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Key to symbols in this book 

0 This symbol means that you may want to discuss a point with your teacher. If 

you are working on your own there are answers in the back of the book. It is 
important, however, that you have a go at answering the questions before looking 

up the answers if you are to understand the mathematics fully. 

A This is a warning sign. It is used where a common mistake, misunderstanding or 
tricky point is being described. 

This is the JCT icon. It indicates where you could use a graphic calculator or a 

computer. Graphic calculators and computers are not permitted in any of the 
examinations for the Cambridge International AS and A Level Mathematics 9709 

syllabus, however, so these activities are optional. 

e This symbol and a dotted line down the right-hand side of the page indicate 
material which is beyond the syllabus for the unit but which is included for 

completeness. 



Introduction 

This is part of a series of books for the University of Cambridge International 

Examinations syllabus for Cambridge International AS and A Level Mathematics 

9709. There are thirteen chapters in this book; the first seven cover Statistics I 

and the remaining six Statistics 2. The series also includes two books for pure 

mathematics and one for mechanics. 

These books are based on the highly successful series for the Mathematics in 

Education and Industry (MEI) syllabus in the UK but they have been redesigned 

for Cambridge international students; where appropriate, new material has been 

written and the exercises contain many past Cambridge examination questions. 

An overview oft he units making up the Cambridge international syllabus is given 
in the diagram on the next page. 

Throughout the series the emphasis is on understanding the mathematics as well 

as routine calculations. The various exercises provide plenty of scope for practising 
basic techniques; they also contain many typical examination questions. 

An important feature of this series is the electronic support. There is an 

accompanying disc containing two types of Personal Tutor presentation: 
examination-style questions, in which the solutions are written out, step by step, 

with an accompanying verbal explanation, and test-yourself questions; these are 

multiple-choice with explanations of the mistakes that lead to the wrong answers 

as well as full solutions for the correct ones. In addition, extensive online support 

is available via the MEI website, www.mei.org.uk. 

The books are written on the assumption that students have covered and 
understood the work in the Cambridge !GCSE® syllabus. However, some 

of the early material is designed to provide an overlap and this is designated 
'Background'. There are also places where the books show how the ideas can be 

taken further or where fundamental underpinning work is explored and such 
work is marked as 'Extension'. 

The original MEI author team would like to thank Sophie Goldie who has carried 

out the extensive task of presenting their work in a suitable form for Cambridge 
international students and for her original contributions. They would also like to 

thank University of Cambridge International Examinations for their detailed advice 

in preparing the books and for permission to use many past examination questions. 

RogerPorkess 
Series Editor 



The Cambridge International AS 
and A Level Mathematics syllabus 



Statistics 1 



... 1 Exploring data 

A judicious man looks at statistics, not to get knowledge but to save 

himself from having ignorance foisted on him. 

Carlyle 

~ Source:The Times20 12 



The cuttings on page 2 all appeared in one newspaper on one day. Some of them 
give data as figures, others display them as diagrams. S 1 
How do you interpret this infonnation? \Vhich data do you take seriously and -
which do you dismiss as being insignificant or even misleading? 

To answer these questions fully you need to understand how data are collected 
and analysed before they are presented to you, and how you should evaluate what 

you are given to read (or see on the television). This is an important part of the 
subject of statistics. 

In this book, many of the examples are set as stories from fictional websites. 
Some of them are written as articles or biogs; others are presented from the 

journalists' viewpoint as they sort through data trying to write an interesting 
story. Ai; you work through the book, look too at the ways you are given such 

information in your everyday life. 

bikingtoday .corn 

Another cyclist seriously hurt. Will you be next? 

Onherwaybackhomefromschoolon 
Wednesdayafternoon, littleRitaRoy 
wasknockedoffherbicydeandtakento 
hospital with suspected concussion. 

RitawasstruckbyaFordTransitvan, only 
50metresfromherownhouse. 

RitaisthefourthchildfromtheNelson 
Mandelaestatetobeinvolvedinaserious 

!" ... - . ~ 

~~* ~~- ~ ~ 
- ~ 

cycling accident this year. The busy road where Rita Roy was 
knocked off her bicycle yesterday. 

After reading the biog, the editor of a local newspaper commissioned one of the 
paper's reporters to investigate the situation and write a leading article for the 

paper on it. She explained to the reporter that there was growing concern locally 

about cycling accidents involving children. She emphasised the need to collect 

good quality data to support presentations to the paper's readers. 

0 Is the aim of the investigation dear? 

Is the investigation worth carrying out? 

What makes good quality data? 

The reporter started by collecting data from two sources. He went through back 

numbers of the newspaper for the previous two years, finding all the reports of 
cycling accidents. He also asked an assistant to carry out a survey of the ages of 



S1 .. local cyclists; he wanted to know whether most cyclists were children, young 

adults or whatever. 

0 Are the reporter's data sources appropriate? 

Before starting to write his article, the reporter needed to make sense of the data 

for himself. He then had to decide how he was going to present the information 

to his readers. These are the sorts of data he had to work with. 

"- ,.,. Di.6l:.,.nc:e- =~ lajuriu T""""'"' 
ft-on, home 

Ro.ni.m Kho..n 45 3'• sl::i.d. Concussion Hospi.to.L 

ou~t 

MMlo..ne. 751::m 11i.tl::e.rb Brol::w o.rm Hospi.to.L 

Ol.<~t 

Atvini.e.r Set:11~ 1> 12.00m ~ ... M.<1.1:if>le Hos pi.to! 
fro.ci:ute.5 3 wul:s 

Husro.. Mrwo.r 300m "~ l Bn.<i6inq Ho5fdol 

:: Ol.<~t 

Do.vi..ittd:e.r 50m Concussi.on Hosi,i.W 

ou~t 

There were 92 accidents listed in the reporter's table. 

Age.s of qptsts ( from s1.1.rvey) 

"" " "' 1~ 2.0 15 l1 
' l1 "' 44 10 44 34 1' 

35 Z.b b1 13 •1 lB l1 7 10 5l n sz. z.o 17 Z.b 

"' 11 3~ 2.2. ~ 1l ~ 17 b4 ll ' ~ l1 1~ 2.2. 

l7 1B 1:IB 1• "' 45 10 55 14 "" "' 14 bZ. lB lb 
~ ll 1l ~ l7 7 lb ~ " 4" 1l 5~ •1 u 4~ 

1B 2.0 11 l5 7 4l l~ ""° "° 1• 50 1b 34 14 

1' 15 

This infonnation is described as raw data , which means that no attempt has yet 

been made to organise it in order to look for any patterns. 

Looking at the data 

At the moment the arrangement of the ages of the 92 cyclists tells you very little 

at all. Clearly these data must be organised so as to reveal the underlying shape, 

the distribution. The figures need to be ranked according to size and preferably 

grouped as well. The reporter had asked an assistant to collect the infonnation 

and this was the order in which she presented it. 



Tally 

Tallying is a quick, straightforward way of grouping data into suitable intervals. 

You have probably met it already. 

Stated age Tally Frequency 

(years) 

0-9 mtmt Ill 13 

10-19 mtmtmt mt mt I 26 

20-29 mtmtmt I 16 

30-39 mtmt 10 

41)..49 mt I 6 

50-59 mt 5 

61)..69 mtmt 1111 14 

70-79 0 

80-89 I 1 

130-139 I 1 

Total 92 

Extreme values 

A tally immediately shows up any eJ..1:reme values, that is values which are far 
away from the rest. In this case there are two extreme values, usually referred to 
as outliers: 88 and 138. Before doing anything else you must investigate these. 

In this case the 88 is genuine, the age of Millie Smith, who is a familiar sight 

cycling to the shops. 

The 138 needless to say is not genuine. It was the written response of a man who 

was insulted at being asked his age. Since no other information about him is 
available, this figure is best ignored and the sample size reduced from 92 to 91. 

You should always try to understand an outlier before deciding to ignore it; it 
may be giving you important infonnation. 

A Practical statisticians are frequently faced with the problem of outlying 

observations, observations that depart in some way from the general pattern of 
a data set. \Nhat they, and you, have to decide is whether any such observations 
belong to the data set or not. In the above example the data value 88 is a genuine 

member of the data set and is retained. The data value 138 is not a member of the 
data set and is therefore rejected. 

S1 -



S1 .. Describing the s hape o f a dis t ributio n 

An obvious benefit of using a tally is that it shows the overall shape of the 

distribution. 

Figure 1 . 1 His togra m to s how the ages of people involved in cycling accide nts 

You can now see that a large proportion (m ore than a quarter) of the sample are 

in the 10 to 19 year age range. This is the modal group as it is the one with the 

most members. The single value with the most members is called the mode, in 

this case age 9. 

You will also see that there is a second peak among those in their sixties; so this 

distribution is called bimodal, even though the frequency in the interval 10-19 is 

greater than the fr equency in the interval 60-69. 

Different types of distribution a re described in terms of the position of their 

modes or modal groups, see figure 1.2. 

lal lbl lol 

Figure 1.2 Distribution shapes: (a) unimodal and symmetrical (bl uniform (no 
m ode but symmetrical) (c) bim oda l 

When the m ode is off to one side the distribution is said to be skewed. If the 

mode is to the left with a long tail to the right the distribution has positive (or 

right) skewness; if the long tail is to the left the distribution has negative (or left ) 

skewness. These two cases are shown in figure 1.3. 



,., lbl 

Figure 1.3 Skewness: (al positive (b) negative 

Stem-and-leaf diagrams 

The quick and easy view oft he distribution from the tally has been achieved at 

the cost oflosing infonnation. You can no longer see the original figures which 

went into the various groups and so cannot, for example, tell from looking at the 
tally whether Millie Smith is 80, 81, 82, or any age up to 89. This problem of the 

loss of information can be solved by using a stem-and-leaf diagram ( or stemplot). 

This is a quick way of grouping the data so that you can see their distribution 

and still have access to the original figures. The one below shows the ages of the 

91 cyclists surveyed. 

n = 91 

6 1 7 represents67years~~sisthe,cak. 
~These arcbranc~,. 

0 6 8 7 9 9 8 9 9 9 7 9 7 6 

I 9 5 0 8 3 0 3 7 I 3 7 9 8 6 0 4 4 2 2 8 I 6 6 4 8 5 

2 0 1 1 6 8 1 0 6 2 2 8 3 2 0 5 9 

3 4 5 9 2 1 7 6 7 6 4 

4 4 4 5 6 9 2 

522590 ~ Individual numbers 
623 1 1447672 1 00 arecalledleaves. 

8 8 

HIGH\ 138-

~ 
Value 138 is ignored 

Extreme,.,,luesareplacedonaseparate 
HIGH or LOW branch. These values are given 

infullastheymaynotfitinwiththescale 
beingusedfurmorecentral values. 

Figure 1.4 Stem -and-leaf di agram showing the ages of a sample of 
91 cyclists(unsorted) 

0 Do all the branches have leaves? 

S1 -



S1 .. The column of figures on the left (going from Oto 8) corresponds to the tens 
digits of the ages. This is called the stem and in this example it consists of 

9 branches. On each branch on the stem are the leaves and these represent the 

units digits of the data values. 

In figure 1.4, the leaves for a particular branch have been placed in the order in 

which the numbers appeared in the original raw data. This is fine fo r showing the 

general shape of the distribution , but it is usually worthwhile sorting the leaves, 

as shown in figure 1.5. 

n = 91 

6 I 7represents67years 

6 6 7 7 7 8 8 9 9 9 9 9 9 

0 0 0 I I 2 2 3 3 3 4 4 4 5 5 6 6 6 7 7 8 8 8 8 9 9 

0 0 0 I I I 2 2 2 3 5 6 6 8 8 9 

I 2 4 4 5 6 6 7 7 9 

2 4 4 5 6 9 

0 2 2 5 9 

0 0 I I I 2 2 3 4 4 6 6 7 7 

Note that thevalue \ 38 isleft outasit hasbeen identifiedasnot belonging tothissetof 
data . 

Figure 1.5 Stem-and-leaf di agram showing the ages of a sa mple of 
91 cyclists (sorted) 

The stem-and-leaf diagram gives you a lot of information at a glance: 

• The youngest cyclist is 6 and the oldest is 88 years of age 

• More people are in the 10-19 year age range than in any other 10 year age 

range 

• There are three 61 year olds 

• The modal age (i.e. the age with the most people) is 9 

• The 17th oldest cyclist in the survey is 55 years of age. 

If the values on the basic stem-and-leaf diagram are too cramped, that is, if there 

are so many leaves on a line that the diagram is not clear, you may stretch it. To 
do this you put values 0, l , 2, 3, 4 on one line and 5, 6, 7, 8, 9 on another. Doing 

this to the example results in the diagram shmvn in figure 1.6. 

Wh en stretched, this stem-and-leaf diagram reveals the skewed nature of the 

distribution. 



11 = 91 

6 I 7represents67years 

0 6 6 7 7 7 8 8 9 9 9 9 9 9 
1• 0 0 0 1 1 2 2 3 3 3 4 4 4 

5 5 6 6 6 7 7 8 8 8 8 9 9 
2' 0 0 0 1 1 1 2 2 2 3 
2 5 6 6 8 8 9 

3' 1 2 4 4 

5 6 6 7 7 9 

4• 2 4 4 

5 6 9 

s· o 2 2 

5 5 9 

6' 0 0 1 1 1 2 2 3 4 4 
6 6 6 7 7 ,. 
,. 
8 8 

Figure 1.6 Stem -a nd-leaf diag ram showing the ages of a sa m ple of 
91 cyclists (so rted) 

0 How would you squeeze a stem -and-leaf diagram ? W hat would you do if the data 

have m ore significant figures than can be shown on a stem -and-leaf diagram? 

Stem -and-leaf diagrams are particularly useful fo r comparing data sets. With two 

data sets a back-to-back stem -and-leaf diagram can be used, as shown in figure 1.7. 

Figu re 1.7 

represents590 represents520 

2 6 0 2 3 5 8 

5 3 0 7 1 2 5 6 6 7 'I' 11, 
9 7 5 1 1 8 3 5 

8 6 2 1 9 2 

Notethenumbersonthe left 
ofthestemsTillhavethe smallest 

nurnbernexttothe sTern. 

0 How would you represent positive and negative data on a stem -and-leaf diagram ? 

S1 -



EXERCISE 1A 

S1 .. 1 Write down the numbers which are represented by this stem-and-leaf diagram. 

II = 15 

32 I I represents3.21cm 

32 7 

33 2 6 

34 3 5 9 

35 0 2 6 6 8 

36 I I 4 

37 2 

2 Write down the numbers which are represented by this stem-and-leaf diagram. 

II = 19 

s I 9 represents0.089mm 

8 3 6 7 

9 0 I 4 8 

10 2 3 5 8 9 9 

11 0 I 4 

12 3 5 

13 I 

3 Show the following numbers on a sorted stem-and-leaf diagram with six 

branches, remembering to include the appropriate scale. 

0.212 0.223 0.226 0.230 0.233 0.237 0.241 

0.242 0.248 0.253 0.253 0.259 0.262 

4 Show the following numbers on a sorted stem-and-leaf diagram with five 

branches, remembering to include the appropriate scale. 

81.07 82.00 78.01 80.08 82.05 

81.09 79.04 81.03 79.06 80.04 

5 Write down the numbers which are represented by this stem-and-leaf diagram. 

11=21 

34 1 5 represents3.45m 

LOW 0.013,0.089,1.79 

34 3 

35 1 7 9 

36 0 4 6 8 

37 1 1 3 8 9 

38 0 5 

39 4 

HIGH 7.45,10.87 



6 Forty motorists entered for a driving competition. The organisers were 
anxious to know if the contestants had enjoyed the event and also to know 

their ages, so that they could plan and promote future events effectively. They 

therefore asked entrants to fill in a fonn on which they commented on the 

various tests and gave their ages. 

The information was copied from the forms and the ages listed as: 

28 52 44 28 38 

19 55 34 35 66 

61 38 26 29 63 

37 41 39 81 35 

46 62 59 37 60 

37 22 26 45 5 

38 29 36 45 33 

35 32 36 39 33 

rn Plot these data as a sorted stem-and-leaf diagram. 

!ii) Describe the shape of the distribution. 

7 The unsorted stem-and-leaf diagram below gives the ages of males whose 

marriages were reported in a local newspaper one week. 

11 = 42 

I I 9 represents19 

I 9 6 9 8 

2 5 6 8 9 I I O 3 6 8 4 I 2 7 

3 0 0 5 2 3 9 I 2 0 
4 8 4 7 9 6 5 3 3 5 6 

5 2 2 I 7 

8 3 

!i) What was the age of the oldest person whose marriage is included? 

!ii) Redraw the stem-and-leaf diagram with the leaves sorted. 

!iii) Stretch the stem-and-leaf diagram by using steps of five years between the 
levels rather than ten. 

!iv) Describe and comment on the distribution. 

8 On 1 January the average daily temperature was recorded for 30 cities around 
the world. The temperatures, in °C, were as follows. 

21 
32 

18 -4 10 

-9 29 11 

35 14 23 19 -15 

27 14 19 -14 

26 -7 -11 15 

-2 

!i) Illustrate the distribution of temperatures on a stem-and-leaf diagram. 

!ii) Describe the shape of the distribution. 

S1 -



S1 .. 9 The following marks were obtained on an A Level mathematics paper by the 

candidates at one centre . 

26 54 50 37 54 34 34 66 44 76 45 71 51 75 30 

29 52 43 66 59 22 74 51 49 39 32 37 57 37 18 

54 17 26 40 69 80 90 95 96 95 70 68 97 87 68 

77 76 30 100 98 44 60 46 97 75 52 82 92 51 44 

73 87 49 90 53 45 40 61 66 94 62 39 100 91 66 

35 56 36 74 25 70 69 67 48 65 55 64 

Draw a sorted stem-and-leaf diagram to illustrate these marks and comment 

on their distribution. 

10 The ages of a sample of 40 hang-gliders (in years) are given below. 

28 19 24 20 28 26 22 19 37 40 19 25 65 34 66 

35 69 65 26 17 22 26 45 58 30 31 58 26 29 23 

72 23 21 30 28 65 21 67 23 57 

W Using intervals often years, draw a sorted stem-and-leaf diagram to 

illustrate these figures. 

! ii) Comment on and give a possible explanation for the shape of the 

distribution. 

11 An experimental fertiliser called GRO was applied to 50 lime trees, chosen at 

random, in a plantation. Another 50 trees were left untreated. The yields in 

kilograms were as follows. 

Treated 

59 25 52 19 32 26 33 24 35 JO 23 54 33 31 25 

23 61 35 38 44 27 24 30 62 23 47 42 41 53 31 

20 21 41 33 35 38 61 63 44 18 53 38 33 49 54 

50 44 25 42 18 

Untreated 

8 11 22 22 20 5 31 40 14 45 10 16 14 20 51 

55 30 30 25 29 12 48 17 12 52 58 61 14 32 5 

29 40 61 53 22 33 41 62 51 56 10 48 50 14 8 

63 43 61 12 42 

Draw a sorted back-to-back stem-and-leaf diagrams to compare the two sets 

of data and comment on the effects of GRO. 

12 A group of25 people were asked to estimate the length of a line which they 

were told was between I and 2 metres long. Here are their estimates, in metres. 

I.IS 1.33 1.42 1.26 1.29 

1.21 1.30 1.32 1.33 1.29 

1.41 1.28 1.65 1.54 1.14 

1.30 1.30 1.46 1.18 1.24 

1.30 1.40 1.26 1.32 I.JO 



W Represent these data in a sorted stem-and-leaf diagram. 

!ii) From the stem-and-leaf diagram which you drew, read off the third 

highest and third lowest length estimates. 

!iii) Find the middle of the 25 estimates. 

!iv) On the evidence that you have, could you make an estimate of the length 

of the line? Justify your answer. 

Categorical or qualitative data 

Chapter 2 will deal in more detail with ways of displaying data. The remainder of 
this chapter looks at types of data and the basic analysis of numerical data. 

Some data come to you in classes or categories. Such data, like these for the sizes 

of sweatshirts, are called categorical or qualitative. 

XL, S, S, L, M, S, M, M, XL, L, XS 

XS = extra small; S = small; M = Medium; L = Large; XL = extra large 

Most of the data you encounter, however, will be numerical data (also called 

quantitative data). 

Numerical or quantitative data 

Variables 

The score you get when you throw an ordinary die is one of the values I, 2, 3, 4, 5 

or 6. Rather than repeatedly using the phrase 'The score you get when you throw 
an ordinary die', statisticians find it convenient to use a capital letter, X, say. They 

let X stand for 'The score you get when you throw an ordinary die' and because 
this varies, X is referred to as a variable. 

Similarly, if you are collecting data and this involves, for example, noting 

the temperature in classrooms at noon, then you could let T stand for 'the 

temperature in a classroom at noon'. So T is another example of a variable. 

Values of the variable X are denoted by the lower case letter x, e.g. x = I, 2, 3, 4, 5 

or 6. 

Values of the variable Tare denoted by the lower case letter t, e.g. t= 18, 21, 20, 

19,23, .. 

Discrete and continuous variables 

The scores on a die, I, 2, 3, 4, 5 and 6, the number of goals a football team scores, 

0, I, 2, 3, ... and amounts of money, $0.0 I, $0.02, ... are all examples of discrete 
variable5. What they have in common is that all possible values can be listed. 

S1 -



S1 .. Distance, mass, temperature and speed are all examples of continuous variables. 

Continuous variables, if measured accurately enough, can take any appropriate 

value. You cannot list all possible values. 

You have already seen the example of age. This is rather a special case. It is 

nearly always given rounded down (i.e. truncated). Although your age changes 

continuously every moment of your life, you actually state it in steps of one year, 

in completed years, and not to the nearest whole year. So a man who is a few days 

short of his 20th birthday will still say he is 19. 

In practice, data for a continuous variable are always given in a rounded form. 

• A person's height, h, given as 168cm, measured to the nearest centimetre; 
167.S ,,;;;h< I68.5 

• A temperature, t, given as 21.8 °C, measured to the nearest tenth of a degree; 

21.7s,,;;:r<21.ss 

• The depth of an ocean, d, given as 9200 m, measured to the nearest I 00 m; 

91SQ,,;;: d < 9250 

Notice the rounding convention here: if a figure is on the borderline it is rounded 

up. There are other rounding conventions. 

Measures of central tendency 

When describing a typical value to represent a data set most people think of a 

value at the centre and use the word average. When using the word average they 

are often referring to the arithmetic mean, which is usually just called the mean 

and when asked to explain how to get the mean most people respond by saying 

'add up the data values and divide by the total number of data values'. 

There are actually several different averages and so, in statistics, it is important 

for you to be more precise about the average to which you are referring. Before 

looking at the different types of average or measure of central tendency, you need 

to be familiar with some notation. 

l: notation and the mean, i 

A sample of size 11 taken from a population can be identified as follows. 

The first item can be called xl' the second item -'i and so on up to x". 

The sum of these 11 items of data is given by x1 + x2 + x3 + ... + x". 

;,,," " 
A shorthand for this is L,x; or L,x;. This is read as 'the sum of all the terms X; 

when i equals I to 11'. 

So f X; = x1 + Xz + X3 + + Xn· 
j:,] 



If there is no ambiguity about the number of items of data, the subscripts i can be 

dropped and tx; becomes L, x. 

L,x is read as 'sigma X meaning 'the sum of all the x items'. 

The mean of these n items of data is written as X "i + x2 + :: + 

where X is the symbol for the mean, referred to as 'x-bar. 

+ x, 

It is usual to write X = ~x or~ L,x. 

This is a formal way of writing 'To get the mean you add up all the data values 

and divide by the total number of data values'. 

The mean from a frequency table 

Often data is presented in a frequency table. The notation for the mean is slightly 

different in such cases. 

Alex is a member of the local bird-watching group. The group are concerned about 

the effect of pollution and climatic change on the well-being ofbirds. One spring 

Alex surveyed the nests of a type of owl. Healthy owls usually lay up to 6 eggs. Alex 

collected data from 50 nests. His data are shown in the following frequency table. 

Numberofeggs,x Frequency, / 

12 

18 

Total Lf = 50 ,y 

Thisrepresems'thesumofthe 
separatefrequenciesis50' . Thatis, 

4+12+9+]8+7=50 

It would be possible to write out the data set in full as I , I , I, .. , 5, 5 and then 

calculate the mean as before. However, it would not be sensible and in practice 

the mean is calculated as follows: 

- l x 4+2 x 12+J x 9 +4 x 18+5 x 7 
X:: 50 

J_g 
50 

Thisrepresentsthc surnof 
eachofthextermsmultipliedby 

iisfrequency 

= 3.24 

In general, this is written as X:: 2,xf ...-- ~ .. ~ 
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S1 .. A In the survey at the beginning of this chapter the mean of the cyclists' ages, 

X= 
2

~~
7 

= 29.9years 

However, a mean of the ages needs to be adjusted because age is always rounded 

down. For example, Rahim Khan gave his age as 45. He could be exactly 45 years 

old or possibly his 46th birthday may be one day away. So, each of the people 

in the sample could be from Oto almost a year older than their quoted age. To 
adjust for this discrepancy you need to add 0.5 years on to the average of 29.9 to 

give30.4years. 

Note 

The mean is the most commonly used average in statistics. The mean described 

here is correctly called the arithmetic mean; there are other forms, for example, the 

geometric mean, harmonic mean and weighted mean, all of which have particular 

applications. 

The mean is used when the total quantity is also of interest. For example, the 

staff at the water treatment works for a city would be interested in the mean 

amount of water used per household (X) but would also need to know the total 

amount of water used in the city (L,X). The mean can give a misleading result if 

exceptionally large or exceptionally small values occur in the data set. 

There are two other commonly used statistical measures of a typical ( or 

representative) value of a data set. These are the median and the mode. 

M edian 

The median is the value of the middle item when all the data items are ranked in 

order. If there are n items of data then the median is the value of the n; 1 th item. 

If n is odd then there is a middle value and this is the median. In the survey of the 
cyclists we have 

~ 
6, 6, 7, 7, 7, 8, .. , 20, 21, 21, 21, 22, 22, 22, .. 

So for the ages of the 91 cyclists, the median is the age of the 91 t 1 
= 46th person 

andthisis22 years. 

If II is even and the two middle values are a and b then the median is a ; b. 

For example, if the reporter had not noticed that 138 was invalid there would 

have been 92 items of data. Then the median age for the cyclists would be found 

as follows. 



The46thand47thitemsofdataare thc 
twomiddlevaluesandareboth22. 

6, 6, 7, 7, 7, 8, .. , 20, 21, 21, 21, 22, 22, 22, .. 

So the median age for the cyclists is given as the mean of the 46th and 47th items 

of data. That is, 22 ; 22 = 22. 

It is a coincidence that the median turns out to be the same. However, what is 

important to notice is that an extreme value has little or no effect on the value of 

the median. The median is said to be resistant to outliers. 

The median is easy to work out if the data are already ranked, otherwise it can 

be tedious. However, with the increased availability of computers, it is easier to 
sort data and so the use of the median is increasing. Illustrating data on a stem

and-leaf diagram orders the data and makes it easy to identify the median. The 

median usually provides a good representative value and, as seen above, it is not 

affected by extreme values. It is particularly useful if some values are missing; 

for example, if 50 people took part in a marathon then the median is halfway 

between the 25th and 26th values. If some people failed to complete the course 

the mean would be impossible to calculate, but the median is easy to find. 

In finding an average salary the median is often a more appropriate measure than 

the mean since a few people earning very large salaries may have a big effect on 

the mean but not on the median. 

Mode 

The mode is the value which occurs most frequently. If two non-adjacent values 

occur more frequently than the rest , the distribution is said to be bimodal, even if 

the frequencies are not the same for both modes. 

Bimodal data usually indicates that the sample has been taken from two 

populations. For example, a sample of students' heights (male and female ) would 

probably be bimodal reflecting the different average heights of males and females. 

For the cyclists' ages, the mode is 9 years (the frequency is 6). 

For a small set of discrete data the mode can often be misleading, especially if 

there are many values the data can take. Several items of data can happen to 

fall on a particular value. The mode is used when the most probable or most 

frequently occurring value is of interest. For example, a dress shop manager who 

is considering stocking a new styie would first buy dresses of the new style in the 

modal size, as she would be most likely to sell those ones. 

Which average you use will depend on the particular data you have and on what 

you are trying to find out. 
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S1 .. 
EXAMPLE 1. 1 

EXERCISE 18 

The measures for the cyclists' ages are summarised below. 

Mean 29.9 years (adjusted= 30.4 years) 

Mode 9years 

Median 22 years 

0 Which do you think is most representative? 

These are the times, in minutes, that a group of people took to answer a 

Sudoku puzzle. 

5,4, ll,8,4,43, 10, 7, 12 

Calculate an appropriate measure of central tendency to summarise these times. 

