn tip-to-tail to make a triangle,
the addition process is called the triangle law of addition.

When the two vectors start from the same point to make
a parallelogram, the addition process is called the
parallelogram law of addition.

The triangle law and the parallelogram law give the
same resultant.

To add several vectors you need to apply the triangle law
several times in succession.

If the vectors are drawn tip-to-tail, you can find the
resultant vector from the total displacement.

This process is called the polygon law of addition.

As before, the order of the addition does not matter.

In this diagram, r=a+b+c+d

Subtracting a vector is equivalent to adding the negative of
that vector.

Thatis a—b=a+ (-b)

S R AN B

12 Vectors

m
; Find a unit vector which is parallel to 6i + 8j.
< Find the angle between this vector and the direction
i of the x-axis.
m
= Sketch a diagram to help you to visualise the problem.
If p=06i+38j
then the magnitude of p, [p| = V6* + 8% = 10
. A_£=6i+8j=§. 4.
and the unit vector p = P 10 sit <)
From the diagram,  tan6 = %
and the required angle, 6 = tan’l(%) =53.1°
3
Find the values of kand n if q = kp where p = (ZJ and q = (ZJ
3
You have (n): k( J
8 2
The y-components give 8 = 2k, so k=4
The x-components give n =3k, so n=12
m
; Ifp=2i+j—3kand q=4i+2k
4 find a |p+q b [2p—(q
=
m
o 2) (4 6
a ptq=| 1|+|0|=| l|and|p+q|=~36+1+ =38
-3 2 -1
2 4 0
b 2p—q=2[ 1|-|0]|=| 2|and]2p—q|=+VO0+4+64
3) (2) (-8 = 68 = 2417

Find KL when LN =2i-3j+kand KM =4i-2j+ 3k
given that M is the midpoint of KN.

- > > —>» >

KL=KN+ NL=2KM - LN
= 2(4i—2j +3k) — (2i - 3j + k)
=6i—j+5k

XVV

O
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Exercise 12.1
1 Find the magnitude of

a 5i+12j b 5i-12j c i+2j+4k

Ifr=2i-3j+k, s=4i-2j+2k and t=2i+k
find the magnitude of

ar+s b r+s—t c 2s+t

Find a unit vector in the direction of
a 6i+3§j b 10i-24j c i+j+k

Find a vector, writing it as a column vector, which

a has a magnitude of 5 and makes an angle of 30° with the

positive direction of the x-axis

b has a magnitude of 2 and makes an angle of 120° with the

positive direction of the x-axis.

d 2i-3j+k
d 2r—3s+4t
d 2i—j+2k

a Find a vector which has a magnitude 20 and is parallel to 4i + 3j.

b Find a vector which has a magnitude of 5 and is parallel to 2i — 2j — k.

Find the value of #, given that

a |3i-3j+nk =22 b |ni+nj+2k =4

The vectors p and q are given by p = 3i + 2j and q =2i + 5j
Find

a the angle that p makes with the positive direction of the x-axis

b the angle between the directions of p and q
¢ aunit vector in the direction of p — q.
—> —> —>
a If LM =5i+2jand MN =4i—-j, find LN.
—> —> —>
b If PQ =3i+4j-3kand RQ =i-2j+k, find PR.

¢ If GE =2i—j—kand EF = 3i +2j + 3k find FG.

a Find the values of A and p if p=3i+2j — 4k, q=9i + Aj +uk

and q=3p

b Find the value of « if the vectors p = 2i + 5j and
q = ai— 10j are parallel.

10

11

12

13

14

If the vectors r and s are parallel, find A and p if
a u=4i+2j-3k,v=2i+4j+ uk
b u=Ai+j+2k v=12i+ yj—6k

Use this diagram to write these vectors as column vectors.
ar b s
C r+s d r-s

Using this diagram, write the resultants of these vector
additions as column vectors.

a pt+q b p+q+r

C p+rq+r+s d p+q+r+s+t

AB =5i+7j, CB =11j and CD =-4i + 6j

—> —> .
Prove that the vectors AC and BD are perpendicular.

—> —>
PQ =6i+3j—4kand PR=2i—j -2k
M is the midpoint of QR. Find the vector PM.

INVESTIGATION

15 Points A and B have position vectors a and b. M is the
midpoint of AB. Pis the midpoint of AM. Q is the
midpoint of MB. P, M and Q are the points of
quadrisection of AB.

a Find the position vectors for M, Pand Q in terms of

aandb.

b Find the position vectors for the two points of
trisection of AB.

¢ Can you write down the position vectors for the four

points of quintisection of AB?

12 Vectors
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Position vectors
The position vector of point A is the fixed vector to the
point A from the origin O.

It is printed as OA or a and is written as OA or 4.

E.g. In two dimensions, for the point A(3,4),
. —> (3 L
the position vector OA = . =3i+4j

In three dimensions, for the point B(2,1, -3),
2

g *) . .
the position vector OB =| 1 |[=2i+j— 3k
-3

The distance between two points
E.g. Points A(5,8,2) and B(8,12,14) have position vectors
a=>b5i+ 8j+ 2kand b =8i+ 12j + 14k
The displacement from A to B can be ﬁdirect

or in two stages via the origin AO + OB

You have ﬁ:ﬁ+&:—a+b
=b-a
= (8i + 12j + 14k) — (5i + 8j + 2k)
=3i+4j+ 12k

The distance from Ato B=AB=+/9 + 16 + 144
=+/169
=13

—>
In general, AB=b-a

Using coordinates in three dimensions, the distance from
A(xy, ¥15 ) to B(x,, 5, 2,) 1S

AB= \/(xz - x1)2 + (= p)* + (5 - 2)

The lower-case notation @ is
potentially confusing as it can
be used either as a general
vector or as the position vector

for point A.

A(5,8,2)

B(8,12,14)

1 37TdINV X3

The midpoint of a line

Points A and B have position vectors a and b.
The midpoint M of the line AB has the position vector

m=2@+b)

You can prove this result in two ways.

Let OACB be a parallelogram
whose diagonals intersect at M,
the midpoint of both diagonals.

Ot~ O + A% oti=15%
= 0% +34B =3(0% +az)
R T
:a+%b—%a :%(a+b)
=2@+b)

Prove that the points A(0,-1,2), B(1,1,5) and C(3,5,11)
are collinear.
—
AB=b-a=(i+j+5k) - (0i—j+2k)
=i+2j+3k
—
BC=c-b=(3i+5j+11k) - (i+j+ 5k)
=2i+4j+6k
=2(i+2j+3k)

—> —>
So, BC =2AB

Hence, BC and AB are parallel and have the point B in
common. So the points A, Band Care in the same
straight line.

12 Vectors

O

Collinear points lie on the same
straight line.

From the coordinates of A, B and C,
the position vectors are

a=-j+ 2k

b=i+]j+ 5k

c=3i+5+ 11k
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Exercise 12.2
1 a Find the distance between points A(2,4,1) and B(3,5,3).

b Given point C(4,8,1), find the length AC and show that
triangle ABC is right-angled.

2 In triangle P(1,4,5), Q(3,-2,1), R(5,0,3), M and N are the

midpoints of sides PQ and PR respectively.
Find the lengths QR and MN.

For each of the following sets of points A, P and B, show that
the points A, P and B are collinear.

Find the fraction such that AP = %AB
a A(2,1,4), P(3,3,5), B(5,7,7)

b A(-1,1,-4), P(0,1,-2), B(4,1,6)

¢ A(1,-3,0), P(3,-2,-1), B(9,1,-4)

d A(3,0,1), P(7,2,5), B(9,3,7)

M and N are the midpoints of sides OA and OB of triangle OAB.
B

0 ‘m A

. —> _—>
Find the vectors MN and AB in terms of m and n.
Make a deduction about the lines MN and AB.

In triangle OAB, point P lies on AB and points A, Band P
have position vectors a, b and p.
Find p in terms of a and b given that AP: PBis

a 1:2 b 1:3 c 2:3

d 3:5 e m:n

—> —>
In triangle OPQ, OP = p and OQ = q. Point M lies on OP such that
OM:MP = 1:kand point N lies on OQ such that ON: NQ=1:k

Find the vector MN in terms of p and q.
Deduce two facts about MN and PQ.

10

—> —>
The parallelogram OACBhas OA =aand OB=Db

Point R lies on OA and point S on AC such that OR: OA=1:4

and CS: CA =1:4. Find the vector EE in terms of a and b.
Deduce two facts relating RS and OC.

The parallelogram OACB has OA = a, OB=band OC=c
Point Plies on OB such that OP: PB=1:2

Point Qlies on AB such that AQ: QB=2:1

Prove that OC and PQ are parallel and find the ratio PQ: OC.

L and M are the points (%, -1, 2) and (1,5,6) respectively.

The position vector of point P relative to the origin O
is i+ 3j + 6k. Point R lies on OP such that OR: RPis k:1
Find the value of kif R, L and M are collinear.

. — —> —>
The skew quadrilateral OABC has OA =a,OB=band OC =c¢
The midpoints of its four sides in order are P, Q, Rand S.

%
Find the vectors 17(5 and SR in terms of a, b and c.

Prove that PQRS is a parallelogram.

INVESTIGATION

11 a The distance between points A(1,2,t) and B(t,£,0)
is x, where tis a variable.
Find x° as a function of tand hence find the
minimum distance between these two points.

b Use a similar method to find the minimum
distance between P(2,0,t) and Q(t,1,3).

12 Vectors
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The scalar (dot) product In component form in three dimensions, you have
a-b=a;b, + a,b, + a;b,

O

The scalar product (or dot product) of two vectors a and D is Ty
éForazai+a'+akandb=bi+b'+bk S
a-b=alIbl cos 0 5 v 2]_ ’ o 20 ; Pi=ik=jk=0
i arb=(ai+aj+ak)-(bji+ b,j+ bsk) :ii=|i|]ilcos90°=0

where 0 is the angle between the directions of vectors a and b. b > = abyi-i o boi+j + 4 bi-k+ a,byj i+ aybyj-j + aybij -k becatise cos 907 =0

. ) : + azbk-i+ a;bk-j + a;bsk-k :
The scalar product is a scalar quantity. lal, |b] and cos O are all scalar. L ii=j=kk=1
Angle 0 will lie between 0° and 180°. Therefore, the scalar product is = a,by + a,b, + asb, P iti=]i]]j]cos0° =
positive when 6 is acute, zero when 60 is 90°, and negative when 6 is obtuse. b s s s s s s nd | DECAUSE €080°= 1
Properties of the scalar product You can calculate the angle between two vectors using

; 1) a-b =a||b|cos 0= a,b, + a,b, + a;b,
If a and b are perpendicular, thena-b=0
................................................................................................................................................ m
5 b o] Find the angle between the vectors a=3i+2j+kand b=1+ 3j— 4k
© When a and b are perpendicular, ;§>
© 0=90°c0s90° =0 and a-b = |a||b|cos 90° = 0 : o 3 1
. In particular. i-j=j-k=k-i=0 L . m
;P : z a i ab=|2|| 3|=6xD+C2x)+(Ax4)=3+6-4=5
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" 1] -4 a-b=ab; + a,b, + ash,
<
O] ara=a’ (Aa)-b=a-(Ab) =A(a‘b) a-b =la||blcos® =9+ 4 +1x~1+9+16 xcos6
................................................................................................................................................................................................................ = V14 x /26 x cos 0
NS o As |a||blcos 0= a, b, + a,b, + a;b,
i The angle between two equal vectors is 0 i i Thelength of Aa is A times the length of a.
. as they have the same direction. . Thatis, |a| = Ala]. cos = i . %6 == so 0= 74.8° to nearest 0.1°
Ca-a=lalalcos0°=axax1=d . So, A(a-b) = AJa|]b| cos 6= |a]]b| cos 0 | SRR
- Inparticular, i-i=j-j=k-k=1 =(Aa)-b
S/{r;uiazl}lf)for ;h;i lenlfth_s of %Lll)) and b, Given the four points P(2,4,1), Q(3,-2,4), R(2,0,1) and S(-1,2,6), prove that
[Ab] = Aib| and A(a-b) =a- (4b) the lines PQ and RS are perpendicular.
DI ...t e
% Q
e PQ=q-p=Gi—-2j+4k) - 2i+4j+k)=i—-6j+ 3k
By definition, a-b =|a||b| cos0=|blja] cosO=b-a E.)S:s—r = (<i+2j+6k) — (2i + k) =-3i+2j + 5k .
: : q
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" S0 PQ-RS = (i— 6j+3K)-(-3i+ 2+ 5k) =3 — 12+ 15=0 P
(5 &) el b e As the scalar product is zero, PQ and RS are perpendicular. [J \ - -

By definition, a- (b + ¢) = a||b +c| cos 0 Prove the cosine rule ¢ = a* + b? — 2abcos C for this triangle.

=0OAx OV xcosO 0V cos 6 = OU

=0AxOU In this triangle,b=a+candc=b —a. A

= OAx (OT+ BW) Hence, c:c=(b—a):-(b—a)=b:-b—b+ra—a-b+a-a c

= OA x (OBcos ot + BVcos 8) : —a-a+b-b-2a-b b

= |al/b|cos & + [al|c|cos B 0 T a U A hich i 2 2 B 2aboos C

=a-b+a-c i 0Ax OB cosa=|al|b|cos o which gives =@+ 0 2abeos B

DBE i OA X BV C0S B= [al clcos B c 2 587
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Exercise 12.3

1

00

Find p-q when
a p=3i+2j—4k q=2i+5j-2k b p=2i+j-3k q=5i-2j+2k

c p=i—j—-k q=1i+3k

Ifp=2i+3j—k q=4i—j+2kand r=i+j—k, find the values of
a pq b p-r ¢ p-(q+r)

d p-q+p-r e pq-pr f p-(q-1)
Find the acute angle between the vectors p and q when

a p=3i+4-3k q=2i—j-2k b p=2i—-j-2k q=5i+3j+k

c p=i—-j—4k q=i+j-2k d p=4i-3j+3k q=i+2j-k

e p=2i-j-k  q=i+3k f p=i+k q=2j—k
2 0 -3 4
-2 2 2 §

These pairs of vectors are perpendicular. Find the values of A.
a 3i+j+4k and 3i-5j+ 4k b 4i-4j+Ak and i+3j-5k

For which values of u are these vectors perpendicular?

4 2 3 -3
a |-2|and |1 b pland | u
M 2 -1 7

State whether these pairs of vectors are parallel, perpendicular or neither.

2) (s 6| (3 2\ (6

a %,2 b |24 c |[-4|l3

e 1|1 5110
2

If p=2i+ 3jand q = Ai + 2j, find the value of 4 such that

a p and qare perpendicular b pand qare parallel

¢ the angle between p and q is %

a Find the angle between 2i + 3j + 12k and

i the x-axis ii the y-axis iii the z-axis.

b Find the angle between i+ j + k and each of the three coordinate axes.

10

11

12

13

15

18

19

12 Vectors
Find the acute angle between LM and LN when L, M and N are the points
L(2,1,4), M(4,-1,2) and N(3,0,1).

Find the size of angle EFG, given the three points E(1,-1,3),
F(2,1,3) and G(-1,0,4).

Show that triangle PQR is right-angled when its vertices are
a P(3)_3>7)) Q(4)0)2)> R(1>_2)3) b P(1)0>_1>) Q(z) 1:0)> R(3>_1) l)

Triangle PQR has vertices P(2,5,4), Q(1,6,-2) and R(4,6,3). Find
a angles P, Qand R to the nearest 0.1° b the lengths of the three sides

Do not round during
your working.

¢ the area of triangle PQR.

a Show that the vectors u=3i +j—kand v=1i— 2k + j are perpendicular.

b Find a vector r that is perpendicular to both u and v. Use ai + bj + ck

Simplify
a (p+q-r+(p—q)-r b p-(q+r)—p-(q—r1)

c (ptr)-(p-r) d p(p-r)-(p-1)°r

O

A semicircle, centre O, contains the vectors a and b as shown. %

Prove that the angle XYZ is a right angle.

—> —>
The rhombus PQRS has PQ =aand PS=Db

Prove that the diagonals of the rhombus are perpendicular.

Find a vector which is perpendicular to both
i+2j+3kand2i-3j-8k

Find the angle between vectors a and b when
laj=1,|b|]=2and [a—b|=3

Triangle OAB has vertices A(1,2,-2), B(6,8,0) and the origin O.
Find the value of cos AOB and prove that the area of triangle OAB = 2:/26

INVESTIGATION
20 The tetrahedron ABCD has two pairs of opposite edges perpendicular.

Prove that the third pair of opposite edges is also perpendicular.
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Consider a straight line through point A parallel to vector b
as in this diagram.

Point A has a position vector a with respect to the origin O.
Any other point R on the straight line has a position vector r.

Since the line AR is parallel to b, then the vector XTQ isa
multiple of b.

That is, ﬁ? = tb, where t1is a scalar.

The vector equation of the straight line through point A in
the direction b is

- —>
r=0A+AR=a+1b

Compare this equation with the cartesian equation of a straight line, y = mx + c.

Given A(ay, a,, a5), R(x, ¥, z) and b = bji + b,j + bsk, then the
vector equation of the line in component form is

X a b, a, + tb,
r=|y|=|a, |+t b [=]|a,+1],
z as by as + tby

and any point R on the line has coordinates
(a, + tby, a, + tby, a5 + tbs).

As t varies, R moves along the line.

When t =0, R and A coincide.

When t is positive, R is on one side of A and
when t is negative, R is on the other side of A.

Find the vector equation of the straight line through the
point A(3,2,-1) in the direction of 4i —j + 2k.

The vector equation is r = 3i + 2j — k + #(4i — j + 2k)

An alternative form of the equation is
r=03+4Di+2-1j+(-1+20k

Using column vectors with R(x, y, z), you can also write

X 3 4
the equationas | y |=| 2 [+¢] -1
z -1 2

The vector equation of a straight line

A can be any point on the line and
b can be any parallel direction, so
the equation r=a + th is not
unique. One line can have many
vector equations.

r=a+tb

¢ 31dINV X3
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Find the vector equation of the line through the points
P(2,3,0) and Q(3,5,1).

The direction of the line is
PO=q-p=Gi+5+k) —(2i+3j)=i+2j+k

The line passes through point P, so the vector equation of
the line is
r=p+Hq-p)=(2i+3j)+ i+ 2j+k)

Alternatively, as the line passes through Q, the vector
equation could also be
r=q+s(q—p)=GBi+5+k) +s(i+2j+k)

In general, the vector equation of the line through points
Pand Qis r=p+tq-p)

Show that the two vector equations r =i+ 2j + 3k + #(2i —j + 2k)
and r =7i —j + 9k + s(4i — 2j + 4k) both describe the same
straight line.
The two equations give lines with directions 2i —j + 2k and
4i-2j + 4k,

4 2
Because | -2 |=2| -1 | these two vectors are parallel

4 2

and so the lines have the same direction.

The second line passes through the point (7,-1,9) when s=0.
Points on the first line are given by (1 + 2t,2 — £, 3 + 2¢) and,
when ¢ = 3, this gives the point (7,-1,9).

Hence, the two lines pass through the same point in the same
direction. The two equations represent the same line.

Intersection of straight lines

In two dimensions, two straight lines can coincide (that is, they
are the same line), they can be parallel to each other, or they can
intersect each other.

In three dimensions, two straight lines can coincide, be parallel,
intersect or be skew.

When two lines are skew, one passes above the other without
intersecting it. There is still an angle between them.

12 Vectors
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Skew lines in 3D
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m Fether thel ) Find a vector equation of the line through the points P and Q when
a Determine whether the lines given by

> -

4 o5 A i =K andr =i~ 25+ 3k-+ 21+ = k) a K231 QG.04) b P2,-L1)  Q(5,0,1)

= intersect or are skew. ¢ P(1,0,0) Q(4,5,-2) d P(0,0,0) Q(1,2,3)

m . . . .

. If they intersect, find the point of intersection. e P(1,-2,-3) Q(2,-1,-2) f P2,-3,-1) Q(5,0,-1)

Find the angle between the two lines, giving your answer
in degrees to 1 d.p.

The equations of the lines can be written as
r=Q2+i+(-1+0j+ 4 -0k
and r=(1+29)i+(-2+29)j+(3-9k

They will intersect if the coefficients of i, j and k are equal.
You need to find values of s and f to make

Find the vector equation of the line through the point A(2,1,-2) which is

a parallel to the x-axis b perpendicular to the xy-plane.

Show that the given point lies on the given line and find the
corresponding value of .

a (41,-1) and r=2i-3j+k+ti+2j—-k)
b (9,-4,1) and r=-i+j+6k+(-2i+j+k)

2+t=1+2s (1) . .
14 t=-2472s ) c (3,2,0) and r=03-1i+(2+30j—1tk
4—-t=3- 3 . . . .
* 3) 5 Determine whether these pairs of lines are parallel, intersect or are skew.
Add (2) and (3): 3=1+s so s=2 Find the acute angle between the lines. If they intersect, find their point of intersection.

The values s = 2 and t = 3 a r=3i+5+7k+ti+2j—-3k) r=4i+j+2k+s3j+k)
satisfy all three equations. b r=6i-2j+8k+ti-5+7k) r=i+3j+2k+ s(3i+5j—8k)
The two lines do intersect.
If all three equations were not r=2i—4j+k+12i-j-k) r=3i+j— 6k + s(4i - 2j — 2k)
satisfied, then the lines would d r= 2j — K+ f(4i— 2j +3K) r=4i+j ok 4+ s(i+4j + 4K)
e r=2i—k+#6i+j+8k) r=12i—15j — 5k + s(9i + 3j + 4k)

Substitute into (2): -1+t=-2+2x2 so t=3

Substitute in (1): LHS=2+3=5and RHS=1+2x2=5

Substitute into one of the vector equations:
r=2i—j+4k+3(i+j—-k)=5i+2j+k
so the point of intersection is (5,2,1).

c4
0

not intersect.

b The directions of the two lines are given by
The angle O between the lines is found from b, -b, =| b, || b,| cosO
IX2+1x2+ (DX () =+1+1+1X+/4+4+1XcosO

6 a Find the vector equations of the two lines PQ and RS where the
four points are P(-1,1,3), Q(8,7,6), R(0,5,2) and S(-2,7,0).

b Show that the two lines intersect and find the point of intersection.

5= J3%x+9 0 by = 12+ 1%+ (-1 = J3 ¢ Find angle PRS to the nearest 0.1°

= /3 X /9 X cos

N b, = [22 492 4 12 = /9 7 a Find the vector equation of the line through the points A(1,2,3) and B(2,-1,-1).
333 Show that the point R(1 + #, 2 — 3t, 3 — 4¢) lies on this line for all .

The acute angle between the two lines is 15.8°

_)
b Cis the point (5,-2,-6). Find the value of t that makes the vectors CR and AB perpendicular.

¢ Find the shortest distance from point Cto line AB.

Exercise 12.4
1 Find the vector equation of the line through point A
which is parallel to vector b, when

a A(1,2,-3) b=2i-3j+k b A(4-1,3) b=-2i+j+2k

INVESTIGATION

8 Using the parameter 4, find the general point R on the line joining
points A(1,2,3) and B(0,1,2).

¢ AG,0,1)  b=4i+2k d A(1,-1,0) b=i+j-k Repeat using the parameter u for the general point S on the line joining
2 C(0,-2,2) and D(1,0,-1).

e A(2,1,0)  b=f0 fA(0,0,1)  b=|0 Find A and u so that the line RS is perpendicular to both ABand CD.
0 Find the shortest distance between lines AB and CD.
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12 Vectors

Review 12 8 a Write down the vector equation of the line L, which passes
through point P(1,-2,4) and is parallel to the vector 2i + 3j —k.
b Find the vector equation of the line L, which contains point P
1 Find a the magnitude of the vector a = 3i+ 12j + 4k and also point Q(0,1,3).
b the unit vector parallel to vector a ¢ Find the angle between the two lines L, and L,.
¢ avector of magnitude 5 which is parallel to vector a Hence, or otherwise, find the shortest distance from Qto L,.
d theangle between a and the direction of the x-axis. 9 a Show that the point A(7,8,1) lies on the line L with the vector equation
3 2
2 The points A, Band C have coordinates (1,4,3), (3,6,6) and . .
N r=| 0 |+t|4 |, but that the point B(1,-4,0) does not lie on L.
(7,10, 12) respectively. Find the vector AB and show that the 1 1

points A, Band C are collinear.
b Find the acute angle between L and the line through A and B.

3 A triangle has vertices L(3,1,0), M(1,-2,5) and N(2,5,2). ¢ Find the shortest distance from B to L.

a Prove that the triangle is right-angled and find its area.

. : . _ 10 a Show that the two lines with these vector equations intersect.
b Find point K such that the quadrilateral KLMN is a parallelogram.

O

¢ Show that the midpoint of KM coincides with the midpoint of LN. > 2 ! !
r=|-1|+A| 1]andr=| 4 [+ pul-1
< 1 4 2 -1 -7 2
O 4 a Show that the vectors| 2 |and | -1 | are perpendicular.
5 1 b Find their point of intersection.

b  Find the acute angle between the two vectors i + 2j — 2k and 3i —j — k. ¢ Find the acute angle between the two lines.

5a Given points A(-1,0,2), B(2,4,1) and C(0,5,-3), find the 11 Two straight lines have the vector equations r =i — 2k + #(-2i +j + 2k)

andr=3i—-4j+k+s(i—j+k
vectors AB and BC. Hence, use the scalar product to find ) (i=j+k

angle ABC to the nearest degree. a Find the acute angle between the directions of the two lines.

b Dis the point (1,1, k). Find the value of k such that the lines b Do the two lines intersect or are they skew?

ABand BD are perpendicular.
12 a Find the values of rand s which show that the point

6 Find a unit vector ai + bj + ck which is perpendicular to the P(-2,6,-1) lies on the line r =i — 4k + #(-i + 2j + k) and
two vectors 2i + 2j —k and 4i + 2k. that point Q(1,7,0) lies on the line r = 8j + 2k + s(-i + j + 2k)

. .. ) .. L. b Prove that PQ is perpendicular to both lines.
7 Relative to a fixed origin O, the point A has position vector 3i + 2j — k,

the point B has position vector 5i + j + k, and the point C has ¢ Find the shortest distance between the two lines.
position vector 71 —J. d Find the angle between the two lines.
a Find the cosine of angle ABC.

b Find the exact value of the area of triangle ABC.

¢ The point D has position vector 7i + 3k.
Show that AC is perpendicular to CD.

d Find the ratio AD: DB. [(c) Edexcel Limited 2003]
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Summary
0 Equal vectors have the same magnitude and direction.
0 The vector ka is parallel to vector a and has a magnitude k times that of a.
0 The vector p = xi + yj + zk has a magnitude (or modulus) [p| = y/x* + y* + 2°
. . AP xi+ yj+zk
0 The unit vector paralleltopisp = — = ————
Ip| X2 +y? + 22

0 The position vector of point A(q,, a,, a;) relative to the origin O

is givenbyaz =a=aji+a)j+ak .
o If points A and B have position vectors a and b, then AB=b —a
0 The midpoint M of AB has a position vector m = %(a +b)
0 The distance between points A(a,, a,, a;) and B(b,, b,, b;) is given by

2 2 2

AB = (=) + (0= b,) + (a - by)
0 The scalar (or dot) product a-b = a||b| cos 8= a,b, + a,b, + a;b,

where 0 is the angle between a and b.
0 The vector equation of the line through point A and parallel to

vectorbisr=a+tb
0 The vector equation of the line through points Pand Qisr=p+ #(q—p)

Exit

Refer to

12.1
12.1

12.1

12.1

12.2
12.2

12.2

12.2

12.3

12.4
12.4

Links

To ensure safety during aircraft landing, the aviation industry - —
uses vectors to guide the aircraft to the runway. ,

As an aircraft approaches an airport, the Instrument Landing
System (ILS) uses a series of radars, which are sent up from
the perimeter of the runway, to guide it to a safe landing.

Vectors and the dot product are used to determine if the
aircraft has intercepted the area covered by the beams.

Suppose that the aircraft has position vector s and moves with
velocity v, and that p is the position vector of a point Pin the
area covered by the radar beams. Then, if the dot product

v+(s — p) is positive, the aircraft is moving towards P.

When this product is 0 the aircraft is passing P and when it is
negative it is moving away from P.

Revision 4

1 Express these as partial fractions.
3

6 b 3x—1 c X
xx +2) (x+Dx - 3) x*—4
2
2f(x): 11+2X+X2: A + B + C . |x|<l
1-2x)3+ x) 1-2x 3+x @B+x 2

a Find the values of A and C. Show that B=0

b Hence, find an expansion of f(x), in ascending powers of x up to
and including the term in x°. Simplify your answer as far as possible.

3 Yx

o
MAAAAAAAAA
Y

The diagram shows part of the curve with equation y = f(x), where

_ x> +1
f(X)—m, 0<X<3

a Given that f(x) = A + % + %, find the values of the
constants A, Band C.

b The finite region R, shown in the diagram, is bounded by the curve
with equation y = f(x), the x-axis, the y-axis and the line x=2
Find the area of R, giving your answer in the form p + glnr,
where p, g and r are rational constants to be found. [(c) Edexcel Limited 2002]
4 A curve has parametric equations x = tan’t y =sint, 0<f < %
. . dy . Y
a Find an equation for ay in terms of t. You do not need to simplify your answer.
b Find an equation of the tangent to the curve at the point where ¢ = %

Give your answer in the form y = ax+ b, where a and b are constants to be determined.

¢ Find the Cartesian equation of the curve in the form y* = f(x) [(c) Edexcel Limited 2007]

O
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5

Yy

14

The curve shown in the diagram has parametric equations

x=cost y=sin2t 0<t<2m

a Find an expression for % in terms of the parameter ¢.
b Find the values of the parameter ¢ at the points where % =0

¢ Hence, give the exact values of the coordinates of the points
on the curve where the tangents are parallel to the x-axis.

d Show that a Cartesian equation for the part of the curve

where 0 < t< mis y = 2x 1-x*

e Write down a Cartesian equation for the part of the curve

where 1 < t< 27w [(c) Edexcel Limited 2003]

y(metres)

B x(metres)

This diagram shows a cross-section R of a dam. The line AC

is the vertical face of the dam, AB is the horizontal base and the
curve BCis the profile.

Taking x and y to be the horizontal and vertical axes, then A, Band
C have coordinates (0,0), (372,0) and (0,30) respectively.

The area of the cross-section is to be calculated.

Initially the profile BCis approximated by a straight line.

a Find an estimate for the area of the cross-section R using
this approximation.

The profile BCis actually described by the parametric equations

x =16t - y =30sin2t, %grg%

b Find the exact area of the cross-section R.

¢ Calculate the percentage error in the estimate of the area of

the cross-section R that you found in part a. [(c) Edexcel Limited 2004]

Revision 4

Q

>
0] X

The diagram shows a sketch of part of the curve C with parametric equations
x=t2+1, y=3(1+1

The normal to Cat the point P(5,9) cuts the x-axis at the point Q,
as shown in the diagram.

a Find the x-coordinate of Q.

b Find the area of the finite region R bounded by C, the line

PQ and the x-axis. [(c) Edexcel Limited 2005]

8 N
1. /A
23\
B >
0 a X

The curve shown in the diagram has parametric equations

x =acos3t, y=asint, 0<t< %

The curve meets the axes at points A and B as shown.

The straight line shown is part of the tangent to the curve at the point A.
Find, in terms of a,

a an equation of the tangent at A

b an exact value for the area of the finite region between the curve,

the tangent at A and the x-axis, shown shaded in the diagram. [(c) Edexcel Limited 2006]

9 Expand as a series of ascending powers of x up to and including x°.
State the range of values for which each expansion is valid.

1 b ,3[1+lx c (1—-x)Vl+x
1-3x 2

d 2+ x e 3
V4 - x (1—x)(1+%x)

O
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10 a Write down the first four terms of the binomial expansion,

in ascending powers of x, of (1 - %x) , where n < 1.

State the range of values of x for which the expansion is valid.

b  Given that the coefficient of »° in this expansion is four times

the coefficient of x2, find
i thevalueof n
ii the coefficient of x* in the expansion.

11 a Prove that, when x = %, the value of \/1 — 3x is exactly equal

to cos 30°

b i Expandvl-3x, [xl< %, in ascending powers of x

up to and including the term in x°, writing your answer
in as simple a form as possible.
ii  Use your expansion to find an approximation for cos30°

¢ Find the percentage error in your approximation for the
value of cos30°

< 12 Find d_y) in terms of x and y, when
®) dx

a yY=xy+2
b X-32y+y° =1

1 1 1
c —+—+—-=1
oy
d xlny=ylnx

13 A set of curves is given by the equation sin x + cos y = 0.5

a Use implicit differentiation to find an expression for %

b For-n<x< mand -7 < y< 7, find the coordinates of the

. dy
here -~ =
points where P

14 a Given that y = 2% and using the result 2* = e"2, or otherwise,

show that % =2%In2

2
b Find the gradient of the curve with the equation y = 2% at the

point with the coordinates (2,16).

300
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15 The volume of a spherical balloon of radius r cm is V cm?,
where V = %nr3

. 1dV
a Find "

The volume of the balloon increases with time ¢ seconds according

to the formula dv _ _1000 tr>0

dt @t +1*

b Using the chain rule, or otherwise, find an expression in terms

of rand t for dr

dr

¢ Given that V=0 when t=0, solve the differential equation

dv _ 1000 to obtain Vin terms of t.

dt T+

d Hence, at timeof t=5
i find the radius of the balloon, giving your answer
to 3 significant figures
ii  show that the rate of increase of the radius of the
balloon is approximately 2.90 x 10 cms™ [(c) Edexcel Limited 2006]
16 a Copy and complete this table by finding the three missing values of y,

given that y = sec x

0 Tz T 3 | =&
& 16 8 16 | 4
y 1.01959 | 1.08239

b By using the trapezium rule with all five y-values in the table,

T

4
find an estimate for f secx dx
0
Show all your working, giving your answer to 4 decimal places.

¢ Use a standard integral to show that the exact value of
Y9

JASGCX dx is In(1++2)
0

Ed | Limited 2007 . . . .
[(c) Edexcel Limite ] d Find the percentage error in the estimate that you obtained

using the trapezium rule.