Explain why the other measures are not suitable. 

SOLUTION 

First order the data. 

4,4,5,7,8,10,11,12,43 

One person took much longer to solve the puzzle than the others, so the mean is 

not appropriate to use as it is affected by outliers. 

The mode is 4 which is the lowest data value and is not representative of the 

dataset. 

So the most appropriate measure to use is the median. 

There are nine data values; the median is the ( 9 ; 1 )th value, which is 8 minutes. 

1 Find the mode, mean and median of these figures. 

(i) 23 46 45 45 29 51 36 41 37 47 45 44 41 31 33 

(ii ) 110 111 116 119 129 

116 132 118 122 127 

126 132 116 122 130 

132 126 138 117 111 

!iii! 5 7 7 9 1 2 3 5 6 6 8 6 5 7 9 2 2 5 6 6 
6 4 7 7 6 1 3 3 5 7 8 2 8 7 6 5 4 3 6 7 



2 For each of these sets of data 

!a) find the mode, mean and median 

!b) state, with reasons, which you consider to be the most appropriate form of 

average to describe the distribution. 

m The ages of students in a class in years and months. 

14.1 14.11 14.5 14.6 14.0 

14.6 14.5 14.8 14.2 14.0 

15.0 14.7 14.8 14.9 14.3 

14.7 14.7 14.9 14.1 14.2 

14.9 14.2 14.8 14.11 14.8 

14.5 14.4 14.3 14.6 14.1 

(ii) Students' marks on an examination paper. 

62 43 56 71 65 0 67 75 51 100 55 78 45 54 0 

39 45 66 71 52 71 0 0 59 61 56 59 64 57 63 

!iii) The scores of a cricketer during a season's matches. 

10 23 65 0 I 

17 34 33 21 0 

24 47 2 21 53 

10 78 I 56 3 

(ivl Scores when a die is thrown 40 times. 

5 4 23 169 21 

2 0128 12 19 

2 4 5 5 I 3 4 6 2 5 2 4 6 I 2 5 4 4 I I 

34655 23316 54213 32166 

3 The lengths of time in minutes to swim a certain distance by the members of a 

class of twelve 9-year-olds and by the members of a class of eight 16-year-olds 

are shown below. 

9-year-olds: 13.0 16.1 16.0 14.4 15.9 IS.I 14.2 13.7 16.7 16.4 15.0 13.2 

16-year-olds: 14.8 13.0 11.4 11.7 16.5 13.7 12.8 12.9 

m Draw a back-to-back stem-and-leaf diagram to represent the information 

above. 

(ii) A new pupil joined the 16-year-old class and swam the distance. The 

mean time for the class of nine pupils was now 13.6 minutes. Find the new 

pupil's time to swim the distance. 

!Cambridge International AS and A Lei.cl Mathematics9709,Paper6Q4 June 20071 

Frequency distributions 

You will often have to deal with data that are presented in a frequency table. 
Frequency tables summarise the data and also allow you to get an idea of the 

shape of the distribution. 
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EXAMPLE 1.2 

S1 .. Claire runs a fairground stall. She has designed a game where customers pay $1 

and are given 10 marbles which they have to try to get into a container 4 metres 

away. If they get more than 8 in the container they win $5. Before introducing the 

game to the customers she tries it out on a sample of 50 people. The number of 

successes scored by each person is noted. 

5 7 8 7 5 4 0 9 10 6 

4 8 8 9 5 6 J 2 4 4 

6 5 5 7 6 7 5 6 9 2 

7 7 6 3 5 5 6 9 8 7 

5 2 6 8 5 4 4 3 3 

Calculate the mode, median and mean scores. Comment on your results. 

SOLUTION 

The frequency distribution of these data can be illustrated in a table. The number 

ofOs, ls, 2s, etc. is counted to give the frequency of each mark. 

Score Frequency 

10 

10 

Total 50 

The mode is 5 (frequency 10). 

Withthcdatapresentedin 
thisfom,itiseasier tofindor 

calculate the different averages. 

As the number of items of data is even, the distribution has two middle values, 

the 25th and 26th scores. From the distribution, by adding up the frequencies, it 

can be seen that the 25th score is 5 and the 26th score is 6. Consequently the 

median score is !(5 + 6) = 5.5. 



EXAMPLE 1.3 

Representing a score by x and its frequency by f, the calculation of the mean is 
shown in this table. 

Score,x Frequency,/ x x f 

Ox I = 0 

IX I= I 

2X3 = 6 

12 

24 

10 50 

48 

49 

40 

36 

10 10 

Totals 50 276 

So x=r:~ 
=~=5.52 

The values of the mode (5), the median (5.5) and the mean (5.52) are dose. This 

is because the distribution of scores does not have any extreme values and is 

reasonably symmetrical. 

The table shows the number of mobile phones owned by h households. 

The mean number of mobile phones is 3. Find the values of band h. 

SOLUTION 

The total number ofhouseholds, h= 3 + 5 + b+ 10+ 13 + 7. 

So h= b+ 38 

The total nwnber of mobile phones=O X 3+ I X 5+2 X b+3 X 10+4 X 13+ 5X 7 

=lb+ 122 
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S1 .. 
EXERCISE 1C 

Mean = totalnumberofmobilephone s 3 
total frequency 

So h= b+38 

So, 
2t:jf =3 

2b + 122=3(b+38) 

2h +1 22 = 3b+i14 

Sob = 8 and h= 8+ 38 =46. 

1 A bag contained six counters numbered I, 2, 3, 4, 5 and 6. A counter was 

drawn from the bag, its number was noted and then it was returned to the 

bag. This was repeated 100 times. The results were recorded in a table giving 

the frequency distribution shown. 

( i ) Statethemode. 

( ii ) Find the median. 

(ii i) Calculate the mean. 

Number,x Frequency,/ 

15 

25 

16 

20 

13 

II 

2 A sample of 50 boxes of matches with stated contents 40 matches was taken. 

The actual number of matches in each box was recorded. The resulting 

frequency distribution is shown in the table. 

Number of matches, x 

37 

38 

39 

40 

41 

42 

43 

44 

rn Statethemode. 

(ii ) Find the median. 

!ii i) Calculate the mean. 

Frequency,/ 

10 

(iv) State, with reasons, which you think is the most appropriate form of 

average to describe the distribution. 



3 A survey of the number of students in 80 classrooms in Avonford College was 

carried out. The data were recorded in a table as follows. 

rn Statethemode. 

!ii) Find the median. 

!iii) Calculate the mean. 

!iv) State, with reasons, 

which you think is 

the most appropriate 

form of average to 

describe the 

distribution. 

Number of students, x 

11 

15 

16 

17 

18 

19 

20 

21 

22 

Total 

Frequency,/ 

12 

16 

18 

13 

80 

4 The tally below gives the scores of the football teams in the matches of the 

1982 World Cup finals. 

Score Tally 

0 .lllt .lllt .lllt .lllt .lllt .lllt I 
1 .lllt .lllt .lllt .lllt .lllt .lllt .lllt Ill 
2 .lllt .lllt .lllt I 
3 .lllt Ill 
4 .lllt I 
5 II 
6 

7 

8 

9 

10 I 

W Find the mode, mean and median of these data. 

!ii) State which of these you think is the most representative measure. 

(For football enthusiasts: find out which team conceded 10 goals and why. ) 
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S1 .. 5 The vertical line chart below shows the number of times the various members 
of a school year had to take their driving test before passing it . 

Grouped data 

' ; . 
number of driving tests 

rn Find the mode, mean and median of these data. 

! ii) State which of these you think is the most representative measure. 

Grouping means putting the data into a number of classes. The number of data 
items falling into any class is called the frequency for that class. 

When numerical data are grouped, each item of data falls within a class interval 

lying between class bo1mdaries. 

Fi gure 1 .8 

You must always be careful about the choice of class boundaries because it must be 

absolutely dear to which class any item belongs. A form with the following wording: 

How old are you? Please tick one box. 

0--10 10--20 20--30 30-40 40--50 50+ 

DDDDDD 
would cause problems. A ten-year-old could tick either of the first two boxes. 



A better form of wording would be: 

How old are you (in completed years)? Please tick one box. 

0-9 10-19 20-29 30-39 40-49 50+ 

DDDDDD 
Notice that this says 'in completed years'. Otheiwise a 91-year-old might not 
know which of the first two boxes to tick. 

Another way of writing this is: 

o ,,;;;A< 10 JO ,,;;;A<20 2Q,,;;;A<30 

30,,;;;A<40 4Q ,,;;;A<50 50,,;;;A 

Even somebody aged 9 years and 364 days would clearly still come in the first 

group. 

0 Another way of writing these classes, which you will sometimes see, is 

0-, 10-, 20-, ... ,50--. 

What is the disadvantage of this way? 

Wo rking wit h groupe d data 

There is often a good reason for grouping raw data. 

• There may be a lot of data. 

• The data may be spread over a wide range. 

• Most of the values collected may be different. 

Whatever the reason, grouping data should make it easier to analyse and present 

a summary of findings, whether in a table or in a diagram. 

For some discrete data it may not be necessary or desirable to group them. For 

example, a survey of the number of passengers in cars using a busy road is 

unlikely to produce many integer values outside the range Oto 4 (not counting 
the driver). However, there are cases when grouping the data (or perhaps 

constructing a stem-and-leaf diagram) is an advantage. 

Discret e da ta 

At various times during one week the number of cars passing a survey point 

was noted. Each item of data relates to the number of cars passing during a 
five-minute period. A hundred such periods were surveyed. The data is 

summarised in the following frequency table. 
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S1 .. Numberofcars,x Frequency,/ 

C>-9 

10-19 

20-29 13 

30-39 20 

40--49 22 

50-59 21 

60-70 11 

Total 100 

From the frequency table you can see there is a slight negative (or left) skew. 

Estimating the mean 

When data are grouped the individual values are lost. This is not often a serious 

problem; as long as the data are reasonably distributed throughout each interval 

it is possible to estimate statistics such as the mean, knowing that your answers 

will be reasonably accurate. 

To estimate the mean you first assume that all the values in an interval are 

equally spaced about a mid-point. The mid-points are taken as representative 

values of the intervals. 

The mid-value for the interval 0-9 is O; 9 
= 4.5. 

The mid-value for the interval I 0-19 is 10 ; 19 
= 14.5, and so on. 

The x X f column can now be added to the frequency distribution table and an 

estimate for the mean found. 

Numberofcars,x Frequency,/ xxf 

(mid-values) 

4.5 4.5X5=22.5 

14.5 14.5X8 = 116.0 

24.5 13 318.5 

34.5 20 690.0 

44.5 22 979.0 

54.5 21 1144.5 

65.0 11 715.0 

Totals 100 3985.5 



The mean is given by 

_ IA 
x= "fr 

=3
~~.5=39.855 

The original raw data, swnmarised in the frequency table on the previous page, 

are shown below. 

10 18 68 67 25 62 49 11 12 

9 46 53 57 30 63 34 21 68 31 

20 16 29 13 31 56 9 34 45 55 

35 40 45 48 54 50 34 32 47 60 

70 52 21 25 53 41 29 63 43 50 

40 48 45 38 51 25 52 55 47 46 

46 50 8 25 56 18 20 36 36 

38 39 53 45 42 42 61 55 30 38 

62 47 58 54 59 25 24 53 42 61 

18 30 32 45 49 28 31 27 54 38 

In this form it is impossible to get an overview of the number of cars, nor would 

listing every possible value in a frequency table (0 to 70) be helpful. 

However, grouping the data and estimating the mean was not the only option. 

Constructing a stem-and-leaf diagram and using it to find the median would 

have been another possibility. 

0 Is it possible to find estimates for the other measures of centre? 

Find the mean of the original data and compare it to the estimate. 

The data the reporter collected when researching his article on cycling accidents 

included the distance from home, in metres, of those involved in cycling 

accidents. In full these were as follows. 

3000 75 1200 300 50 10 150 1500 250 25 

200 4500 35 60 120 400 2400 140 45 

1250 3500 30 75 250 1200 250 50 250 450 

15 4000 

It is clear that there is considerable spread in the data. It is continuous data and 

the reporter is aware that they appear to have been rounded but he does not 

know to what level of precision. Consequently there is no way of reflecting the 

level of precision in setting the interval boundaries. 
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S1 .. The reporter wants to estimate the mean and decides on the fo llowing grouping. 

location Distance,d, Distance Frequency xxf 

relative to in metres mid-value,x (number of 

home 

Very close Qo;.:; d< 100 

Oose JOO ,;;: d<SOO 

Not far 500 :S. d< 1500 

Quite far 1500 ,;;: d < 5000 

Totals 

X = 26400 = 825 m 
32 

accidents),/ 

50 12 600 

300 11 3300 

1000 3000 

3250 19500 

32 26400 

A summary of the m easures of centre fo r the original and grouped accident data 

is given below. 

Raw data 

Mean 25785 -d2 = 806 m 

Mode 250 m 

Median !(200+250) = 225 m 

Grouped d ata 

825 m 
Modal group O '5i d< 100 m 

0 Which m easure of centre seem s most appropriate fo r these data? 

The reporter's article 

The reporter decided that he had enough information and wrote the article below. 

A town council that does not care 

Thelevelofcivilisationofanysocietycanbe 
measuredbyhowmuchitcaresforitsmost 
vulnerable members. 

Onthatbasisourtownoouncilrates 
somewherebetweensavagesandbarbarians. 
Everydaytheysitbackcomplacentlywhile 
thoseleastabletodefendthemselves,the 
veryoldandtheveryyoung,runthegauntlet 
of our treacherous streets. 

Ireferofooursetothelackofadequate 
safetymeasuresforourcyclists,60%of 
whomarechildrenorseniorcitizens. 
Statisticsshowthattheyonlyhavetoput 
onewheeloutsidetheirfrontdoorstobe 
inmortaldanger.80%ofcyclingaccidents 
happenwithinl500metresofhome. 

LastweekRitaRoybecamethelatest 
unwittingadditiontothesestatistics.Luckily 
sheisnowontheroadtorecoverybutthatis 
nothankstothemembersofourunfeeling 
towncouncilwhosetpeopleontheroadto 
deathandinjurywithoutasecondthought. 

What,thispaperasksouroouncillors,are 
youdoingaboutprovidingsafecycletracks 
fromourhousingestatestoourschoolsand 
shoppingcentres?Andwhatareyoudoing 
topromotesafetyawarenessamongour 
cyclists,youngandold? 

Answer: Nothing. 



0 Is it a fair article? Is it justified, based on the available evidence? 

Continuous data 

For a statistics project Robert, a student at Avonford College, collected the 

heights of 50 female students. 

He constructed a frequency table for his project and included the calculations to 

find an estimate for the mean of his data. 

Height,h Mid-value,x Frequency,/ xf 

157<h..;;JS9 158 632 

159</i'!ol61 160 11 1760 

161<h..;;J63 162 19 3078 

163<h'!ol65 164 1312 

165<h..;;J67 166 830 

167<h'!ol69 168 504 

Totals 50 8116 

- 8116 
x=~ 

= 162.32 

Note: Class boundaries 

His teacher was concerned about the class boundaries and asked Robert 'To what 

degree of accuracy have you recorded your data? 'Robert told him ' I rounded all my 

data to the nearest centimetre'. Robert showed his teacher his raw data. 

163 160 167 168 166 164 166 162 163 163 

165 163 163 159 159 158 162 163 163 166 

164 162 164 160 161 162 162 160 169 162 

163 160 167 162 158 161 162 163 165 165 

163 163 168 165 165 161 160 161 161 161 

Roberl'steachersaidthattheclassboundariesshould have been 

157.5 ... h< 159.5 

159.5 .._ h < 161.5, and so on. 

He explained that a height recorded to the nearest centimetre as 158 cm has a value 

in the interval 158 % 0.5cm (this can be written as 157.5 "- h < 158.5). Similarly the 

actual values of those recorded as 159 cm lie in the interval 158.5 .._ h < 159.5. So, 

the interval 157.5 .._ h < 159.5covers the acrualvalues of the data items 158 and 159. 

The interval 159.5 .._ h < 161.5 covers the actual values of 160 and 161 and so on. 
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S1 .. 
EXAMPLE 1.4 

0 What adjustment does Robert need to make to his estimated mean in the light of 

his teacher's comments? 

Find the mean of the raw data. \iVhat do you notice when you compare it with 

your estimate? 

You are not always told the level of precision of summarised data and the class 

widths are not always equal, as the reporter for the local newspaper discovered. 

Also, there are different ways ofrepresenting class boundaries, as the following 

example illustrates. 

The frequency distribution shows the lengths of telephone calls made by Emily 

during August. Choose suitable mid-class values and estimate Emily's mean call 

time for August. 

SOLUTION 

Time (seconds) 

0-

60-

120-

180-

300-

500-1000 

Totals 

- 8590 
x =~ 

Mid-value,x 

30 

90 

150 

240 

400 

750 

= 108.?seconds 

Frequency,/ xf 

39 1170 

15 1350 

12 1800 

1920 

1600 

750 

79 8590 

Emily's mean call time is I 09 seconds, to 3 significant figures. 

Note5 

1 The interval '0-'can be written as O,.. x < 60, the interval '60-'can be written as 

60 "' x< 120, and so on, upto '500-lOOO'which can be written as 500 "" x "" 1000. 

2 There is no indication of the level of precision of the recorded data. They may 

have been recordedtothenearestsecond. 

3 Theclasswidthsvary. 



EXERCISE 10 1 A college nurse keeps a record of the heights, measured to the nearest 
centimetre, of a group of students she treats. 

Her data are summarised in the following grouped frequency table. 

Height (cm) Number of students 

110-119 

120-129 

130-139 10 

140-149 28 

150-159 65 

160-169 98 

170- 179 55 

180-189 15 

Choose suitable mid-class values and calculate an estimate for the mean 

height. 

2 A junior school teacher noted the time to the nearest minute a group of 

children spent reading during a particular day. 

The data are summarised as follows. 

Time (nearest minute) Number of children 

20-29 12 

30-39 21 

40--49 36 

50-59 24 

60-69 12 

70-89 

90-119 

W Choose suitable mid-class values and calculate an estimate for the mean 

time spent reading by the pupils. 

! ii) Some time later, the teacher collected similar data from a group of 

25 children from a neigbouring school. She calculated the mean to be 

75.5 minutes. Compare the estimate you obtained in part m with this value. 

What assumptions must you make for the comparison to be meaningful? 
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S1 .. 3 The stated ages oft he 9 1 cyclists considered earlier are summarised by the 

foll owing grouped frequency distribution . 

Statedage (years) Frequency 

0-9 13 

10--19 26 

20--29 16 

30--39 10 

40-49 

50--59 

60-69 14 

70--79 

811-89 

Total 91 

( i ) Choose suitable mid-interval values and calculate an estimate of the m ean 

stated age. 

( ii ) Make a suitable error adjustment to your answer to part m to give an 

estimate of the mean age of the cyclists. 

(iii) The adjusted m ean of the actual data was 30.4 years. Compare this with 

your answer to part (ii ) and comment. 

4 In an agricultural experiment, 320 plants were grown on a plot. The lengths of 

the stem s were m easured, to the nearest centimetre, I O weeks after planting. 

The lengths were found to be distributed as in the following table. 

Length,x (cm) Frequency (number of plants) 

20.5..;; x < 32.5 30 

32.5..;;x< 38.5 80 

38.5..;; x < 44.5 90 

44.5..;;x< 50.5 60 

50.5..;; x <68.5 60 

Calculate an estimate of the m ean of the stem lengths from this experiment. 



5 The reporter for the local newspaper considered choosing different classes for 
the data dealing with the cyclists who were involved in accidents. S 1 
He summarised the distances from home of32 cyclists as follows. -

Distance,d(metres) Frequency 

o .;;: J<SO 

so .;;: d< 100 

100.;;; d< 150 

ISO.;;; d<200 

200 o;;; d< 300 

300o;;;d<S00 

500 ,;;: d< 1000 

1000 o;;; d < 5000 

Total 32 

W Choose suitable mid-class values and estimate the mean. 

!ii) The mean of the raw data is 806m and his previous grouping gave an 

estimate for the mean of 825 m. Compare your answer to this value and 

6 A crate containing 270 oranges was opened and each orange was weighed. 

The masses, given to the nearest gram, were grouped and the resulting 

distribution is as follows. 

Mass,x Frequency 

(grams) (number of oranges) 

60-99 20 

100--119 60 

120-139 80 

140-159 so 

160-220 60 

rn State the class boundaries for the interval 60-99. 

!ii) Calculate an estimate for the mean mass of the oranges from the crate. 



S1 .. Measures of spread (variation) 

EXAMPLE 1.5 

In the last section you saw how an estimate for the mean can be found from 
grouped data. The mean is just one example of a typical value of a data set. You 

also saw how the mode and the median can be found from small data sets. The 
next chapter considers the use of the median as a typical value when dealing 
with grouped data and also the interquartile range as a measure of spread. In this 

chapter we will consider the range, the mean absolute deviation, the variance and 
the standard deviation as measures of spread. 

Range 

The simplest measure of spread is the range. This is just the difference between 
the largest value in the data set (the upper extreme) and the smallest value (the 
lower extreme). 

• Range= largest - smallest 

The figures below are the prices, in cents, of a 100 g jar of Nesko coffee in ten 
different shops. 

161 161 163 163 167 168 170 172 172 172 

The range for this data is 

Range = 172 - 161 = 11 cents. 

Ruth is investigating the amount of money, in dollars, students at Avonford 
College earn from part-time work on one particular weekend. She collects and 
orders data from two classes and this is shown below. 

Class I Class2 

10 10 10 10 10 10 12 15 15 15 10 10 10 10 10 10 12 12 12 12 
16 16 16 16 18 18 20 25 38 90 15 15 15 15 16 17 18 19 20 20 

25 35 35 

She calculates the mean amount earned for each class. Her results are 

Class 1: x1 = $19.50 

Class 2: X2 = $16.22 

She concludes that the students in Class 1 each earn about $3 more, on average, 
than do the students in Class 2. 

Her teacher suggests she look at the spread of the data. \Nhat further infonnation 
does this reveal? 

SOLUTION 

Ruth calculates the range for each class: Range (Class 1) = $80 
Range (Class 2) = $25 

She concludes that the part-time earnings in Class 1 are much more spread out. 



However, when Ruth looks again at the raw data she notices that one student in 
Class I earned $90, considerably more than anybody else. If that item of data is 
ignored then the spread of data for the two classes is similar. 

A. One of the problems with the range is that it is prone to the effect of extreme values. 

0 Calculate the mean earnings of Class I with the item $90 removed. 

What can you conclude about the effect of extreme values on the mean? 

The range does not use all of the available information; only the extreme values 

are used. In quality control this can be an advantage as it is veiy sensitive to 
something going wrong on a production line. Also the range is easy to calculate. 

However, usually we want a measure of spread that uses all the available data and 

thatrelatestoacentral value. 

e The mean absolute deviatio n 

Kim and Joe play as strikers for two local football teams. They are being considered 

for the state team. The team manager is considering their scoring records. 

Kim's scoring record over ten matches looks like this: 

0 I O 3 0 2 0 0 0 4 

Joe's record looks like this: 

I O O 2 I I 2 2 

The mean scores are, for Kim, Xi = I and, for Joe, X2 = I.I. 

Looking first at Kim's data consider the differences, or deviations, of his scores 

from the mean. 

I Nurnb«ofgo•l~scored,x I O I ' I O I ' I O I ' I O I O I O I ' I 
Dev1ations (x-x) -1 0 -1 -1 -1 -1 -1 

To find a summaiy measure you need to combine the deviations in some way. 

If you just add them together they total zero. 

0 Why does the sum of the deviations always total zero? 

The mean absolute deviation ignores the signs and adds together the absolute 

deviations. The symbol Id I tells you to take the positive, or absolute, value of d. 

S1 -



S1 .. For example 1-2 1 = 2 and I 2 I= 2. 

It is now possible to sum the deviations: 

I +O+ I +2+ 1+1 + 1+1 + 1+3=12, 

the totaloftheabsolutedeviations. 

It is important that any measure of spread is not linked to the sample size so you 
have to average out this total by dividing by the sample size. 

In this case the sample size is 10. The mean absolute deviation = M =1 .2. 

• The mean absolute deviation from the mean= !;Llx- xl 

For Joe's data the mean absolute deviation is 

ih(o.1 + 0.1 + 0.1 + 1.1 + 1.1 + o.9 + 0.1 + 0.1 + o.9 + o.9) =0.54 

The average numbers of goals scored by Kim and Joe are similar ( 1.0 and 1.1 ) but 

Joe is less variable (or more consistent) in his goal scoring (0.54 compared to 1.2). 

The mean absolute deviation is an acceptable measure of spread but is not 

widely used because it is difficult to work with. The standard deviation is more 

important mathematically and is more extensively used. 

The variance and standard deviation 

An alternative to ignoring the signs is to square the differences or deviations. This 

gives rise to a measure of spread called the variance, which when square-rooted 

gives the standard deviation. 

Though not as easy to calculate as the absolute mean deviation, the standard 

deviation has an important role in the study of more advanced statistics. 

To find the variance of a data set: For Kim's data this is: 

• Square the deviations (x - x)2 (0 -1 )2, (1 -1 )2, (0 -1)2,etc . 

1 +0 +1 + 4+1 + 1+1 + 1+ 

1 + 9 = 20 

• Sum the squared deviations Lex- X)2 

• Find their mean L,(x - X)
2 

f§ = 2 

This is known as the variance. 

• Variance = L,(x
1
~ x)2 

The square root of the variance is 

called the standard deviation. 

So,forKim'sdatathevariance is2,but 
whatarctheuniL<?lncalculatingthe 

variancethedataarcsquared, [n orderto 
getameasureof,pread1ha1hasthesame 
unitsastheoriginaldataitisnecessaryto 
takechesquarcrootofthevariance. Thc 
resuhingstatisticalmeasureisknov.11as 

thesrandardde,,·iarion, 



A In other books or on the internet, you may see this calculation carried out using 
n- I rather than n as the divisor. In this case the answer is denoted bys. 

,=P)x-x)' 
n- 1 

In Statistics I, you should always use II as the divisor. You will meet s if you go on 
to study Statistics 2. 

So for Kim's data the variance is 2, sd is ..fi = 1.41 (to 3 s.f.). 

This example, using Joe's data, shows how the variance and standard deviation 
are calculated when the data are given in a frequency table. We've already 
calculated the mean; X = I.I. 

Number of Frequency,/ Deviation Deviation2 Deviation2 xf 

goalsscored,x (x -x) (x -x)' [(x-i)'fl 

0 - l.1 =- l.1 1.21 l.21X2 = 2.42 

1- 1.1 =-0.l 0.01 O.OIXS = 0.05 

2 -1.1 = 0.9 0.81 0.81X3 = 2.43 

Totals 10 4.90 

For data presented in this way, 

standarddeviation = ~=~L,(i;)
2

f 6 
The standard deviation for Joe's data is sd = ~ = 0.7 goals. 

Comparing this to the standard deviation ofKim's data ( 1.41 ), we see that Joe's 

goal scoring is more consistent (or less variable) than Kim's. This confirms what 

was found when the mean absolute deviation was calculated for each data set. Joe 

was found to be a more consistent scorer (mean absolute deviation= 0.54) than 
Kim (mean absolute deviation= 1.2 ). 

An alternative form for the standard deviation 

The arithmetic involved in calculating L,(x - X)2f can often be very messy. 

An alternative formula for calculating the standard deviation is given by 

~ /Pr: 
• standard deviation= v~-x· or VD-x2 
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S1 .. 

EXAMPLE 1.6 

Consider Joe's data one more time. 

Number of goals Frequency,/ xf 

scored,x 

Total 10 11 

X = M = I.I standard deviation= ~t'fJ-1.12 

= J1.1-1.21 

:JM, 

=0.7 

x'f 

12 

17 

This gives the same result as using ~2,(.~;)
2

f . The derivation of this 

alternative form for the standard deviation is given in Appendix I on the CD. 

A In practice you will make extensive use of your calculator's statistical functions to 

find the mean and standard deviation of sets of data. 

Care should be taken as the notations S, s, sd, a and 6- are used differently by 
different calculator manufacturers, authors and users. You will meet ain 
Chapter 4. 

The following examples involve finding or using the sample variance. 

Find the mean and the standard deviation of a sample with 

L,x = 960,L,x2 = 18000 ,n = 60. 

SOLUTION 

X = L,x = 2§._Q"" 16 
II 60 

variance = L,x
2 

- X2 = lS000 _ 162 = 44 
n 60 

standard deviation= f« = 6.63(to 3 s.£) 



EXAMPLE 1.7 

EXAMPLE 1.8 

Find the mean and the standard deviation of a sample with 

I:(x - x)'a 2txXJ,I:xa 960,I:f a60. 