17 Evaluate using an appropriate method.

a jex\/ e® —2dx

-4
d Jcosxsm xdx

b f(x —D(x+2)dx
e |— % gy
(x = D(x +2)7°

2
J;C dx
x’+3

c JZ cos®xdx
[(c) Edexcel Limited 2007]
f f(x + 3)e*dx

g Jexcos2xdx i f%tanxsiandx
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1
X
18 Use the substitution u = 2* to find the exact value of J (236271)2 dx [(c) Edexcel Limited 2007]
0

19 a

20 a

21 a

22 a

By using the formulae for sin(A £+ B), with A= 5xand B=2x,
show that 2sin 2xcos 5x can be written as sin Ax — sin ux,
where A and p are positive integers. State the values of A and p.

Hence, or otherwise, find fsin 2xcos5xdx

3

4
Hence find the exact value of sin 2xcos 5xdx
Fid
4

Use the identity for cos (A + B) to prove that
cos2A =2cos* A—1

Use the substitution x = 2./2 sin 0 to prove that

J\/\/(S—xz)dx=%(ﬂ+3\/§—6)

A curve is given by the parametric equations
x=secO, y=In(1+cos20), 0<0O< %

Find an equation of the tangent to the curve at the point
where 9 = % [(c) Edexcel Limited 2003]

Show, by using the substitution x = sin 6, that, for |x| < 1,

1 - dx = —*— + ¢, where cis an arbitrary constant.
e N

Use integration by parts to show that the exact value of
4

J »*In xdx can be written as %(plnz -q),
2

where p and q are integers.
Find the values of p and gq.

Use integration by parts to show that

chosecz(x - %) dx = —xcot(x + %) + ln[sin(x + %)] +c —% <x< %

Solve the differential equation

sinz(x + %)% =2xy(y +1)

to show that %ln #‘ = —xcot(x + %) + ln[sin(x + %):| +c

Given that y = 1 when x = 0, find the exact value of y when x = % [(¢) Edexcel Limited 2005]

23

24

Revision 4

A table top, in the shape of a parallelogram, is made from two types
of wood. The design is shown in the diagram. The area inside the
ellipse is made from one type of wood, and the surrounding area

is made from a second type of wood.

The ellipse has parametric equations
x=5cosf, y=4sinf, 0<O0<2r

The parallelogram consists of four line segments, which are tangents to
the ellipse at the points where 0=a, 0=-a, 0=71—, 0=-7T+

a Find an equation of the tangent to the ellipse at (5cos @, 4sin o),
and show that it can be written in the form  5ysin o + 4xcos o = 20

b Find by integration the area enclosed by the ellipse.

O

¢ Hence show that the area enclosed between the ellipse and

80 sor
sin2a

the parallelogram is

d Giventhat0 < a< %, find the value of «a for which the areas
of the two types of wood are equal. [(c) Edexcel Limited 2002]

Iy

\_//

R

3
-

|
|
|
1
0 > X

This diagram shows part of the curve with equation y = x> + 2
The finite region R is bounded by the curve, the x-axis and the
lines x=0and x=2.

a Use the trapezium rule with four strips of equal width to estimate
the area of R.

b State, with a reason, whether your answer in part a is an
under-estimate or over-estimate of the area of R.

¢ Using integration, find the volume of the solid generated when R is rotated
through 360° about the x-axis, giving your answer in terms of 7. [(c) Edexcel Limited 2002]
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25 Y

O‘ a b }X

1
2x +1
The finite region bounded by the curve, the x-axis and the lines

x=aand x = bis shown shaded. This region is rotated through
360° about the x-axis to generate a solid of revolution.
Find the volume of the solid generated. Express your answer

The curve shown in the diagram has the equation y =

as a single simplified fraction, in terms of a and b.

26 a The curve C, in Figure 1 has parametric equations
x = %, y=3¢
The area bounded by the curve, the x-axis and the

ordinates x =2 and x = 4 is rotated through an
angle of 360° about the x-axis.

Find 1 the values of twhen x=2and x=4
ii the volume of the solid of revolution.

c4

b The curve C, in Figure 2 is defined parametrically by

X=t2+4t,)/=ﬁ

The region between the x-axis and that part of C, from
the point P(S, %) to the point Q(12, i) is rotated
a half-turn about the x-axis.

Show that the volume of the solid generated is 7 In %

27 a Find the general solutions of these differential equations.

i d_y:ezy ii (x+1)%=y

dx
iii d +xy = x’y jx—y = sec’ xsin y

ax iv cosy

b Find the particular solutions of these differential equations.

2
i (%) = yx’, given that y =4 when x =2

i+ 1)% — xy =0, given that y=10 when x=1

304
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[(c) Edexcel Limited 2008]

7

CQ
P
\\,Q\

1

5

12
Figure 2

>
X

28 In an experiment a scientist considered the loss of mass of a
collection of picked leaves. The mass, M grams, of a single leaf
was measured at times ¢ days after the leaf was picked.

The scientist attempted to find a relationship between M and t.
In a preliminary model she assumed that the rate of loss of mass
was proportional to the mass M grams of the leaf.

a Write down a differential equation for the rate of change
of mass of the leaf, using this model.

b Show, by differentiation, that M = 10(0.98)" satisfies this
differential equation.

Further studies implied that the mass, M grams, of a certain leaf
satisfied a modified differential equation

10% - kQOM 1) (1)
where k is a positive constant and ¢ > 0

¢ Given that the mass of this leaf at time =0 is 10 grams, and that
its mass at time t= 10 is 8.5 grams, solve the modified differential
equation (1) to find the mass of this leaf at time ¢= 15.

29 Fluid flows out of a cylindrical tank with constant cross-section.
At time ¢ minutes, t > 0, the volume of fluid remaining in the
tank is V' m?>. The rate at which the fluid flows, in m? min, is
proportional to the square root of V.

a Show that the depth, h metres, of fluid in the tank satisfies the
differential equation % = —kv/h, where kis a positive constant.

b Show that the general solution of the differential equation may
be written as h= (A— Bt)?>, where A and B are constants.

¢ Given that, at time t= 0, the depth of fluid in the tank is 1 m, and
that 5 minutes later the depth of fluid has reduced to 0.5 m, find
the time, T minutes, which it takes for the tank to empty.

d Find the depth of water in the tank at time 0.5T minutes.

30 Points P(2, 3,-1), Q(4,-1,4) and R(2,-1, 3) are the vertices of a triangle.

»
a Find the vectors PR and 176 and the angle between them, to
the nearest tenth of a degree.

b Find the lengths PR and PQ, giving your answers in surd form.

¢ Find the area of triangle PQR, correct to 3 significant figures.

Revision 4

[(c) Edexcel Limited 2003]

[(c) Edexcel Limited 2003]
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31 Relative to a fixed origin O, the point A has position vector 4i + 8j — k

. » Answver
and the point B has position vector 7i + 14j + 5k. SWers

—>
a Find the vector AB.

€0

. Before you start Answers 3x+7 2022 =2y 1)
b Calculate the cosine of ZOAB. Chapter| ° Giveroery P oonoo20+y
¢ Show that, for all values of 4, the point P with position vector 1 a.l b L q 2 P2 —8x2
M+ 22j + (24— 9)k lies on the line through A and B. 5 24 4 (z+1)(z+3) x(x> —4)
a
d Find the value of A for which OP is perpendicular to AB. I J=x(x - 2) 3 a
e Hence find the coordinates of the foot of the perpendicular —xy b
from O to AB. [(c) Edexcel Limited 2002] y-1
N\ C
32 Referred to an origin O, the points A, Band C have position vectors 0 A X X2 —xtl
(91 —2j+k), (61 + 2j + 6k) and (3i + pj + gk) respectively, where d” e Y
pand q are constants. b Y y=x2+x-2 x
a Find, in vector form, an equation of the line / which passes \ Exercise 1.2 2 2
through A and B. . N 1 2a 24 —6x+8b
) X —LX—
wa?n;hit Cl;es OI; I, et of B c 2—10x+25 d
b find the value of p and the value of g 2—8x+15
¢ calculate, in degrees, the acute angle between OC and AB. c Y e 24+2x—3 f 32+
y=x+2
The point D lies on AB and is such that OD is perpendicular to AB. 5 \\ xX+2
d Find the position vector of D. [(c) Edexcel Limited 2002] T~ 1T g n*=3n+2h n
> —3n-2
1
33 The points A and B have position vectors 2i + 6j —k and 3i + 4j + k. ‘; i 312 —2y—4j 2a°+
The line L, passes through the points A and B. 2 -
1P _)g p 3 ay- b yox+x a +3a-1
a Find the vector AB. C y=x+1lx+30 d y=44 k 40’ —16a° +24a -6
I 4z-5
b Find a vector equation for the line L,. Exercise 1.1
' m 3x—4 nxX-x
A second line L, passes through the origin and is parallel to the vector i + k. 1 a 27" b % C opr +1
The line L, meets the line L, at the point C. 1 . o . b . .
¢ Find the acute angle between L, and L,. d x—Dx e 5 f 21 alts T €i-1s
. o . . 1 7 1
d Find the position vector of the point C. [(¢c) Edexcel Limited 2008] g X i ; h % ds+ 5 e 2+ " f 2+ oo
34 Lines L, and L, are given by the equations 2 a * ;rz y: b & ; v’ c ba;xa g1- ﬁ h 3+ xz4_1 -1 x3+1
Lir=1-2k+A2i+4j—-k :
crol kel a ezt )
L,: r=8i+5j— 10k + u(-i +j + 2k), where 4 and p are parameters. x’y x(x+1) @ -1 . 0
. 3 as3-=> b 3+
a Show that L, and L, intersect and find the coordinates of the g ::Sz h 2xx+ 1 i 3;:11 X2 X2 -3
point of intersection. c 24 3 d7-_2
j 2y+38 K 2x+3 | 3x+5 2x% -1 2x* +3
b Show that L, and L, are mutually perpendicular. (-2 X =1 x(x+1) 4 a3 246x+1  rem2 b 2+
¢ Show that the point P (3, 4,-3) lies on L,. m 2__24_2 n ﬁ 56x—2 rem?2

d Pisreflected in L,. Find the coordinates of the image of P.
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Answers
b
214
14
>
0] 1 6 X

N

T T}
Ol 4 X

Rangey e R,5<y<8

d N
2
0 X
Rangeye R,y >2
€ X Y

Range y={0, 1, 2, 3}

Range y={0,-1,-2,-3}

I
N
N
U -
4

Rangeye R, y#1
h

44

T T >
X

0 2 6

Rangeye R,0< y <4
One-to-one mappings: a, b, c, e, g
Many-to-one mappings: d, h

2 a 3,2 b 1,-2,1
3 a {0,5,10,15,20} one-to-one
b xeR,-3<x<3 many-to-one
c xeR,3<x<12 one-to-one
d xeR,3<x<6 one-to-one
4a vy
7\
3
—_—
(0} 2 X
Rangeye R,y >3
b yA
13
AE
_3

Rangeye R,y > -

3

¢ yA
10
1A
0] é ;x
Rangeye R,y >1
d A
2 4
1

Rangeye R,y <2
5 a x=2 maps onto two values of y
b x=2 does not map onto a value of y

6 YA

\4

Rangeye R,y#1
x=4and -1 are unchanged

7 a 10 b 19 c 2x%+1
d 5 e 26 fo4x—4x+2
g 101 h *+22+2 i 9
j 4x-3
8
fgx) &f(x) 2(x) g2

a M +24x+14| 32 -2 |x¥*—4x2+ 2 9 + 16

1 3
= 4+2 2

b5 e X 27x* + 36x2 + 14
C 2x+2 2x + 10 %(X+18) 16x — 10

1 2x -3 x—1
d = x—1 2—x s

1 1 1
9 a 5- b 5-= c d 5-—
1
e 1 f x g xt h x

Answers

10 a a=1 b i +5 i 2,-1 iii 4
c -1
2
11 a 2 b -1

12 p=+1, q=+2

13 a i 4x+9 ii 8x+21 iii 16x+ 45
b 2%+3(2"—1)

14 The range of g(x) is not a subset of the domain of
f(x). Change domain of g(x) to 0 < x < NG

Exercise 1.4

x+2 x—1 X
1 a = b 3 c E_1
d 2x-3 e 2(x—3) f Jx-1
g Vx—-1 h 6-x i 2+3
1 _x-1
2 a f'x)= 5
yA
c flx)=2x—4
yA
y=Ff(x)
/ y=fx)
"4 O /o X
7

€0
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Answers

d flx)=+vx—-2, x>2

Y,

A

Y

Y

f flx)=x2+4, x>0

y
0 y =17
) /y "
0 4 e
g flx)=x-3, x>0
yA
}X

3 a flx)=8—x,xecR self-inverse

b f’l(x)=%,xe R,x#0

c flx)=v4-x2,xe R,0< x <2 self-inverse

d No inverse function exists
e fllx)=8—xxecR,0<x

f f"(x):ﬁ,xe R,x#1

4 flx)=8-xxecR,x<8

self-inverse

< 8 self-inverse

self-inverse

f(x) and f~'(x) do not have the same domain.

51+2
6 yA
! y="f(x)
ll
\
\
\ y=7"x)
54 - /
3A \
0 é é—) " x

Rangeof f(x)isye R,y >5

flx)=3++x-5

Domain of f'(x)isx e R, x> 5

Rangeof f1(x)isye R,y >3

7a vy,
y=1f(x)
y=f"x)
2A
1A
(0] i é >x

Rangeof f(x)isye R,y > 1

flx)=2++Jx—1

Domain of f (x)isxe R, x> 1

Range of f(x)isye R, y>2

b yA
y="f(x)
5
4
&fl(x)
T >
0 45 X

Range of f(x)isy e R,y > 5
fl(x)=4—-+x-5

Domain of f !(x)isxe R, x> 5
Rangeof f1(x)isye R, y<4

>

Range of f(x)isye R,y<4

flx)=2++V4—-x
Domain of f'(x)isxe R, x< 4
Range of fH(x)isy e R, y>2

o0 2 Ayere

>

-2+

Range of f(x) isy e R, y>-2
flix)=x+2-2

Domain of f 1(x) is x € R, x> -2
Range of fH(x)isy e R, y>-2

8 a flx)=2x-8,xeR, x=8

(8,8)

b fl(x)=+x,xe R, x>0 x=0,1 (0,0), (1,1)
c flx)=2+Vx, xe R, x>0 x=4 (4,4)
d flx)=vx+4-4,xeR x> -4

x = -3,(-3,-3)

9a a=-2,b=0,c=1

b i 4 i 48 iii 3

10 g"(x)=2+%,xe R, x #0 solutionsare x =1++/3

11 x=3++10

12 c:2,x:2i\/§

13 x=at\a® +p

14

£l =

Domainxe R, x<-1,x>1
Rangeye R,y >0,y#1

15 f; has an inverse.

All the others are many-to-one functions.

Exercise 1.5
1 a y

A

XV

3l
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Answers Answers

¢ " j Y 3 a Ya 4 y
3 10
6
1 > N O /i }X
T > 3§\/[1O\ N_3 X 5 Y Co>
0|1 X 2 3 8 X
’ « G Range 0 <y < 10
d yA \ y=f(x) Solutions x=1 or 5
° 5 AN
2 N .
> T > 4 5 /
1{ 1 X ol 1 X
_ E 5 NG 3 -
-1 | N —‘1 0 21 >,
= |f(x
\\/3\/ y= 11Xl
e y 24 yA o

A T :i_ T }X
—4—25 1
\ ‘ 0 ‘ > Range 0 < y < 7
4 -1 1 * N Solutions x=-1 or -4
_ 0 A X 6 a
N m 'yA
0 4 x 4
f A
=f(|x
y=f(Ixl) b
. S bV
0 X
> n )/
4 0 4 X
N c
X o) 2 'X
g N
o vy
d
y="fx)
3 Y
10 " x ‘ N
_15 o 1 X 7 (2,3)
h 2 a YA 8 (_2)0)7 (6) 8)
/ ‘ ‘ N 9 4 solutions; (-6,16), (0,4), (2,0), (4,4)
0} 4 X
y=1f(xl Exercise 1.6
Ya 1 ai -L,9 i -1<x<9
b il i ox<l1
N 2 ai -7,3 i -7<x<3
4 ol 1 X b i -52 i x<-5x>2
1 .. 1
> 2= <2- >
i y b Y " 0 N X c i 23,3 ii x\23,x/3
\ d i 2,4 i 2<x<4
3 3 e i 1 i x>1
= f(Ix .11 .1 1
y=f(Ix]) fi 4,12 ii 4<x<12
la
ol 1 3 ol T 5
312 313
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3 a 2= b -1 c 5 d -91
e 1+ f 62 g 3,6 h -3,0,5
2 )3 b Yy

4 a x>2,x<0 b —%<x<2

e 256<x<4

c 1%<x<3
d xeRR

f 3<x<-landl<x<3

5 a 2J2,1-452,4 b x<-4§,x>-2

6 ¥ <4c

Exercise 1.7

1

Y y=Vx+3
3 y=Vx+3

y=1x
y=Vx-3
_ (0] }x

-3

y=\/7—3

w
>

3 a SN

y=12x| = 2|x|

y=Ix|

XV

yll
=[x+2
yoher2l -
y=Ix-2]
2
Y Y >
-2 (0] 2 X
y
0 y=x%-3x
o) “x
= -x%+ 3x
2 YA 2
y=x>+3x y=x*-3x
- o) "X
yll
y=x%-3x
0 "x
y=x>-7x+10
y
0 y=x?-3x

5 i
y=5-x?
(0] ;x
6 a R ot 4
2
— (X
\/ = -
) 5 o >
y=4-x2
b N
8
% y=2(4 - x?
2 (0] ;X
y=4-x°
7 a YA
y=x>-4x+3

wa

T T
/‘W\l

T >

y=-2x>+8x-6

Answers

y=x%-3x

y=-x>+5x-4

N

y=|x-4

14 y =sinx

/.

First: Stretch parallel to y-axis with scale factor of 2

—2r 3w — i
2 H

N+

0
Second: Translation of (1)

-T

. . 0).
Translation of [ 4 |and translation of [3] in
) 0

either order

First: A stretch parallel to x-axis with scale factor
1

Of E

Second: A reflection in the x-axis

0
Third: A translation of [ 3J

A stretch parallel to the y-axis with scale factor of

T

4 and a translation of | 2 |, in either order.
0

315
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Answers

e A stretch parallel to the y-axis with scale factor 2

and a stretch parallel to the x-axis with scale factor

%, in either order.

f A reflection in the y-axis and a stretch parallel to

the y-axis with a scale factor of %, in either order.

9 SN y=1+tan(x—£)
y =tan x g 2

10 a i A stretch parallel to the x-axis of scale factor 2

0
and a translation of (1 ]

ii N

XV

1
y—f(Ex) +1

1
b i A translation of (0} a stretch parallel to the
y-axis with scale factor 3, a reflection in the
. . 0
x-axis, and a translation of (2 )

y=-3x+18x2 — 33x+ 20
image point (0,20)

ii N

(-3,14)

y=2-3f(x-1)

(1,5)

(-3,-4) y=1x)

11 a Two stretches, both with scale factor k, one parallel
to the x-axis and the other parallel
to the y-axis
y=f(x) —>y= kf(%)
b Two reflections, one in the x-axis and the other in
the y-axis
y=1f(x) —> y=-(-x)
Review 1
1a 4x+1 22-x%) 6x
(x-1)2x+3) (x+1)(x+2) (x—4)(x% 1)
4a’b 3m’ 1
d a-b e m? —1 f 2x(x—1)
2(x+2) _ 1
2 a G103 b x= 3 or 1
3ai 2¢%+x-3rem0 ii 2+2x—3 rem?2
b (x-1)2x¥%-x-1)+3
c (x—2)(x—3)(x+3)
4 ai 8 i 5 iii 24
iv 15 v 2 vi 2
b i 4x(x—1) ii 2x>—3 iii Vx+1
iv 2dx+1-1
5a vy
2
of 3 ax
1 2
b 15’ 25
6a L/xo b 1.5
a 3 x-=9
8a VY,
A
0 é é "X
b N
6
3 -2 © 273 X

"
Turning point (3,0)
b yll
2 -
(0} é }x
Turning point (3,2)
Cc y
2
:3 0 }X
Turning points (£3,2)
10 N
\2
(0} é }X
(1,1),(3,1)
11 a VY,
3
(0] i ;x
2
b N
(0] ;x
1 1
=) 2
-3

12 a

13 a

Answers

yll
\4
v >
(0] 4 X
yA
4
/4 0 Z;\x
yA
X
T Y >
(0] 1 4 X
yA
4
a1 N X
yll
Y >
(6] 2 X
y
/2 0 2\X
0,2 b -1,2 c -1,2%
-7, 2% e 1,9 f 1,9
9c<—1x>2l b —7<x<2l
’ 3 3
1%<x<4 d x<1,x>9
71§<x<5 f -3<x<5
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Answers

14 a

15 a y<3 bi 6

Cc

Cc

16 a

17 a

18 a

-2,1,3 b x<1,x>3
x<-3,-1<x<1L,x>3

ii 16
y
3 0<c<3

(0] ‘ 9 X

(10,-2)
A stretch (scale factor 2) parallel to the y-axis

0
followed by a translation of (_SJ

2
A translation of ( OJ followed by a stretch

scale factor %) parallel to the y-axis

A stretch (scale factor 2) parallel to the y-axis
followed by a reflection in the x-axis, and then a

0
translation of (1 )

2x+3
x+2

-2
¢ T;: A translation of ( 0 )

T,: A reflection in the x-axis

0
Tj: A translation of [ ZJ

Before you start Answers
Chapter 2

1 a
2 a
3 a

c
4 a

NE) b 3 +1 c 1 do

Exercise 2.1

1

a
d

15 8
17 15
17.5°, 162.5° b 116.6° 296.6°
75.5°, 284.5°
21

5
-1.06 b -0.839 c -2.92
-3.24 e -1.73 f 1.56

a -1 b -2 c 2
d L e 2 f -1
NE)
a *36.9° b 21.8°-158.2° ¢ 19.5° 160.5°
d +143.3° e -15.9°,164.1° f -30°,-150°
a _g b _E
15 8
a _ 41 b _i
40 40
a cot’fB b sec’p
¢ cosecf d cosec®B
2z
a 3 b 4 c 1
d +3 e 3 f +/3
al b sinx c cotx
d tanx e 1 f 1
g 1 h 1 i1
) 90°
A translation of( 0 J

A translation of (90 ) followed by a reflection
in the y-axis 0

sec (x—90°) = cosecx

cot (90° — x) =tanx

Exercise 2.2

1

X —0 ® Q 0 Q

[}

O Y T 0 "D QO T Q o

(0]

Q

b An enlargement, centre (0,0) and scale factor

80.5°,-60.5° b -34.5°174.5°
-56.6°, 123.4°

31.7°,-58.3°,121.7°, -148.3°

40°,-80°, 100°,-140° f -63.6°

+54.7°, +£125.3° h +49.1°,£130.9°
+90°,19.5°, 160.5° j 0°,£180°, £41.4°
+60° | +45°,+135°

+7 +

H+
NS

>

I+
I NN

45°,225°,71.6°, 251.6°

45°,225°, 116.6°, 296.6°

90°,221.8°, 318.2°

60°, 300°

0°, 360°, 138.6°, 221.4°

26.6°, 206.6°

0°, 360°

45°,225°

30°, 150°

C=47+16 b 4x=9y+36
2P =144-92 d (x—172+(y—1)2=1

x2 | b

X -8y+17)=9 f —+—=1
P

A stretch parallel to the x-axis of scale factor 2

N | —

-90°
A translation of [ 0 J and a stretch parallel to

the y-axis of scale factor 2
A rotation of 180° about the origin

(£180°,0), (i60°, %) (J_r300°, %)

b
c
d

(30°,2.2), (150°,-0.15), (-210°,-0.15), (-330°, 2.2)
(£52°, 1.6), (+310°, 1.6)
(0,0), (£180°,0), (+360°, 0), (45°, 11, (225°, 1),

2
(-135°, l), (73150, l)
2 2

Exercise 2.3

1 a X b & c 0 d _Z
4 3 4
e X f o0 g & h _Z
6 4 6
2 V7 5
2 a 3J§ b - c o0 d 2
e L £ 3 g 5
NG 2 2
3 ao b 90°orZ
4 a i J1-x? i X b L
1—x2 x
5 a 1+ x b 5_9
N1+ x? 2
Exercise 2.4
1a L b ﬁ c ﬁ
NG 2 2
d -1 e 1 f -1
2
2 a sin3A b cos5a Cc tan3x d cot2x
3 a sin(45° — x) or cos (45° + x)
b sin (60° + x) or cos (30° — x)
¢ tan(60° + x) d tan(45°+x)
e 1 f cos2x
5a Y-l p B-1 o VBel
22 22 -1
d \/5—1 e \/§+1 f 2\/5
V3 +1 V3 -1 V3-1
6a 9B b _93 c &
65 16 16
7a 13 b _34 c 13
85 85 84
8a 12455 b 245
J30
9 a L b l c 5+tanﬂ
13 2 1—-5tanf
11 a 17.1°,197.1° b 113.8°293.8°
¢ 160.9° 340.9° d 77.9° 147.1°,257.9° 327.1°
e 106.1°286.1° f 38.2°141.8°
g 52.5°,142.5°,232.5°,322.5°
h 114.3° 335.7°
13 a i +1,50° i -1,230°
b i +1,340° 1 -1,160°
1 33 x
16 a 3 b o c 5
Exercise 2.5
1 a sin46° b cos84° c tan140°
d cos100° e sin66 f cos80
g cos?20° h 2cos?0 i %sinZO

m

[V}

CF"U)".Q'UO:SB_X'_'_'S'O‘Q"‘CDQOO'Q

Answers

tan 66 coszTﬂ |
2c052§ n 2cosec26 0 2cot20

=

1 p L 1
2 V2 V2
2 e 2-43 f 1

24 7 24

25> 25 7
4120 ‘119 4 120
169169’ 119

b 6x 18 — x

22.5°,67.5°,202.5%, 247.5°
15°,165°, 195°, 345°
45°,135°

30°, 150°, 270°

210°,330°

30°, 150°, 90°, 270°

60°, 90°, 270°, 300°
0°,30°, 150°, 210°, 330°, 360°
60°, 109.5°, 250.5°, 300°
90°,270°, 45°, 255°

0°, 180°, 60°, 300°

0°, 165.6°, 360°
0°,78.5°,281.5°, 360°
0°,120°

90°, 180°, 270°

No solutions in range
19.1°,70.9° 199.1°, 250.9°
112.8°,247.2°
35.3°,144.7°,215.3°, 324.7°
23.6°,156.4°, 90°, 270°
90°,323.1°

a3
11 tan3A :M

1-3tan’ A

Exercise 2.6

1

2

0o 0 Q9w

[V}

13, 67.4° ¢ 5,63.4°
5,-53.1° f 17,-61.9°
17.6°,229.8°

102.3°, 195.7°

7 T

5,36.9°
245, 26.6°
4.9°,129.9°
82.1°,334.1°

T

3 12° 12
T -0.927 d %,0.643

T QT O T

2
63.4°,-116.6°, 0°, 180°, 360°
-11.3°,-131.3°,108.7°,-36.5°, 83.5°, -156.5°

38.8° d 180°

V5,50.8° b +/5,50.8° ¢ —=,50.8°
J5

10,36.9° b -10,71.6° ¢ 10,161.6°
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Answers

9 a 13,67.4°
c 33,157.4°

b Max 13,157.4° Min -13, 337.4°
d 10,53.1°

e -2,233.1° f 1,157.4°

10 a 13sin(6 —33.7°)
b

Y,

ANV

—>
_746_3 44%{%3.7 213&/360 X
3

¢ A stretch parallel to

the y-axis of scale factor Vi3

. 33.7°
and a translation of [ 0 J

11 245, t=1.29
12 nn=ry=r;=r,=5

0,=36.9° a,=-369 a;=233.1° a,=1269°

Review 2

1ai - i \5 iii\/%

NG

b i 13 i 12 jii —12

5
14.5°,165.5°

b 174°

12 13

5 12
c 24.2°,114.2°

6ai & i & iii 7
6 3
bil i L iii V3
2 N7
7 b 0°,228.2°131.8°
8
yl\ ) ,
y=secx\ 3% J
\\\ N J
\ s /y=sec (x - 90°)
/ y =cosx
W@) 0 9W X
// \ : _o] // \,\
/ R 3 / \
/ \ N / \
90°
A translation of ( 0 ]
84 E) 36
9 a 85 85 ¢ 77
10 a Ly3(J5-1) b 17=73
4 2632
11 19.1°,199.1° b 90°,270°, 120°, 240°

30°,150°, 270° d 60° 300°

3.2°,50.2°,123.2°,170.2°
22.5°,67.5°,112.5°,157.5° f 120°
45°,63.4°,-116.6°,-135°
30°,150°,-19.5°,-160.5°

60°, 300°

0, 90°, 360°

f 0°,180°, 30°, 150°,210°, 330°, 360°

+90°, 19.5°, 160.5°
+75.5°, £120°

0 Q0T 9O 0O QY

i A translation of

1
[}

+90°, 56.3°,-123.7°
45°,-135°,63.4°,-116.6°

T
[ 2 ] and a stretch
0

(scale factor 2) parallel to the y-axis

ii A stretch (scale factor%) parallel to the x-axis,

followed by a reflection in the x-axis, and

. 0
a translation of (3]

iii A translation of

V4
[ 4 ], followed by a stretch
0

(scale factor 2) parallel to the y-axis, and a

translation of (

yl

y

A

VAN

-180°_4bo> O
14

(-90°,0), (90°,0)
(0,1), (0,2)

90N_180° X

a
[
e
g 0°360° 124.8°,235.2° h 90°,199.5° 340.5°
i
a
Cc
a

13 a 0° b 0° +180° 76.0° -104°
+18.4°,+161.6°

14 a y=1-22 b 22(+1)=1 ¢ x(1-)")=2y
4

15 a 37

16 a = b 2% c 2 d 2
3 3 NE) 5

17 3+8\2
15

18 60°

19 b 24° ¢ 99.7°,170.3°,279.7°, 350.3°

20 b 0°180° 360° 26.6° 206.6°

22 a 13,22.6° b 17,61.9°
¢ /5,26.6° d 2,45°
23 a 5,53.1° b 5 ¢ 103.3°330.5°
24 a i +10,71.6°251.6° i */5,296.6° 116.6°
b i 20.8°122.4° i 0°233.1°
25 a 410, 18.4° b 38.0°,285.2°
c i 410 i 161.57°
Revision 1
x+4
1+ x)(2 + x)?
2 a x(x+2) x? +4x+2
x+1 (x+1D(x+2)

3 Qx)=x+3x—2,R(x)=-3
4 Qx)=x-x+4,R(x)=x+1

(0]
QO O T 9

10

o

11 a

12 a

13 a

14 a

a 5sin (0+36.9°)

Q(x)=2x+5R(x)=2x—4 b A=-11,u=10

b 113°,353°

R=17,a=76°
119° (2.08 rad), 33° (0.576 rad)
R=13 b 6=157°
flx) <9 b Doesnotexist ¢ -40
(x=2)*-3
i flx) >-3 i fl(x)=2++Jx+3,x>-3
N
4A
-
y="x)
3 o 1 2 3/a 5%
_2]

Stretch parallel to the y-axis by scale factor 2,
reflection in the x-axis then translation by 1 unit
parallel to the y-axis

y=x+4x+8
225<f(x)<4 b k=1
f’l(x)=§, xe R

3

gf 1(x) = Z—sz =2,gf(x) > -2
! N
aa
- >
(0] b X
iy
4p-
0 ' >
2a

b a=3,b=9,0<f(x) <9

Cc

gflx)=4—-x

Answers

15 a Yy
fix)=]12x+ 1|
B =Ix-1]
! 5
b x=0,-2
16 a i 3,% i 3 iii 3
b i x<_§,x>3 i xeR il x>0
17 a Y ‘
|
y=1f1 |,
34 |
|
|
|
_/ i
|
| N
O :3 X
|
|
l
b | -y‘k |
.‘ |
: y=f(IxI) |
I 3, 1
I I
I I
] ]
I ]
I ]
] ]
| | ‘
-3 0 $ X
]
|
l
c "\ ‘
|
y=f(x - 3)|
|
|
|
|
|
|
|
_ | .
O :6 X
|
|
|
|
b There is only one intersection.
c x=1 321
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Answers
19 a A
y=1fx)]|
P
2A
0 . X
b y,
y="1(Ix])
2
-3 0 3 x
c y,
y="fix+3)
2
/o0 '
20 a y
y=fx+1)
}X
b Ya
y="f(Ix])
-3 (0] 3 'X
-b
(-1,-a) 1(1,-a)
. L1
ci a=2,b=1 i g
22 a 0°60° b 45° 71.6°
c 70.9° d 90°,120°
23 b 59.0° 63.4°,239.0°, 243.4°
24 b 22.5°67.5° 5
25ai & i p_L c _36
4 2 ) 85

26 a i 13cos(60+22.6°) ii 49.5° b 53.1°

Before you start Answers

Chapter 3

1 al b
9

2 x=9,y=10-1,z=4

3 a x;S,xeR,ye}R

W=

b 2x+3,xeR,yeR

241 1
¢ Fox20y>7

4 a 3246 b %—3

Exercise 3.1

1

0
a Reflection in y-axis; translation of (IJ
b Reflection in y-axis; reflection in x-axis;
0
translation of (1 )
¢ Stretch (scale factor 3) parallel to y-axis;
0
translation of (ZJ
d Stretch (scale factor 3) parallel to y-axis; reflection
0
in x-axis; translation of ( 2)
e Stretch (scale factor %) parallel to x-axis; stretch
(scale factor 3) parallel to y-axis
-1
f Translation of ( OJ
. 2
g Translation of (0)
Lo . . 2
h Reflection in y-axis; translation of 0}
A=100
t 0 5 10 15 20
P 100 | 128 | 165 | 212 | 272
13.9 weeks
M,=6

t 0 5 10 15 20

M 6 3.64 | 221 | 1.34 | 0.81

Half-life = 6.93 sec

0.1733 b 113 c 7 weeks
There is a limit to the number of organisms
possible in a unit volume of water.
332.2 hours

N

200

150

T T L

0 2 4 t
150 c 200

A stretch (scale factor 50) parallel to y-axis;

.. . . 0
a reflection in x-axis; a translation of 200
Stretch (scale factor %) parallel to x-axis;

. -1.5 . 0
translation of ( 0 J; translation of (4)