SOLUTION 

X=~:,:16 

. L,(x- X)2 2000 
vanance = ~ = 6Q = 33.3 ... 

standard deviation=~= 5.77(to 3 s.f.). 

As part of her job as quality controller, Stella collected data relating to the life 

expectancy of a sample of 60 light bulbs produced by her company. The mean 
life was 650 hours and the standard deviation was 8 hours. A second sample of 

80 bulbs was taken by Sol and resulted in a mean life of 660 hours and standard 

deviation 7 hours. 

Find the overall mean and standard deviation. 

SOLUTION 

Overall mean: 

X=650 x~~::o x80 9:!: 655.71...=656hours(to3s.f.) 

For Stella's sample the variance is 81 • Therefore 82 == ~ - 6501
• 

For Sol's sample the variance is 72_ Therefore 71 = L,~i -6602. 

From the above Stella found that 

L,-';2 = (82 + 65o-2) X60 = 25353840 and L -'S = 34851920. 

The overall variance is 

The total number of 
lightbulbsisl40 

~ 
2535384011034851920 - 655.71... 2 

=430041.14 ... -429961.22 .. 

= 79.91... 

Doootroundanynumbers 
untilyouha,-c cornpleted 

all calculations 

The overall standard deviation is ~ = 8.94 hours (to 3 s.f. ). 
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S1 .. 0 Carry out the calculation in Example 1.8 using rounded numbers. That is, use 

656 for the overall mean rather than 655.71 ... What do you notice? 

The standard deviation and outliers 

Data sets may contain extreme values and when this occurs you are faced with 

the problem of how to deal with them. 

Many data sets are samples drawn from parent populations which are nonnally 

distributed. You will learn more about the normal distribution in Chapter 7. In 

these cases approximately: 

• 68% of the values lie within I standard deviation of the mean 

• 95% lie within 2 standard deviations of the mean 

• 99.75% lie within 3 standard deviations of the mean. 

If a particular value is more than two standard deviations from the mean it should 

be investigated as possibly not belonging to the data set. !fit is as much as three 

standard deviations or more from the mean then the case to investigate it is 

even stronger. 

A The 2-standard-deviation test should not be seen as a way of defining outliers. 

It is only a way of identifying those values which it might be worth looking at 

more closely. 

In an A level Spanish class the examination marks at the end of the year are 

shown below. 

35 52 55 61 96 63 50 58 58 49 61 

The value 96 was thought to be significantly greater than the other values. The 

mean and standard deviation of the data are X = 58 and sd = 14.16 ... The value 

96 is more than two standard deviations above the mean: 

58 + 14.16 58 + 2X 14.16 

72.2 86.3 

Figure 1.9 



EXERCISE 1E 

When investigated further it turned out that the mark of96 was achieved by a 

Spanish boy who had taken A level Spanish because he wanted to study Spanish 

at university. It might be appropriate to omit this value from the data set. 

f) Calculate the mean and standard deviation of the data with the value 96 left out. 

Investigate the value using your new mean and standard deviation. 

The times taken, in minutes, for some train journeys between Kolkata and 

Majilpur were recorded as shown. 

56 61 57 55 58 57 5 60 61 59 

It is unnecessary here to calculate the mean and standard deviation. The value 

5 minutes is obviously a mistake and should be omitted unless it is possible to 

correct it by referring to the original source of data. 

1 m Find the mean of the following data. 

0001111122222233334444455 

!ii) Find the standard deviation using both forms of the formula. 

2 Find the mean and standard deviation of the following data. 

3 Mahmood and Raheem are football players. In the 30 games played so far this 

season their scoring records are as follows. 

Goals scored 

Frequency (Mahmood) 12 

Frequency (Raheem) 21 

!i) Find the mean and the standard deviation of the number of goals each 

player scored. 

!ii) Comment on the players' goal scoring records. 

4 For a set of 20 items of data ~:,X = 22 and L,x2 = 55. Find the mean and the 

standard deviation of the data. 

5 For a dataset of50 items of data L,(x- X )2f '=' 8 and L,xf = 20. Find the 

mean and the standard deviation of the data. 
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S1 .. 6 Two thermostats were used under identical conditions. The water 

temperatures, in °C, are given below . 

Thermostat A: 24 25 27 23 26 

Thermostat B: 26 26 23 22 28 

rn Calculate the mean and standard deviaton for each set of water 

temperatures. 

!ii) Which is the better thermostat? Give a reason. 

A second sample of data was collected using thermostat A. 

25 24 24 25 26 25 24 24 

!iii) Find the overall mean and the overall standard deviation for the two sets 

of data for thermostat A. 

7 Ditshele has a choice of routes to work. She timed her journey along each 

route on several occasions and the times in minutes are given below. 

Town route: 15 16 20 28 21 

Country route: 19 21 20 22 18 

!i) Calculate the mean and standard deviation of each set of jourmey times. 

!ii) Which route would you recommend? Give a reason. 

8 In a certain district, the mean annual rainfall is 80 cm, with standard 

deviation4cm. 

rn One year it was 90cm. Was this an exceptional year? 

!ii) The next year had a total of 78 cm. Was that exceptional? 

Jake, a local amateur meteorologist, kept a record of the weekly rainfall 

in his garden. His first data set, comprising 20 weeks of figures, resulted 

in a mean weekly rainfall of 1.5 cm. The standard deviation was 0.1 cm. 

His second set of data, over 32 weeks, resulted in a mean of 1.7 cm and a 

standard deviation of0.09 cm. 

!iii) Calculate the overall mean and the overall standard deviation for the 

whole year. 

!iv) Estimate the annual rainfall in Jake's garden. 

9 A farmer expects to harvest a crop of 3.8 tonnes, on average, from each 
hectare of his land, with standard deviation 0.2 tonnes. 

One year there was much more rain than usual and he harvested 4.1 tonnes 

per hectare. 

rn Was this exceptional? 

!ii) Do you think the crop was affected by the unusual weather or was the 

higher yield part of the variability which always occurs? 



1 o A machine is supposed to produce ball bearings with a mean diameter of 

2.0 mm. A sample of eight ball bearings was taken from the production line 

and the diameters measured. The results, in millimetres, were as follows: 

2.0 2.1 2.0 1.8 2.4 2.3 1.9 2.1 

rn Calculate the mean and standard deviation of the diameters. 

(iii Do you think the machine is correctly set? 

11 On page 29 you saw the example about Robert, the student at Avonford 

College, who collected data relating to the heights of female students. This is 

his corrected frequency table and his calculations so far. 

Height,h Mid-value,x 

157.5<h,s;159.5 158.5 

159.5<h,s;J61.5 160.5 

161.5</1,s;:163.5 162.5 

163.5</i,s;\65.5 164.5 

165.5</,,s;J67.5 166.5 

167.5</i,s;\69.5 168.5 

Totals 

X = 8141.0 = 162.82 
50 

rn Calculate the standard deviation. 

Frequency,/ xf 

634.0 

11 1765.5 

19 3087.5 

1316.0 

832.5 

505.5 

50 8141.0 

Robert's friend Asha collected a sample of heights from 50 male PE students. 

She calculated the mean and standard deviation to be 170.4 cm and 2.50cm. 

Later on they realised they had excluded two measurements. It was not 

dear to which of the two data sets, Robert's or Asha's, the two items of data 

belonged. The values were 171 cm and 166 cm. Robert felt confident about 

one of the values but not the other. 

(iii Investigate and comment. 
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S1 .. 12 As part of a biology experiment Thabo caught and weighed 120 minnows. He 

used his calculator to find the mean and standard deviation of their weights . 

Mean 26.231g 

Standard deviation 4.023 g 

rn Find the total weight, Ix, ofThabo's 120 minnows. 

I ii) Use the formula standard deviation = )U- X2 to find L,x2 for 
Thabo's minnows. 

11 

Another member of the class, Sharon, did the same experiment with 

minnows caught from a different stream. Her results are summarised by: 

n = 80 X= 25.214 standard deviation = 3.841 

Their teacher says they should combine their results into a single set but they 
have both thrown away their measurements. 

!iii) Find n, L,x and L,x2 for the combined data set. 

!iv) Find the mean and standard deviation for the combined data set. 

1 3 A frequency diagram for a set of data is shown below. No scale is given on the 

frequency axis, but summary statistics are given for the distribution. 

2,f = 50, 2,fx = 100, 2,fx' = 344 

W State the mode of the data. 

!ii) Identify two features of the distribution. 

!iii) Calculate the mean and standard deviation of the data and explain why 

the value 8, which occurs just once, may be regarded as an outlier. 

(ivl Explain how you would treat the outlier if the diagram represents 

(a) the difference of the scores obtained when throwing a pair of 

ordinary dice 

(bl the number of children per household in a neighbourhood survey. 

M Calculate new values for the mean and standard deviation if the single 
outlier is removed. 

[MEI,adapted) 



14 A group of 10 married couples and 3 single men found that the mean age Xw 

of the I O women was 41.2 years and the standard deviation of the women's 

ages was IS. I years. For the 13 men , the mean ageX'" was 46.3 years and the 

standard deviation was 12.7 years. 

W Find the mean age of the whole group of 23 people. 

!ii) The individual women's ages are denoted by xw and the individual men's 

ages by x ... By fi rst finding I_ x; and I_x~, find the standard deviation 

for the whole group. 

(Cam bridgc lntcrnationalASandALcwl Mathcn, at k•'TlfY), Papcr6Q4 Nonm bcr 2005) 

15 The numbers of rides taken by two students, Fei and Graeme, at a fa irground 

are shown in the following table. 

Student Roller coaster Water slide Revolving drum 

Fei 

Graeme 

! i i The mean cost ofFei's rides is $2.50 and the standard deviation of the 

costs ofFei's rides is $0. Explain how you can tell that the roller coaster 

and the water slide each cost $2.50 per ride. 

!ii) The mean cost of Graeme's rides is $3.76. Find the standard deviation of 

the costs of Graeme's rides. 

(Can,bridgc lntcmational ASand AUvdMathcmatics9709,I'J pcr61Q4 Junc2010) 

Working with an assumed mean 

Human computer has it figured mathman.com 

Schoolboy. Simon Newton. astounded his classmates and their parents at a school open 
evening'Mlenhecalculatedtheaverageofasetofnumbersinseconds'Mlileeveryoneelse 
stru~edwiththeiraoclingup. 

Mr Truscott, a parent of one of the other children, said. 'I was sti ll looking for my cakulator 
whenSimonv,,,rotetheans,werontheboard". 

Simon modestty said 'Mlen asked about his skill "It's s.impty a matter of choosing a good 
assumed mean'. 

Mathman.com wants to know 'VVhat is the secret method. Simonr 
Without a calrulator, see if you can match Simon's performance. The data is repeated below. 
Send your result and how you did it into Mathman.com. Don"t forget - no calculator.;! 

NlXTl~r Frequency 
3510 6 
3512 4 
3514 3 
3516 I 
351B 
3520 
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S1 .. 

EXAMPLE 1.9 

Simon gave a big clue about how he calculated the mean so quickly. He said 
' It's simply a matter of choosing a good assumed mean'. Simon noticed that 

subtracting 3510 from each value simplified the data significantly. This is how he 

did his calculations. 

Number,x Number -3510,y Frequency, / xxf 

3510 OX6 = 0 

3512 2X4 = 8 

3514 4X3 = 12 

3516 6X I = 6 

3518 8X2 = 16 

3520 10 IOX4 = 40 

Totals 20 82 

Average(mean) = ~ = 4.1 

(3510 is now added back) 3510+4.1 = 3514.1 

Simon was using an assumed mean to ease his arithmetic. 

Sometimes it is easier to work with an assumed mean in order to find the 

standard deviation. 

Using an assumed mean of 7, find the true 

mean and the standard deviation of the data 
set 5, 7,9,4,J,8. 

SOLUTION 

hdocsn'tmatteriftheassumed 
meani,notveryclosetothe 

correctvalueforthemeanbutthe 
doseritis.thesimplertheworking 

will be. 

Let drepresent the variation from the mean. So d = x- 7. 

d=x -7 J2= (x-7)2 

5 - 7 =-2 

7 - 7 = 0 

9 - 7 = 2 

4 - 7 =-3 

3 - 7 = --4 16 

8 - 7 = I 

Totals L iP = L (x- 7F = 34 



EXAMPLE 1.10 

The mean of dis given by 

•=~>=::e= -1 
" 6 

The standard deviation of dis given by 

= 2.16to3 s.f. 

Sothetruemeanis7~ ~ 

Thetruestandarddeviationis216to3s.f. ~ 

In general, 

• X = a + d where a is the assumed mean. 

• the standard deviation of x is the standard deviation of d. 

The following example uses summary statistics, rather than the raw data values. 

Fora set of 10 data items, L,(x - 9) = 7 and L,(x - 9)2 = 17. 

Find their mean and standard deviation. 

SOLUTION 

Letx-9=d 

Icx- ,i=, => ra=, 

=> d=fc,""o.7 

Themeanofxis9.7. => x=,+0.?=
9

.7 ~ 
The standard deviation of d= L,d

2 -(Ld)2 

where d= x - 9 . 
n " 

= ~-(mY 
= J1.7 - 0.49 

=ill! 
= 1.1 

Since the standard deviation of xis equal to the standard deviation of d, it follows 

that the standard deviation of xis I.I. 
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S1 
- EXAMPLEl . 11 

The next example shows you how to use an assumed mean with grouped data. 

Using 162.5 as an assumed mean, find the mean and standard deviation of the 

data in this table. (These are Robert 's figures for the heights of female students.) 

Height,x (cm) 

mid-points 

158.5 

160.5 

162.5 

164.5 

166.5 

168.5 

Total 

SOLUTION 

Frequency,/ 

11 

19 

50 

The working is summarised in the table below. 

Heighl,x (cm) d = x - 161.5 

mid-points 

158.5 -4 

160.5 - 2 

162.5 

164.5 

166.5 

168.5 

Totals 

d=~=0.32 

(sdd)2 = ¥J- 0.322 = 6.4576 

sda = 2.54 to 3 s.f. 

Frequency,/ 

11 

19 

50 

df 

- 16 

- 22 

16 

20 

18 

16 

So the mean and standard deviation of the original data are 

X = 162.5+0.32 = 162.82 

sdx = 2.54 to 3 s.f. 

d'f 

64 

44 

32 

80 

108 

328 



EXERCISE 1F 1 Calculate the mean and standard deviation of the following masses, measured 
to the nearest gram, using a suitable assumed mean. 

Mass (g) 241-244 245--248 249-252 253-256 257-260 261-264 

Frequency 14 15 

2 A production line produces steel bolts which have a nominal length of 
95 mm. A sample of 50 bolts is taken and measured to the nearest 0.1 mm. 

Their deviations from 95 mm are recorded in tenths of a millimetre and 

summarised as L,x = -85 , L,x2 = 734. (For example, a bolt of length 94.2 mm 
would be recorded as -8.) 

!ii Find the mean and standard deviation of the xvalues. 

Iii! Find the mean and standard deviation of the lengths of the bolts in 

millimetres. 

!iii) One of the figures recorded is -18. Suggest why this can be regarded as an 

outlier. 

livl The figure of -18 is thought to be a mistake in the recording. Calculate the 

new mean and standard deviation of the lengths in millimetres, with the 
-18 value removed. 

3 A system is used at a college to predict a student's A level grade in a particular 

subject using their GCSE results. The GCSE score is gand the A level score is a 

and for Maths in 2011 the equation of the line of best fit relating them was a= 
2.6g -9.42. 

This year there are 66 second-year students and their GCSE scores are 

summarised as L,g = 408.6, L,g2 = 2545.06. 

I i) Find the mean and standard deviation of the GCSE scores. 

!ii) Find the mean of the predicted A level scores using the 2011 line of best fit. 

4 W Find the mode, mean and median of: 

2 8 6 5 4 5 6 3 6 4 9 1 5 6 5 

Hence write down, without further working, the mode, mean and median of: 

@ mmmm~ mmMm~ ~wmmm 
(iii) 12 18 16 15 14 15 16 13 16 14 19 11 15 16 15 

( iv) 4 16 12 10 8 10 12 6 12 8 18 2 10 12 10 

5 A manufacturer produces electrical cable which is sold on reels. The reels are 

supposed to hold 100 metres of cable. In the quality control department the 

length of cable on randomly chosen reels is measured. These measurements 
are recorded as deviations, in centimetres, from 100m. (So, for example, a 

length of99.84m is recorded as - 16.) 
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S1 .. For a sample of 20 reels the recorded values, x, are summarised by 

L,x = - 86 L,x2 = 4281 

rn Calculate the mean and standard deviation of the values of x. 

( ii ) Later it is noticed that one of the values of x is -47, and it is thought that 

so large a value is likely to be an error. Give a reason to support this view. 

(iii) Find the new mean and standard deviation of the values of xwhen the 

value -47 is discarded. 

6 On her summer holiday, Felicity recorded the temperatures at noon each day 

for use in a statistics project. The values recorded, f degrees Fahrenheit, were 

as follows, correct to the nearest degree. 

47 59 M 62 ~ 67 ~nm 68 ~ M son 

W Represent Felicity's data on a stem-and-leaf diagram. Comment on the 

shape of the distribution. 

( ii ) Using a suitable assumed mean, find the mean and standard deviation of 

Felicity's data. 

7 For a set often data items, L,(x - 20) = - 140 and L,(x - 20)2 = 2050. Find 

their mean and standard deviation. 

a For a set of20 data items, L,(x+ 3) = 140 and L,(x+ 3)2 : 1796. Find their 

mean and standard deviation. 

9 Forasetof15dataitems, L,(x+a): 156 and L,(x+a)2 = 1854. The mean 

ofthesevaluesis5.4. 

Find the value of a and the standard deviation. 

10 For a set of 10 data items, L,(x- a) = -11 and L,(x- a)2 : 75. The mean 

of these values is 5.9. 

Find the value of a and the standard deviation. 

1 1 The length of time, t minutes, taken to do the crossword in a certain 

newspaper was obseived on 12 occasions. The results are summarised below. 

I <r- 35) ~-I s I <r- 35)' ~ 82.23 

Calculate the mean and standard deviation of these times taken to do the 

crossword. 

[CambridgelnternationalASand A Len!Mathematics 9709,Paper6QIJune2007) 

12 A summary of 24 obseivations of x gave the following information: 

L,(x - a) =-73.2 and 2,(x-a)2 = 2115. 

The mean of these values of xis 8.95. 

!ii Find the value of the constant a. 

!ii) Find the standard deviation of these values of x. 

(Cambridge International AS 1ndA ~I Mathematics 9709. Paper6 QI November 2007) 
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1 An item of data x may be identifed as an outlier if 

Ix - x1 > 2 X standard deviation. 

That is, if x is more than two standard deviations above or below the 

sample mean. 

2 Categorical data are non-numerical; discrete data can be listed; continuous 

data can be measured to any degree of accuracy and it is not possbile to list 

all values. 

3 Stem-and-leaf diagrams (or stemplots) are suitable for discrete or 

continuous data. All data values are retained as well as indicating 

properties of the distribution. 

4 The mean, median and the mode or modal class are measures of central 

tendency. 

- ~> - 2,-ef 
s The mean, x = ----;;-·For grouped data x = 2,f. 

6 The median is the mid-value when the data are presented in rank order, it 

is the value of the 11
; 

1 th item of II data items. 

7 The mode is the most common item of data. The modal class is the class 

containing the most data, when the classes are of equal width. 

8 The range, variance and standard deviation are measures of spread or 

variation or dispersion. 

9 Range= maximum data value - minimum data value. 

10 The standard deviation= ~ or ~2.,(i;)2

f 

11 An alternative form is 

standard deviation= JL:2

f - X2 or l2£7 -X2 

12 Working with an assumed mean a, 

X=a+d 

where a is the assumed mean and dis the deviation from the assumed 
mean and the standard deviation of x is the standard deviation of d. 
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S1 - Representing and 
interpreting data 

A picture is worth a th ousand numbers. 

Latest news from Alpha High 

Anon 

The Psychology department al Alpha High have found that girls have more 
on-line friends than boys. Mr Rama , the head of department, said The results are 
quite marked , girls in all age groups with the exception of the youngest age group 
had significantly more on-line friends. We have several hypotheses lo explain 

this, but want to do more research before we draw any conclusions.' The group 
of student psychologists have won first prize in a competition run by Psychology 
Now for their research 

The Psychology department are now intending to compare these results with the 
number of friends that students have 'real -life' contact with 

] 1so n::i::ttttt:tt::t::I 
t 
j !00 H-l-+-t++++-t-+-1 

:! 

IS years 16ycars !7ycars IS years 

D ""' 
D .,.,,, 

0 What is the mean number of friends for 17-year-old girls? 

220 students aged 17 were surveyed from Alpha High. 120 of these students were 
girls. What is the overall mean number of friends for the 17-year-olds? 



Histograms 

Most raw data need to be summarised to make it easier to see any patterns that 
may be present. You will often want to draw a diagram too. The Psychology 

department used the following table to construct the diagram for their article. 

Age group I S years 16 years 17years IS years 

Sample size 200 170 220 310 

~an numberoffriends-girh 40 70 170 150 

Mean number of friends - boys 50 60 110 130 

You will often want to use a diagram to communicate statistical findings. People 

find diagrams to be a very useful and easy way of presenting and understanding 

statistical information. 

Histograms are used to illustrate continuous data. The columns in a histogram 

may have different widths and the area of each column is proportional to the 

frequency. Unlike bar charts, there are no gaps between the columns because 

where one class ends, the next begins. 

Continuous data with equal class widths 

A sample of 60 components is taken from a production line and their 

diameters, d mm, recorded. The resulting data are summarised in the 

following frequency table. 

Diameter (mm) Frequency 

2s .;;: d < JO 

3Q .;;: d < 35 

35 ,;;: d < 40 

4Q ,;;: d < 45 15 

45 ,;;: d < SO 17 

so .;;: d < 55 10 

55 ,;;: d < 60 

6() ,;;: d < 65 
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40 45 50 

dianmcr(mm) 

Figu re 2. 1 Histogram to show the distributio n of compo ne nt diameters 

The class boundaries are 25, 30, 35, 40, 45, 50, 55, 60 and 65. The width of each 

class is 5. 

The area of each column is proportional to the class frequency. In this example 

the class widths are equal so the height of each column is also proportional to the 
class frequency. 

The column representing 45 :Si d < 50 is the highest and this tells you that this is 
the modal class, that is, the class with highest frequency per 5 mm. 

0 How would you identify the modal class if the intervals were not of equal width? 

Labelling the freque nc y axis 

The vertical axis tells you the fr equency density. Figure 2.3 looks the same as 

figure 2.2 but it is not a histogram. This type of diagram is, however, oft en 

incorrectly referred to as a histogram. It is more correctly called a frequency 

chart. A histogram shows the frequency density on the vertical axis. 
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Fi gure 2 .2 Figure 2.3 

Comparing Figures 2.1 and 2.2, you will see that the shape of the distribution 
remains the same but the values on the vertical axes are different. This is because 

diffe rent units have been used for the fr equency density. 

Co nt inuo us data with unequal c lass widths 

The heights of 80 broad bean plants were measured, correct to the nearest 

centimetre, ten weeks aft er planting. The data are summarised in the following 

frequency table. 

Ht>ight (cm) Frequency Classwidth (cm) 

7.5.;;;x< 11.5 

11.5 ..;;x< 13.5 

13.5 :!ax< 15.5 

15.5 ..;;x< 17.5 11 

17.5 :!ax< 19.5 19 

19.5 ..;;x<21.5 14 

21.5 e!ax<23.5 13 

23.5 ..;;x<25.5 

25.5 e!ax<28.5 

\Nhen the class widths are unequal you can use 

fr eq uency density = ,~:;sl: :t~ 

Frequency density 

0.25 

1.5 

3.5 

5.5 

9.5 

6.5 

4.5 
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Figure 2.4 

Discrete data 

A Histograms are occasionally used for grouped d iscrete data. However, you should 

always fi rst consider the alternatives. 

A test was given to 100 students. The maximum mark was 70. The raw data are 

shown below. 

10 18 68 67 25 62 49 11 12 

9 46 53 57 30 63 34 21 68 3 1 

20 16 29 13 31 56 9 34 45 55 

35 40 45 48 54 50 34 32 47 60 

70 52 21 25 53 41 29 63 43 50 

40 48 45 38 51 25 52 55 47 46 

46 50 8 25 56 18 20 36 36 

38 39 53 45 42 42 6 1 55 30 38 

62 47 58 54 59 25 24 53 42 6 1 

18 30 32 45 49 28 3 1 27 54 38 

lllustrating this data using a vertical line graph results in figure 2.5. 



'1111 lil.l.l ! 1111 l1l.l1l1I IJ IJ.l.l1l1l1tillll . 
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Figure 2.5 

This diagram fails to give a dear picture of the overall distribution of marks. 

In this case you could consider a bar chart or, as the individual marks are known, 
a stem-and-leaf diagram, as follows. 

n = 100 

2 I Srepresents25marks 

0 8 8 9 9 9 

I O I 2 3 6 8 8 8 

2 0 0 I I 4 5 5 5 5 5 7 8 9 9 

3 0 0 0 I I I 2 2 4 4 4 5 6 6 8 8 8 8 9 

4 0 0 I 2 2 2 3 5 5 5 5 5 6 6 6 7 7 7 8 8 9 9 

5 0 0 0 I 2 2 3 3 3 3 4 4 4 5 5 5 6 6 7 8 9 

6 0 I I 2 2 3 3 7 8 8 

7 0 

Figure 2 .6 

If the data have been grouped and the original data have been lost, or are 

otherwise unknown, then a histogram may be considered. A grouped frequency 

table and histogram illustrating the marks are shown below. 

Marks,x Frequency,/ 

0-9 

10-1 9 

20-29 14 "" 
19 i ~ 1.5 

SR 
22 [. 

21 !i '-0 

30-39 

40-49 

50-59 

60-70 11 

IT ,~ 
" " m:uks (:r) 

Figure 2.7 
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S1 - Note 

The class boundary 10- 19 becomes 9.5 ,o; x < 19.5 for the purpose of draw ing the 

histogram . You must give careful consideration to class boundaries, particularly if 

you are using rounded data. 

0 Look at the intervals for the first and last classes. How do they differ from the 

o thers? Why is this the case? 

Grouped discrete data are illustrated well by a histogram if the distribution is 

particularly skewed as is the case in the next example. 

The first 50 positive integers squared are: 

16 25 36 49 64 

81 100 121 144 169 196 225 256 

289 324 36 1 400 441 484 529 576 

625 676 729 784 841 900 96 1 1024 

1089 11 56 1225 1296 1369 1444 152 1 1600 

168 1 1764 1849 1936 2025 2 11 6 2209 2304 

240 1 2500 

Number,,. Frequency,/ 

O < n <S; 250 15 

2SO < n ,,;;: soo 

SOO < n ..;: 750 

750 < " "" 1000 

1000 < n ..;: 12so 

1250 < n ,,;;: 1500 

ISOO<n ...: 1750 

1750 < n ,,;;: 2()()0 

2000 < n ,,;;: 2250 

2250 < n ,,;;: 2500 

Fi gure 2.8 



EXERCISE 2A 

The main points to remember when drawing a histogram are: 

• Histograms are usually used fo r illustrating continuous data. For discrete data 

it is better to draw a stem-and-leaf diagram, line graph or bar chart. 

• Since the data are continuous, or treated as if they were continuous, adjacent 

columns of the histogram should touch (unl ike a bar chart where the columns 

should be drawn with gaps between them). 

• It is the areas and not the heights of the columns that are proportional to the 

frequency of each class. 

• The vertical axis should be marked with the appropriate frequency density 

(frequency per 5 mm fo r example), rather than frequency. 

1 A number of trees in two woods were measured. Their diameters, correct to 

the nearest centimetre, are summarised in the table below. 

Diameter (cm) 1-10 11-15 16-20 21-30 31-50 Total 

Mensah'sWood 10 11 30 

Ashanti Forest 20 40 

(Trees less than !cm in diameter are not included.) 

rn Write down the actual class boundaries. 

!ii) Draw two separate histograms to illustrate this info rmation. 

!iii) State the modal class fo r each wood. 

!iv) Describe the main features of the distributions fo r the two woods. 