Stretch (scale factor %) parallel to x-axis;

0.5 0
translation of (0 ]; translation of (_ 4)

.. . . 2
¢ Reflection in y-axis; translation of (O);

0
translation of ( 3]

Exercise 3.2

a i 4.48 i 0.223 iii 0.223
iv 0.405 v -0.405 vi 2.47
i 5 i x iii 5
iv x v 5+1In2 vi 25

0
Translation of [2} x>0, xe R

Reflection in x-axis; translation of (3 );
x>0, xe R

-2
Translation of( 0 } x>-2,yeR

2

Translation of (0]; x>2,yeR

Stretch (scale factor 3) parallel to y-axis;
0

translation of(1 ); x>0,ye R

Stretch (scale factor %) parallel to x-axis;

0
translation of[1 J; x>0,yeR

0
Reflection in x-axis; translation of (1 );
x>0,y R

.. . . 1
Reflection in y-axis; translation of (0); stretch

(scale factor 2) parallel to y-axis; x< 1,y € R

-3
Translation of ( 0} stretch (scale factor 3) parallel

. . 0
to y-axis; translation of )

(-2.4,0), (0,3.2)

A
y =f"x)

y =1(x)

¥

1

o7

NI

x=1
fl(x)=e2
Domain x € R
Range y>0

I
I
I
|
l In4
I
I
I
I
I
)

Answers

fli(x)=e*—4
Domain x € R
Range y > -4

f1(x) =-In(x—3)

Domain x> 3
Range y € R

f1(x) =2In(2 — x)
Domain x< 2
Range y € R

a fl(x)=3-J¢
Domain x € R
Range y <3

gl(x)=2lnx
Domain x>0
Rangey e R

€0
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o
NS
»

<Y

o
T e e

y =f(x)

f(x) passes through (2%, 0) and (0,In6)
f71(x) passes through (In6,0) and (0,2%)

¢ gf(x)=+6-2x
gf (-5)=4

Exercise 3.3

1

© 00 N o o s

a 2.20 b 2.00 c 2.14

d 0.882 e -2.14 f -2.00

g -0.405 h 0.996 i 0.870

j 0.0767 k 3 I 0.232

a 403 b 6.39 c 1

d 0.859 e -4.39 f -5.56

a 0,In2 b In3,In4 c In2

d In2.5 e -In2,In1.5 f In4

a (0.434,20) b (%,2) ¢ (-0.564,1)
1

(—ln2, —E) and (0,1)

a 2.5 b 2.68

a y=5 b (0,8),(In2, %)

(In2,3)

1, 4_

gln§—0.0575

a 15million b 26% million

1 10 _ _
10 0 In 5= 0.0105, t= 65.8 years
11 193 years
12 36.4°C
Review 3
1a 12 b 0.85
c 11 d 0.95
2

Y

\

,
o

o

N
a

e

»<

(@)
o \l—‘

y=Inx
2

>
X

»<

0

4 a In2
5 a %(lné—S) b

6 a 7.39,0.69,1.79
7 a y=e*3
\

>
X

b +ln2
Tet-2)
b Inx, In2(x+1)

y =17

(0] (e’e’

Domain x € R
Range y>0

<Y

Domain x € R
Range y > 2

c y=-In(x-2)

N

Domain x> 2
Rangey e R

d yzéln(l—x)

Y/
I
l
|
y =f1x) !
. BTt P
|
| 3
oN 1 x
I
|
|
|
|
I
l
Y =f()
I
Domain x< 1
Range y e R
8 A=5
t 0 5 10 15 20
P 5 6.42 | 8.24 |10.59 | 13.59
t=13.9 days
9 a T,=100 b 332°C
10 a 180 b 20 c 200
11 a 1.46 b 2 c 45°

Answers

Before you start Answers

Chapter 4
1 Gradient of chords will approach 2.
2 a4 b 2
3 a y=4x-10 b y=2x-5
4 (-1,6) maximum
(3,-26) minimum
Exercise 4.1
1 a 2x+cosx b 6+sinx
¢ cosx+sec’x d cosx+1
e -3sinx—4sec’x f 6x+2+%sinx
2 a4 b
d -1 e 3

3 x+yV2=1+%
4 yN2-x=1-7,(0214,0)ic (%—1,0)

5 y=x+1-2,057,0e (% ~1,0)

2 5
6 a 37 b gn
7acZl b 0.464
2
8ar b %’f
9 5,-5
10 a Acost
11 a i 6, i 6,
b i 6 i -6,

12 a 5metres b 0.54,3.68s ¢ -5.23ms?, t=6.37s

13 a 1 x<0.78 radians
ii x < 0.51 radians

-1
b k—2
Exercise 4.2
1a Ya y =3
20+ y=¢*
y=2%
R S
3 0 3 X
b il i e=2.718...
c i y=x+1 i y=ex
2 a 6x+e* b 4e*+6
Cc 5cosx+2e* d 3sec2x—%ex
e 1—-e* f -e*
3ai e-1 i 6.39
b i 6-—4e i -4.87
c i e2+1 ii 5.81
d i —é i -0.368

Cc

e

6

€0
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Answers

4 a y=5x+2 b y=2x+8

= 2x+l
5 y= 2x+2

8 a minimum at point (0,2)
b maximum at point (0,0)
¢ maximum at point (In2,4In2 — 3)

9 Y,

N

4

0

maximum at (0, -1)
asymptote y = x

10 a (0,0), (In2,0) b minimum when x = ln(f
11 Yy
0 X

minimum at (-0.35,0.83)

Exercise 4.3

1 a2 b 2 c 3 d L
X X X X
e L £ 3 g L h 2
X 2x 2x
i Ly i 242
X X
2a2l b 1 ce+%
d 2 e 2
3

3 a minimum at (1,1)
b minimum at (1,1) and (-1,1)

4 y=%x+1—ln2.(ln4—2,0)

5 x+6y=1, %\/ﬁ

6 1
4Q2e+1)
7 d(loglox) |
dx xIn10

Exercise 4.4

1 a l+lnx b 2xsinx+ x’cos x
¢ eX(sec’x+ tanx) d (Z-x-2)*
e e"(lnx+l) f SINX 4 cosxdn x
X X
. F(x -1
g —%(2cosx+xsmx) h Lz)
X X

3
2

)

k
T
a
x=
b

oO0h WN

(
(-
(-1

0,

3x°%n x + x -1
X

S5xt —4x% —3x2 + 4x |

Y

1

0.6 to 1d.p.

0) minimum

.2,0.007) maximum
,0) minimum

tan x + 2xsec? x
2Jx
S5xt—8x3+ 122 +2x -2

=0 b y=-27¢3

7  minimum value of _% when x = i/I
e e

8 maximum at ( E 2), minimum at (T,—*)

Exercise 4.5

3z 1
2

2xtanx — x” sec’ x
tan? x
1-Inx

xZ

x
ex
xsinx + 2cosx

x3

__ 4x
(x* —1)*

x(2Inx —1)
(Inx)?
1

i(l —Inx+ xlnx)
xZ

(xcosx + sinx)Inx — sinx

1 g Sinx-—xcosx b
sin? x
1
c l—x—2 d
g S(sinx = cosx) £
sin? x
sinx — 2Xcos x
... h
€ 2+/xsin? x
i -2 i
1+ x)?
6x(x’ —x+1)
(3x% —1)?
2 av b
3 (3,0
4 x+2y=0
2
> 7
7 a iz(xcoszx—xsinzx—sinxcosx)
b tanx+ xsec’x
o cllrahmx-i]
(In x)?
e X(1+2lnx—xlnx) f
eX

Exercise 4.6

1a

Cc

e

oo

3 =

[=]

q

2xcos(x® + 1) b
2xsec? (12) d
3x?
X3 +1 f
cotx h
1 .
xInx )
ex+4 |
10x(o2 + 1)* n
-6x2(x3-1)73 p
3x2

20x% +1

(In x)?

-3x%sin (£° — 1)
2(x+1)
x> +2x+3

—Rr|w

~cos (Inx)

cos xesm*

er"z
14(2x+ 6)°

2(2x +3) 3
_ax+d) t -32x+1)2
(x? +3x—1)? (2x+1)
3
u —x(x*+1D72 v -1
x(In x)?
2e* 2 -2
w - X =Z(2x-1)3
(e* +1)? 3( )
2 a 26cos(6?) b 2sinOcos O
cosf 2enr2 (03
c —F— d 360°sec* (6
2+/sin@ (6
2
e 3tan’0Osec’0 Tl
Jtan® 6
3 g _.Cosx b et x e
sin? x
1
B 8(x+2) dex
¢ (x% +4x —1)? d T X2
e — L f -
=D cosec x
4 a kcoskx b —ksinkx ¢ ksec®kx
d L e kek
X
5 y=24x-164
6 (4 16)
7 2(2-1)
8 Jy =3x+16
b’ x —ax
9a ——— o JE——
Va? +b%x (ax? +b)
_L
c gazx(azxz -b%) 3
10 x=0
11 b a=4

13 minima at (n7,0), maxima at ((n +

n=

l)ﬂ.’,l}
2

0,1, +2,...

14 minimum at (0,0)

P

4

of

Exercise 4.7

1 a
b

[
d

(x> = 1)? [6xsinx + (x> — 1)cos x]
(3 +1) [6xtanx+ (22 + 1) sec? x]
e*(3x+2)° (3x+ 14)
e*(2x +3)

2Wx+1
x*(1+1Inx)—1

xVx? =1

sin® x + 2xsin xcos x i

e l(xcost —sin2x)
x3

g sin(x) + 2x2cos (x2)

cos3x— 3xsin3x

2x (tan 2x + xsec?2x) k (2x+ 1)e?*!
2xn(x — 1) + ==
x° =1

m cosxcos2x— 2sin xsin2x

N oo s

10
11
13

n 4cos4xcosx —sin4xsinx o cosx(1— 3sin®x)
p e*(3cos3x+ sin3x) q -e?*(sinx+ 2cosx)
3x _ eSn¥ (xcosx — 1)
P (Bx—-1) g — >
xZ X
t e™(2cos2x—sin2x)
a 2xcot(x%) b 2xsec(x)cot (x%)
Cc 6sin3xcos3x d -12cos®4xsin4x
e 4tan2xsec’2x f 3tan?®(x+4)sec’(x+4)
g sin 2xesin®x h 2x
a 4*In4 b 5*In5 ¢ c¢*Inc
d 2**In4 e 5%*In25 f x¥(1+Inx)
2(1+45)
4
-1
2 _ 0431
In5
1 3 X 1
a - b c —
6\ x+4 2 _3 2Jx
a 1 : 1
12)/2 +1 12sin’ ycos y
1
c L 2 2
cot (2y)cos?(2y) T+Iny
e L 1
cosy —siny 12cos4y —8sin2y
2y(y=2)
g 5y-8
6y=x+4
8y=%(x+4)
maxima at (1.02,2.47) and (4.16, 57.2)

Answers

minima at (2.59,-11.9) and (5.73,-275.3)

N

o i m X

(not to scale)

14 a (1,2),(-1,-2)

Cc

x=y+listheinverse ofy=9c+l
y X

Their graphs are reflections in the line y = x

€0
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Answers

Review 4
1 a »fsec’x+3x’tanx

¢ 3x2sec’(xd)

o T

-

e e*(sinx+ cosx)
cosx
g _eSTX h
i 3cos3x j
2 [
2x +3
COsX — sinx

=

ex
1-3x?
2Wx (62 412

ae ax

a

¢ f'(x)ef®

e acos(ax+b)
g

asec? ax

=2 = M =

i f'(x)sec? [f(x)]

—

K a |
ax+b

3 a e*(cos3x—3sin3x) b

¢ e*(3cos2x— 2sin2x)d

3sinx + xcosx

e - f
xsinx
B 6(3x +1)(x+2)
g 2x —1)* h

3tan? xsec? x
xsec’x — 3tan x

x4

cos xes'"™*

1 .
—cosx —sinxInx
x

6sec?6x

3 e3x— 1

(P —x+1)

ae ax+b

acos (ax)

f'(x)cos [f(x)]
asec? (ax+ b)
1

x
f'(x)
f(x)

e*(3tan x + sec’x)

2( X
2sec (2)

1 1
R N
x  2(x+1)

1 i 5sec?5x

j Zx[sin(Zx + %) + xcos(2x + %):I

Kk Se3tanxseczx | _ 2
COS X
m cotx— xcosec?x n secx 1-xtanx
secx
4 a 1(max) b %(min), —%T(max)
3r . T
c T(mln),—z(max)
=-0+%
5 y= 0+2 1
X X 1
o Ehne b @lna xIn10
_6+m _ T 3
8a y+x= 1 b 4y+x 4+4,(4+4,0)
—cinl| X _ T ax\_ o
9 y_sm(lso) by 180COS(180) 180 <0s(x°)
10 a f'(x)=—L —
SIN XCOS X
b f(x)=LOEX=SIN’x 50y
sin x cos x
/ —L _ 2 _
¢ FW= G Gery 9G¥ DBx+27(30x-1)
12 4
14 4
(1-x)
15 a L b 1
2x 2Jx -3

16 a 3x%e**(1+x)
¢ 2tanxsec’x

17 a i xe®2(2+3x)

b 1

216 - x2)

2(cosx + xsinx)
b 2
cos” x
1

“2ysiny?

_6x sin2x? + cos2x?

ii
3x2

19 (0,-729) min, (3,0) and (-3,0) points of inflexion

Before you start Answers

Chapter 5

1 a x-1 b 2x*—x2+1

2 a -12,32 b (1,0)

3 -2.1,0.25,1.9

4 1

Exercise 5.1

1a 2 b 1 c 2 d 2
e 3 f o1 g 3 h 2

2 al b 2 c 1
d 1 e 2 f o

3 b There is only one point of intersection.
c [1,2] d 1.9

4 ¢ 0.703

5b 3 c 2.13

7 3.7

8 a=1,x=1.28

9 ¢ [-2,-1],[1,2],[3,4] d 3.93

10 b [-1,0],[0,1],[4,5] ¢ -0.88

11 a [2,3] b 2.19

12 b 2.67

13 a 2 b 1.32

14 b 3.29

15 a 1 c 6.846

16 3,2.478

17 0,2n+1)m,neZ

18 1.9 radians

Exercise 5.2

1 c¢c 4.56

2 ¢ 246 d Diverges

3 b 1.466

4 0.35

5 2.659

6 a A=5u=7 c 525

7 a -0.856,+0.473 b 56,2 c 1.304

8 x> —6x+3,2.145

9a x©-5x+7=0 b xX¥-5x-1=0
c ©-8x+2=0 d 3x*=100
e ©-2x-1=0 f 2+2e%-6=0

10 a 30,20 b The second
c 2.11474

11 ¢ -1.3734 d -53.9°

12 ¢ 2.303 d 1.2

Review 5
1 a

1 y=8x

1 2 X
b A
N
3
o] y =8
/ y ) f(X)
1 o 1 2 3%
One root
2 a A
1
gx) = X
5 3
Two roots
b N
2 gx)=x3+1
/ f(x) = sin(x)
T T T T }
1 1 2 3 4 X
_la
2
One root

Answers

f(x) = In(x)

Two roots

4

3210 1 2

Two roots

g = e

1 f(x) = 3 —x2

Foiy
x=1.68 ¢ x=-0.83
1.36 b 1.31 c 235 d

2.20 d divergent
1.395

~N o O b
O T O 9 T

d 3.921
8 b 1.58,1.68,1.70
d x=-1 because division by zero is impossible

Revision 2
x—6
x—4

2 a 3x—-7 b 3x—1
x=2 X

2x -9 _
CEGICEE) b x=6,4

4 g=2,b=0,c=-1,d=1,e=0

-2.82

€0
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Answers
5a 279 p f’l(x)=4+# c xeR x#2
x—4 2—-x
6 b (0,4)
X
(E 97“) fi _ —_+4
b |57 c fg(x)=4x+a d x=%
11 p 23
> 16
(0] X
1 .« T 5m 3m
12 a -1 UL
c y>0 d -0418 R "2
7 a y 13 ¢ 135°
t n 5z 97 137
e o5 %5
15 a R=13,a=1.176 b x=2.267,0.085
a c i 13 ii 1.176
16 a i Y
3> 4A
o >
a * 3
2
e
f(x) = &
b N _é (0] "X
a9 Stretch parallel to y-axis by scale factor 2,
. 0
translation (1 ]
ii N
o X \
a 3
4
x)=2+e*
5] g(x)
( 4,0), (0,a)
f(x) = e*
¢ a=6,10 0 5 X
2 _ 1+e*
8 a b f1(x)= ,xeR
—3+In7 2 Reflection in y-axis, translation [g]
¢ % ‘
1 iii y
|
I 4 - x—2
o] ! g(x) = 3e
l
|
— : 2
0 3] x 1 /
! f(x) = e* e2
0 £
e=3 03] |
Stretch parallel to y-axis by scale factor 3,
_7 1 2
d x= 33 translation (O)

b i
0
Reflection in x-axis translation 3
ii Yo
g(x) = 1 + 2In(x)
2 4
In(x)
ol I -
2
Stretch parallel to y-axis by scale factor 2,
. 0
translation (1]
iii YA
2 4
g(x) = 0.5In(x + 2)
Lo O 5 X
f(x) = In(x)
Stretch parallel to y-axis by scale factor 0.5,
translation |
0
17 a 7 days b i 105 cells ii 80 cells
18 b £670 ¢ 15years d 7.2%
19 b 14 years
20 a 425°C b 7.49 mins ¢ 1.64°C/min
21 a 0.405 b 4.39 c 0,0.693
22 a eX(sinx+ cosx) b x*(1+3lnx)
¢ e (3+2x— xz) d e*(sinx — cosx)
sinx
x> —1-2x*Inx 6x>
€ x(x? =1 f (x* +1)?
g ; - 2 h 3x2e?
sin x cos x sin2x
. 2x—2 . —9x?
: 2 J 3
3(x? —2x +5)3 2(x?* —1)2
Kk —< I cos®x—2cosxsin®x

_ 6x%sin(2x?) + cos(2x?)
3x2

23 a i (2+3x)x**2 i

1
b ———
216 — x?

24

25

26 a

27

28

29
30

31

32
33
34

35
36

37
38

39

D Q0 9w o

Q O 9 T O

O T Q9 T OO O DO QO

[}

Cc

Answers

i e¥(sinx+7cosx) ii 520 1 340 In(5x +2)
5x+2
60 5L 73
(x +1)*
1 1
Bghlag) oo
(1, ) min b (-1,e!) min

(1, %) max, (-1, _%) min  d (0.464,0.177) max
(-2.678,-94.74) min
xeX(x+2) b (0,0), (-2, 4e?)

(0% +4x+2)
(0,0) minimum, (-2,4e?) maximum
1+ x?
b 9y+5x=16,15y—27x=44
(x* =17 7 4
(~0.49, 2.05)
y=x ]
i x=a -1 _
i x=d c vy 101n10(x 10+10In10)

B(10(1 —1n10),0)

[1,2] d 1.5

[1,2] b 1.32

2.754

C+x-3=0 b X—-5x+10=0

X —3x-2=0

a=12,8=2 c 2.73

1.395

2y=x+1 c 2.1530

-2In2

x; =4.9192, x, =4.9111, x; = 4.9103
L1

3e ™

x;=0.0613, x, = 0.1568, x; = 0.1425, x, = 0.1445

Before you start Answers

Chapter 6
1 a 24 b 28
2 a x(2x-3)2x+3) b (x—=D(x+1)(x2+1)
3 a A=5,B=9 b A=4,B=1
4 a 3x+7 b (2x+12(3x—1)
(x +1)? x(x* =1)
5 a 2—4x+3 b x+8+_13
x—2
Exercise 6.1
3 1 4 3
1 a x+2 x+1 b x—S_x+4
1 1 301
¢ -3 ix+5 d St o

33l
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e 3 1 f 3 1
x+5 2x-1 2(x—4) 2(x-2)
5 1 2 3
2 a3 73 b it %4
4 3 2 1
¢ x x+1 d x-1 x-6
e 3> 6 . 9
2(x—=1) x-2 2(x-3)
1 1 1
f 2(x—1) 2(x+1)+2—x
3 3 2 1
- +
3 a x—-2 x+1 b x—1 x+4
c L 1 g 2__1
2(x=5) 2(x-3) 2x  2(x-2)
2 5 3 1 1 1
= = + N _— P
€ x x+1 x+2 f X 2x+1+2x—1
-2 4 3 1 1
+ —
4 a Tty b 0x-3 "5+ 2x-D
6 12 1 2
¢ T2x—1 3x-2 d 1—x+1+x

e 244 4 2
x 2x—-1 2x+1

. 4
33-2x)  3(3+2x)
2 4 5

€& T30+ 300

4 1 1
+ +
151 +2x)  52—=x) 32+x)

1 1 1 1
+ -
x—1 x+1 2x-2) 2(x+2)

Exercise 6.2

4 g 2 __2 3 p L 1 4
x=1 x-2 (x-2) x+1 x-3 (x-3)?
¢ ﬁ+(x31)2_ﬁ d xi4+(x_44)2
e %+x752_x32 f ﬁ+i+4(x3—2)
g %_3x3—1+(3xi1)2
h 2(x1+2)+(x+12)2 (sz)ﬂ_i
2 Al b 4o e
¢ 1_4(x1—1)_4(x7+3) d 1+i_xil
e x+l+ﬁ f x+z(+—1)+ﬁ
g x_4+x-?—2+x1—1 h _1+x-31—3+xi3
i ix+16(291c—1)+16(291c+1)
3 A=1,B=3,C=1 D=5
8 4 2 2 2

48 50,3 5x+D P 3x-2) 34D x+l?

1 1 1 1
c 1- d -
x+1 2x-1 2+x—1 x+1
e 1-_7 3 ¢ 4
2(x+3)  2(x-=1) 52x—-1) 53x+1)
2 1 8 1
-1+=- h x+1+ ——+7—=
g x +x x+1 x 3(x—2) 3(x+1)
1 1 2 . 6 3 6 3
-2 — L 6.2
! x x2 x-1 J x+x2+x+1+(x+1)2
1 3 2
K +; x+1 1 x2+x—1 x+1
Review 6
5 4 2 3 1 1
lais33 *x x+4 ¢ X3 x+3
1 1 1 1 5 5
2 a 7( + ) b L_—
2\x—-1 x+3 x 4(x—1)+4(x—5)
1 1 2

_2(x+1)_2(x—1)+x+2

2 2 5 2
3 a 2 s
x—-1 x+3 1+3(x—2) 3(x+1)
c 2.2 1
x 3(x+1) 3(x-2)
1 1 2 2
4 2x+1+2x—1 b 3x—-2 3x-1
3 3 2 1 2 1
c - d ——-=+
x=2 x-1 (x-17? x x2 x-3
1 2 6 1 2 2
€ X 2x73+(2x_3)2 x4l o x—1 (x—1)7
A=1,B=2,C=-2
3 2 3
al3-—— b 2+ 5753
2 2 3 3 1
¢ l+i-S-1 4 xr2r s
7 a=k+1
8 a (x—2)(x—1)(x+1)
1 1 1
b 3(x—2)_2(x—1)+6(x+1) ¢ -Llor2
2 1 2(a) — 2 1
9 a b f(x)_,[ + }
PR (x+47  (x—17
1 2
10 a x+2 x-1
1 2 9
i a “x—2 x+3 b 8
c y'=¥+#>0fora]lxe]1§
x=2)% (x+3)?
12a 1L c 1
r o r+1
13 a L __1 c 1
r+1 r+2

Before you start Answers

Chapter 7
1 a J(@x-D b 17:2+4x+ 12
a x=2,y=-1 x=%
a 2x—xz—3;§+x—%+c
b 2+2x;x+x2+§+c c —%;x 1.

Exercise 7.1

1 y
t=-3 6 t=3
t=-2 t=2
T O T L
=1 t=1 9
t=0

A 5 X
-154
b Y
ji
57X

-3

XV

4

10

11
12
13

d Ya
/4\
4!/4%(

)
e A
_5!‘/5 ‘X
3
f yA
/10 \;X
a y+2x=9 b xy=12
3
c y=x-2x—1 d y=x2
3
e y=(x+1)2+2 f xf=4
- 2y
g y=x+2 h 9+16_1
i oy=1-2x2 i y:%xZ_S
LZ_LZ_ _3x+1
K 1 5 =1 | y="=
6
3
4
2,-4
i2,y=ix2—l
a (10,0) b (9,0)
¢ (13,0), (-7,0) d (+3,0)
a (0,23) b (0,5),(0,6)
¢ (0,0),(0,1) d (0,£1)
5
5
3

Answers

O

333



c4

334

Answers

14

15
16
17

18

19
20

21

22

23

a

y:
xX=
xX=

a

Q T O 9

J29 b 2 ¢ 5y=2x+33
2x+1

2cos 0, y=2sin 260

tan 6, y=sin 0

x=sin6, y=3cotl b x=%,y=3\/t2—1
a=3,=2 b x=3+cos6,y=2+sin0

a=1,b=2,c=2,d=3
x=1+2secH,y=2+3tan 0

%5?” b B=1.9;(0,-1) and (0, 1.6)
1
X=—,y== b x=t+2,y=t(t+2
e y : x y=t( )
1 t 1
= = d = - — =]—-
[EEVERE AR =i Ly=1-t
i\
\\O ;x

Asymptote x+ y =-1

Exercise 7.2

1

2

W

o

© 0w N o

10

a

a
Cc

(9,-6), (1,2) b (23) (2?5,_5)
(-1,1), (3,5)

b (1,3), (-1,-1),(%,2
(_1)1)) (3,3) (8 4)

(2,3) and (2,-3)
81 12
6.0, (353

a
[

e

(0,-3), (3,0) b (0,-5),(1,0), (-5,0)
(10,0) d (0,-3),(7,0), (-9,0)

(Q—%), (2,0) f (47n,0), neZ

(1,-2), (4,4)
Q(%tz,Zt),yZ=8x

a

Q(212,0), M(213,31) b 2y°=9x

(-4,2), (16,-18)

1
4

Exercise 7.3

1

a

e

a

1

12 b
f

o=

16
y=2x+1,2y+x=4%
2y=3x-6,3y+2x=4
=2x-2,y=-"2+1
y y NG
3y=4x-5,4y+3x=0

L2 (L 2
( ﬁ’%@)’(ﬁ’ 3@]
(1,2), (1,-2)

T 37
¢ (Zal(Z-1)  dese
4 yt+2x=24 (18,-12)
— Ay — _3
5 y=ax—45 (-3,-48
6 y+ax=3 Q[-1,4)
7 a AP=3cosO+5
BP=5—-3cos 0
1 1
8 a t—z,y=t£2 b (l,t—z) c y(2x—1)*=x
Exercise 7.4
1 1
1 a 193 b 253 c 144
d 28 e 8% f 8ln2
1 4
2 195127
3 a t=-1,(0,-6) t=0,(-1,0)
t=1,(0,2)  t=2,(3,0)
b 3% c 9
4 t=0+2 171
15
1 1 1
5 a (41,1),(2,2), (41,4) b 41
6 (0,5),(0,17), 16
7 a (2,2 b 5.67
8 a +2v2,[L,2)(-L,2 b 2 —In2
(2}
Review 7
1a y=x2+2x+2 b y=2-x
2 2 2
c X L d y=X_
1679 7! 7
2 a x=sin9,y:%sin20
b x=2sin6, y=5tan 0
1
3-L3
4 a (-8+314,22 - 6v/14),(-8 — 314,22 + 61/14)
b (4>0)) (_12>0)
e (B B (B B (BB (5 5
PN AR A U A U
5 a 2y-3x=1,3y+2x=8
b 12y=5x+49,5y+ 12x=119
C x—y=4,y+x=2
d 23y =2x+1,2y +23x =33
6 a 195 b 2
3
¢ 0574 (3s.f) d %
7 a 4cosO b y=§x2+3,—3<x<3
2 (& _2)
8b s+r d 9’ 3

xz
9 a y:2+x—%

21.8m(3s.f.)

b t=1+\/§ or2.18s(3s.f.)

(5]

10 a

11 a

Cc

a=1+% c 3
T
-2sin® Ocos 0 b 2y+x=4
8
=—— x>0
YEEi e

Before you start Answers

Chapter 8
5 3
1 a (1+x)2 b (1+x):2
5 g 21 p Y112 c V30
10 3 6
3 a 8+12x+6xX2+x°
b 56;256 + 1024x+ 1792x>+ 17925 + 1120x*
+4485x° + 112x° + 1647 + 28
4 a —%x b -2y
5 g 2 .1 4 2 1
1-2x 1+x 3(1-2x) 3(1+x) (14 x)?

Exercise 8.1

1a

b

c

1-2x 44282, |x<3

1 1 1
l+-x——-x2+—x3, |¥<1
278 1677 I

_lao_ 1.3 1
1+x SX S |x\<2

1+3x+6x2+ 1055, | <1

2.5.3 1
T+ x—x? + 35, \x\<§
3 5
I+ 24252+ 253
S HeX Te% | <1

1+6x+27:2+108%, |4<3

x_3.2,7.3 1
1+2 s X +16x, \x\<2
l+x+2x2 425 \x\<l

2 2 2

3 1
I+x+2x% +-x3 <2
Xk Xt X %

1 1 1
l——x——x? ——x3,
3 36 162

i l-x+x2-—>+x*
i l+x+x2+5+x4
1 .1

4 64
Y v <2
i+%x+%x2, \x\<§
%(1+%+%), [x] <9
1+%x—§x2, | <1

2+3x+§x2, Ix <2

10

Answers

d -3-4x—-4x%, |x<1

e 1+x+%x2, | <1

f 3+3x—%x2,

1
x\<5

1
4-5x2, |x|<=
g 4-5¢7, lx<l
3
8
1+l Ly 42
X 2x2 2x°
a=14,1+2x—2x2+4x°,1—2x— 2% — 4x°
1
4, -, 4
2
. _ _1 ) 1
Either k=3,n=_,-x2 |x|<
3 3
-3 -2 52 2
or k= o 3,4x,\x\<3
[ A S SIS S,

2x 8x2 | 16x°

1L 93 5

1+ =x2 ——x2 4+—x2 +---
PR T

Exercise 8.2

1

a 3+ 9x+21x> + 455, |x\<l

2
b 4-8x+282— 80X, |xf<3
¢ 5-Dx 4840 25,3 \x\<l
2 4 8 2
3. 3,492 _15,3
d ST AT e T | <1
5,19 65
e 1-2x+—=2x>——>x% [x<2
6* 36" "o M
2,16, 104 5 , 640 3 1
S0+ Ty 4 2 ) =
Frgxryy g K<3
g 4+4x+82+8x, |d<1
a A=2,B=11
2 3 4
b 3+7x+25x +9L+47x ‘x‘<4

16 ' 32 256 ' 256 4096’

¢ It converges more slowly to the correct answer as

Ixl increases.
5 4 125
- ()
S e g b (e
c 14+ 13x—11x2+37x

Exercise 8.3

[N

2
3
4
5
6
2

10

0.73742
729 + 1458x + 1215 + 5402 + 1354 + 18 + 20
a 223607 b 1.73205

3.16228

a 1+x-2+3x b 1000999

1— 6x+ 2422 — 80235 0.994023 92

al-L- L1 _ 1 141 b 9949874

S 2x 82 16x°

¢ x=-100, 10.049876

3 3 1
I+2x+2x2——=x°
T3 Tg”
7.2 5,15,.,65 0
a1+3x+2x b2+4x+8x+16x

255 3

O
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Answers

11 2,4,3

12

1+ x)?

L 1 3x462-102... forjx<l

Review 8

1 a

b

Cc

14304924270, <3

1., ., 1.3 1

1+x—5x + 5% \x\<5

1+lx+ix2+ix3, | <2
3 36 81

1 1 x* X 9

3 +sx—-—=—+-"—| <=

3( EREY 486) xl<3
1o 15,1

l(1+7x+7x2 +7x3), |x <2
2 2 4 8

l(1+lx+ix2+—5 x3), |« < 4
2 8 128 1024

1. 3.0 1.3
12x X e [x <1
-3+4x+4x +4x%), |d<1

1

2 A=05B=0,C=—, |d<l

3 =
1 1 1
41-1-L L 15>2
5a a=3,n=-2 b -108 ¢ <3
< 1 2 _ 2 3 1
O 6 a — —1+2x,3 3x+9x 15x,\x\<2
1 1 1
b 1_x+1+x—(1+x)2,1+2x—x2+4x3,|x|<1
7 a A=1,B=2 b 3—x+11x
c Noasxz%isoutside \x|<%
9 3.16228 (5d.p.)
11 a p=-13.5,q=67.5 b 1.4246875
12 a A=3,C=4,B=0 b 4+sx+1 1 +1%0
Before you start Answers
Chapter 9
1 a y=6x-5 b y=2(x—4)
1
2 a 3tan’xsec’x b %xz(x3+1)7
¢ eX(sinx+ cosx) d x*(1+3lnx)
1 1 _
3 a b 2(3+In20) ¢ 50(1-In15)
Exercise 9.1
2 3-2x
1a X b £ c 222
3y y? 2y
I e _r f ,1+)/
3y(y +2) x 1+x
2x+ty h x(1+ y?) x(3-y%)
x+2y y(1+x2) y(x? —2)
2 3
j -1 k 2= T
x? 4x3
m tanxtany n cot’y
2
22 55 b iy © -2
p _
336 7 ¢

©oo~N O O

10

11
12

13
14

15

16
17

18
19

cosx 3
Ot 3
cos(x + y) € 2

g oyt h y(1—elny)

xeV +e* e*

4
a g b -3
d o e 2
g y=x+3 h x=3
i 7y=33-13x i y= —g
a 10y=7x-54,7y=-10x-28

- -7 -9y L
b y=xy=3-x ¢ x=2,y=7
d y=-xy=x
y=x+1
262
a 5y+8x=21 b 4%
(2,3)
(6,14)

(11, o), 63.4°
2
(0,0), (4,2),90°,31°

y=13
1
3!
1 1
a (4, 5)’ (43 1) b (1) _E)$ (1, _2)
a (-5,-2)min; (-5,-3) max

b (—3, %)min; (-3,-3) max

(1,1) and (1,-1)
a maximum of 3, minimum of -1
b maximum of -1, minimum of 3

a 2/5 b %,max
dy _ x?+8x—4
dx (x +4)?