2 Listed below are the prime numbers,p, from I up to 1000. ( I itself is not 
usually defined as a prime.) 

Primes upto\000 

7 11 13 17 19 23 29 31 37 41 43 

47 53 59 61 67 71 73 79 83 89 97 IOI 103 107 

1119 113 127 131 137 139 149 151 157 163 167 173 179 181 

191 193 197 199 211 223 227 229 233 239 241 251 257 263 

269 271 277 281 283 293 307 311 313 317 331 337 347 349 

353 359 367 373 379 383 389 397 401 409 419 421 431 433 

439 443 449 457 461 463 467 479 487 491 499 503 509 521 

523 541 547 557 563 569 571 577 587 593 599 601 (IJ7 613 

617 619 631 641 643 647 653 659 661 673 677 683 691 701 

7119 719 727 733 739 743 751 757 761 769 773 787 797 809 

811 821 823 827 829 839 853 857 859 863 877 881 883 887 

907 911 919 929 937 941 947 953 967 971 977 983 991 997 
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S1 - rn Draw a histogram to illustrate these data with the following class intervals: 

J .,s;p<20 20,,;;;p<SO so,,;;;p<IOO JQO ,,;;;p<200 

zoo,,;;;p<300 3QQ,,;;;p<SOOandSOQ,,;;;p< 1000. 

(ii ) Comment on the shape of the distribution. 

3 A crate containing 270 oranges was opened 

and each orange was weighed to the 

nearest gram. The masses were found 

to be distributed as in this table. 

( i ) Draw a histogram to illustrate the data. 

( ii ) From the table, calculate an estimate 

of the mean mass of an orange from 

this crate. 

4 In an agricultural experiment, 

320 plants were grown on a plot, and the 

lengths of the stems were measured to the 

nearest centimetre ten weeks after 

planting. The lengths were found to be 

distributed as in this table. 

rn Draw a histogram to illustrate the data. 

(ii ) From the table, calculate an estimate 

of the mean length of stem of a plant 

from this experiment. 

Mass (grams) 

60--99 

100--119 

120--139 

140--159 

160--219 

length (cm) 

20-31 

32-37 

38-43 

44-49 

50-67 

Number of 

oranges 

20 

60 

80 

so 

60 

Number of 

plants 

30 

80 

90 

60 

5 The lengths of time of sixty songs recorded by a certain group of singers are 

summarised in the table below. 

Song length in seconds 

(x) 

Number of songs 

O<x< 120 

120.;;x< 180 

18Q.;;:x<240 

24Q.;;:x<300 

300.;;x<360 

36Q.;;:x<600 

rn Display the data on a histogram. 

(ii ) Determine the mean song length. 

15 

17 

13 



6 A random sample of 200 batteries, of nominal potential 6 V, was taken from a 
very large batch of batteries. The potential difference between the terminals of 
each battery was measured, resulting in the table of data below. 

Potential difference in volts (mid-interval value) Numberofbatteries 

5.80 

5.85 

5.90 22 

5.95 42 

6.00 60 

6.05 44 

6.10 24 

6.15 

6.20 

Calculate the mean and standard deviation of these voltages and illustrate the 
data on a histogram. Mark dearly on the histogram the mean voltage and the 

voltages which are two standard deviations either side of the mean. 
(MEI] 

7 After completing a long assignment, a student was told by his tutor that it was 
more like a book than an essay. He decided to investigate how many pages 
there are in a typical book and started by writing down the numbers of pages 
in the books on one of his shelves, as follows. 

256 128 160 128 192 
464 128 96 96 556 
940 676 128 196 640 

64 356 96 64 160 
148 64 192 96 512 
44 64 144 256 72 

m Look carefully at the data and state, giving your reasons, whether they are 
continuous or discrete. Give an explanation for your answer. 

!ii) Decide on the most helpful method of displaying the data and draw the 
appropriate diagram. 

8 As part of a data collection exercise, members of a certain school year group 
were asked how long they spent on their Mathematics homework during one 
particular week. The times are given to the nearest 0.1 hour. The results are 
displayed in the following table. 

Time spent 
(I hours) 

Frequency 

m Draw, on graph paper, a histogram to illustrate this information. 

!ii) Calculate an estimate of the mean time spent on their Mathematics 

homework by members of this year group. 

[CambridgclntcrnationalASandALcvclMathcmatics9709,P-dpu6QSJunc2008] 
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S1 - Measures of central tendency and of spread using quartiles 

You saw in Chapter I how to find the median of a set of discrete data. As a 
reminder, the median is the value of the middle item when all the data items have 

been ranked in order. 

The median is the value of the 11
; 

1 th item and is half-way through the data set. 

The values one-quarter of the way through the data set and three-quarters of 

the way through the data set are called the lower quartile and the upper quartile 

respectively. The lower quartile, median and upper quartile are usually denoted 

using Qt> 01 and 0y 

Quartiles are used mainly with large data sets and their values found by looking 

at the{ , 4 and {points.So, for a data set of 1000, you would take 0 1 to be the 

value of the 250th data item, 02 to be the value of the 500th data item and 03 to 

be the value of the 750th data item. 

Quartiles f or small data sets 

For small data sets, where each data item is known (raw data), calculation of 

the middle quartile 02, the median, is straightforward. However, there are no 

standard fonnulae for the calculation of the lower and upper quartiles, 01 and 

03, and you may meet different ones. The one we will use is consistent with 

the output from some calculators which display the quartiles of a data set and 

depends on whether the number of items, 11, is even or odd. 

If II is even then there will be an equal number of items in the lower half and 

upper half of the data set. To calculate the lower quartile, 0 1, find the median of 

the lower half of the data set. To calculate the upper quartile, 03, find the median 

of the upper half of the data set. 

For example, for the data set {l,3,6, 10, 15, 21, 28, 36,45, 55} the median, Q
2

, 

is 15 ; 21 
= 18. The lower quartile, 01, is the median of{!, 3, 6, 10, 15}, i.e. 6. 

The upper quartile, 0
3

, is the median of {21, 28, 36, 45, 55), i.e. 36. 

If II is odd then define the 'lower half' to be all data items below the median. 

Similarly define the 'upper half' to be all data items above the median. Then 

proceed as if II were even. 

For example, for the data set {I, 3, 6, 10, 15, 21, 28, 36, 45} the median, Q2, is 

15. The lower quartile, Q1, is the median of {l,3,6, 10}, i.e. 3 ; 6 =4.5. The 

upper quartile, Q3, is the median of {2 1, 28, 36, 45), i.e. 28 ; 36 
= 32. 



,A The definition of quartiles on a spreadsheet may be different from that described 
above. Values ofQ1 and Q3 in the even case shown above are given as 7 and 34 

respectively on an Excel spreadsheet. Similarly, values ofQ1 and Q3 in the odd 

case shown above are given as 6 and 28 respectively. 

I 
ACTIVITY 2g.1 Use a spreadsheet to find the median and quartiles of a small data set. Find out 

the method the spreadsheet uses to determine the position of the lower and 

upper quartiles. 

EXAMPLE 2. 1 Catherine is a junior reporter. As part of an investigation into consumer affairs 

she purchases 0.5 kg of chicken from 12 shops and supermarkets in the town. 

The resulting data, put into rank order, are as follows: 

$1.39 $1.39 $1.46 $1.48 $1.48 $1.50 $1.52 $1.54 $1.60 $1.65 $1.68 $1.72 

SOLUTION 

139 139 146 148 148 150 152 154 160 165 168 172 

10 11 12 

Q1hasposition~ = 3} 

fromth e top.Value=Sl.63. 

In fact, the upper quartile has a value of$1.625 but this has been rounded up to 

the nearest cent. 

,A You may encounter different fonnulae for finding the lower and upper quartiles. 

The ones given here are relatively easy to calculate and usually lead to values of 

Q1 and Q3 which are dose to the true values. 

0 \Vhat are the true values? 

Interquartile range or quartile spread 

The difference between the lower and upper quartiles is known as the 

interquartile range or quartile spread. 

• Interquartile range (!QR) = Q
3 

- q. 
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S1 - In Example 2. 1 IQR= 163 - 147 = 16 cents. 

The interquartile range covers the middle 50% of the data. It is relatively easy to 

calculate and is a useful measure of spread as it avoids extreme values. It is said to 

be resistant to outliers. 

Box-and-whisker plots (boxplots) 

The three quartiles and the nvo extreme values of a data set may be illustrated in 

a box-and-whisker plot. This is designed to give an easy-to-read representation of 

the location and spread of a distribution. Figure 2.9 shows a box-and-whisker 

plot for the data in Example 2.1. 

ll'lllllllllllllllllllllllllll 
Figure 2.9 

,,, 
prict(ctnrs) 

The box represents the middle 50% of the distribution and the whiskers stretch 

out to the extreme values. 

Outliers 

In Chapter I you met a definition of an outlier based on the mean and standard 

deviation. A different approach gives the definition of an outlier in terms of the 

median and interquartile range (IQR). 

Data which are more than 1.5 x !QR beyond the lower or upper quartiles are 

regarded as outliers. 

The corresponding boundary values beyond which outliers may be found are 

For the data relating to the ages of the cyclists involved in accidents discussed in 

Chapter l, for all 92 data values Q1 = 13.5 and Ql = 45.5. 

Hence Q1 -1.5x (Q3 - Q1) = 13.5-1.5 x(45.5 -13.5) 
= 13.5 -1.5x32 

=-34.5 

and Q3 + 1.5 x (Q3 - Q1) = 45.5 + 1.5 x (45.5 -1 3.5) 
= 45.5+ 1.5x32 

= 93.5 

From these boundary values you will see that there are no outliers at the lower 

end of the range, but the value of 138 is an outlier at the upper end of the range. 



Figure 2.10 shows a box-and-whisker plot for the ages of the cyclists with the 
outlier removed. For the remaining91 data items Q

1 
= 13 and Q

3 
= 45. 

I !IHI I I 11111111111 1111 I I I I Ii I 
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Figure 2 .1 0 

From the diagram you can see that the distribution has positive or right skewness. 

The ffi indicates an outlier and is above the upper quartile. Outliers are usually 

labelled as they are often of special interest. The whiskers are drawn to the most 

extreme data points which are not outliers. 

Cumulative frequency curves 

When working with large data sets or grouped data, percentiles and quartiles can 

be found from rnmulative frequency curves as shown in the next section. 

~ lamastudenttryingtolivl:!ooasmallallowance.l'mtryngmybesttoallowmysetfa 
~ sensi)je monthtf blldget but my lecturers havegrveflme a long list of textbooks to buy. 
Sheuligirl lfl buy just hatf of them I will have nothing Jeft to Ii~ on this morith. The majority of 

book5oomylistareo.er$16. 

I want to do well at my studies but I won't do well without books and I woo't do well if 
lam illthroughoot eatirigproperly. 

Please tell me 'M'\at to do. and don't s.rt'goto the library'because the books I rieed are 
never there. 

After reading this opening Cost,C ($) Frequency (no.ofbook!i) 
post a journalist wondered if 

there was a story in it. He O~ C<IO 13 

decided to carry out a survey 10:!aC < IS 53 

of the prices of textbooks in a 15 :!a C < 20 97 
large shop. The reporter took 

a large sample of 470 20:!a C < 25 145 

textbooks and the results are 25:!aC < 30 81 

summarised in the table. 30:!aC < 35 40 

35:!aC < 40 23 

40 :!aC< 45 12 

45 :!aC<SO 
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S1 - He decided to estimate the median and the upper and lower quartiles of the costs 

of the books. (Without the original data you cannot find the actual values so all 
calculations will be estimates.) The first step is to make a cumulative frequency 

table, then to plot a cumulative frequency curve. 

Cost, C(S) Frequency 

O '!. C < IO 13 

10 :!o C < IS 53 

JS ,s; C < 20 97 

20 :!o C < 25 145 

2S..;; C < 30 81 

30 :!o C < 35 40 

35 ,.; C < 40 23 

40 :!o C < 45 12 

45 ,.; c < SO 

Notes 

1 Notice that the interval 

C < 15 meansO "- C < 15 

and so inc ludes the 13 books 

in the interva l O ,s;; C< 10 and 

the53 books intheinterva l 

10 ,i;; C < 15, giv ing 66books 

in total. 

2 Similarl y, to findthe totalfor 

the interval C < 20you must 

addthe number ofbooks in 

the interval 15 ,s,; C < 20 to 

your previous total,g iving 

you 66+97 - 163. 

A cumulative frequency 

curve is obtained by plotting 

the upper boundary of each 

class against the cumulative 

frequency. The points are 

joined by a smooth curve, as 
shown in figure 2.11. 

Cost Cumulative 

frequency 

C < 10 13 

C < IS 66 ~~ 
C < 20 163 ~~ 
C < 25 308 

C < 30 389 

C < 35 429 

C < 40 452 

C < 45 464 

C < SO 470 

Figure 2.11 



A In this example the actual values are unknown and the median must therefore be 
an estimate. It is usual in such cases to find the estimated value of the~ th item. 

This gives a better estimate of the median than is obtained by using 
2 

n; 1, which is used for ungrouped data. Similarly, estimates of the lower 

and upper quartiles are found from the~ th and~ th items. 

The 235th (~ ) item of data identifies the median which has a value of about 

$22.50. The 117.Sth (1:¥1) item of data identifies the lower quartile, which has a 

value of about $18 and the 352.Sth (~ X 470) item of data identifies the upper 

quartile, which has a value of about $27. 

Notice the distinctive shape of the cumulative frequency curve. It is like a 

stretched out S-shape leaning forwards. 

What about Sheuligirl's claim that the majority of textbooks cost more than $16? 
Q1 = $18. By definition 75% of books are more expensive than this, so 

Sheuligirl's claim seems to be well founded. We need to check exactly how many 

books are estimated to be more 

expensive than $16. 

From the cumulative frequency 

curve 85 books cost $16 or less 

(figure 2.12). So 385 books or 

about 82% are more expensive. 

A You should be cautious about 

any conclusions you draw. 

This example deals with books, 

many of which have prices like 

$9.95 or $39.99. In using 
a cumulative frequency curve 

you are assuming an even 

spread of data throughout 

the intervals and this may not 

always be the case. 

OO 20 JO 
cost ($) 

Figure 2.12 
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EXAMPlE 2.2 

Box-and-whisker plots for grouped data 

It is often helpful to draw a box-and-whisker plot. In cases when the extreme 

values are unknown the whiskers are drawn out to the 10th and 90th percentiles. 

Arrows indicate that the minimum and maximum values are further out. 

1($) 

Figure 2.13 

A random sample of people were asked how old they were when they first met 

their partner. The histogram represents this infonnation. 

agc(ycar:s) 

Figure 2.14 



m What is the modal age group? 
(ii) How many people took part in the survey? 
(iii) Find an estimate for the mean age that a person first met their partner. 

(iv) Draw a cumulative frequency curve for the data and use the curve to provide 

an estimate for the median. 

SOLUTION 

(ii The bar with the greatest frequency density represents the modal age group. 

So the modal age group is 20 ,,;,;: a< 30. 

(ii) Frequency density = :~:;sl::~t11 
So, 

Frequency= frequency density X class width 

Age(years) Frequency density Class width Frequency 

o ..; a < 20 20 4X20 = 80 

20 ..;: a < 30 10 7x 10 = 70 

JO ,,;;: a < 40 4.2 10 4.2X 10 = 42 

4Q ..;: a < 50 2.8 10 2.Sx 10 = 28 

so ,,;;: a < 60 10 IX 10 = 10 

6Q ,;; a < IOO 0.5 40 O.SX40 = 20 

The total number of people is 80 + 70 + 42 + 28 + 10 + 20 = 250 

A You will see that the class with the greatest frequency is O...;;: a< 20, with 80 

people. However, this is not the modal class because its frequency density 
of 4 people per year is lower than the frequency density of7 people per year 
for the 20 ,,;,;: a< 30 class. The modal class is that with the highest frequency 

density. The class width for O...;;: a< 20 is twice that for 20,,;,;: a< 30 and 

this is taken into account in working out the frequency density. 

(iii) To find an estimate for the mean, work out the mid-point of each class 

multiplied by its frequency, then sum the results and divide the answer by 

the total frequency. 

Estimated mean= 80 x 10 + 70 x 25 + 42 x 35
2
;

0
28 x 45 + 10 x 55 + 20 x 80 

7430 
250 

= 29.7yearsto3s.£ 
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EXAMPLE 2.3 

(iv) 

~g~ (yurs) 

Figure 2 .1 5 

The median age is 26 years. 

These are the times, in seconds, that 15 members of an athletics club took to run 

SOO m etres. 

139 148 15 1 140 162 

182 154 17 1 157 142 

145 178 132 148 166 

(i) Draw a stem-and-leaf diagram of the data. 

(iii Find the median , the upper and lower quartiles and the interquartile range. 
(iii) Draw a box-and-whisker plot of the data. 



EXERCISE 28 

SOLUTION 

m n = 15 

13 I 2represents 132seconds 

13 2 9 
14 0 2 5 8 8 

15 I 4 7 
16 2 6 
17 I 8 

18 2 

(iil There are 15 data values, so the median is the 8th data value. 

So the median is 151 seconds. 

The upper quartile is the median of the upper half of the data set. 
So the upper quartile is 166 seconds. 

The lower quartile is the median of the lower half of the data set. 

So the lower quartile is 142 seconds. 

Interquartile range = upper quartile - lower quartile 
= 166 - 142 

= 24 seconds 

!iii) Draw a box that starts at the lower quartile and ends at the upper quartile. 

Add a line inside the box to show the position of the median. 

Ext end the whiskers to the greatest and least values in the data set. 

I::: :i::::: :: 111111 
rn ~ m • ~ m ~ 

time (sn:onds) 

Figure 2 .1 6 

1 For each of the following data sets, find 

la) therange 

lb) the median 

!c) the lower and upper quartiles 

!d) the interquartile range 

!e) anyoutliers. 
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S1 - rn 6 8 3 2 1 5 4 6 8 5 6 7 8 8 6 6 

(ii) 12 5 17 11 4 10 12 19 12 5 9 15 11 16 8 

18 12 8 9 11 12 14 8 14 7 

l ii i) 25 28 33 14 37 19 23 27 25 28 

(iv) 11 5 123 132 109 127 11 6 141 132 114 109 

125 12 1 11 7 11 8 11 7 11 6 123 105 125 

2 rn For the following data set, find the median and interquartile range. 

2 8 4 6 J 5 I 8 2 5 8 0 3 7 8 5 

Use your answers to part m to deduce the median and interquartile range for 
each of the following data sets. 

(iii 32 JS 34 36 33 JS J I 38 32 35 38 30 33 37 JS JS 

(iii) 20 80 40 60 30 50 10 80 20 50 80 0 30 70 80 50 

(iv) 50 110 70 90 60 80 40 110 50 80 110 30 60 100 110 80 

3 Find 

( i) the median 

I ii) the upper and lower quartiles 

(iii! the :interquartile range 

for the scores of golfers in the first round 

of a competition. 

Score 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

(iv) Illustrate the data with a box-and-whisker plot. 

Talty 

I 

II 

1111 

mt Ill 

mtmt II 
mt II 

mt 
mtl 

Ill 

I 

I 

(v) The scores for the second round are illustrated on the box-and-whisker 

plot below. Compare the two and say why you think the differences might 
have arisen. 

fH ::: I ::::::: J 111111 



4 The numbers of goals scored by a hockey team in its matches one season are 
illustrated on the vertical line chart below. 

o >H-;-j--t-+-t--+-r-+-t-H--t-t--+--H 
' H--f--j--t-+-t--+-t-+-t-H--+-+--+--H 
1, rt--f--j--f-+-t-t-t-+-t-H--t-i--t--H 

W Draw a box-and-whisker plot to illustrate the same data. 

!ii) State, with reasons, which you think is the better method of display in 

this case. 

s One year the yields, y, of a number of walnut trees were recorded to the 

nearest kilogram as follows. 

Yield,y (kg) Frequency 

40 < y ,s;: so 

SO < y ,s;: 60 

60 < y ,s; 7Q 

70 < y ,s; so 

SO < y ,s;: 90 

90 < y e!o 100 

rn Construct the cumulative frequency table for these data. 

!ii) Draw the cumulative frequency graph. 

!iii) Use your graph to estimate the median and interquartile range of the yields. 

!iv) Draw a box-and-whisker plot to illustrate the data. 

The piece of paper where the actual figures had been recorded was then found, 

and these were: 

44 59 67 76 52 

85 93 56 65 74 

62 68 78 53 63 

69 82 53 65 70 

M Use these data to find the median and interquartile range and compare 

your answers with those you obtained from the grouped data. 

!vi ) What are the advantages and disadvantages of grouping data? 
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S1 - 6 The intervals of time, t seconds, between successive emissions from a weak 
radioactive source were measured for 200 consecutive inteivals, with the 
following results. 

lnterval(fseconds) ,s<t ... 20 I 
Frequency 

lnterval(fseconds) 

Frequency 

rn Draw a cumulative frequency graph for this distribution. 

!ii) Use your graph to estimate 

(a l the.median 

(b ) the interquartile range. 

(iii) Calculate an estimate of the mean of the distribution. 

7 In a sample of 800 eggs from an egg farm each egg was weighed and classified 
according to its mass, m grams. The frequency distribution was as follows. 

Massingrams 40<rn ,;:;:45 45 < m :$. SQ SO<m ,;; 55 

Numberofeggs 36 142 286 

Massingrams SS<m,s;:60 60<m..;6S 65<rn.;.;:7Q 

Number of eggs 238 76 22 

Draw a cumulative frequency graph of the data, using a scale of 2 cm to 
represent 5 grams on the horizontal axis (which should be labelled from 
40 to 70 grams) and a scale of2 cm to represent 100 eggs on the vertical axis. 
Use your graph to estimate for this sample 

(i) the percentage of eggs which would be classified as large (over 62 grams) 

(ii ) the median mass of an egg 

(ii i) the interquartile range. 

Indicate clearly on your diagram how you arrive at your results. 

8 The table summarises the observed lifetimes, x, in seconds, of 50 fruit flies 
subjected to a new spray in a controlled experiment. 

Interval Mid-interval value Frequency 

o.s .;;: x<5.s 

s.s .;;: x< 10.5 22 

10.S..;;x<l5.5 13 12 

15.5 ..;;x<20.5 18 

20.5..;;x < 25.5 23 

25.5..;;x < J0.5 28 

30.5..;;x < 35.5 33 



rn Making dear your methods and showing all your working, estimate 
the mean and standard deviation of these lifetimes. Give your answers 

correct to 3 significant figures and do not make any corrections for 

grouping. 

(ii i Draw the cumulative frequency graph and use it to estimate the 

minimum lifetime below which 70% of all lifetimes lie. 

9 During January the numbers of people entering a store during the first hour 

after opening were as follows. 

Time after opening, Frequency Cumulative 

xminutei frequency 

O<xe!o 10 210 210 

IO<x:S.20 134 344 

20<x:s;JQ 78 422 

30<x"'-40 72 

40 <xe5o60 540 

W Find the values of a and b. 

! ii i Draw a cumulative frequency graph to represent this information. Take a 

scale of2 cm for 10 minutes on the horizontal axis and 2 cm for 50 people 

on the vertical axis. 

! iii) Use your graph to estimate the median time after opening that people 

entered the store. 

(iv) Calculate estimates of the mean, m minutes, and standard deviation, 

s minutes, of the time after opening that people entered the store. 

!vl Use your graph to estimate the number of people entering the store 

between (m-f5) and (m +f5) minutes after opening. 

!Ca mbridge International AS and A Level Mathematics 9709, Paper6Q6 June 2009) 

1 o The numbers of people travelling on a certain bus at different times of the 

day are as follows. 

17 5 2 23 16 31 8 

22 14 25 35 17 27 12 

6 23 19 21 23 8 26 

(i) Draw a stem-and-leaf diagram to illustrate the information given above. 

! ii i Find the median, the lower quartile, the upper quartile and the 

interquartile range. 

! iii) State, in this case, which of the median and mode is preferable as a 

measure of central tendency, and why. 
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S1 liiiik•li,1,tW - 1 Histograms: 

• commonly used to illustrate continuous data 

• horizontal axis shows the variable being measured ( cm, kg, etc.) 

• vertical axis labelled frequency density where 

frequencydensity= ~:;s~:,1 
• no gaps between columns 

• the frequency is proportional to the area of each column. 

2 For a small data set with n items, 

• the median, Q2, is the value of the 11 
; 

1 th item of data. 

If niseventhen 

• the lower quartile, Q1, is the median of the lower half of the data set 

• the upper quartile, Q
3

, is the median of the upper halfofthe data set. 

If n is odd then exclude the median from either 'half' and proceed as if n 

3 Interquartile range (!QR) = Q3 - Q1• 

4 'When data are illustrated using a cumulative frequency curve the median 

and the lower and upper quartiles are estimated by identifying the data 

values with cumulative frequencies 4n, {n and in. 

5 An item of data x may be identified as an outlier if it is more than 
1.5 X ]QR beyond the lower or upper quartile, i.e. if 

6 A box-and-whisker plot is a useful way of summarising data and showing 

the median, upper and lower quartiles and any outliers. 



Probability 

If we knew Lady Luck better, Las Vegas would still be a roadstop in 

the desert. 

Stephen Jay Gould 

Cl) Cl) thelibrarian.com 01 Cl) 

A library without books 

If youplan to pop into your local library 
andpickupthelatest bestseller,thenforget 
it.Allthc bestbooks'disappear"practically 
assoonastheyarcputontheshelves. 

l talkcdabout theproblemwiththelocal 
seniorlibrarian,GinaClruke. 

'We havearcalproblemwithunauthoriscd 
loans at the moment,' Gina told me. 'Out 
of our total stock of, say 80000 books, 
something like 44000 arc out on loan at any Librarian Gina Clark9 is worri9d about rOO 
one time. About 20000 are on the shelves pro/Jem of'd~pearing books' 

and l'mafraidthercstarcunaccountedfor.' 

That means that the probability of finding the particular book you want is exactly t With 
oddslikcthat,don'tbetonbeingluckynexttimcyouvisityourlibrary. 

How do you think the figure of {- at the end of the article was arrived at? Do you 

agree that the probability is exactly{-? 

The info nnation about the different categories of book can be summarised as 

follows. 

Categoryofbook Typical numbers 

On the shelves 20000 

Out on loan 44000 

Unauthorised loan 16000 

Total stock 80000 

On the basis of these figures it is possible to estimate the probability of finding 

the book you want. Of the total stock of 80 D00 books bought by the library, you 

might expect to find about 20 OOO on the shelves at any one time. As a fraction , 

this is ill or {- of the total. So, as a rough estimate, the probability of your finding a 

particular book is 0.25 or 25%. 
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S1 - Similarly, 16000 out of the total of SO OOO books are on unauthorised loan, a 

euphemism for stolen, and this is 20%, or!. 

An important assumption underlying these calculations is that all the books are 

equally likely to be unavailable, which is not very realistic since popular books are 

more likely to be stolen. Also, the numbers given are only rough approximations, 

so it is definitely incorrect to say that the probability is exactlyt 

Measuring probability 

Probability ( or chance) is a way of describing the likelihood of different possible 

outcomes occurring as a result of some experiment. 

In the example of the library books, the experiment is looking in the library for 

a particular book. Let us assume that you already know that the book you want 

is on the libraiy's stocks. The three possible outcomes are that the book is on the 

shelves, out on loan or missing. 

It is important in probability to distinguish experiments from the outcomes 

which they may generate. Here are a few examples. 

Experiment 

Guessing the answer to a four-option multiple choice 

question 

Predicting the next vehicle to go past the cornH of 

my road 

Tossing a coin 

Possible outcomes 

D 

bus 

lorry 

bicycle 

other 

heads 

tails 

Another word for experiment is trial This is used in Chapter 6 of this book to 

describe the binomial situation where there are just two possible outcomes. 

Another word you should know is event. This often describes several outcomes 

put together. For example, when rolling a die, an event could be 'the die shows an 

even number'. This event corresponds to three different outcomes from the trial, 

the die showing 2, 4 or 6. However, the tenn event is also often used to describe a 

single outcome. 



Estimating probability 

EXAMPLE 3.1 

Probability is a number which measures likelihood. It may be estimated 

experimentally or theoretically. 

Experimental estimation of probability 

In many situations probabilities are estimated on the basis of data collected 

experimentally, as in the following example. 

Of 30 drawing pins tossed in the air, 21 of them were found to have landed with 

their pins pointing up. From this you would estimate the probability that the 

next pin tossed in the air will land with its pin pointing up to be~ or 0.7. 

You can describe this in more formal notation. 

EstimatedP(U) = 11(U)~ 
n(T)"'-~ 

~,ro-ba~b;-Jity-o-'--f•',-o,-xt ~ 
throwlandingpin-up.~ 

Theoretical estimation of probability 

There are, however, some situations where you do not need to collect data to 

make an estimate of probability. 

For example, when tossing a coin, common sense tells you that there are only two 

realistic outcomes and, given the symmetry of the coin, you would expect them 

to be equally likely. So the probability, P(H), that the next coin will produce the 
outcome heads can be written as follows: 

ProbabilityofThenext 
tossshowin11heads. 

Using the notation described above, write down the probability that the correct 

answer for the next four-option multiple choice question will be answer A. 

What assumptions are you making? 