Exercise 9.2

1
2

3

x=x*1
y=x+2\/§, y=x—2\/5,

y=—x+2\/2—,y=—x—2x/5,area=16
(-0.618,£0.300)

)
57 10

Exercise 9.3

1

a In3x3* b 2In3 x 321
¢ 20In3 x 3°%+2 d -2In3x 3%
e 2In10x 10%**> f -6ln5x5!72

1
%lnz(zi"” + 6><2X), 161n2

a y=6.59x-0.59
y=-0.15x+6.15

b y=4.16x+6

y=-0.24x+6
a 40,83.2 b 5.28,1.46
¢ 13.4,20.1 d 0.55,0.22
a 3.21,-0.71 b 5.80,-2.55
¢ 1.98,-0.020 d 54.6,-109

tan3xtan2y f e ) —1

o2}

O T 9 0O T YYD O T OO

10

11

5,37 b 3.19 c 2.72
126000, 0.0314

3956e%0314 5415 people/year

323200, 6.7%
150, 100

20, 0.0575

i 12h ii 40h
1.15gh™!,0.863gh™

70,0.154

10.8° C/min, 4.99° C/min

T=10+70e%* d 55min

Both models give the same estimate of 3360000,
because Pya'= Pye! if kis defined by a = e

b 200, 0.03 cells/hour

Exercise 9.4

1

© 00~NOO O WN

B R
N PO

[V
w

0.2m?per min
a 47.1cm?per sec b 3.14cm per sec
a 32.4mm’per min b 21.6mm?per min
2. cm?® per hour
a 40.2mm?/sec b 15.1 mm?/sec
15cm?/sec
a 0.00111cm/sec b 0.333cm?*/sec
0.0265 cm/min
126 mm? per sec
0.305cm/sec
9m/sec
-0.1 Nm/sec

-k dL
rr?l? dt
where k is Boyle’s constant. Assumes temperature
remains constant.

Review 9

1 a

N

© 00N O 0w

10

11
12
13
14

15

16

3x 2x+ 3y 2y3

4y 3x+2y 3x3

d %taantan.%y e o — 2y
Ay -3 17

3y —6xy —2x2 7

a 3y—-2x=2 b 7y-5x=8
x—=2y+2=0

b (2,3),(2,5) c 2+4v2,-1)

4y+\/§x=8\/§

a y=3x-7 b 3y=2x-7
yzgxx/f—b

(2627

54y +x=27 b t=-6
4y=x+15

(0,2), (0,-2) b x=0

i 4In4 i (2% +22*2)n2
i y=5+2xIn2 ii y=4+5xIn2
13,50 b 12.3per sec
5.8 per sec d r=15

£1975 b -£801 per year
rate of depreciation

C y+6x=3

O 9 09 T O O 9

y?e* —2xe”

Answers
Revision 3
2 1 3 2 1
1a x—2 x+1 b _;er—l x+1
6 4 g 2.1 3
x-3 x-2 x x+1 (x+1)7?
e -A_2 8
X xz 2x—1
2 1 1
f S T 5-3 o3y
2 A=1,B=-3,C=2,D=1
3 3 1 2
3al-——+ 1— —
2+ 2 -1) 3x—1) 3(x+2)
c 1422 4 1 d x+2- L+ 2
x=1 (x-1)? 2x  2(x—2)
2 1 6
€ 2_}_,72+2x—1
fl__ 4 11
3a+D  (x+1? 30x+D)
4 p=1,9=0,r=4,5=3,t=9
_ __2 4
5a x=21 b k= 373
2
6a 3 b y=% -1
7a (30) b - ¢ (32,01
8 a 2y+x=11 b (-1,6)
9 a (7,3),(12,4) b 17.7
10 a t=0,3,-3 b 64.8,129.6
11 a P(0,4.25),Q(2,2) b s% c 4%
12at==2 d % _ 33
3 3
13 a 1-3x+9x>—27%, |x\<%
b 1+2x-22x2 418,53 |yl
2 8 16 5
1.1 2,1 3 1
c 3+3x TR \x\<2
d x+ix?+ 2y x| <4
8 12877
e L 341202 275 |h<?
4 16 64 256 3
f l+ix+ix2+ix3, x| < 4
2 16 256 2048
_3,.. %2
14 a 1 SX=3x% lxl <1
b l—lx+Ex2, \x\<l
2 8 3
3 9 27
15 1-—-—- , IxI>3
2x  8x*  16x° g
16 a=48, 2+42x—x%, 2-2x— x>
17 a 1 +L, 24 x+5x% +7x3, \x\<l
1-2x 1+x 2
b L L 3 Uy T Bl gl
24+x 8-3x 2 4 8 16 3
18 a A=-%,B=% b -1—x+4x
19 a 5y —2x e’ y—siny
2y —5x 3y% — xeV x(cosy —1)
_ 2
d COt.X?COt)/ e \/% f M

—x* +sec’(x+y)

O
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20 a yzix—l b y+x=2
22 a —%tan@ c 6cosec2a d %, 6
23 21.4
24 a 60664 b 485peryear ¢ 87 years
25 a 0.0637 m/min b 0.8m?%*min
26 a 0.00255cm/s, b 0.48cm’/s
Before you start Answers
Chapter 10
1 a 2xlnx+x b e*3x2+ %)
2x% +1
¢ e*(tanx+ sec’x) =
Vx? +1
e = lznx f cotx
X
1 1 3, 2 1
3 a 2(x—5)+2(x+5) b x+x—1+x+2
1 1 1 3 7
;_x—l+(x_1)2 d 1_2x+2(x—2)
(Arbitrary constants are omitted from answers.)
Exercise 10.1
1 a 145 b 8.72 c 1.17
d 0.137 e 1.57 f 2.12
2 a 0.9943 b 1 c 0.57%
d convex graph
3 a 09185 b 09116
4  55.1,7=3.06
5 1=2.30,18.4
6 a 50.5 b 51.2 c 1.4%
7 Area = mab where g, b are the lengths of the
semi-axes. For a circle, a=b=r
Exercise 10.2 ,
1 a2 b 22 c &£l
2 e
d In2 e \2 f 3+In4

g 22—7+ln4 h §+\/§

2 a %tan9+c b %xz—Zlnx+c

Cc 5sinx+ 3cosx+ ¢

3 a -1 b In3
4 a [ZL b 2-2 c -
[4 ﬁ] 21
5 e-e—In2~3.98
6 et
10
Ire

Exercise 10.3

1 a ésin5x+c b ficos4x+c

1 .1

c 5tan3x+c d 251n5x+c

e —Llcotax+c foLletxs g
4 4

g %(3x+2)5+c h %ln|sec3x|+c

i lln\3x—1|+c j S S
3 3(3x—1)

k gln

.2

sin = x|+ ¢ |
5

m —itan(4x+ 1)+c¢ n

o iln|sec4x+tan4x|+c

p —iln |cosec4x + cotdx| + ¢

1 -
q —532x+c r
[ —%cosec2x+c t
2 ao b L
2
225 et -1
d 3 (ﬁ 1) e S
3 a —i+tanx+c b

1 _ _
c E( 2x1_612x)+c d
e —lcosec3x
3
4 Y
Exercise 10.4
1 a Inl®-1|+¢ b
¢ In|x@+3x—1]+c d
e %ln|x2—4x+l|+c f

g Infsinx+1|+¢ h

(xz—l)%+c j

(SR

k %ln|x2—1\+c I

) e
m ze +c n
o %ln|x2+2x+3|+c p
q Led’+¢ r
3
3 %1{12

4 x+Injx—1+¢
1 1
n

Exercise 10.5

%sin (2x+3)+c

1
45ec 4x+c

1. 1
—sin3x — 3cos—x
3 3 +c

1 2x 1 -2x
—e** —2x——-e“*+ ¢
2 2

(o] \/5

f lin7z
3

Inx—cotx+ ¢

1
—sec3x+c¢
3

(a3 —1)6 +c

(x? +3x—1)5+c

Ul — O\ —

%(x2—4x+ D*+¢

%sin(xz-i— +c¢

Nxr=1+¢

1 .2

—e¥ +¢

2

1 é
g(x2 +2x+3)2+¢

esmx +c

In|lnx + ¢

7x”+—n_lx"‘1+---+x+ln =1 +¢c

3
1 a L(1+x3)5+c b ;(1+x3)2+c
15 9
c ésin5x+c d %tan2x+tanx+c
1 5
e ~———S +¢ f In(x+5)+——+¢
9(3x - 1) x+5
g 21n(x—1)+(x—1)—ﬁ+c
12
4(e* +2)*  5(e* +2)

a

(o

2 2 2 J
5(1+e")2 +c b g(l—cosx)2 +c

3
%(x+2)\/x—1+c d é(l+x4)5+c

%(lnx)3+c f 2Jx —4ln(Vx +2) +¢
2Wx+1l-In(l+Vx+1)+c

NJ1-x% +¢ i sinl(x)+c
Lsecdx+c k lin{€=1)4c
3 2 e¥ +1
B e P NC TS R Gl Sty I
4x Jx+1+1
9
2(e—1) b % c V2-1
31
e-1 h 332
2e 15
1
(0,0), (4,0, 22 b (0,0),(2,0),5

(0,0), (% 0), (71',0);%

a,d, e, g, honsight

a

e

g

L5 [Ca VN Vil
5(x +1P°+¢ b 1 2 +c

2 3 2 3
E(Sx—z)(x+1)2 +c d §(1+tanx)2 +c

1
(x2+1)2 +¢ f 12—5\/x+1(3x2—4x+8)+c

Loy ¢ h (e - 1)% +c
2 3

Exercise 10.6

1

a

lsin 3x+c¢ b —lcos 4x+ ¢
3 4

. (1 2 3
251n(7x)+c d -= (— )+c

5 SCos(5x

1. 1
Esm(2x+ 1) +c¢ f fgcos(3x— 2)+c¢
1 1
ytan (4x) + ¢ h 5tan (2x—=3)+¢c
1 1 1
gtan3x+ c b —gcos 3x+c¢ c _ZCOt 4x+c

tanx+ ¢ e 7%1n |cosecx + cotx| + ¢
secx+ ¢ g In|secx+tanx| + ¢
x+tanx+ 2In|secx + tan x| + ¢

%(sin 3x —cos3x)+c¢
-cotx — 4ln|cosec x + cot x| + 4x + ¢

-2cotx—2cosecx—x+c | —icoth +c

1 1 . 1 1 .
= = +c b —x——sinbx+c¢
2x+451n2x 2 12
1 1 .
d 5x——sm(6x+2)+c

1 .
72(x+smx)+c 3

Answers
e tanx —2lnfsecx|+c f %x—Zcosx—isin2x+c
g étan5x+c h sinx—%sin3x+c
o1 3 .3 1. 1 .
I —cos”x—cosx+c¢ J =x—-sin2x+-——-sin4x+c¢
3 8 4 32
k sinx—sin3x+%sin5x—%sin7x+c
| —ln\secx\+%tan2x+c
4 a —icost-i—c b 7%cos4x+c
c flcosx+c d —icos6x+c
2 12
e —x+%tan3x+c f —x—%cot3x+c
1 1
g —x—5c0t2x+c h 2tan(§x)+c
1 1
5 ——cos8x—=cosdx+c
16 8
6 a —iCOSSx—lcos3x+c b lsinx+isin9x+c
10 6 2 18
c lsinx—isin5x+c
2 10
7 a 3 b L c ﬁ
5 5
8 a % b In[Y2*1 co
2 J2-1
1
9 3
11 a L b 8
3
1
12 X, 2
2+6
13 a odd function b even function
Exercise 10.7
1 a Zln‘—x ‘+c b 2lnjx—3|—lnjx+1|+c
x+2
¢ Inj@x+ D(x+1)+c d In|Jx—1(x+37|+c
2 _
e In|[2*~14¢ f oaln*—Y+c
2x+1 x?
1 x—1 X 1
= ln—‘+c In - +c
g x+ h x—-1 x-1
i ilnx_2‘+ EAI
x+1 x+1
2 a ln(§) b 1n2+é c ln(é)
5 2 7
5 3
ZIn2—-ZIn
4 3 3 3
5 a x+§lnx_3‘+c b x+lnx_1‘+c
2 x+3 x+1
c x+21n—x+1‘+c
X
d %xz +2x+3?71n|x—3|+§1n|x+2|+c
6 ln‘\/xz—l‘

O
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Answers

Exercise 10.8

1a

[+

e

f

Sin X — XCOS X + ¢ b xe*—e*+c¢
1. 1.4 1.
~x*Inlx|—=x*+¢c d =e*2x—-1)+¢
el -1 Lerx-1)

xtanx—Inlsecx|+¢c f -e*(1+x)+¢

1. 1
—sin2Xx — —XCo0s2X + ¢
4 2

1 1 .1
——Inlxl——+c i e Q2x-1D+c
2x? 4x2 4 ( )

9 3 3

xsin(x—£)+cos(x—z) +c
4 4

. Vi T
S| x — | —XCOS| X —|+cC
( +6) ( +6)

%xz + xtanx — Infsecx| + ¢

x(In|x|)? — 2xIn|x + 2x+ ¢

%(nxsin (nx) + cos(nx)) + ¢
n

1

n—ze"" (mx=1)+c¢

xn+l

5 (n+DInx—1)+c
(n+1)

—%(ln lsecnx|+1) + ¢

T 15 27
L b = c =L
2 1 4In2 16 ln4 1

3log,, e
4

log,, 4 - e 3log, 4 —2log,,e

1nﬁ+§—3n2 g h %(eg +1)

1
2

4 w31

5 (1,

6 a

oo

€ es

1 b 1
€

R s
3O(Sx DA+ xyP+c
eX(1+x%) +c¢

2 3
=(Bx+2)(x—-1)2+c

15

eX(x>—2x+2)+c¢

-x2cos x + 2xsin x + 2cos X + ¢

12x( 2 1)
—eX|x? —x+=|+¢c
2 +2

“Ledox2 16x+2
276 9x 6x )+ ¢

iez" (cos2x +sin2x) + ¢

L agin3x + 2 xcos3x — Zsin3x + ¢
3 9 27

%e3"(3sin 2x —2cos2x)+ ¢

Mer-2) b €350

¢ 2(n2p? —2In2+2
2¢e? 4

10

a L
e2

13

1
p L
4 4et

11 7%cosxsin2 X — %cosx

1 -3
7ZCOS.XSIH X —

51
16

Exercise 10.9

1

3

11

13

15

17

19
21
23
25

27

29

31

33

35

37

39

41

42

43

1

—xt=xP+c
4
Lix—6y+c
7

2

§( 3+1)%+c

%sin(2x3) +c

3 cos xsin x + 3x
8 8

2 Lyt o4 2x4c
4 2

4 HP-2P+c
6 %ln\x”-kl\-ﬁ-c

8 %x+%sin2x +c

x—%sin6x+c 10 4tanx+ ¢
2 sindx +c 12 Lginox—Lxcos2x +¢
4 4 2
%x3(3ln(2x)—l)+c 14 %1n(x2+7)+c
R 5 1.2 6
3O(Sx D(x+1)+c¢ 16 lz(x +2) +c
Loy ¢ 18 lex(ax—1)+¢
4 4
-2x+tan2x+ ¢ 20 %sin 2x+¢
2ln sin(%x) +c 22 xn|2x-x+c¢
2x(Infx - 1) + ¢ 24 x+Injx+1|+c¢
Lyt pxo Ly +c 26 Lg ( E)Jr
4x +Xx +2x +3x+c¢ 2sm 2x+2 c
%ln‘sec (2x—7)+c 28 %ez"(sin 2x—c0os2x) + ¢
—lcos4x+c 30 lcost—icos6x+c
8 4 12
lnx_4‘+c 32 llnx_z‘+c
x+1 2
2 20 % L\
5\/ —2(x+4)+c¢ 34 5( +1)2+c
%ln (e¥+1)+¢ 36 f%sin‘3x+ c
~Lcos7x-Lcos3x+c 38 lsin8x+c
14 6 8
1 x—3 2
1 40 -2 Jcos?
6lnx+3‘+c 0 3cos x +c
b3 3
a s b lna
c ln(\/z+1) d i
a -—L1 4¢ b Ltan’x—tanx+x+c
2tan® x 3
¢ Leryc d sinx—2sin®x + Lsindx +¢
3 3 5

412
f 24Inlx| +¢

a negative

e l(éx —sin2x + ésin4x +c

g In|3 +secx|+¢

b positive Cc zero

Exercise 10.10

1a

2

®» o

~

10

11

12

13

14

15

16

17

18

19
20

279
5 3

38 3
a FEEd b n'ln(f) c

b 4n c

n.z
dT e f

32

5

8
—T
15

To2(302 _
4e(3e 1)

g %(7—121n1.5) h %(181n3—81n2—5)

m=

==

64
—7T
15

1
gﬂ.’(‘l )
2431 b

80,
3

(034))(1>4) b 137

%(S(InS)Z —6ln3+4)

1946

a —/—rn bmﬂ' c

71(\5—1—%)

Torus (doughnut), 47

Review 10

1

2
3
4

a 7.40 c 4.04 d
a 1.008 b1 c 0.8% d
a 0.5ln1.5,1.5In2.5 b i 1.792
a

b 1.47

1.
=sin3
55in3x

d %(6x+ 1)> e 0.5Injsin2x f

1
T 4(4x +3)

i 0.5+ 2e*+x j

b étanSx c

h 0.25¢%*

k 0.5ln|sec2x+ tan2x] Pl
a L2 +3° b 0spR+3] o
d %sin7

f In|l+tany] g -0.5¢7* h

x e 0.5ln|x®—2x—1]

(~4,16), (3,9), 868%7‘:

161

0.477
concave curve
ii 1.684

—4cos( X )

A

0.25In [4x + 3|

-2cot(0.5x+ 1)

—sec2x
2

0.5sin (x> + 1)

3
%(1+ x3)2

~

10

11

12
13

14

15
16

17

18

c

0.1

m*gm&‘,_

Answers

_ 1 L 4y 23— )4
N b 5(x 4)+4(x 4)

2 3 2 3 1
g(e’C +3)2 d g(x +1)2 —2(x+1)2

83

Injsinx] b tanx ¢ Insecx+ tanx]

0.5(x+%sin(6x)) e O.S(x—ésinéx)

3x—4ln|cos x| + tanx

é(3x+4sinx+0.55in2x)
'5—3'3(§)i- 2 08 x — Leoss

251n(2) Ssin? (3 €os X + 308’ x — ZC0s” X

é(3x—sin4x+%sin8x) Kk x—2tanx

O.S(x + 2sin(§))

lsin2x+isin10x b 0.3

4 20

In|x=3" b In((x+27v2x 1)
(x—1)

7 x+1‘ 7

VANESS A

16 |x—3] 4(x-3)

0.182 b 2.886

A=3,B=2 b 4ln2—%ln3

Xxsin x+ cos x b £sin3>x+éc053x

3

1

~e3¥(3x —1) d -%cosnx +sinnx
9 n n2

iezx(2x2—2x+1) f %ez"(ZSinx—cosx)
X (41nlx|-1)
Tg@nlx

0.1517 b 0.7183
0.5xsin2x+ 0.25c0s 2x

c 1.446 d 3.196

%(sz +2xsin2x + cos2x)

16 _1,4 1.4 235 12
6x 4x b 4x 3x 2x +2x
1, sy 1.2 _ 9
Z(x=5) d 6(x 2)
(3x+i)(x—z)3 f 0.5l 1|
5715
=2

O.SInX_l‘ h lnxfl‘ i e2

x+1
x
2e2(x—2) k 0.252Q2ln|3x|-1)

1
5 x*(3In 3x| - 1)

In |sin x| b In|secx+ tanx|
1. 1. 3

451n4x 12sm 4x
i(6x—85inx+sin2x) e Sx+Lsin2x
16 2 4

1 _ Ll 1 ex( _
8s1n4x 2Osmle g o€ (sin3x— 3cos3x)

3i2(89c2 cos4x +4xcosdx — sin4x)

341
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Answers
19 a 0.3096 b 1.071 c 0.125
53 n’ + 21
20 a Eﬂ b s
21 V=1037
15

g(x) = 5x

fx)=x>+4

>
T >

L To LU B | L
-4 -3 -2 -1 1 2 3 4 5%

22 a 63%1 b (2e—1)

Before you start Answers

Chapter i
3
1 a y=+x*-5x+2 b y=U*D_y
3 3
4
2 a Qx+1)" b lsin2x+l‘[an3x
8 2 3
c llnx—_l‘ d xsinx+ cosx
4 |x+3
e %ln|x2+3| f x+ln|x—1|
3 a 2 b |- ¢ In[K
1-2ek 1—ek K -1

Exercise 111
A and care arbitrary constants

1a y=%x5+c b y=%sin2x+c
c y=%ln(x2+l)+c d y=x-Inlx+1]+¢

2 a 3y’4x+c0+1=0 b e¥=2x+c

c y=Ae*-3 d Ae*cosy=1
12
3ay-x¥=c b y=Ax ¢ y=Ae2
d y=Ax-1 e y¥=2'+c f y=At'

1
g x=Aet -1 h Atfcosx=1

4 a y:%x3+%x2+x+2 b %yz—yzx—l

3
5 1 1
=2x2 1o L
c 3y=2x2+10 d ) ln(l+x)+1+x 2
e siny=sinx—1 f ey=3—ix
e
5a y=lnA(x+1) b e¥=3x+c

c y -4y=x>+4x+c d siny=Ae*
e y’=x+2x+c f siny=Ax

g 3y=%x2—x+c h y+ln\y—l\=c—%x

_ Ax i g2 =
y="7 i yQy+3)=x02x+3)+c
k secy=Asinx I y(x+1)=Ae*
m y=tanx—x+c n x=ysiny+cosy+c

_ -X —
0 c—4e lnz_y

2+y‘

1 1 1
P y=5 In|sec2x| + 1 Injsec 2x + tan 2x| — SX+c

6 (y—1)2=8x+9
7 k=2
8 y?=2(xsinx+ cosx+1)
9 x=tan6
10 2y°-3y*+6y=3x*+¢
dy dz
11 a Pl
Exercise 11.2
_ 1l o 1 -1
1 a V—zoot +10t+6 b 13.5ms
2 a 403 b 23days
3 6.2 years
4 26.3 days
,Bt L
5a i=Ael b ElnlOO
6 a 2.56m b 50 hours
7 ¢ 10760 years
8 b Further 12 mins ¢ 30.1°C
9 b 2cm
10 a y=3 =D b 0.906 c 1
y= ey .906 grams gram
11 Number of shakes to reduce to 10 pins = nﬁ;lo

where n = number of shakes for the half-life

Review 11
1a y=%x3+21n\x+c b y=In[x*-1/+c
_ ; __ 1
¢ y=Inlsinx+c¢ d Y=
e %lan—c\ f y=1-ke™

2 a y=%x3—x2+x—8 yr=e>l41

b
3 a yP=3(x+e)+c b y=kJx*+1
d

¢ tany=sinx+c y—ln\y+1\=%x+c
e y=k§—i2 f ysiny+cosy=x>+c
4 a 3y'=4+44 b y=3x-1
c %yz—ln|y\=—cos(x—1)+3—ln2
5 k=nx
=1
6 Y = T-xsinx — cosx
7 ai v=+60t+100 ii v=+/700
b v=40
da _ - 0.1t 2
a g—kA,a—Z.SHZ ,10rm b 29 days
9 a k=-0.2In(0.8) b 6 minutes
10 a %=kx b 11.6 minutes

Before you start Answers
Chapter 12

Sl B

b square with vertices (9,1), (11,3), (9,3), (11,1)

2 a 41 b\/7—4,\/ﬂ

3 a x=2,y=0,z=3 b x=1,y=-1,z=2

Exercise 12.1

1a 13 b 13 c 21 d 14

2 a 70 b 35 c 141 d 0
3. 4. 5. 12.
3 a §1+§) b El—ﬁj
1 . 1 . 1 2. 1. 2
¢ —i+—=j+—=k d Zi--j+zk
NN NG 3173075
4 a %\/g b [
5 3
2
. . 10. 10. 5
5 a 16i+12j b 35 —?]—gk
6 a +2 b +J/6 1 ,
7 a 33.7° b 34.5° cC —i—-—j
S0 Vo’
8 a 9i+j b 2i+6j—4k ¢ -5i—j-2k
9a A=6pu=-12 b -4
10 a A=8,u=-6 b A=-4,u=-3

s )
=< ]

14 4i+j-3k

a+b 3a+Db a+3b

15am:2 P=" q="-

b Trisection @ a+2b

3

¢ Quintisection 4da+b 3a+2b 2a+3b a+4b

5 5 5
Exercise 12.2
1a 6 b 20
2 243,43
1 1 1 2 .
3 a 3 b g C n d 3(1.61’1—1.5)
4 n—m,2n-2m
AB s twice the length of MN and is parallel to MN
2a+b 3a+b 3a+2b
5 a 3 b 1 c =
d 5a + 3b e na + mb
8 m+n
q-p MN _ 1
6 171 PQ _1+k’MN”PQ
3 RS _3
7 Z(a+b),&—4,RS||OC
8 1:3
9 k=2
> >
10 PQzSRz%b
14
11 a V2 b \3

Exercise 12.3

Answers

1 a 24 b 2 c -2
2 a3 b 6 c 9
d 9 e -3 f -3
3 a 62.8° b 73.6° c 39.7° d 69.5°
e 82.6° f Z1.6° g 85.5° h 90°
4 a -1 b 5
5a -3 b 4
6 a parallel b neither ¢ perpendicular
7a -3 b 5 ¢ 107
8 a i 80.8° i 76.1° iii 16.7°
b 54.7° with each axis
9 29.5°
10 47.6°
12 a 70.7°,23.3°,86.0° b /38,/6,/34
¢ 7.12 square units
13 b i+4j+7k
14 a 2p-r b 2p-r
¢ [pf—Irf d (p-r)°
17 i-2j+k
18 180°
11
19 5

Exercise 12.4
r=(1+4+20)i+2-31)j+ (-3+ Ak
r=(4-20i+(-1+1)j+ (3 +21)k

1

QO T O VT OO TTDODQOO T PO QO TO

S oTo o

8

r=3+4A1)i+ (1 +2A)k
r=(1+A)i+(-1+1)j— Ak
r=2+A)i+j+31k
r=2Ai+k

r=2+A2)i+(3-31)j+ (1 +30)k

r=(2+30)i+(1-1)j+k
r=(1+32)i+54 — 21k
r=2Ai+24j+ 31k

r=(1+A)i+(-2+1)j+(-3+1k

r=2+30)i+(-3+31)j-k

r=2+A)i+j-2k
r=2i+j+(2+ Ak

2 b -5 c
75.3°, intersect at (4,7,4)
24.5°, intersect at (4, 8,-6)
0°, parallel
Possible equations are

d 75.0°, skew

0

e 30.7°, skew

+
r=(-1+30i+ (1 +20j+ (3 + Hkfor PQ

>
andr=si+(5-5)j+ (2 +skfor RS

(2,3,4) c 123.0°

r=(1+0i+(2-30j+(3-4nk

2 c 3
8 =3 2
T HED 7\/E

Review 12
13 b %(3“ 12j + 4k)

1a

Cc

%(3i+12j+4k) d 76.7°

—>
2 AB=2i+2j+3k

3 a
4 b

%Jﬁ\/ﬁ b K(4,8,-3)
72.5°

O
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Answers

5 a
b

_> . . _> . .
AB=3i+4j-k BC=-2i+j-4k;94.9°
k=-14

1 . .
6 S+ + 2k)

7 a

o T 9

9b
10 b
11 a
12 a

d2:1

4 b@

i-2j+4k+202i+3j-k)
i-2j+4k+p-i+3j-k)
49.9°,2.54

8.3° C 195
(5,0,1) C 80.4°
78.9° b skew

t=3,s=-1 € 11

d 33.6°

Revision 4

1a

10 a

a 457 b 240(z-1)

3 3 LS SR
20x+1)  (x+172 2(x-3)

x x+2

2 2

X+ +
xX—=2 x+2

A=1,B=0,C=2

1,50 10 5, 193 ;
g Tyttt M o X

cost b 1
_cost__ = ——(x+3
2tantsec’ t y ( )

2 X
Y= T¥x

_2cos2t n 3n Sm Tm
sint 4’ 4 47 4

C 13.6%

a 1175 b 57%

a3

16

6y=3a—+/3x b

1+ 3x+9x% + 27, |x\<%

1 1 5
I+-ox——x*+—"-x3, |d4<2
6 36 6487’ I

1. 5 3
1--x—-2x2+—=x3 <1
2738 165> M

Sep o, 17 05
1+8x+128x AT |x] < 4

342,15,
3+2x+4x X |x <1

et LD =D =2)x3
1 3mc+18n(n 1)x 162n(x D(n—=2)x% | <3

bi -34 i —
11 b i 1—%x—§x2—%x3 ii 0.866210937
C 0.018%
y x2 = 2xy
12 a == b R
c L@r+x d 2o —xlny)
X% (y +2x) x(x — ylnx)
13 a cosx b(z_ﬁqmm(zzq
siny 27 3 273
14 b 64In2
dr 250
15 a 4n? b Tyl
c V= ;‘t)(fi di 477cm
16 a 1,1.20269,1.41421 b 0.8859 d 051%
2 3 1
17 a (e-2p b 5 (x+2)*@x-11)
1. 1. 5
C x+5sin2x d 5sin’x
12
€ Infx—1|+8ln|x+2|+
et x+ =€ SINLX + =€ COSLX
f e¥(x+2) § * §in2 ; * c0s2
h %ln|x3+3| i %x—%sian)

_
6In2

19 a A=7,u=3 b —ﬁcos7x+%c053x

52
C o

20 ¢ y=-x+2-In2

21 b p=454=7
22 ¢ !
e6 —1

23 b 20z d a=0.345

24 a 6.75 b overestimate C %ﬂ
b—a

25 ”((zb+1)(za+1))

26ai t=1,05 i V=%7r

27 a i —In—L__ kisaconstant ii =k(x+1)
N y

(2x-3,

L
111 y = ke6

v y=sin (ke®@¥)

N £ TR
b i y—(4+1) i y=10*

Index

acceleration 268
addition
algebraic fractions 2
numerical fractions 2
of vectors 277-8
algebraic fractions
addition and subtraction 2
division 2-3, 4-6
multiplication 2-3
arccos 50, 51
arcsine (arcsin) 50, 51
arctan 50, 51
asymptote
horizontal 21
vertical 21, 40

binomial expansion 180-2
binomial series 180-2
approximations 186-8
partial fractions 184
bowl, hollow, volume of 250
brackets, expanding 4, 5

cancelling of fractions 2
Cartesian equation 160, 161-2, 290
chain rule 110-11, 114-15, 168, 172,
194, 198, 200, 206, 207, 228

in reverse, standard forms 226-7
circle, equation of 161
coefficients, equating, method of 148
collinear points 283
completing the square method 20, 23
component

form 287

of vector 276
composite function 12-13, 110
compound angle formulae 54-7
constant of integration 222
continuous 124
converging sequence 130-1
cosecant (cosec) 40

domains and ranges 41

graph of 41

standard results 42
cosine (cos)

cos (A + B) 55

derivative of 93-5

domains and ranges 40

double angle formulae 60-1

graph of 40

half angle formula 62-3

standard results 42
cotangent (cot) 40

domains and ranges 41

formula 43

graph of 41

standard results 42
cover-up rule 150, 153, 154, 184
cubic approximation 132

definite integral 229
dependent variable 8
differential equations
applications 268-9
first-order 262-5
second-order 262
differentiation 23, 91-120, 193-212
implicit functions 194-5
of parametric equations 168-9
parametric functions 198
disc, volume of 248
displacement vector 276
diverging sequence 130-1
division
algebraic fractions 2-3, 4-6
numerical fractions 2
numerical long 4
domain 8-11
dot product 286-7
double angle formulae 60-2

epicycloid 199

equal vectors 277

equivalent forms 66-7

exponential function (exp (x) or e*)
80-2
differentiation 98-9
equations involving In x and e* 86
gradient of curve 80
graph of 80, 81
inverse 84

exponential growth and decay 200-3

factorial 180

family of curves 262

flow diagram 12

functions, mapping as 8-11

general solution 262, 263, 264, 268
geometry of the sphere 207

graphs 122-6
intersection of two 122
intersection with x-axis 123-4
location of roots on x-axis
124-6

half angle formulae 62-3
half-life 82, 87, 203, 269
horizontal asymptote 21
hypocycloid 199

identity, trigonometric 46-7
implicit function
coordinate geometry 195
differentiation 194-5
improper fraction 153, 154, 156
indefinite integral 228
independent variable 8
initial fraction 148
‘inside’ function 226, 228
integral
definite 229
indefinite 228
limits 172
integration
of parametric equations 172-3
by parts 240-2, 246
by substitution 228-9, 246
as summation 222
systematic approach 246
using partial fractions 238, 246
using standard forms 224
using trigonometric identities
232-5, 246
intersection, points of 166
inverse function 16-19
algebraic method 17
graphical method 17
Inverse Laplace Transforms 158
inverse trigonometric functions
50-2
irrational number 81, 98
iteration 130
iterative formula 130-2
iterative method 130-2

Laplace Transforms 158
limits of integral 172
logarithm 84

logarithmic function (In x) 84
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method of substitution 149
minimum 11, 95
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parameter 160
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curves with 250-1
differentiation 168-9, 198
integration 172-3

partial fractions 148-58
binomial series 184
integration using 238, 246
separating 148-50

particular solution 262, 263-4, 268
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percentage errors 219
polygon law 278
position vector 282-3
distance between two points 282
midpoint of a line 283
principal value 50, 51, 74
product rule 104-5, 108, 114-15, 194
proper fraction 148
Pythagoras’ theorem 42, 43, 276

quadratic formula 26
quotient rule 106-8, 114-15
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rate of change 206-7
reciprocal 16
multiplying by 3
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reflections 28, 29, 31
repeated linear factor 152
resultant 278
resultant vector 278
root 122, 124-6
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scalar product 286-7
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graph of 40
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standard results 42
self-inverse 35
separating the variables 264, 265
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standard results 42
skew 291
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standard forms
chain rule in reverse 226-7
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double angle formula 60

formula 43, 168-9

graph of 41
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standard results 42
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transformation of graphs of

functions 28-31
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trapezium rule 218-19
triangle law 278
trigonometric equations 46-7

differentiation of 92-5
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vector
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basic definitions and notations
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