SOLUTION 

Assuming that the test-setter has used each letter equally often, the probability, 
P(A), that the next question will have answer A can be written as follows: 

P(A) ~t~ 
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S1 - Notice that we have assumed that the four options are equally likely. 
Equiprobability is an important assumption underlying most work on probability. 

Probabilities of O and 1 

The two extremes of probability are certainty at one end of the scale and 

impossibility at the other. Here are examples of certain and impossible events. 

Experiment 

Rolling a single die 

Tossing a coin 

Certainty 

Certain event Impossible event 

The result is in the range I The result is a 7 

to6inclusive 

Getting either heads or 

tails 

Getting neither heads nor 

tails 

As you can see from the table above, for events that are certain, the number of 

ways that the event can occur, n(A) in the formula, is equal to the total number 

of possible events, 11(~). 

~ =I 

So the probability of an event which is certain is one. 

Impossibility 

For impossible events, the number of ways that the event can occur, n(A), is zero. 

~ = n(~) = O 

So the probability of an event which is impossible is zero. 

Typical values of probabilities might be something like 0.3 or 0.9. If you arrive 
at probability values of, say, -0.4 or 1.7, you will know that you have made a 

mistake since these are meaningless. 

O~P(A)~l~ e 



EXAMPLE 3.2 

Expectation 

The complement o f an eve nt 

The complement of an event A, denoted by A', is the event not-A, that is the 

event 'A does not happen'. 

It was found that, out of a box of 50 matches, 45 lit but the others did not. 

What was the probability that a randomly selected match would not have lit? 

SOLUTION 

The probability that a randomly selected match lit was 

P(A) = ~ = 0.9. 

The probability that a randomly selected match did not light was 

P(A') = 50;045 = io-= 0.1. 

From this example you can see that 

P(A') ~ I - P(A) 

The probability of The probability of 
A not occurring. A occurrin g. 

This is illustrated in figure 3.1. 

CD 
Fi gure 3. 1 Venn diagram showing events A and not-A (A') 

Health services braced for flu epidemic 

Localhealthservicesarepoisedfortheirbiggestchallengeinyears. Thevirulentstrain 
offlu,namedTrengganuBfromitsoriginsinMalaysia,currentlysweepingacrossthe 
worldisexpectedtohitanyday. 
Withachanceofoneinthreeofanyindividualcontractingthedisease,and120000 
people within the Health Area, surgeries and hospitals are expecting to be swamped 
with patients. 
Local doctor Aloke Ghosh says 'Immunisation seems to be ineffective against this strain'. 
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S1 - How many people can the health services expect to contract flu? The answer is 

easily seen to be 120000 X ! = 40000. This is called the expectation or expected 

frequency and is given in this case by np, where n is the population size and p the 

probability. 

Expectation is a technical term and need not be a whole number. Thus the 
expectation of the number of heads when a coin is tossed 5 times is 5 X ! = 2.5. 

You would be wrong to go on to say 'That means either 2 or 3' or to qualify your 

answer as 'about 2t. The expectation is 2.5. 

The idea of expectation of a discrete random variable is explored more thoroughly 

in Chapter 4. Applications of the binomial distribution are covered in Chapter 6. 

The probability of either one event or another 

EXAMPLE 3.3 

So far we have looked at just one event at a time. However, it is often useful 
to bracket two or more of the events together and calculate their combined 

probability. 

The table below is based on the data at the beginning of this chapter and shows 

the probability of the next book requested falling into each of the three categories 

listed, assuming that each book is equally likely to be requested. 

Categoryofbook Typical numbers Probability 

Ontheshelves(S) 20000 0.25 

Out on loan (L) 44000 0.55 

Unauthorised loan (U) 16000 0.20 

Total(S+L+ U) 80000 1.00 

What is the probability that a randomly requested book is either out on loan or 

on unauthorised loan (i.e. that it is not available)? 

SOLlJTION ~ 
~,,nn~ 

P(Lo r U)=44000+16000~ 
80 OOO Number of book., on 

=60000 eunauthorisedloan. 

80000 
= O.?S Numberofbooks. 

This can be written in more formal notation as 

P(L v U) == n(;~)U) 

= !illl+!!.!.!!2 
n('iS) 11(~) 

P(LvU)a P(L)+ P(U) 



EXAMPLE 3.4 

Notice the use of the union symbol, u, to mean or. This is illustrated in figure 3.2. 

Key: L = omonloan 
U=outonWiauthoris~dloan 

Figure 3.2 Venn diagram showing events Land U. It is not possible for both 

In this example you could add the probabilities of the two events to get the 

combined probability of either one or tlie other event occurring. However, you 

have to be very careful adding probabilities as you will see in the next example. 

Below are further details of the categories of books in the library. 

Category of book Number of books 

On the shelves 20000 

Out on loan 44000 

Adult fiction 22000 

Adult non-fiction 40000 

Junior 18000 

Unauthorised loan 16000 

Total stock 80000 

Asaph is trying to find the probability that the neJ..1: book requested will be either 
out on loan or a book of adult non-fiction. 

He writes 

Assuming all the books in the library are equally 
likely to be requested, 

P(on loan)+ P(adult non-fiction)= :iJggg + :gggg 
=0.55+0.5 

=1.05 

Explain why Asaph's answer must be wrong. What is his mistake? 
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S1 - SOLUTION 

This answer is dearly wrong as you cannot have a probability greater than I. 

The way this calculation was carried out involved some double counting. Some of 
the books classed as adult non-fiction were counted twice because they were also 

in the on-loan category, as you can see from figure 3.3. 

I m 1· 
Key: L =outonlmw 

A • .idulrnon-fiction 

Figure 3.3 Venn diagram showing events Land A. It is possible for both 

If you add all six oft he book categories together, you find that they add up to 

160 OOO, which represents twice the total number of books owned by the library. 

A more useful representation of the data in the previous example is given in the 

two-way table below. 

Adult fiction Adult Junior Total 

non-fiction 

On the shelves 4000 12000 4000 20000 

Out on loan 14000 20000 10000 44000 

Unauthorised loan 4000 8000 4000 16000 

Totals 22000 40000 18000 80000 

If you simply add 44 OOO and 40 OOO, you double count the 20 OOO books which 

fall into both categories. So you need to subtract the 20 OOO to ensure that it is 

counted only once. Thus: 

Number either out on loan or adult non-fiction 

= 44000 + 40000 - 20000 

= 64 OOO books. 

So, the required probability= ~i~ = 0.8. 

Mutually exclusive events 

The problem of double counting does not occur when adding two rows in the 

table. Two rows cannot overlap, or intersect, which means that those categories 

are mutually exclusive (i.e. the one excludes the other). The same is true for two 

columns within the table. 



EXAMPlE 3.5 

Wh ere two events, A and B, are mutually exclusive, the probability that either A 

or B occurs is equal to the sum of the separate probabilities of A and B occurring. 

Where two events, A and B, are not mutually exclusive, the probability that 

either A or B occurs is equal to the sum of the separate probabilities of A and B 
occurring minus the probability of A and B occurring together. 

Figure 3.4 (a) Mutually exclusive events lb) Not mutu ally exclusive events 

P(A or B) = P(A) + P(B) 

P(A u B) = P(A) + P(B) 

P(A or B) = P(A) + P(B) - P(A and B) 

P(A u B) = P(A)+ P(B) - P(An B) 

Noticc theuseoftheintersection 
sign,r.,tomeanboth 

A fair die is thrown. What is the probability that it shows each of these? 

m Event A: an even number 
!ii) Event B: a number greater than 4 

(iiil Either A or B (or both): a number which is either even or greater than 4 

SOLUTION 

m Event A: 

Three out of the six numbers on a die are even , namely 2, 4 and 6. 

So P(A) = != ~-
!ii ) Event B: 

Two out of the six numbers on a die are greater than 4, namely 5 and 6. 

So P(B) = i = i-
!iii ) Either A or B (or both): 

Four of the numbers on a die are either even or greater than 4, namely 2, 4, 5 

and 6. 
So P(AuB) = i = {. 

This could also be found using 

P(AvB)= P(A) +P(B)- P(AnB) 

P(A VB)= I+ i-i 
Thisisthenumber6whichis 
both""""andgreaterthan4. 

S1 -



EXERCISE 3A 

S1 - 1 Three separate electrical components, switch, bulb and contact point, are 

used together in the construction of a pocket torch. Of 534 defective torches, 
examined to identify the cause of failure, 468 are found to have a defective 

bulb. For a given failure of the torch, what is the probability that either the 

switch or the contact point is responsible for the failure? State dearly any 

assumptions that you have made in making this calculation. 

2 If a fair die is thrown, what is the probability that it shows 

rn 4 

( ii ) 4ormore 

!iii) lessthan4 

( iv) an even number? 

3 A bag containing Scrabble letters has the following letter distribution. 

ABCDEFG HI K L M 

9 2 

N 0 

4 12 

Q R 
3 2 9 I I 

T U V W X 

8 2 6 4 6 4 2 2 

The first letter is chosen at random from the bag; find the probability that it is 

rn anE 

( ii) in the first half of the alphabet 

(iii) in the second half of the alphabet 

!iv) a vowel 

!v) a consonant 

!vi) the only one of its kind. 

4 A sporting chance 

rn Two players, A and B, play tennis. On the basis of their previous results, 

the probability of A winning, P(A), is calculated to be 0.65. What is P(B), 

the probability of B winning? 

!ii) Two hockey teams, A and B, play a game. On the basis of their previous 

results, the probability of team A winning, P(A), is calculated to be 0.65. 

Why is it not possible to calculate directly P(B), the probability of team B 
winning, without further information? 

!iii) In a tennis tournament, player A, the favourite, is estimated to have a 0.3 

chance of winning the competition. Player Bis estimated to have a 0.15 

chance. Find the probability that either A or Bwill win the competition. 

!iv) In the Six Nations Rugby Championship, France and England are each 

given a 25% chance of winning or sharing the championship cup. It is also 

estimated that there is a 5% chance that they will share the cup. Estimate 

the probability that either England or France will win or share the cup. 



5 The diagram shows even (E).odd (0) and square (S) numbers. 

rn Copy the diagram and place the numbers I to 20 on it. 

The numbers I to 20 are written on separate cards. 

!ii) A card is chosen at random. Find the probability that the number showing 

(a) even, E 
(b) square, S 

(cl odd, 0 

(d) both even and square, En S 

(a) either even or square, E U S 

!t l both even and odd, En 0 

(g) either even or odd, E u 0. 

\ Vrite down equations connecting the probabilities of the following events. 

!h! F., S,EnS, EuS 

m F., 0,EnO, EuO 

Independent and dependent events 

~ My luckyday! 

~ Won$100v.henthenumberonmyr.ewspapercameup inthedaitych wand$S0in 
YI theweeklychwtoo.Ad"iance inamillK)fl! 

This story ~~scribes two piecf of good fortu~e on the same day. Veronica said 
the probab1htywas about 1000000 . W hat was 1t really? 

The two events resulted from two different experiments, the daily draw and the 
weekly draw. Consequently this situation is different from those you met in 
the previous section. There you were looking at two events from a single 
experiment (l ike the number coming up when a die is thrown being even or 
being greater than 4). 

The total number of entrants in the daily draw was 1245 and in the weekly draw 
324. The draws were conducted fairly, that is each number had an equal chance 
of being selected. The following table sets out the two experiments and their 
corresponding events with associated probabilities. 
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EXAMPLE 3.6 

Experiment Events (and estimated probabilities) 

Daily draw Winning:d:is 

Not winning: H* 
Weekly draw Winning:rlt 

Not winning:~ 

The two events 'win daily draw' and 'win weekly draw' are independent events. 

Two events are said to be independent when the outcome of the first event does 

not affect the outcome of the second event. The fact that Veronica has won the 

daily draw does not alter her chances of winning the weekly draw. 

• For two independent events,Aand B, P(An B) = P(A) X P(B). 

In situations like this the possible outcomes resulting from the different 

experiments are often shown on a tree diagram. 

Find, in advance of the results of the two draws, the probability that 

m Veronica would win both draws 

(ii ) Veronica would fail to win either draw 

(iii ) Veronica would win one of the two draws. 

SOLUTION 

The possible results are shown on the tree diagram in figure 3.5. 

daily ,nekly 

Figure 3.5 

m The probability that Veronica wins both 

:: 12~5 X ~ "" 403
1
380 

I I !ii 
1245XJ24 ..._.___ 

I 323 (iii) 
1245X324 ~ 

fl*xm --J 
.ill:!. ill (ii) 
1245 X 324 ..._.___ 

This is not quite Veronica's 'one in a million' but it is not very far off it. 

(ii) The probability that Veronica wins neither 

1244 323 401812 
"'1245 X324= 403380 

This of course is much the most likely outcome. 



EXAMPLE J..7 

(iiil The probability that Veronica wins one but not the other 

= 12~5 X ill+~~= 4b~~~0 
Wins daily draw but 

not weekly draw. 
Wins weekly draw 
butnotdailydraw. 

Look again at the structure of the tree diagram in figure 3.5. 

There are two experiments, the daily draw and the weekly draw. These are 
considered as First, then experiments, and set out First on the left and Then on 

the right. Once you understand this, the rest of the layout falls into place, with 

the different outcomes or events appearing as branches. In this example there are 

two branches at each stage; sometimes there may be three or more. Notice that 

for a given situation the component probabilities sum to 1, as before. 

40313so + 4g32Jso + 46;j!o + !~j~!~ = :~;;:~ = 1 

Some friends buy a six-pack of potato crisps. Two of the bags are snake flavoured 

(S), the rest are frog flavoured (F ). They decide to allocate the bags by lucky dip. 

Find the probability that 

m the first two bags chosen are the same as each other 
(ii ) the first two bags chosen are different from each other. 

first dip S<'CODddip 

"''·.')-~xt lrn ::: ?(S F)=}x t (ii) 

?(F,S)=ixf (ii) 

?(F.F) • !xf rn 

Figure 3.6 

SOLUTION 

Note: P(F, S) means the probability of drawing a frog bag (F) on the first dip and 

a snake bag ( S) on the second. 

(il The probability that the first two bags chosen are the same as each other is 

P(S, S) + P(F, F) = ix i+ !x ~ 
=/;+~ 

' ls 
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EXAMPLE 3.8 

(ii ) The probability that the first two bags chosen are different from each other is 

Note 

P(S, F)+ P(F, S):: ix i+;x ~ 
::ft+fs 
' Is 

The answer to part (ii ) above hinged on the fact that two orderings (Sthen F, and F 

then S) are possible for the same combined event (that the two bags selected include 

onesnakeandonefrog bag). 

The probabilities changed between the first dip and the second dip. This is 

because the outcome of the second dip is dependent on the outcome of the first 

one (with fewer bags remaining to choose from). 

By contrast, the outcomes of the two experiments involved in tossing a coin 

twice are independent, and so the probability of getting a head on the second toss 
remains unchanged at 0.5, whatever the outcome oft he first toss. 

Although you may find it helpful to think about combined events in terms of how 

they would be represented on a tree diagram, you may not always actually draw 

them in this way. If there are several experiments and perhaps more than two 

possible outcomes from each, drawing a tree diagram can be very time-consuming. 

Is this justice? 
In 2012, David Starr was sentenced to 12 years' imprisonment for armed robbery solely on 
thebasisofanidentificationparade.Hewasoneofl2peopleintheparadeandwaspicked 
outbyonewitnessbutnotbythreeothers. 

Many people who knew David well believe he was incapable of such a crime. 
Pleaseaddyourvoicetotheclamourforareviewofhiscasebyclickingon 
the 'FreeDavid'button. • 

How conclusive is this sort of evidence, or, to put it another way, how likely is it 

that a mistake has been made? 

Investigate the likelihood that David Starr really did commit the robbery. 

SOLUTION 

In this situation you need to assess the probabilityofan innocent individual 

b~ing picked out by ~ha~ce alone. Assume that David ~tarr_ was innoce1.1~ and tfe 

witnesse_s were selectmg ma purely ra~~om ';'i3Y (that 1s, w1~h a probab1hty of u 
of selectmg each person and a probability of u of not selectmg each person). If 



EXERCISE 38 

each of the witnesses selected just one of the twelve people in the identity parade 
in this random manner, how likely is it that David Starr would be picked out by 
at least one witness? 

P(at least one selection)= I - P(no selections) 

= 1-g xgxgxg 

= I - 0.706 = 0.294 (i.e. roughly 30%). 

In other words, there is about a 30% chance of an innocent person being chosen 

in this way by at least one of the witnesses. 

The website concluded: 

Is 30% really the sort of figure we have in mind when judges use the phrase 'beyond 
reasonable doubt'! Because if it is, many innocent people will be condemned to a life 

behind bars. 

This raises an important statistical idea, which you will meet again if you study 

Statistics 2 about how we make judgements and decisions. 

Judgements are usually made under conditions of uncertainty and involve 

us in having to weigh up the plausibility of one explanation against that of 

another. Statistical judgements are usually made on such a basis. We choose one 

explanation if we judge the alternative explanation to be sufficiently unlikely, 

that is if the probability of its being true is sufficiently small. Exactly how small 

this probability has to be will depend on the individual circumstances and is 

called the significance level. 

1 The probability of a pregnant woman giving birth to a girl is about 0.49. 

Draw a tree diagram showing the possible outcomes if she has two babies 

(not twins). 

From the tree diagram, calculate the following probabilities: 

rn that the babies are both girls 

!ii) that the babies are the same sex 

(iii) that the second baby is of different sex to the first. 

2 In a certain district of a large city, the probability of a household suffering a 

break-in in a particular year is 0.07 and the probability of its car being stolen 

is0.12. 

Assuming these two trials are independent of each other, draw a tree diagram 

showing the possible outcomes for a particular year. 

Calculate, for a randomly selected household with one car, the following 

probabilities: 

W that the household is a victim of both crimes during that year 

!ii) that the household suffers only one of these misfortunes during that year 

(iii) that the household suffers at least one of these misfortunes during that year. 
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S1 - 3 There are 12 people at an identification parade. Three witnesses are called to 

identify the accused person. 

Assuming they make their choice purely by random selection, draw a tree 

diagram showing the possible events. 

rn From the tree diagram, calculate the following probabilities: 

(a) that all three witnesses select the accused person 

(b ) that none oft he witnesses selects the accused person 

(cl that at least two of the witnesses select the accused person. 

!ii) Suppose now that by changing the composition of people in the 

identification parade, the first two witnesses increase their chances of 

selecting the accused person to 0.25. 

Draw a new tree diagram and calculate the following probabilities: 

(a) that all three witnesses select the accused person 

(b ) that none of the witnesses selects the accused person 

(cl that at least two of the witnesses select the accused person. 

4 Ruth drives her car to work- provided she can get it to start! When she 

remembers to put the car in the garage the night before, it starts next morning 

with a probability of0.95. When she forgets to put the car away, it starts next 

morning with a probability of0.75. She remembers to garage her car 90% of 

the time. 

What is the probability that Ruth drives her car to work on a randomly 

chosen day? 

5 Around 0.8% of men are red-green colour-blind (the figure is slightly 

different for women) and roughly I in 5 men is left-handed. 

Assuming these characteristics are inherited independently, calculate with the 

aid of a tree diagram the probability that a man chosen at random will 

rn be both colour-blind and left-handed 

(iii be colour-blind and not left-handed 

(iii) be colour-blind or left-handed 

( iv) be neither colour-blind nor left-handed. 

6 Three dice are thrown. Find the probability of obtaining 

rn atleasttwo6s 

!iii no6s 

(iii) different scores on all the dice. 

7 Explain the flaw in this argument and rewrite it as a valid statement. 

The probability of throwing a 6 on a fair die= i• Therefore the probability 

of throwing at least one 6 in six throws of the die isi + i + i + i + i + i: I 
soitisacertainty. 



8 Two dice are thrown. The scores on the dice are added. 

rn Copy and complete this table showing all the possible outcomes. 

First die 

] 
10 

!ii) What is the probability of a score of 4? 

!iii) What is the most likely outcome? 

( iv) Criticise this argument: 

10 

11 

11 12 

There ar~ ! 1 po5rible outcomes, 2, 3, 4, up to 12. Therefore each of them has 

aprobabi/1tyofrr. 

9 The probability of someone catching flu in a particular winter when they 

have been given the flu vaccine is 0.1. Without the vaccine, the probability of 
catching flu is 0.4. If 30% of the population has been given the vaccine, what 

is the probability that a person chosen at random from the population will 

catch flu over that winter? 

10 Kevin hosts the TV programme Thank Yo11r L11cky Stars. During the show he 

picks members of the large studio audience at random and asks them what 

star sign they were born under. 

(There are 12 star signs in all and you may assume that the probabilities that 

a randomly chosen person will be born under each star sign are equal.) 

rn The first person Kevin picks says that he was born under the star sign 
Aries. What is the probability that the ne1..1: person he picks was not born 

under Aries? 

(ii) Show that the probability that the first three people picked were all born 

under different star signs is approximately 0.764. 

(iii) Calculate the probability that the first five people picked were all born 

under different star signs. 

( iv) What is the probability that at least two of the first five people picked 

were born under the same star sign? 

[MEI,parl) 
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S1 - 11 One plastic toy aeroplane is given away free in each packet of cornflakes. Equal 

numbers of red, yellow, green and blue aeroplanes are put into the packets. 

Faye, a customer, has collected three colours of aeroplane but still wants a 

yellow one. 

Find the probability that 

rn she gets a yellow aeroplane by opening just one packet 

!ii) she fails to get a yellow aeroplane in opening four packets 

!iii) she needs to open exactly five packets to get the yellow aeroplane she 

Henry, a quality controller employed by the cornflakes manufacturer, opens 

a number of packets chosen at random to check on the distribution of 
colours. Find the probability that 

( iv) the first two packets he opens both have red aeroplanes in 

M the first two packets he opens have aeroplanes of different colours in 

!vi) he gets all four different colours by opening just four packets. 

Conditional probability 

Sad news 

(MEI] 

My best friend had a heart attack while out shopping. Sachit was rushed to 
hospital but died on the way. He was only 47 - too young ... 

What is the probability that somebody chosen at random will die of a heart attack 

in the ne1.."t 12 months? 

One approach would be to say that, since there are about JOO OOO deaths per year 

from heart and circulatoiy diseases (H & CD) among the 57 OOO OOO population 

of the countiy where Sachit lived, 

probability number of dt:~:~sp:;~~a~:n CD per year 

= 5::000c!i = o.oo5J. 

However, if you think about it, you will probably realise that this is rather a 

meaningless figure. For a start, young people are much less at risk than those in 
or beyond middle age. 



So you might wish to give two answers: 

p = deathsfromH&CDamongover-40s 
1 population of over-40s 

p = deathsfromH&CDamongunder-40s 
2 population of under-40s 

Typically only 1500 of the deaths would be among the under-40s, leaving (on the 

basis of these figures) 298500 among the over-40s. About 25 OOO OOO people in 

the country are over 40, and 32 OOO OOO under 40 ( 40 years and I day counts as 

over 40). This gives 

p deaths from H & CD among over-40s 298500 
1 populationofover-40s 25000000 

=0.0119 

and p deaths from H & CD among under-40s ~ 
2 populationofunder-40s 32000000 

= 0.000047. 

So somebody in the older group is over 200 times more likely to die of a heart 

attack than somebody in the younger group. Putting them both together as an 

average figure resulted in a figure that was representative of neither group. 

But why stop there? You could, if you had the figures, divide the population 

up into JO-year, 5-year, or even I-year intervals. That would certainly improve 

the accuracy; but there are also more factors that you might wish to take into 

account, such as the following. 

• Is the person overweight? 

• Does the person smoke? 

• Does the person take regular exercise? 

The more conditions you build in, the more accurate will be the estimate of the 

probability. 

You can see how the conditions are brought in by looking at P1: 

p = deaths from H & CD among over-40s 298500 
1 population of over-40s 25000000 

=0.0119 

You would write this in symbols as follows: 

Event G: Somebody selected at random is over 40. 

Event H: Somebody selected at random dies from H & CD. 

The probability of someone dying from H & CD given that he or she is over 40 is 

given by the conditional probability P(H I G). 
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S1 - P(H IGJ = n(~(~G) 

_ n(H r, G)I n((,) 
- ,(G)!n~) 

_ P(H r.G) 
- P(G) . 

P(H IG'Jmeanstheprobability 
ofeventHoccurringgiven1ha1 

eventGhasoccurred. 

This result may be written in general form for all cases of conditional probability 

for events A and B. 

The probability of 

bmhB,ooA ~ -

P(BIA) = P(~~t) ~ 

TheprobabihtyofB ~a~ 
g1venA BnA 

Figure 3.7 

Conditional probability is used when your estimate of the probability of an event 

is altered by your knowledge of whether some other event has occurred. In this 
case the estimate of the probability of somebody dying from heart and circulatory 
diseases, P(H), is altered by a knowledge of whether the person is over 40 or not. 

Thus conditional probability addresses the question of whether one event is 
dependent on another one. If the probability of event Bis not affected by the 
occurrence of event A, we say that Bis independent of A. If, on the other hand, 
the probability of event Bis affected by the occurrence (or not) of event A, we say 
that B is dependent on A. 

• If A and Bare independent, then P(B I A) = P(B I A') and this is just P(B). 

• If A and Bare dependent, then P(B I A) -et- P(B IA'). 

As you have already seen, the probability of a combined event is the product of 
the separate probabilities of each event, provided the question of dependence 
between the two events is properly dealt with. Specifically: 

~ 
~~ 

• for dependent events P(A r, B) = P A) X P(B I A). 

The probability of 
A occurring. 

TheprobabilityofBoccurring. 
given1ha1Ahasoccurred. 



EXAMPlE 3 .9 

When A and Bare independent events, then, because P(B I A) = P(B), this can be 
written as 

• for independent events P(A n B) = P(A) X P(B). 

A company is worried about the high turnover of its employees and decides to 

investigate whether they are more likely to stay if they are given training. On 

I January one year the company employed 256 people ( excluding those about to 

retire). During that year a record was kept of who received training as well as who 

left the company. The results are summarised in this table. 

Still employed Leh company 

~ '"'"'"'"' 109 43 

given training 60 44 

[ Totals 169 87 

m Find the probability that a randomly selected employee 

!•I received training 

!b) received training and did not leave the company. 
(ii) Are the events rand S independent? 

(i ii! Find the probability that a randomly selected employee 

Total 

152 

104 

256 

(a ) did not leave the company, given that the person had received training 

!b) did not leave the company, given that the person had not received training. 

SOLUTION 

Using the notation r: The employee received training 

S: The employee stayed in the company 

m !a! P( r ) = ~=~ =0.59 

!bi P( r nS) = n(~(~)S)= ~= 0.43 

(ii) If rand Sare independent events then P( r n S) = P(I) X P(S). 

P(S)=~=m= 0.66 

P(T)x P(S)=~xm= 0.392 

As P( r n S) 7- P(I) X P(S), the events rand Sare not independent. 
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S1 - "" (iiil !• I P(SIT) =P(Sf"'1T)=~=!.Q2=0.72 
P(T) ~ 152 

"' lb! P(S1T') =P(Sr"1T')=~:_§Q_=058 
P( T) ~ 104 . 

Since P( S I T) is not the same as P( S I T'), the event Sis not independent of 

the event T. Each of Sand T is dependent on the other, a conclusion which 

matches common sense. It is almost certainly true that training increases 

employees' job satisfaction and so makes them more likely to stay, but it is 

also probably true that the company is more likely to go to the expense of 
training the employees who seem less inclined to move on to other jobs. 

0 How would you show that the event T is not independent of the event S? 

In some situations you may find it helps to represent a problem such as this as a 

Venn diagram. 

Figure 3.8 

0 What do the various numbers and letters represent? 
Where is the region S'? 

How are the numbers on the diagram related to the answers to parts Iii to (vl? 

In other situations it may be helpful to think of conditional probabilities in terms 

of tree diagrams. Conditional probabilities are needed when events are dependent, 

that is when the outcome of one trial affects the outcomes from a subsequent 

trial, so, for dependent events, the probabilities of all but the first layer of a tree 

diagram will be conditional. 



EXAMPLE 3. 10 Rebecca is buying two goldfish from a pet shop. The shop's tank contains seven 
male fish and eight female fish but they all look the same. 

Figure 3.9 

Find the probability that Rebecca's fish are 

m both the same sex 
liil both female 
(iii! both female given that they are the same sex. 

SOLUTION 

The situation is shown on this tree diagram. 

Figure 3.10 

'M~~ 
" 
' ___3---M 

ISF ~ 

ft F 

P(bothmalc,) • fsxf;i • "tfo 

P(malc,, female)= fs X '4 = f& 

P(fc,malc,,male) • fsx ~ •-f& 

P(bothfcma.lc,) • fsx~ - f& 

m P(both the same sex) = P(both male)+ P(both female) 

= fi2o+ifu= No= fs 
(ii) P(both female ) = ffu = -& 
!iii! P(both female I both the same sex) _i 

= P(both female and the same sex)-!- P(both the same sex) = f = t 
js 

P(bothfemale). 
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EXERCISE 3C 

The ideas in the last example can be expressed more generally for any two 

dependent events, A and B. The tree diagram would be as shown in figure 3. 11 . 

A~BIA P(AnB) • ?(A)xP(B IA) 

P(B' IA) B' IA P{A n B') = P(A) x P(B' 1.~) 

P(B IA') n l..t' P(A'nB)=P(A')XP{B IA') 

A'~ 

~B'IA' P(A'nB') • P{A')xP{B' IA') 

Figure 3.11 

Theprobabilitiesinthesecondlayerof 
thetre<ldiagramareconditionalonthe 

outcomeofthefirst experiment. 

The tree diagram shows you that 

• P(B) =P(AnB) +P(A'nB) 

: P(A) X P(B I A) + P(A') X P(B I A') 

• P(AnB) =P(A)x P(BIA) 

=> P(BIA): P(~~/l 

Theseeventsareconditional 
upontheoutcomeofthe 

first experiment. 

0 How were these results used in Example 3. 10 about the goldfish? 

1 In a school of 600 students, 360 are girls. There are 320 hockey players, of 

whom 200 are girls. Among the hockey players there are 28 goalkeepers, 

19 of them girls. Find the probability that 

rn a student chosen at random is a girl 

!ii ) a girl chosen at random plays hockey 

!ii i) a hockey player chosen at random is a girl 

(iv) a student chosen at random is a goalkeeper 

M a goalkeeper chosen at random is a boy 

(vi ) a male hockey player chosen at random is a goalkeeper 

!vii ) a hockey player chosen at random is a male goalkeeper 

!viii ) two students chosen at random are both goalkeepers 

!ix) two students chosen at random are a male goalkeeper and a female 

goalkeeper 

!xl two students chosen at random are one boy and one girl. 



2 I 00 cars are entered for a road-worthiness test which is in two parts, 

mechanical and electrical. A car passes only if it passes both parts. Half the cars 

fail the electrical test and 62 pass the mechanical. 15 pass the electrical but fail 

the mechanical test. 

Find the probability that a car chosen at random 

rn passesoverall 

!ii) fails on one test only 

!iii) given that it has failed, failed the mechanical test only. 

3 Two dice are thrown. What is the probability that the total is 

( i ) 7 

!ii) a prime number 

(iii) 7, given that it is a prime number? 

4 A cage holds two litters of rats. One litter comprises three females and four 

males, and the other comprises two females and six males. A random selection 
of two rats is made. Find, as fractions, the probabilities that the two rats are 

W fromthesamelitter 

I ii) ofthesamesex 

!iii) from the same litter and of the same sex 

!iv) from the same litter given that they are of the same sex. 

(MEI ) 

5 A and Bare two events with probabilities given by P(A) = 0.4, P(B) = 0.7 and 

P(AnB) =0.35. 

rn Find P(A I B) and P(B I A). 

I ii) Show that the events A and Bare not independent. 

6 Quark ~~nting
1 
is a dangerous o~cu~ation. On a qua.rk h~nt, th~re is a 

probab1hty of 4 that the hunter 1s killed. The quark 1s tw:Jce as hkely to be 

killed as the hunter. There is a probability of j that both survive. 

W Copy and complete this table of probabilities. 

Hunter dies 

IQ""'"'" 

I Totals 

Find the probability that 

I ii) both the hunter and the quark die 

!iii) the hunter lives and the quark dies 

Hunter lives 

!iv) the hunter lives, given that the quark dies. 

Total 
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S1 - 7 In a tea shop 70% of customers order tea with milk, 20% tea with lemon and 

I 0~ tea wit~ neither. ?f those taking tea with milk-~ take su~ar, o~ those . 
takmg tea ~~th lemon 4 take sugar, a~d of those taking tea with neither milk 

nor lemon~ take sugar. A customer 1s chosen at random. 

W Represent the information given on a tree diagram and use it to find the 

probability that the customer takes sugar. 

( ii ) Find the probability that the customer takes milk or sugar or both. 

! iii) Find the probability that the customer takes sugar and milk. Hence find the 

probability that the customer takes milk given that the customer takes sugar. 

(MEI] 

8 Every year two teams, the Ramblers and the Strollers, meet each other for a 
quiz night. From past results it seems that in years when the Ramblers win, 

the probability of them winning the next year is 0.7 and in years when the 

Strollers win, the probability of them winning the next year is 0.5. It is not 

possible for the quiz to result in the scores being tied. 

The Ramblers won the quiz in 2009. 

!i) Draw a probability tree diagram for the three years up to 2012. 

!ii ) Find the probability that the Strollers will win in 2012. 

!iii ) If the Strollers win in 2012, what is the probability that it will be their first 

win for at least three years? 

!iv) Assuming that the Strollers win in 2012, find the smallest value of II such 

that the probability of the Ramblers winning the quiz for II consecutive 

years after 2012 is less than 5%. 
[MEi,adapted) 

9 There are 90 players in a tennis dub. Of these, 23 are juniors, the rest are 

seniors. 34 of the seniors and 10 of the juniors are male. There are 8 juniors 

who are left-handed, 5 of whom are male. There are 18 left-handed players in 

total, 4 of whom are female seniors. 

rn Represent this information in a Venn diagram. 

!ii ) What is the probability that 

(a) a male player selected at random is left-handed? 

lb) a left-handed player selected at random is a female junior? 

(c) a player selected at random is either a junior or a female? 

!dl a player selected at random is right-handed? 

(e) a right-handed player selected at random is not a junior? 

m a right-handed female player selected at random is a junior? 

1 o Data about employment for males and females in a small rural area are 

shown in the table. 

Unemployed Employed 

Male 206 412 

Female 358 305 



A person from this area is chosen at random. Let M be the event that the 

person is male and let Ebe the event that the person is employed. 

rn Find P(M). 

!ii) Find P(M and E). 

!iii) Are Mand £independent events? Justify your answer. 

( iv) Given that the person chosen is unemployed, find the probability that the 

person is female. 

[Cambridge International AS and A Lcw!Matheniatics 9709, Papcr6QS June 2005) 

11 The probability that Henk goes swimming on any day is 0.2. On a day when 

he goes swimming, the probability that Henk has burgers for supper is 0.75. 

On a day when he does not go swimming, the probability that he has burgers 

for supper is x. This information is shown on the following tree diagram. 

The probability that Henk has burgers for supper on any day is 0.5. 

rn Findx. 

!ii) Given that Henk has burgers for supper, find the probability that he went 

swimming that day. 

!Cambridge International AS and A Lcw!Matheniatics 9709, Paper6Q2 June 2006) 

12 Boxes of sweets contain toffees and chocolate. Box A contains 6 toffees and 

4 chocolates, box B contains 5 toffees and 3 chocolates, and box C contains 

3 toffees and 7 chocolates. One of the boxes is chosen at random and two 
sweets are taken out, one after the other, and eaten. 

rn Find the probability that they are both toffees. 

!ii) Given that they are both toffees, find the probability that they both come 

from box A. 

(Cam bridge International AS and A Lew] Mathcniatk• 'fl(Y), Paper 6 Q2 Nm,embcr 2005) 
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1 3 There are three sets of traffic lights on Karinne's journey to work. The 
independent probabilities that Karinne has to stop at the first , second and 
third set oflights are 0.4, 0.8 and 0.3 respectively. 

rn Draw a tree diagram to show this infonnation. 

I ii) Find the probability that Karinne has to stop at each of the first two sets 
of lights but does not have to stop at the third set. 

!iii! Find the probability that Karinne has to stop at exactly two of the three 
setsoflights. 

!ivl Find the probability that Karinne has to stop at the first set oflights, 
given that she has to stop at exactly two sets oflights. 

(Cambridge International AS and A Lcw!Mathcm.atics 9709, Papcr6 Q6 No,mnbcr2008 ) 

1 The probability of an event A is 

P(A) ~ ~ 

where n(A) is the number of ways that A can occur and 11(~) is the total 
number of ways that all possible events can occur, all of which are 

equally likely. 

2 For any two events, A and B, of the same experiment, 

P(A u B) = P(A) + P(B) - P(A n B). 

\Nhere the events are mutually exclusive (i.e. where the events do not 
overlap) the rule still holds but, since P(A n B) is now equal to zero, the 

equation simplifies to: 

P(A u B) = P(A) + P(B). 

3 \Nhere an experiment produces two or more mutually exclusive events, the 
probabilities of the separate events sum to I. 

4 P(A)+ P(A') = I 

5 For two independent events, A and B, 

P(A n B) ~ P(A) x P(B). 

6 P(B I A) means the probability of event B occurring given that event A has 

already occurred, 

P(B I A)= P(:c~i'l) . 
7 The probability that event A and then event B occur, in that order, is 

P(A) x P(B I A). 

8 If event Bis independent of event A, 

P(B I A) = P(B I A')~ P(B). 



Discrete random variables 

An approximate answer to the right problem is worth a good deal 

more than an exact answer to an approximate problem. 

Carshare.com iii 
Share life's journey! 
Towns and cities around the country are gridlocked with 
traffic - many of these cars have just one occupant. 
To solve this problem, Carshare.com is launching a new 
scheme for people to car-share on journeys into all major 
cities. Our comprehensive database can put interested 
drivers into touch with each other and live updates via 
your mobile will display the number of car-shares 
available in any major city. Car-shares are available from 
centralised locations for maximum convenience. 

John Tukey 

Carshare.com is running a small trial scheme in a busy town just south of the capital. 
We will be conducting a survey to measure the success of the trial. Keep up to date 
with the trial via the latest news on our website. 

0 How would you collect information on the volume of traffic in the town? 

A traffic survey, at critical points around the town centre, was conducted at peak 

travelling times over a period of a working week. The survey involved I OOO cars. 

The number of people in each car was noted, with the following results. 

I N"mbernfpeoplepe,~, 

Frequency 

0 How would you illustrate such a distribution? 

What are the main features of this distribution? 
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S1 - The numbers of people per car are necessarily discrete. A discrete frequency 

distribution is best illustrated by a vertical line chart, as in figure 4.1. This shows 

you that the distribution has positive skew, with most of the data at the lower end 

of the distribution. 

i400 
[Joo r--t---t----t~-t---+---+~r--t----+---t~t-~ 

numherofpcopl~ 

Figure 4.1 

The survey involved 1000 cars. This is a large sample and so it is reasonable to 

use the results to estimate the probabilities of the various possible outcomes: 

I, 2, 3, 4, 5 people per car. You divide each frequency by 1000 to obtain the 

relative frequency, or probability, of each outcome (number of people). 

Outcome (Number of people) 

Probability (Relativefrequency) 0.56 0.24 0.15 0.04 0.01 

Discrete random variables 

You now have a mathematical model to describe a particular situation. In 

statistics you are often looking for models to describe and explain the data 

>5 

you find in the real world. In this chapter you are introduced to some of the 

techniques for working with models for discrete data. Such models use discrete 

random variables. 

The model is discrete since the number of passengers can be counted and takes 

positive integer values only. The number of passengers is a random variable since 

the actual value of the outcome is variable and can only be predicted with a given 

probability, i.e. the outcomes occur at random. 

Discrete random variables may have a finite or an infinite number of outcomes. 



The distribution we have outlined so far is finite - in the survey the maximum 
number of people observed was five, but the maximum could be, say, eight, 

depending on the size of car. In this case there would be eight possible outcomes. 

A well known example of a finite discrete random variable is the binomial 

distribution, which you will study in Chapter 6. 

On the other hand, if you considered the number of hits on a website in a given 

day, there may be no theoretical maximum, in which case the distribution may 

be considered as infinite. A well known example of an infinite discrete random 

variable is the Poisson distribution, which you will meet if you study StatistiC5 2. 

The study of discrete random variables in this chapter will be limited to finite cases. 

Notation and conditions for a discrete random variable 

A discrete random variable is usually denoted byan upper case letter, such as X, 
Y or Z. You may think of this as the name of the variable. The particular values 

that the variable takes are denoted by lower case letters, such as r. Sometimes 

these are given suffixes rl' r2, r3, ••• Thus P(X= r1) means the probability that the 

discrete random variable X takes a particular value r1• The expression P(X = r) is 

used to express a more general idea, as, for example, in a table heading. 

Another, shorter way of writing probabilities is p 1, p2, I'J, ... If a finite 

discrete random variable has n distinct outcomes r1, r2, ••• , r", with associated 

probabilities fi, p2, ••• , Pn' then the sum of the probabilities must equal I. Since 

the various outcomes cover all possibilities, they are exhaustive. 

Formally we have: 

Pi +p2+ ... +p"= I 

t.P;= t.P(X = ';) = I. 

If there is no ambiguity then f P(X = r; is often abbreviated to L,P(X = r)or p,, 

You will often see an alternative notation used, in which the values that the 

variable takes are denoted by x rather than r. In this book x is used for a 
continuous variable (see Statistics 2) and rfor a discrete variable. 

Diagrams of discrete random variables 

Just as with frequency distributions for discrete data, the most appropriate 

diagram to illustrate a discrete random variable is a vertical line chart. Figure 4.2 

shows a diagram of the probability distribution of X, the number of people per 

car. Note that it is identical in shape to the corresponding frequency diagram in 

figure 4.1. The only real difference is the change of scale on the vertical axis. 
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EXAMPLE 4 . 1 

P(X= r) 

Figure 4.2 

Two tetrahedral dice, each with faces labelled I, 2, 3 and 4, are thrown and the 

random variable X represents the sum of the numbers shown on the dice. 

m Find the probability distribution of X. 

(ii ) Illustrate the distribution and describe the shape of the distribution. 

!iii ) What is the probability that any throw of the dice results in a value of X 
which is an odd number? 

SOLUTION 

m The table shows all the possible totals when the two dice are thrown. 

First die 

" 
] >---+--+--+----+-----< 

You can use the table to write down the probability distribution for X. 

P(X=r) 
I 2 3 4 3 2 I 
ffi ffi ffi ffi ffi M ffi 



EXAMPLE 4.2 

(ii) The vertical line chart in figure 4.3 illustrates this distribution, which is 

symmetrical. 

P{X= r) 

Figure 4.3 

(iii) The probability that X is an odd number 

= P(X = 3) + P(X = 5) + P(X = 7) 

=ft+ft+ft 
- ' -, 

As well as defining a discrete random variable by tabulating the probability 

distribution, another effective way is to use an algebraic definition of the form 

P(X = r) = f(r) for given values of r. 

The following example illustrates how this may be used. 

The probability distribution of a random variable X is given by 

P(X = r) = kr 

P(X = r) = O 

for r= 1,2,J, 4 

otherwise. 

(i) Find the value of the constant k. 
(ii ) Illustrate the distribution and describe the shape of the distribution. 

(iii) Two successive values of X are generated independently of each other. 

Find the probability that 

l• I both values of X are the same 

!bl the total of the two values of X is greater than 6. 
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S1 - SOLUTION 

m Tabulating the probability distribution fo r X gives: 

I : (h ) I 1 I :. I :. I :. I 
Since X is a random variable, L,P(X = r) = I 

k+ 2k+3k+ 4k =I 

!Ok = I 

k= O. I 

Hence P(X = r) = 0.1 r, fo r r = I , 2, 3, 4 , which gives the following probability 

distribution. 

!ii ) The vertical line chart in figure 4.4 illustrates this distribution. It has negative 

skew. 

P(X= r) 

Figure 4.4 

(iiil Let X1 represent the fir st value generated and X2 the second value generated. 

(al P(both values of X are the same) 

= P(X1 = X2 = I or X1 = ~ = 2 or X1 =-":i =3 or X1 = Xz =4) 

= P(X1 = X2 = I )+ P(X1 = ~ = 2) + P(X 1 = ~ = J) + P(X1 =X:Z =4) 

= P(X1 = I) x P(X2 =I ) + P(X1 = 2) x P(X2 = 2) 

+ P(X1 = 3) x P(~ = 3) + P(X1 = 4) x P(~ = 4) 

= (0. 1)2 + (0.2)2+ (0.3)2 + (0.4)2 

= 0.01 + 0.04 +0.09+ 0.16 

= 0.3 



EXERCISE 4A 

!bi P(total of the two values is greater than 6) 

=P(X1 +X2 > 6) 

=P(X1 +X2 = 7or8) 

= P(X1 +X°:i = 7) + P(X1 + X°:i = 8) 

= P(X1 = 3) x P(X°:i =4) + P(X1 = 4) x P(X°:i = 3) 

+ P(X1 =4) x P(X°:i =4) 

= 0.3 X 0.4+0.4 X 0.3 +0.4X 0.4 

= 0.12+0.12+0.16 

= 0.4 

1 The random variable X is given by the sum of the scores when two ordinary 
dice are thrown. 

!ii Find the probability distribution of X. 

(iii lllustrate the distribution and describe the shape of the distribution. 

!iii) Find the values of 

!a) P(X>S) 

(b ) P(X iseven) 

lol P(IX - 71<3). 

2 The random variable Yis given by the absolute difference between the scores 

when two ordinary dice are thrown. 

(ii Find the probability distribution of Y. 

mi Illustrate the distribution and describe the shape of the distribution. 

(iii) Find the values of 

!al P(Y<3) 

(b ) P(Y is odd). 

3 The probability distribution of a discrete random variable X is given by 

P(X = r) = ~ 

P(X = r) = O 

for r = 2,4,6,8 

otherwise. 

rn Find the value of k and tabulate the probability distribution. 

!ii) If two successive values of X are generated independently find the 

probability that 

(a) the two values are equal 

(b ) the first value is greater than the second value. 
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S1 - 4 An irregular die with six faces produces scores, X, for which the probability 
distribution is given by 

P(X = r) = ~ forr =l ,2,3, 4,5,6 

P(X = r) = 0 otheIWise. 

( i ) Find the value of kand illustrate the distribution. 

( ii ) Show that, when this die is thrown twice, the probability of obtaining two 

equal scores is very nearly i. 
5 Three fair coins are tossed. 

rn By considering the set of possible outcomes, HHH , HHT, etc., tabulate the 

probability distribution for X, the number of heads occurring. 

( ii) Illustrate the distribution and describe the shape of the distribution. 

(iii) Find the probability that there are more heads than tails. 

(iv) Without further calculation, state whether your answer to part (i ii) would 

be the same if four fair coins were tossed. Give a reason for your answer. 

6 Two fair tetrahedral dice, each with faces labelled I, 2, 3 and 4, are thrown and 

the random variable X is the product of the numbers shown on the dice. 

rn Find the probability distribution of X 
( ii ) What is the probability that any throw of the dice results in a value of X 

which is an odd number? 

7 An ornithologist carries out a study of the number of eggs laid per pair by a 

species ofrare bird in its annual breeding season. He concludes that it may 
be considered as a discrete random variable X with probability distribution 
given by 

P(X = 0) = 0.2 
P(X = r) = k(4r - r 2) 

P(X = r) = O 

for r = 1,2,3,4 

otherwise. 

( i) Find the value of kand write the probability distribution as a table. 

The ornithologist observes that the probability of survival (that is of an egg 

hatching and of the chick living to the stage ofleaving the nest) is dependent 

on the number of eggs in the nest. He estimates the probabilities to be as 

follows. 

Probability of survival 

0.8 

0.6 

0.4 

( ii ) Find, in the form of a table, the probability distribution of the number of 

chicks surviving per pair of adults. 



8 A sociologist is investigating the changing pattern of the number of children 
which women have in a countiy. She denotes the present number by 

the random variable X which she finds to have the following probability 

distribution. 

rn Find the value of a. 

She is keen to find an algebraic expression for the probability distribution 
and suggests the following model. 

P(X = r) = k(r+l)(5 - r) forr =O,l,2,3,4,5 

P(X = r) = 0 otherwise. 

(ii) Find the value of k for this model. 

(iii) Compare the algebraic model with the probabilities she found, 

illustrating both distributions on one diagram. 

Do you think it is a good model? 

9 In a game, each player throws three ordinary six-sided dice. The random 

variable X is the largest number showing on the dice, so for example, for 

scores of 2, 5 and 4, X = 5. 

rn Find the probability that X = I, i.e. P(X = ! ). 

(ii) Find P(X,,s;: 2) and deduce that P(X = 2) = -iii;. 

(iii) Find P(X,,s;: r) and so deduce P(X= r), for r= 3,4, 5, 6. 

( iv) lllustrate and describe the probability distribution of X. 

1 o A box contains six black pens and four red pens. Three pens are taken at 

random from the box. 

(i) By considering the selection of pens as sampling without replacement, 

illustrate the various outcomes on a probability tree diagram. 

(ii) The random variable X represents the number of red pens obtained. 

Find the probability distribution of X. 

11 A vegetable basket contains 12 peppers, of which 3 are red, 4 are green and 

5 are yellow. Three peppers are taken, at random and without replacement, 

from the basket. 

rn Find the probability that the three peppers are all different colours. 

( ii ) ~h
1
~w that the probability that exactly 2 of the peppers taken are green 

IS "!3". 

(iii) The number of green peppers taken is denoted by the discrete random 

variable X. Draw up a probability distribution table for X. 
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Expectation and variance 

Carshare.com 
Share life's journey! 
Latest update .. 

Car-share trial a massive success. Traffic volume down and number of occupants per car up! 

0 What statistical evidence do you think Carshare.com's claim is based on? 

A second traffic smvey, at critical points around the town centre, was conducted 

at peak travelling times over a period of a working week. This time the survey 

involved 800 cars. The number of people in each car is shown in the table. 

0 How would you compare the results in the two traffic surveys? 

I ACTIVITY 4 .1 

The suIVey involved 800 cars. This is a fairly large sample and so, once again, it is 
reasonable to use the results to estimate the probabilities of the various possible 

outcomes: I, 2, 3, 4 and 5 people per car, as before. 

Outcome (Number of people) >5 

Probability (Relative frequency) 0.35 0.375 0.205 0.065 0.005 

One way to compare the two probability distributions, before and after the car

sharing campaign, is to calculate a measure of central tendency and a measure 

of spread. 

The most useful measure of central tendency is the mean or expectation of the 

random variable and the most useful measure of spread is the variance. To a large 

extent the calculation of these statistics mirrors the corresponding statistics for a 

frequency distribution, X and scP. 

Find the mean and variance of the frequency distribution for the people-per-car 

smvey following the introduction of the car-sharing scheme. 



Using relative frequencies generates an alternative approach which gives the 
expectation E(X) = /1 and variance Var(X) = a 2 for a discrete random variable. 

We define the expectation, E(X) as 

E(X) = // = I,P(X = ,) = L'P, 
and Variance, Var(X) as 

a2 = E([X - 11) 2) = I,(r -1,)2p, 

a' = E(X') - µ' = I,'p, - [I,pJ. 

Noticc thc no1ation,µ for th e 
distribution'•rneanarKloforits 

,tandarddeviation.AJ""noticcthe 
shoncnednotationforP(X = r), 

The second version of the variance is often written as E(X2) - [E(X)J2, which 

can be remembered as ' the expectation of the squares minus the square of 
the expectation', 

These formulae can also be written as: 

E(X)= Ixp 

Va<(X)= Ix'p- [E(X)j' 

Look at how expectation and variance are calculated using the probability 

distribution developed from the second survey of number of people per car. You 

can use these statistics to compare the distribution of number of people per car 
before and after the introduction of the car-sharing scheme. 

When calculating the expectation and variance of a discrete probability 

distribution, you will find it helpful to set your work out systematically in a table. 

,., lbl 

P, ,p, , 2p, (r - µ )2p, 

0.35 0,35 0.35 0.35 

0.375 0.75 1.5 

0.205 0,615 1.845 0.205 

0.065 0.26 L04 0.26 

0.005 0.025 0.125 0.045 

Totals 'E.p, = 1 µ = E(X) = 2 4.86 Var(X) = 0.86 

In this case: 

E(XJ =11 =I•r, 

= I X 0.35 + 2 X 0.375 + 3 X 0.205 + 4 X 0.065 + 5 X 0.005 

= 2 
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I ACTIVITY 4 .2 

EXAMPLE 4.3 

Andeitherfrom(a) ~ 
V,c(X) ~ a' ~ L ' 'P, - [L ' P, J 

= 12 X 0.35 + 22 X 0.375 + 32 X 0.205 + 42 X 0.065 + 52 X 0.005 - 22 

orfrom(b) 

=4.86 - 4 

= 0.86 

Var(X) = o2 = L,(r - µ)2p, 

= ( 1 - 2)2 X0.35 + (2 - 2)2 X0.375 + (3 - 2)2 X0.205 

+ (4 - 2)2 X 0.065 + (5 - 2 )2 X 0.005 

= 0.86 

The equivalence oft he two methods is proved in Appendix 2 on the CD. 

In practice, method (a) is to be preferred since the computation is usually easier, 

especially when the expectation is other than a whole number. 

Carry out similar calculations for the expectation and variance of the probability 

distribution before the car-sharing experiment using the data on page 106. 

Using these two statistics, judge the success or otherwise of the scheme. 

The discrete random variable X has the following probability distribution: 

Find 

m E(X) 
(ii ) E(X2

) 

!iii! Var(X) using l•I E(X2)-11 2 lbl E([X - 11]2). 

SOLUTION 

l•I lbl 

P, ,p, ,,,, (r -,u )2 p, 

0.2 0.392 

0.3 0.3 0.3 0.048 

0.4 0.8 1.6 0.144 

0.1 0.3 0.9 0.256 

Totals 1.4 2.8 0.84 



EXAMPLE .-.4 

!il E(X) =µ =I_rp, 

=0 X0.2 + 1 X 0.3 +2 X0.4 +3 X 0.1 = 1.4 

!ii ) E(X2) = I_r1p, 

= 0 X 0.2 + 1 X 0.3+4 X 0.4 +9 X 0.1 = 2.8 

(iii ) la) Var(X) = E(X2) - 1,2 

= 2.8-1.42 =0.84 

(bi Var(X)=E([X-1,] 2) 

= I,c,-,,)2p, 
= (0 -1.4)2 x0.2+( 1-1.4)2 x 0.3+ (2 -1.4)2 x 0.4+ (3 -1.4)2 x0. 1 

= 0.392 + 0.048 + 0.144 + 0.256 = 0.84 

Notice that the two methods of calculating the variance in part (iii ) give the same 

result, since one formula is just an algebraic rearrangement of the other. 

0 Look carefully at both methods for calculating the variance. 

Are there any situations where one method might be preferred to the other? 

Al;. well as being able to carry out calculations for the expectation and variance 

you are often required to solve problems in context. The following example 

illustrates this idea. 

Laura buys one litre of mango juice on three days out of every four and none 

on the fourth day. A litre of mango juice costs 40c. Let X represent her weekly 

juice bill. 

m Find the probability distribution of her weekly juice bill. 

(ii ) Find the mean (11) and standard deviation (a) of her weekly juice bill. 

!iii ) Find !al P(X>11+a) lb) P(X<11 - a). 

SOLUTION 

m The pattern repeats every four weeks. 

M Tu W Th Sa Su Numberoflitres Juicebill 

,I ,I ,I ,I ,I ,I $2.40 

,I ,I ,I ,I ,I $2.00 

$2.00 

., ., ., ., ., $2.00 
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EXERCISE 48 

Tabulating the probability distribution for X gives the following. 

r (S) 2.00 2.40 

P(X = r) 0.75 0.25 

(ii ) E(X) = /I = L,rP(X = r) 
= 2 X0.75+ 2.4X 0.25 

= 2.1 

Var(X) = a 2 = E(X2) - 11 1 

=4 X0.75 + 5.76 X 0.25- 2.1 2 

= 0.03 

a = Jam = 0.17 (correct to 2 s.f.) 

Hence her mean weekly juice bill is $2.10, with a standard deviation of about 

!?cents. 

(iii ) l• I P(X >µ+a) = P(X > 2.27) = 0.25 

!b) P(X<µ - a) =P(X < 1.93) = 0 

1 Find by calculation the expectation oft he outcome with the following 

probability distribution. 

I o"""m' 
Pmb,biH<y 

2 The probability distribution of the discrete random variable X is given by 

P(X=r)= 2'
1
; 1 forr=l,2,3,4 

P(X = r) = 0 otherwise. 

rn Find E(X) = 11. 

!ii) FindP(X<11 ). 

3 rn A discrete random variable X can take only the values 4 and 5, and has 

expectation 4.2. 

By letting P(X = 4) = p and P(X = 5) = I - p, solve an equation in p and so 

find the probability distribution of X. 
( ii) A discrete random variable Y can take only the values 50 and I 00. 

Given that E(Y) = 80, write out the probability distribution of Y. 

4 The random variable X is given by the sum of the scores when two ordinary 

dice are thrown. 

rn Use the shape of the distribution to find E(X) =/'· 
Confirm your answer by calculation. 

(ii) Calculate Var(X) = a1• 

(iii) Find the values of the following. 

(a! P(X<11 ) (bl P(X>11+a) lol P(IX - µ l <2o) 



5 The random variable Y is given by the absolute difference between the scores 
when two ordinary dice are thrown. 

rn Find E(Y) and Var(Y). 

(ii) Find thevaluesofthefollowing. 

!al P(Y > 11) !bl P(Y> 11 + 2a) 

6 Three fair coins are tossed. Let X represent the number of tails. 

W Find E(X). Show that this is equivalent to 3 X 1· 
!ii) Find Var(X). Show that this is equivalent to 3 X {-. 

If instead ten fair coins are tossed, let Y represent the number of tails. 

!iiil Write down thevaluesofE(Y) and Var(Y). 

7 Birds of a particular species lay either 0, I, 2 or 3 eggs in their nests with 

probabilities as shown in the table. 

Numberofeggs 

Probability 0.25 0.35 0.30 

Find 
W the value of k 
!ii) the expected number of eggs laid in a nest 
!iii) the standard deviation of the number of eggs laid in a nest. 

8 An electronic device produces an output of 0, I or 3 volts, with probabilities 

t ~and! respectively. The random variable X denotes the result of adding the 

outputs for two such devices, which act independently. 

rn Show that P(X = 4) == i· 
!ii) Tabulate all the possible values of X with their corresponding probabilities. 

!iii) Hence calculate E(X) and Var(X), giving your answers as fractions in their 

lowest terms. 

9 Bob earns $80 per day, Monday to Friday inclusive. He works every alternate 

Saturday for which he earns 'time and a half and every fourth Sunday, for 
which he is paid 'double time'. 

rn By considering a typical four-week period, find the probability 

distribution for his daily wage. 

!ii) Calculate the expectation and variance of his daily wage. 

!iii) Show that there are two possible patterns Bob could work over a typical 

four-week period, depending on which Saturdays and Sunday he works. 

Hence find the expectation and variance of his weekly wage under either 

pattern. 
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S1 - 1 o A hotel caters for business clients who make short stays. Past records 

suggest that the probability of a randomly chosen client staying X nights in 

succession is as follows. 

!i) Draw a sketch of this distribution. 

mi Find the mean and standard deviation of X. 

!iii) Find the probability that a randomly chosen client who arrives on 

Monday evening will still be in the hotel on Wednesday night. 

!iv) Find the probability that a client who has already stayed two nights will 

stay at least one more night. 

(MEI ) 

1 1 The probability distribution of the discrete random variable X is shown in 

the table below. 

Given that E(X) = 0.75, find the values of a and b. 
(Cambridge International AS and A Len! Mathcm1tics9709,Papcr61 QI Junc2010 ) 

12 Every day Eduardo tries to phone his friend. Every time he phones there is a 

50% chance that his friend will answer. lfhis friend answers, Eduardo does 

not phone again on that day. If his friend does not answer, Eduardo tries 

again in a few minutes' time. If his friend has not answered after 4 attempts, 

Eduardo does not try again on that day. 

rn Draw a tree diagram to illustrate this situation. 

!ii) Let X be the number of unanswered phone calls made by Eduardo on a 

day. Copy and complete the table showing the probability distribution 

of X. 

!iii) Calculate the expected number of unanswered phone calls on a day. 

[CanibridgclntcmationalASandALcn!Mathcniatics 9709,Papcr6Q6Junc2008) 



13 Gohan throws a fair tetrahedral die with faces numbered I, 2, 3, 4. If she 

throws an even number then her score is the number thrown. If she throws 

an odd number then she throws again and her score is the sum of both 
numbers thrown. Let the random variable X denote Gohan's score. 

rn ShowthatP(X = 2) = fi. 

(ii) The table below shows the probability distribution of X 

' " 
Calculate E(X) and Var(X). 

' " ' " 
[C. mbridgc International AS and A UVCI Mathematics 9709, Papcr6Q2 June 2009) 

14 The probability distribution of the random variable X is shown in the 

following table. 

The mean of X is 1.05. 

(ii Write down two equations involvingp and q and hence find the values of 

pand q. 
(ii) Find the variance of X. 

(CambridgclntcrnationalASandAUVCJMathcmatics 'Tl09,Papcr6Q2Novcmbcr2009) 

15 The random variable X takes the values - 2, 0 and 4 only. It is given that 

P(X =-2) = lp, P(X = O) = pand P(X =4) = 3p. 

rn Find p. 

(ii) Find E(X) and Var(X). 

(CambridgclntcrnationalASandAUVCIMathcmatic• 'Tl09,Papcr6Q2Nonmbu2007) 
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l:tiilQ•li,11fW 

1 6 A fair die has one face numbered I, one face numbered 3, two faces 

numbered 5 and two faces numbered 6. 

W Find the probability of obtaining at least 7 odd numbers in 8 throws of 

the die. 

The die is thrown twice. Let Xbe the sum of the two scores. The following 

table shows the possible values of X. 

Second throw 

! 10 10 11 11 -s 
] 10 10 11 11 

11 11 12 12 

11 11 12 12 

mi Draw up a table showing the probability distribution of X. 

!iii) CalculateE(X). 

!iv) Find the probability that Xis greater than E(X). 

(Cambridge International AS and A UVC!Mathcmatics 9709, I'ilpcr6 Q7 November 2008) 

1 For a discrete random variable, X, which can take only the values 

r
1

, r
2

, ••• , r", with probabilities fi, p2, •• ,Pn respectively: 

2 A discrete probability distribution is best illustrated by a vertical line chart. 

• The expectation = E(X) == µ == L,rP(x = r) == L,rp, 

• The variance, where a is the standard deviation, is 

Var(X): a2 : E(X - µ)2 = L,(r - 11 )2p, 

or Var(X)= a2 : E(X2)- [E(X)]2
:c L,r2p,-[L,rp, j 

3 Another common notation is to denote the values the variable may take by x. 

• The expectation :c E(X) = L,xp 

• The variance= Var(X) "" L,x2p - (E(X )f 



5 Permutations and 
combinations 

An estate had seven houses; 

Each house had seven cats; 

Each cat ate seven mice; 

Each mouse ate seven grains of wheat. 

Wheat grains. mice, cats and houses. 

How many were there on the estate? 

Ancient Egyptian problem 

Mysonisagenius! 
lgaveOscarfivebricksandstraightawayhedidthis! 
Is it too early to enrol him with MENSA? 

\Nhat is the probability that Oscar chose the bricks at random and just happened 

by chance to get them in the right order? 

There are two ways of looking at the situation. You can think of Oscar selecting 

the five bricks as five events, one after another. Alternatively, you can think of 
I, 2, 3, 4, 5 as one outcome out of several possible outcomes and work out the 

probability that way. 

Five events 

Look at the diagram. 

Figure 5.1 

If Oscar had actually chosen them at random: 

theprnb,bilityoffiratsdectingl '.' _ ~ 

theprobab1htyofnextselectmg21s ~ 
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S1 - the probability of neJ..1: selecting 3 is 

the probability of next selecting 4 is 

then only 5 remains so the probability of selecting it is I. 

So the probability of getting the correct numerical sequence at random is 

i x{xixj xJ:,,:ftj. 

Outcomes 

How many ways are there of putting five bricks in a line? 

To start with there are five bricks to choose from, so there are five ways of 

choosing brick I. Then there are four bricks left and so there are four ways of 

choosing brick 2. And so on. 

The total number of ways is 

= 120. 

Brick I Brick2 Brick3 Brick4 Bricks 

Only one of these is the order I, 2, 3, 4, 5, so the probability of Oscar selecting it 

atrandomistk.~ 
Number of possible 

outcomes. 

0 Do you agree with Oscar's mother that he is a child prodigy, or do you think it 

was just by chance that he put the bricks down in the right order? 

What further information would you want to be convinced that he is a budding 

genius? 

Factorials 

In the last example you saw that the number of ways of placing five different 

bricks ina line is 5 x 4xJ x2 x I. This number is called 5 factorial and is written 

SL You will often meet expressions of this form. 

In general the number of ways of placing n different objects in a line is 11!, where 

'h(, - 2) x ... x3x2xl. 

~ 



EXAMPLE5.1 

EXAMPLE 5 .2 

EXAMPLE 5 .3 

EXAMPLE 5.4 

EXAMPLE 5 .5 

Calculate?! 

SOLUTION 

7! = 7 X6X 5X 4 X 3 X 2 X I= 5040 

Some typical relationships between factorial numbers are illustrated below: 

10! =1 0X9! orin general n! = nX( (n -1 )!] 
10! =1 0X9X8X7! orin general 11! = 11 X( 11 -l )X (11 - 2)x[ (n - 3)!) 

These are useful when simplifying expressions involving factorials. 

Calculate fil 
SOLUTION 

~= 5 x jt 
3

!::: 5x 4 = 20 

7!x5! 
Calculate 3!x 4! 

SOLUTION 

l!.x.5l_ 7 x 6 x 5 x 4 x 3! x 5 x 4! 
3! x 4!- 3! x 4! 

:: 7 X 6 X 5 X 4 X 5::: 4200 

Write 37 x 36 x 35 in terms of factorials only. 

SOLUTION 

37 X 36 X 35"" 37 X 36~f5 X 34! 

37! 
34! 

m Find the number of ways in which all five letters in the word GREAT can be 

arranged. 
(ii ) In how many of these arrangements are the letters A and E next to each 

other? 

SOLUTION 

(i) There are five choices for the fi rst letter (G, R, E, A or T). Then there are fo ur 

choices for the neJ..1: letter, then three fo r the third letter and so on. So the 

number of arrangements of the letters is 

5x 4 x3x2x I = 5! = 120 
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EXAMPLE 5.6 

EXAMPLE 5.7 

!iil The E and the A are to be together, so you can treat them as a single letter. 

So there are four choices for the first letter (G, R, EA or T), three choices for 

the next letter and so on. 

So the number of arrangements of these four 'letters' is 

4xJx2x1=4!=24 

How~" ~ @] ~ [rJ 
is different from ~ ~ [I] [] 
So each of the 24 arrangements can be arranged into two different orders. 

The total number of arrangements with the E and A next to each other is 

2x4! =48 

Note 

The total number of ways of arranging the letters with the A and the E apart is 

120-48 - 72 

Sometimes a question will ask you to deal with repeated letters. 

Find the number of ways in which all five letters in the word GREET can be 

arranged. 

SOLUTION 

There are 5! = 120 arrangements of five letters. 

However, GREET has two repeated letters and so some of these arrangements are 

really the same. 

Fm mmplc, @ @ @] ~ [rJ 
isthesameas [!] [!] @J ~ IT] 
The two Es can be arranged in 2! = 2 ways, so the total number of arrangements is 

5! 
21 = 60. 

How many different arrangements of the letters in the word MATHEMATICAL 

are there? 

SOLUTION 

There are 12 letters, so there are 12! = 479001600 arrangements. 



EXERCISE SA 

However, there are repeated letters and so some of these arrangements are the same. 

Fmmmpl,, ~ [A] [!J [ii] [EJ ~ [A] [!J [i]@J [A] [_iJ 
~ [A_J [!J[ii][E_J~ [A_J [!J[i]@] [A_J [_iJ 

and ~ [A_J [!J[ii][E_J~ [A_J [!J[i]@J [A_J [_iJ 
are the same. 

In fact, there are 3! = 6 ways of arranging the As. 

So the total number of arrangements of 

~ 
12! 

--- = 19958400 
2! x 2! x 3! ~ e~ 

Example 5.7 illustrates how to deal with repeated objects. You can generalise 

from this example to obtain the following: 

• The number of distinct arrangements of n objects in a line, of which pare 

identical to each other, q others are identical to each other, r of a third type are 

identical, and so on is p!;;;!..: 
1 Calculate W 8! 

2 Simplify rn ~ 

3 Simplify rn ~ 

4 Write in factorial notation. 

5 Factorise W 7!+8! 

(ii) ~ 

(i i) ~ 

(i i) (11~!2)! 

(ii) 41!;~\ 

(i i) 11!+(11+ 1)! 

(iii) ~:~:: 

(iii) (II~~);<:~ I) 

6 How many different four letter words can be formed from the letters A, B, C and 
D if letters cannot be repeated? (The words do not need to mean anything.) 

7 How many different ways can eight books be arranged in a row on a shelf? 

8 In a greyhound race there are six runners. How many different ways are there 

for the six dogs to finish? 
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S1 - 9 In a 60-metre hurdles race there are five runners, one from each of the 

nations Austria, Belgium, Canada, Denmark and England. 

rn How many different finishing orders are there? 

!ii) What is the probability of predicting the finishing order by choosing 
first, second, third, fourth and fifth at random? 

10 John has an MP3 player which can play tracks in 'shuffie' mode. !fan album 
is played in 'shuffle' mode the tracks are selected in a random order with a 

different track selected each time until all the tracks have been played. 

John plays a 14-track album in 'shuffle' mode. 

( i) In how many different orders could the tracks be played? 

!ii) What is the probability that 'shuffle' mode will play the tracks in the 

normal set order listed on the album? 

11 In a 'Goal of the season' competition, participants are asked to rank ten goals 

in order of quality. 

The organisers select their 'correct' order at random. Anybody who matches 

their order will be invited to join the television commentary team for the 

next international match. 

rn What is the probability of a participant's order being the same as that of 

the organisers? 

!ii) Five million people enter the competition. How many people would be 

expected to join the commentary team? 

12 The letters 0, P, Sand Tare placed in a line at random. What is the 

probability that they form a word in the English language? 

13 Find how many arrangements there are of the letters in each of these words. 

rn EXAM 

!iv) PASS 

!ii! MATHS 

M SUCCESS 

!iiil CAMBRIDGE 

!vi l STATISTICS 

14 How many arrangements of the word ACHIEVE are there if 

rn there are no restrictions on the order the letters are to be in 

!ii) thefirstletterisanA 

!iii) the letters A and I are to be together. 

!iv) the letters C and H are to be apart. 



INVESTIGATIONS 

1 Solve the inequality n! > 1 O'" fo r each of the cases m == 3, 4, 5. 

2 In how many ways can you write 42 using factorials only? 

3 rn There are 4! ways of placing the fo ur letters S, T,A, Rin a line, if each of 

them must appear exactly once. How many ways are there if each let ter 

may appear any number of times (i.e. between O and 4)? Fonnulate a 

general rule. 

!ii) There are 4! ways of placing the letters S, T ,A, Rin line. How many ways 

are there of placing in line the letters 

!al S, T, A, A !bi S, T, T, T? 

Formulate a general rule fo r dealing with repeated letters. 

Permutations 

~ 
Joyeua 

I should be one of the judges!When I heard the 16 songs in the co~tition,I knew 
which ones I thought were the best three. Last nig!it they announced the resutts and I 
hadpic.kedthe same three songs in the same order as the judges! 

What is the probability of Joyeeta's result? 

The winner can be chosen in 16 ways. 
The second song can be chosen in 15 ways. 
The third song can be chosen in 14 ways. 

Thus the total number of ways of placing three songs in the first three positions is 
16 x 15 x 14 = 3360. So the probability that Joyeeta's selection is correct is~. 

In this example attention is given to the order in which the songs are placed. The 
solution required a permutation of three objects from sixteen. 

In general the number of permutations, np,, of robjects from n is given by 

np, = nx (n - 1) x (n - 2) x ... X (n - r+ 1). 

This can be written more compactly as 

• np, == (n~\)! 
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S1 - EXAMPLE 5.8 Six people go to the cinema. They sit in a row with ten seats. Find how many 

ways can this be done if 

(i) they can sit anywhere 

(ii ) all the empty seats are next to each other. 

SOLUTION 

m The first person to sit down has a choice of ten seats. 

The second person to sit down has a choice of nine seats. 

The third person to sit down has a choice of eight seats. 

The sixth person to sit down has a choice of five seats. 

So the total number of arrangements is !OX 9 X 8 X 7X 6X 5 = 151200. 

This is a permutation of six objects from ten, so a quicker way to work this 

out is 

number of arrangements = 10P 6 = 151200 

(ii ) Since all four empty seats are to be together you can consider them to be a 

single 'empty seat', albeit a large one! 

So there are seven seats to seat six people. 

So the number of arrangements is 7P 6 = 5040 

Combinations 

It is often the case that you are not concerned with the order in which items are 

chosen, only with which ones are picked. 

To take part in the UK National Lottery you fill in a ticket by selecting six 

numbers out ofa possible49 (numbers 1, 2, .. ,49). When the draw is made a 

machine selects six numbers at random. If they are the same as the six on your 

ticket, you win the jackpot. 

0 You have the six winning numbers. Does it matter in which order the machine 

picked them? 

The probability of a single ticket winning the jackpot is often said to be 1 in 

14 million. How can you work out this figure? 

The key question is, how many ways are there of choosing six numbers out of 49? 

If the order mattered, the answer would be 49P 6 , or 49 x 48 x 47 x 46 x 45 x 44. 

However, the order does not matter. The selection 1, 3, 15, 19, 31 and48 is the 

same as 15 , 48, 31, l, 19, 3 and as 3, 19, 48, 1, 15,31 ,andlots more. For each set 

of six numbers there are 6! arrangements that all count as being the same. 



EXAMPLE 5.9 

So, the number of ways of selecting six balls, given that the order does not 

matter,is 

49 X 48 X 47 X 46 X 45 X 44 ~ 
6! . ~ 

This is called the number of combinations of 6 objects from 49 and is denoted 
by49C6. 

fl Show that 49C6 can be written as 
6
! !9~

3
! 

Returning to the UK National Lottery, it follows that the probability of your one 

ticket winning the jackpot is 4~
6
. 

0 Check that this is about I in 14 million. 

This example shows a general result, that the number of ways of selecting r 

objects from n, when the order does not matter, is given by 

"c,,, - "-' - =~ 
r r!(n-r)! r! 

0 How can you prove this general result? 

Another common notation for "C, is (;} Both notations are used in this book to 

help you become familiar with both of them. 

A The notation (;) looks exactly like a column vector and so there is the possibility 

of confusing the two. However, the context should usually make the meaning clear. 

A School Governors' committee of five people is to be chosen from eight 

applicants. How many different selections are possible? 

SOLUTION 

. (') 8! 8x7x6 Numberofselect10ns= 
5 

= S!xJ!= Jxlxl =56 
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S1 - EXAMPLE 5.10 In how many ways can a committee of fo ur people be selected from fo ur applicants? 

SOLUTION 

Common sense tells us that there is only one way to m ake the committee, that is 

by appointing all applicants. So 4C4 = I. However, ifwe work from the formula 

4C c:: ___iL_ c:: _!_ 
4 4!x0! O! 

For this to equal I requires the convention that O! is taken to be I. 

0 Use the convention O! = I to show that "c; = "C~ = I for all values of n. 

The binomial coefficients 

ACTIVITY 5.1 

In the last section you m et numbers of the form "C,or (;} These are called the 

binomial coefficients; the reason for this is explained in Appendix 3 (which you 

can find on the CD) and in the next chapter. 

Use the formula (") ~ - , n! , and the results(',') ~ (") = I to check that 
r r.(n - r). n 

the entries in this table, for n = 6 and 7, are correct. 

n = 6 15 20 15 

n = 7 21 35 35 21 

It is very common to present values of "C, in a table shaped like an isosceles 

triangle, knmvn as Pascal's triangle. 

~ I 
23 1! ~ 

6Yl. 
10 10 5 1 

~·· 

Pascal's triangle makes it easy to see two important properties of binomial 

coefficients. 



1 Symmetry: "C, = "Cn-r 

If you are choosing 11 players from a pool of 15 possible players you can either 

nam e the 11 you have selected or name the 4 you have rejected. Similarly, every 

choice of r objects included in a selection from n distinct objects corresponds to a 

choice of ( 11 - r) objects which are excluded. Therefore "C, = "C1t--,.. 

This provides a short cut in calculations when r is large. For example 

J(X)c = 100c = 100 X 99 X 98 X 97 392 1225. 
96 4 I X2X3X 4 

It also shows that the list of values of "C, fo r any particular value of II is 

unchanged by being reversed. For example, when n = 6 the list is the seven 

numbers I , 6, 15, 20, 15, 6, I . 

2 Addition: n+1c,. 1 = "C, + "C,+1 

Look at the entry 15 in the bottom row of Pascal's triangle, towards the right. 

The two entries above and either side of it are I O and 5, 

~ 15

5

~ 

LS) 

and 15 = 10 + 5. In thiscase 6C4 = 5C3 + 5C4• This is an example of the general 

result that n+lCr+t = "C, + "Cr+t· Check that all the entries in Pascal's triangle 

(except the l s) are fo und in this way. 

This can be used to build up a table of values of" C, wi thout much calculation. If 

you know all the values of "C,for any particular value of II you can add pairs of 
values to obtain all the values of "+1c,, i.e. the next row, except the fi rst and last , 

which always equal I . 

Using binomial coefficients to calculate probabilities 

EXAMPLES.11 A committee of 5 is to be chosen from a list of 14 people, 6 of whom are m en 

and 8 women. Their nam es are to be put in a hat and then 5 drawn out. 

What is the probability that this procedure produces a committee with no 

women? 

SOLUTION 

The probability of an all-male committee of 5 people is given by ~ .-----~ 
the number of ways of choosing 5 people out of 6 6C5 = ~ = 

0 003 
the number of ways of choosing 5 people out of 14 

14
C5 2002 · 

~ 
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S1 - ~ GoByBus.com ~ 

The exact route for our new bus 
service is to be announced in April. 
Rest assured our service will run 
from Amli to Chatra via Bawa! and 

will be extended to include Dhar 
once our new fleet of buses arrives 
in September. As local people know, 
there are several roads connecting 
these towns and we are keen to hear the views as to the most useful 
routes from our future passengers. Please post your views below! 

~ ~11~1~::s;~~~:i~I:a~\:1i~:~:~ ~\:;~i~::,; i!e 
M:howdhry in a hundred :( 

Is RChowdhry right? How many routes are there from Amli to Dhar? Start by 
looking at the first two legs, Amli to Bawa! and Bawa! to Chatra. 

There are three roads from Amli to Bawa! and two roads from Bawa! to Chatra. 

How many routes are there from Amli to Chatra passing through Bawa! on 

the way? 

Look at figure 5.2. 

Figure 5.2 

The answer is 3 x 2 = 6 because there are three ways of doing the first leg, 

followed by two for the second leg. The six routes are 

y - 11 

y - ' 



There are also four roads from Chatra to Dhar. So each of the six routes from 
Amli to Chatral has four possible ways of going on to Dhar. There are now 

6 x 4 = 24 routes. See figure 5.3. 

Figure 5.3 

They can be listed systematically as follows: 

x - u-p y -11-p z - 11 - p x-v - p y - v- p z - v - p 
x-11 - q 

In general, if there are a outcomes from experiment A, b outcomes from 
experiment Band c outcomes from experiment C then there are a x bx c different 

possible combined outcomes from the three experiments. 

0 1 If GoByBus chooses its route at random, what is the probability that it will be 

the one RChowdhrywants? Is the comment justified? 

2 In this example the probability was worked out by finding the number of 

possible routes. How else could it have been worked out? 

EXAMPLE 5.12 A cricket team consisting of6 batsmen, 4 bowlers and I wicket-keeper is to be 

selected from a group of 18 cricketers comprising 9 batsmen, 7 bowlers and 2 
wicket-keepers. How many different teams can be selected? 

SOLUTION 

The batsmen can be selected in 9C
6 

ways. 

The bowlers can be selected in 7C4 ways. 

The wicket-keepers can be selected in 2C1 ways. 

Therefore total number of teams = 9C
6 

x 7C
4 

x 2C
1 

9! 7! 2! 
= 3!x6!x 3!x4!xITxTI 

= 9X8X7X7X6X5X 2 
JX 2 X l 3X2X I 

= 5880 
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EXAMPLE 5. 13 

S1 - In a dance competition, the panel of ten judges sit on the same side of a long 

table. There are three female judges. 

m How many different arrangements are there for seating the ten judges? 

(ii ) How many different arrangements are there if the three female judges all 

decide to sit together? 

(iii ) If the seating is at random, find the probability that the three female judges 

will not all sit together. 

(iv) Four of the judges are selected at random to judge the final round of the 

competition. Find the probability that this final judging panel consists of two 

men and two women. 

SOLUTION 

m There are 10! = 3628800 ways of arranging the judges in a line. 

(ii ) If the three female judges sit together then you can treat them as a single 

judge. 

So there are eight judges and there are 8! = 40320 ways of arranging the 

judges in a line. 

However, there are 3! = 6 ways of arranging the female judges. 

So there are 3! X 8! = 241 920 ways of arranging the judges so that all the 

female judges are together. 

(iii ) There are 3 628 800 - 241 920 = 3 386 880 ways of arranging the judges so that 

the female judges do not all sit together. 

So the probability that the female judges do not all sit together is 

~ !~: :~~ = 0.933 (to 3s.f.). 

(ivl The probability of selecting two men and two women on the panel of four is 

3C2 x 7C2 3! 7! 10! 
~=l!x2!x 5! x 2!+ 6! x 4! 

= 3X21 +210 

= 0.3 



EXERCISE SB 1 (il Findthevaluesof (al 6P2 

!ii) Find the values of (al 6C
2 

!c) to p4· 

!c) toc4. 

!iii) Show that, for the values of n and rin parts m and (ii ), 

"C,=~. 

2 There are 15 runners in a camel race. \Nhat is the probability of correctly 

guessing the first three finishers in their finishing order? 

3 To win the jackpot in a lottery a contestant must correctly select six numbers 

from the numbers 1 to JO inclusive. What is the probability that a contestant 

wins the jackpot with one selection of six numbers? 

4 A group of 5 computer programmers is to be chosen to fonn the night shift 

from a set of 14 programmers. In how many ways can the programmers be 
chosen if the 5 chosen must include the shift-leader who is one of the 14? 

s My brother Mark decides to put together a rock band from amongst his year at 

school. He wants a lead singer, a guitarist, a keyboard player and a drummer. 

He invites applications and gets 7 singers, 5 guitarists, 4 keyboard players and 

2 drummers. Assuming each person applies only once, in how many ways can 
Mark put the group together? 

6 A touring party of cricket players is made up of 5 players from each of India, 

Pakistan and Sri Lanka and 3 from Bangladesh. 

rn How many different selections of 11 players can be made for a team? 

!ii) In one match, it is decided to have 3 players from each of India, Pakistan 

and Sri Lanka and 2 from Bangladesh. How many different team selections 

can now be made? 

7 A committee of four is to be selected from ten candidates, six men and four 

W In how many distinct ways can the committee be chosen? 

!ii) Assuming that each candidate is equally likely to be selected, detennine the 

probabilities that the chosen committee contains 

!a) nowomen 

(bi two men and two women. 

8 A committee of four is to be selected from five boys and four girls. The 

members are selected at random. 

rn How many different selections are possible? 

!ii) What is the probability that the committee will be made up of 

!a) allgirls? 

!bi more boys than girls? 
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S1 - 9 Baby lmran has a set of alphabet blocks. His mother often uses the blocks 

I, M, R, A and N to spell lmran's name. 

W One day she leaves him playing with these five blocks. When she comes 

back into the room lmran has placed them in the correct order to spell 
his name. What is the probability of lmran placing the blocks in this 

order? (He is only 18 months old so he certainly cannot spell!) 

!ii) A couple of days later she leaves lmran playing with all 26 of the alphabet 

blocks. When she comes back into the room she again sees that he has 

placed the five blocks I, M, R, A and Nin the correct order to spell his 

name. What is the probability of him choosing the five correct blocks 

and placing them in this order? 

1 o !ii A football team consists of 3 players who play in a defence position, 

3 players who play in a midfield position and 5 players who play in a 

forward position. Three players are chosen to collect a gold medal for the 

team. Find in how many ways this can be done 

(al if the captain, who is a midfield player, must be included, together 

with one defence and one forward player. 

!bl if exactly one forward player must be included, together with any two 

others. 

I ii) Find how many different arrangements there are of the nine letters in the 

words GOLD MEDAL 

(a) if there are no restrictions on the order of the letters, 

!bl if the two letters D come first and the two letters L come last. 

[Cambridge International AS and A Lttd Mathematks 9709, Paper6Q7 June 2005) 

1 1 The diagram shows the seating plan for passengers in a minibus, which has 

17 seats arranged in 4 rows. The back row has 5 seats and the other 3 rows 

have 2 seats on each side. 11 passengers get on the minibus. 

rn How many possible seating arrangements are there for the 11 passengers? 

!ii) How many possible seating arrangements are there ifS particular people 

sit in the back row? 

Of the 11 passengers, 5 are unmarried and the other 6 consist of 3 married 

couples. 

!iii) In how many ways can 5 of the 11 passengers on the bus be chosen if 

there must be 2 married couples and 1 other person, who may or may 

not be married? 

!Cambridge Internationa.lASandA Lttcl Mathematics 9709. Paper6Q4 June2006 ) 



12 Issam has 11 different CDs, of which 6 are pop music, 3 are jazz and 2 are 

classical. S1 
(ii Howmanydifferentarrangementsofall ll CDsonashelfarethereifthe -

jazz CDs are all next to each other? 

( ii ) lssam makes a selection of2 pop music CDs, 2 jazz CDs and I classical 

CD. How many different possible selections can be made? 

[Cambridge International AS and A ~!Mathematics 9709, Papcr6Q3 June 2008) 

13 A choir consists of 13 sopranos, 12 altos, 6 tenors and 7 basses. A group 

consisting of I O sopranos, 9 altos, 4 tenors and 4 basses is to be chosen from 

the choir. 

rn In how many different ways can the group be chosen? 

(ii) In how many ways can the 10 chosen sopranos be arranged in a line if the 

6 tallest stand next to each other? 

(iii) The 4 tenors and the 4 basses in the group stand in a single line with all 

the tenors next to each other and all the basses next to each other. How 

many possible arrangements are there if three of the tenors refuse to 

stand next to any of the basses? 

[Cambridge International AS and A Lewi Mathematics 9709, Papcr6Q4Junc 2009) 

14 A staff car park at a school has 13 parking spaces in a row. There are 9 cars to 

be parked. 

rn How many different arrangements are there for parking the 9 cars and 

leaving 4 empty spaces? 

!ii) How many different arrangements are there if the 4 empty spaces are 

next to each other? 

!iii) If the parking is random, find the probability that there will not be 4 

empty spaces neJ..1: to each other. 

(CambridgclntcrnationalASandAI.cwlMathcmatk•'TlfY),Papcr6Q3Nonmbcr2005) 

15 A builder is planning to build 12 houses along one side of a road. He will 

build 2 houses in style A, 2 houses in style B, 3 houses in style C, 4 houses in 
style D and 1 house in style E. 

!ii Find the number of possible arrangements of these 12 houses. 

!ii) 

•••••• •••••• First group Second group 

The 12 houses will be in two groups of6 (see diagram). Find the number 

of possible arrangements if all the houses in styles A and Dare in the first 

group and all the houses in styles B, Cand Eare in the second group. 

!iii) Four of the 12 houses will be selected for a survey. Exactly one house 

must be in style Band exactly one house in style C. Find the number of 

ways in which these four houses can be selected. 

(CambridgclntcrnationalASandAI.cwlMathcmatics'TlfY),Papcr6Q4Nonmbcr2008) 
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1 6 !i) Find how many numbers between 5000 and 6000 can be formed from 
the digits I , 2, 3, 4, 5 and 6 

(a) if no digits are repeated, 

!bl if repeated digits are allowed. 

!ii) Find the number of ways of choosing a school team of 5 pupils from 

6 boys and 8 girls 

(a) if there are more girls than boys in the team, 

(b) if three of the boys are cousins and are either all in the team or all not 

in the team. 

[Cambridge International AS and A Len! Mathcmatic• 9709, Paper 61 QS November 2009) 

1 The number of ways of arranging n unlike objects in a line is 11! 

2 n! = nX(n- l )X(n-2)X (n-3)x ... X3X2X I. 

3 The number of distinct arrangements of n objects in a line, of which pare 

identical to each other, q others are identical to each other, rof a third type 

are identical, and so on is 

11! 
p!q!r!...' 

4 The number of permutations of r objects from II is 

" P=-11! _ _ 
' (11-r)! 

5 The number of combinations of r objects from II is 

"C- - "-' -,-(11-r)!rr 

6 For permutations the order matters. For combinations it does not. 

7 By convention O! = I. 



6 The binomial distribution 

To be or not to be, that is the question. 

Innovate.corn 

Mother of three, Samantha Weeks, has 
donemorelhanherbittoprotectthe 
environment. Shehasinventedthefirst 
fullspectrumLEDbulbtooperateon 
storedsolarenergy 

Shakespeare (Hamlet) 

Now Samantha is out to prove that she 
isnoton!yadeverscientistbutasmart 
business women as well. For Samantha 
issettingupher ownfactorytomake 
and sell her bulbs 

Samanthaadmitstherearestillsome 
technical problems 

Samar1thaWeekshopeslomakeabig 
successofher /ighlindustry 

Samantha's production process is indeed not very good and there is a probability 

of0.1 that any bulb will be substandard and so not last as long as it should. 

She decides to sell her bulbs in packs of three. She believes that if one bulb in a 

pack is substandard the customers will not complain but that if two or more are 

substandard they will do so. She also believes that complaints should be kept 

down to no more than 2.5% of customers. Does she meet her target? 

Imagine a pack of Samantha's bulbs. There are eight different ways that good (G) 

and substandard (S) bulbs can be arranged in Samantha's packs, each with its 
associated probability. 

Arrangement Probability Good Substandard 

G G G 0.9X0.9X0.9 = 0.729 

G GS 0.9X0.9XO.l = 0.081 

GS G 0.9XO.IX0.9 = 0.081 

S G G O.IX0.9X0.9 = 0.081 

GS S 0.9XO.IX0.1 = 0.009 

SGS O.I X0.9X0.1=0.009 

SSG O.I XO.IX0.9 = 0.009 

SSS 0.1 XO.I XO.I =0.001 
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EXAMPLE 6.1 

Putting these results together gives this table. 

Good Substandard Probability 

0.729 

0.243 

0.027 

0.001 

So the probability of more than one substandard bulb in a pack is 

0.027 + 0.00 I = 0.028 or 2.8%. 

This is slightly more than the 2.5% that Samantha regards as acceptable. 

0 What business advice would you give Samantha? 

In this example we wrote down all the possible outcomes and found their 

probabilities one at a time. Even with just three bulbs this was repetitive. If 

Samantha had packed her bulbs in boxes of six it would have taken 64 lines to list 

them all. Clearly you need a more efficient approach. 

You will have noticed that in the case of two good bulbs and one substandard, 

the probability is the same for each of the three arrangements in the box. 

Arrangement Probability Good Substandard 

G GS 0.9X0.9X0.! = 0.081 

GS G 0.9XO.l X0.9 = 0.081 

S G G 0.1 X0.9X0.9 = 0.081 

So the probability of this outcome is 3 X 0.081 = 0.243. The number 3 arises 

because there are three ways of arranging two good and one substandard bulb in 

the box. This is a result you have already met in the previous chapter but written 

slightly differently. 

How many different ways are there of arranging the letters GGS? 

SOLUTION 

Since all the letters are either G or S, all you need to do is to count the number of 

ways of choosing the letter G two times out of three letters. This is 



So what does this tell you? There was no need to list all the possibilities for 
Samantha's boxes ofbulbs. The information could have been written down 

like this. 

Good Substandard Expression Probability 

ici(0.9)1 0.729 

1ci<o.9)2(0.1 ) 1 0.243 

ic
1
(0.9Jl(o.1 )2 0.027 

ico<O.J)l 0.001 

The binomial distribution 

Samantha's light bulbs are an example of a common type of situation which is 
modelled by the binomial distribution. In describing such situations in this book, 

we emphasise the fact by using the word trial rather than the more general term 

experiment. 

• You are conducting trials on random samples of a certain size, denoted by 11. 

• There are just two possible outcomes (in this case substandard and good). 

These are often referred to as success and failure. 

• Both outcomes have fixed probabilities, the two adding to I. The probability 

of success is usually called p, that of failure q, sop+ q = I. 

• The probability of success in any trial is independent of the outcomes of 

previous trials. 

You can then list the probabilities of the different possible outcomes as in the 

table above. 

The method of the previous section can be applied more generally. You can call the 

probability of a substandard bulb p (instead of0.1 ), the probability of a good bulb 

q (instead of0.9) and the number of substandard bulbs in a packet of three, X. 

Then the possible values of X and their probabilities are as shown in the table 

below. 

q' p' 

This package of values of X with their associated probabilities is called a binomial 
probability distribution, a special case of a discrete random variable. 

If Samantha decided to put five bulbs in a packet the probability distribution 

would be as shown in the following table. 
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The entry for X = 2, for example, arises because there are two 'successes' 

(substandard bulbs), giving probability p 2, and three 'failures' (good bulbs), 

giving probability ql, and these can happen in 5C2 = 10 ways. This can be written 

as P(X = 2) = IOp 2q3• 

If you are already familiar with the binomial theorem, you will notice that the 

probabilities in the table are the terms of the binomial expansion of (q + p)S. This 

is why this is called a binomial distribution. Notice also that the sum of these 

probabilities is (q + p)5 = I 5 = I , since q + p = I , which is to be expected since the 

distribution covers all possible outcomes. 

Note 

The binomial theorem on the expansion of powers such as (q+ p)n is covered in 

Pure Mathematics 1. The essential points are given in Appendix 3 on the CD. 

The general case 

The general binomial distribution deals with the possible numbers of successes 

when there are n trials, each of which may be a success (with probability p) or a 

failure (with probability q); p and q are fixed positive numbers and p + q = I. This 

distribution is denoted by B( n, p). So, the original probability distribution for the 

number of substandard bulbs in Samantha's boxes of three is 8 (3, 0.1). 

For B(n, p), the probability of r successes inn trials is found by the same argwnent 

as before. Each succes.s has probability p and each failure has probability q, so the 

probability of r succes.ses and ( n - r) failures in a particular order is p' q,,_'. The 

positions in the sequence of n trials which the successes occupy can be chosen in 

"C,ways. Therefore 

P(X = r) = "C,p'q/H foro,.-;;,,.-;;n. 

This can also be written as 

p,=(;)r'( l-p)"' 
The successive probabilities for X = 0, I, 2, .. , n are the terms of the binomial 

expansion of (q+ p) ~. 



EXERCISE 6A 

Notes 

1 The number of successes, X, is a va riable which takes a restricted set of values 

(X= 0, 1, 2, ... , n) each of which has a known probability of occurring . This is an 

example of a random variable. Random variables are usually denoted by upper 

caseletters,suchasX,buttheparticularvaluestheymaytakearewritteninlower 

case, such as r. To state that Xhasthe binomial distribution B(n,p) you can use 

the abbreviation X- B(n, p), where the symbol - means 'has the distribution'. 

2 It is often the case that you use a theoretical distribution, such as the binomial, 

to describe a random variable that occurs in real life. This process is called 

modelling and it enables you to carry out relevant calculations. If the theoretical 

distribution matches the real life variable perfectly, then the model is perfect. 

Usually, however, the match is quite good but not perfect. In this case the results 

of any calculations will not necessarily give a completely accurate description of 

the real life situation .They may, nonetheless, be very useful. 

1 The recovery ward in a maternity hospital has six beds. What is the 

probability that the mothers there have between them four girls and two 

boys? (You may assume that there are no twins and that a baby is equally 

likely to be a girl or a boy.) 

2 A typist has a probabilityof0.99 of typing a letter correctly. He makes his 

mistakes at random. He types a sentence containing 200 letters. What is the 

probability that he makes exactly one mistake? 

3 In a well-known game you have to decide which your opponent is going to 
choose: ' Paper', 'Stone' or 'Scissors '. If you guess entirely at random, what is 

the probability that you are right exactly 5 times out of 15? 

4 There is a fault in a machine making microchips, with the result that only 80% 

of those it produces work. A random sample of eight microchips made by this 

machine is taken. What is the probability that exactly six of them work? 

5 An airport is situated in a place where poor visibility (less than 800 m) can 

be expected 25% of the time. A pilot flies into the airport on ten different 

occasions. 

W What is the probability that he encounters poor visibility exactly four 

times? 

!ii) What other factors could influence the probability? 

6 Three coins are tossed. 

rn What is the probability of all three showing heads? 

!ii) What is the probability of two heads and one tail? 

!iii) What is the probability of one head and two tails? 

!iv) What is the probability of all three showing tails? 

!v) Show that the probabilities for the four possible outcomes add up to I. 
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S1 - 7 A coin is tossed ten times. 

!i) What is the probability of it coming down heads five times and tails five 

times? 

( ii ) Which is more likely: exactly seven heads or more than seven heads? 

8 In an election 30% of people support the Progressive Party. A random 

sample of eight voters is taken. 

W What is the probability that it contains 

(a) 0 (b ) I (c) 2 

(dl at least 3 supporters of the Progressive Party? 

( ii ) Which is the most likely number of Progressive Party supporters to find 

in a sample of size eight? 

9 There are 15 children in a class. 

W What is the probability that 

(a) 0 !b) I (c) 2 

Id) at least 3 were born in January? 

( ii ) What assumption have you made in answering this question? How valid 

is this assumption in your view? 

1 o Criticise this argument. 

If you toS5 two coins they can come down three ways: two heads, one head and 

one tail, or two tails. There are three outcomes and so each of them must have 

probability one third. 

The expectation and variance of B(n, p) 

EXAMPLE6.2 The number of substandard bulbs in a packet of three of Samantha's bulbs is 

modelled by the random variable XwhereX- 8(3, 0.1). 

(i) Find the expected frequencies of obtaining 0, 1, 2 and 3 substandard bulbs in 

2000packets. 

(ii) Find the mean number of substandard bulbs per packet. 

SOLUTION 

m P(X = 0) = 0.729 (as on page 143), so the expected frequency of packets with 

no substandard bulbs is 2000 X 0. 729 = 1458. 

Similarly, the other expected frequencies are 

for 1 substandard bulb: 2000 X 0.243 = 486 

for 2 substandard bulbs: 2000 X 0.027 = 54 

for 3 substandard bulbs: 2000 X 0.001 = 2. 

Check: 
1458 + 486+54+2 

(ii) The expected total of substandard bulbs in 2000 packets is 

OX 1458+1 X 486+2 X54+3X2=600. 

Therefore the mean number of substandard bulbs per packet is~ = 0.3. 



I ACTIVITY 6 .1 

Notice in this example that to calculate the mean we have multiplied each 
probability by 2000 to get the frequency, multiplied each frequency by the 

number of faulty bulbs, added these numbers together and finally divided by 

2000. Of course we could have obtained the mean with less calculation by just 

multiplying eac~ number of faulty bulbs by its probability and then summing, 

i.e. by finding L,rP(X = r). This is the standard method for finding an 

"" expectation, as you saw in Chapter 4. 

Notice also that the mean or expectation of X is 0.3 = 3 X 0.1 = np. The result for 

the general binomial distribution is the same: 

• if X- B(n,p) then the expectation or mean of X =µ = np. 

This seems obvious: if the probability of success in each single trial is p, then the 

expected numbers of successes in II independent trials is np. However, since what 

seems obvious is not always true, a proper proof is required. 

Let us take the case when 11 = 5. The distribution table for B(S, p) is as on 

page 144, and the expectation of X is 

0 X q5 + 1 X 5pq4 + 2 X IOp 2 q3 + 3 X 1 Op 3q2 + 4 X 5p4 q + 5 X p5 

= 5pq4 + 20p2q3 + 30p3 q2 + 20p4 q + sps 

= 5p(q4 + 4pqJ + 6p2q2 + 4p lq + p4) 

= Sp(q + p)4 

= 5p ~ 
The proof in the general case follows the same pattern: the common factor is 

now np, and the expectation simplifies to np(q+ p)Pl-1 = 11p. The details are more 

fiddly because of the manipulations of the binomial coefficients. 

Similarly, you can show that in this case the variance of X is given by Spq. This is 

an example of the general results that for a binomial distribution 

• mean=/l=np 

• variance,Var(X) = a 2 = 11pq = 11p(l - p) 

• standarddeviation = a = ~ = ~np(l-p). 

If you want a challenge write out the details of the proof that if X - B( 11, p) then 
the expectation of X is np. 

Using the binomial distribution 

EXAMPLE 6.3 Which is more likely: that you get at least one 6 when you throw a die six times, 
or that you get at least two 6s when you throw it twelve times? 

S1 -



S1 -
EXAMPLE6.4 

SOLUTION 

On _a !ingle throw of a die the probability of getting a 6 is i and that of not getting 

a61s6. 

So the probability distributions for the two situations required are 8 (6, i) and 

8 (12, f) giving probabilities of: 

I - 6CurnJ6 = I - 0.335 = 0.665 (at least one 6 in six throws) 

and I - [nCum 12 
+ 12C1(~f(ij] = I - (0. 112 + 0.269) 

= 0.619 (at least two 6sin 12 throws) 

So at least one 6 in six throws is somewhat more likely. 

Extensive research has shown that I person out of every 4 is allergic to a particular 

grass seed. A group of 20 university students volunteer to try out a new treatment. 

m \Nhat is the expectation of the number of allergic people in the group? 
(iil What is the probability that 

(al exactly two 

(b) no more than two of the group are allergic? 
(iii) How large a sample would be needed for the probability of it containing at 

least one allergic person to be greater than 99.9%? 

(iv) \Vhat assumptions have you made in your answer? 

SOLUTION 

This situation is modelled by the binomial distribution with n = 20, p = 0.25 and 

q = 0. 75. The number of allergic people is denoted by X. 

m Expectation= np = 20 X 0.25 = 5 people. 

(ii) x- 8 (20,0.25) 

!a) P(X = 2) = 20CiC0.75) 1s(0.25)2 = 0.067 

!b) P(X <Si2) =P(X = O)+P(X =l )+ P(X = 2) 

= (0.75)20 + 20C1(0.75) 19(0.25) + 20Ci(0.75) 18(0.25)2 

= 0.003 + 0.021 + 0.067 

= 0.091 

(iii) Let the sample size be n (people), so that X - B(n, 0.25). 

The probability that none of them is allergic is 

and so the probability that at least one is allergic is 

P(X;;a, 1) =1-P(X = O) 

= 1- (0.75)" 



EXPERIMENT 

So we need 1 - (0.75)" > 0.999 

(0.75)" <0.001 

Solving (0.75t = 0.001 

gives nlog0.75 =log0.001 

n =log0.001 + log0.75 

= 24.01 

So 25 people are required. 

Notes 

logarithms in Pure 
Matltemarics]. 

1 Although 24.01 is very close to 24 it would be incorrect to round down. 

1 -!0.75)24 - 0.9989966 w hichis justlessthan99.9%. 

2 You can also use trial and improvement on a calculator to solve for n. 

(iv) The assumptions made are: 

!al That the sample is random. This is almost certainly untrue. University 

students are nearly all in the 18-25 age range and so a sample of them 

cannot be a random sample of the whole population. They may well also 

be unrepresentative of the whole population in other ways. Volunteers 

are seldom truly random. 

!bi That the outcome for one person is independent of that for another. This 

is probably true unless they are a group of friends from, say, an athletics 

team, where those with allergies are less likely to be members. 

Does the binomial distribution really work? 

In the first case in Example 6.3, you threw a die six times ( or six dice once each, 

which amounts to the same thing). 

X - 8(6, f) and this gives the probabilities in the following table. 

Numberof6s Probability 

0.335 

0.402 

0.201 

0.054 

0.008 

0.001 

0.()()() 
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EXERCISE 68 

So if you carry out the experiment of throwing six dice I OOO times and record 

the number of 6s each time, you should get no 6s about 335 times, one 6 about 

402 times and so on. What does 'about' mean? How dose an agreement can you 

expect between experimental and theoretical results? 

You could carry out the experiment with dice, but it would be very tedious 

even if several people shared the work. Alternatively you could simulate the 

experiment on a spreadsheet using a random number generator. 

1 In a game five dice are rolled together. 

rn What is the probability that 

(a l all five show I 

(bi exactly three show I 

(cl none of them shows I? 

(ii ) What is the most likely number of times for 6 to show? 

2 A certain type of sweet comes in eight colours: red, orange, yellow, green, 

blue, purple, pink and brown and these normally occur in equal proportions. 

Veronica's mother gives each of her children 16 of the sweets. Veronica says 

that the blue ones are much nicer than the rest and is very upset when she 

receives less than her fair share of them. 

rn How many blue sweets did Veronica expect to get? 

(ii ) What was the probability that she would receive fewer blue ones than she 

expected? 

(ii i) What was the probability that she would receive more blue ones than she 

expected? 

3 In a particular area 30% of men and 20% of women are overweight and there 

are four men and three women working in an office there. Find the probability 

that there are 

( i ) 0 

(ii ) I 

(ii i) 2 overweight men; 

(iv) 0 

(v) I 

!vi) 2 overweight women; 

(vii) 2 overweight people in the office. 

vVhat assumption have you made in answering this question? 



4 On her drive to work Stella has to go through four sets of traffic lights. 
She estimates that for each set the probability of her finding them red is j and 
green i. (She ignores the possibility of them being amber.) Stella also estimates 

that when a set of lights is red she is delayed by one mirrnte. 

m Find the probability of 

(a) 0 

!bl I 

(c) 2 

(d ) 3 sets oflights being against her. 

(i i) Find the expected extra journey time due to waiting at lights. 

s Pepper moths are found in two varieties, light and dark. The proportion of 
dark moths increases with certain types of atmospheric pollution. At the time 

of the question 30% of the moths in a particular town are dark. A research 
student sets a moth trap and catches nine moths, four light and five dark. 

(i ) What is the probability of that result for a sample of nine moths? 

(i i) What is the expected number of dark moths in a sample of nine? 

The next night the student's trap catches ten pepper moths. 

(iii) What is the probability that the number of dark moths in this sample is 

the same as the expected number? 

6 Bella Cicciona, a fortune teller, claims to be able to predict the sex of unborn 

children. In fact , on each occasion she is consulted, the probability that she 

makes a correct prediction is 0.6, independent of any other prediction. 

One afternoon, Bella is consulted by ten expectant mothers. Find, correct to 2 
significant figures, the probabilities that 

(i ) her first eight predictions are correct and her last two are wrong 

(i i) she makes exactly eight correct predictions 

(iii) she makes at least eight correct predictions 

(iv) she makes exactly eight correct predictions given that she makes at least 

eight. 

(MEI] 

7 A general knowledge quiz has ten questions. Each question has three possible 

'answers' of which one only is correct. A woman attempts the quiz by pure 

guesswork. 

m Find the probabilities that she obtains 

(a) exactly two correct answers 

(b) not more than two correct answers. 

(i i) What is the most likely number of correct answers and the probability that 

she just achieves this number? 

(MEI] 
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S1 - 8 Five unbiased dice are thrown. Calculate the probabilities that 

rn there will be exactly four 6s 

( ii ) there will be some one number appearing exactly four times 

!iii) there will be some one number appearing exactly three times and a 

second number appearing twice. 

(MEI ) 

9 Six fair coins are tossed and those landing heads uppermost are eliminated. 

The remainder are tossed again and the process of elimination is repeated. 

Tossing and elimination continue in this way until no coins are left. 

Find the probabilities of the following events. 

W All six coins are eliminated in the first round. 

!ii) Exactly two coins are eliminated in the first round. 

(iii) Exactly two coins are eliminated in the first round and exactly two coins 

are eliminated in the second round. 

!iv) Exactly two coins are eliminated in each of the first three rounds. 

M Exactly two coins are eliminated in the first round and exactly two coins 

are eliminated in the third round. 

(MEI ) 

1 0 A supermarket gets eggs from a supplier in boxes of 12. The supennarket 

manager is concerned at the number of eggs which are broken on arrival. 

She has a random sample of I 00 boxes checked and the numbers of broken 

eggs per box are as follows. 

I N•mb«of~sbrnk,o I O I I I 2 I 3 I 4 I 5+ I 
. Numberofboxes . 35 39 19 

rn Calculate the mean and standard deviation of the number of broken eggs 
ina box. 

!ii) Show that a reasonable estimate for p, the probability of an egg being 

broken on arrival, is 0.0825. Use this figure to calculate the probability 

that a randomly chosen box will contain no broken eggs. How does this 

probability relate to the observed number of boxes which contain no 
broken eggs? 

!iii) The manager tells the suppliers that they must reduce p to the value 

which will ensure that, in the long run, 75% of boxes have no broken 

eggs. To what value must the suppliers reduce J1. 
(MEI ) 
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11 A box contains 300 discs of different colours. There are 100 pink discs, 100 
blue discs and 100 orange discs. The discs of each colour are numbered from 
0 to 99. Five discs are selected at random, one at a time, with replacement. 

Find 

m the probability that no orange discs are selected, 

(ii ) the probability that exactly 2 discs with numbers ending in a 6 are selected, 

(iii) the probability that exactly 2 orange discs with numbers ending in a 6 are 
selected, 

(iv ) the mean and variance of the number of pink discs selected. 
!Cambridge International AS and A Lewi Mathematics 9709, Paper 6 QS November 20051 

12 The mean number of defective batteries in packs of20 is 1.6. Use a binomial 

distribution to calculate the probability that a randomly chosen pack of 20 

will have more than 2 defective batteries. 

(CambridgelntemationalASandALcn!Mathematics9709,Paper61Ql Novcmber200')] 

1 The binomial distribution may be used to model situations in which: 

• you are conducting trials on random samples of a certain size, n 

• in each trial there are two possible outcomes, often referred to as success 

and failure 

• both outcomes have fixed probabilities, p and q, and p+ q= 1 

• the probability of success in any trial is independent of the outcomes of 

previous trials. 

2 The probability that the number of successes, X, has the valuer, is given by 

P(X: ,) : (;)p'q"': (;)r•(1- p)"' 
An alternative notation for (;) is "C,. 

3 ForB(n,p) 

• the expectation or mean of the number of successes, E(X) = µ = np. 

• the variance, Var(X) = a 2 = npq= np(l - p). 

• the standard deviation,a= .r,;J;, = ~np(l - p). 

To be and not be to, that is the answer. 

Pier Hein 
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The normal distribution 

interpretation of the basic data obtained by observation and experiment. 

W J. Youden 

UK Beanpole----------------

t Just had my height measured at the doctor's I'm 194.3 cm. 
Can't be many around as tall as me! 

UK Beanpole is dearly exceptionally tall, but how much so? Is he one in a 

hundred, or a thousand or even a million? To answer that question you need to 

know the distribution of heights of adult British men. 

The first point that needs to be made is that height is a continuous variable and 

not a discrete one. If you measure accurately enough it can take any value. 

This means that it does not really make sense to ask 'What is the probability that 

somebody chosen at random has height exactly 194.3 cm?'. The answer is zero. 

However, you can ask questions like 'What is the probability that somebody 
chosen at random has height between 194.25 cm and 194.35 cm?' and 'vVhat is 

the probability that somebody chosen at random has height at least 194.3 cm?'. 

\Vhen the variable is continuous, you are concerned with a range of values 

rather than a single value. 



Like many other naturally occurring variables, the heights of adult men may be 
modelled by a normal distribution , shown in figure 7.1. You will see that this has 
a distinctive bell-shaped curve and is symmetrical about its middle. The cuive is 
continuous as height is a continuous variable. 

On figure 7. 1, area represents probability so the shaded area to the right of 
194.3cm represents the probability that a randomly selected adult male is over 
194.3cmtall. 

~ . 
Might(cm) 

Figure 7.1 

Before you can start to find this area, you must know the mean and standard 
deviation of the distribution , in this case about 174 cm and 7 cm respectively. 

So UK Beanpole's height is 194.3 cm - 174 cm= 20.3 cm above the mean, and 

that is 

~ = 2.9 standard deviations. 

The number of standard deviations beyond the mean, in this case 2.9, is denoted by 
the letter z. Thus the shaded area gives the probability of obtaining a value of z;;. 2.9. 

You find this area by looking up thevalueoft.l) (z) when z = 2.9 in a normal 
distribution table oft.l)(z) as shown in figure 7.2, and then calculating 1 - t.l) (z). 
(t.l)is the Greekletter phi. ) 

Figure 7.2 Extract fr om tables of t.l)(zl 

6 12 16 2024 23 32 36 

4 6 12 16202-1 211]2 36 

4 6 12 15 1923 2731 3S 

4 7 JI 15 1922 2630 34 

4 7 JI U 18 22 25 29 32 

3 7 JOU 17 20 24 27 31 

lO l3 16 192) 2629 

9 12 15 1821 24 27 

8 JI U 16 19 22 25 
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This gives 11)(2.9) = 0.998 1, and so I - '1:1 (2.9) = 0.00 19. 

The probability of a randomly selected adult male being 194.3 cm or over is 

0.0019. One man in slightly more than 500 is at least as tall as UK Beanpole. 

Using normal distribution tables 

The function (f.l (z) gives the area under the normal distribution curve to the 

left of the value z, that is the shaded area in figure 7.3 (it is the cumulative 

distribution function).The total area under the curve is I, and the area given by 
(l)(z) represents the probability of a value smaller than z. 

~--·-··· Z\'alues; nisma1andard 
dev1at1onsfromthe rnean 

I' - Jo µ - 'lv I' - a 
- 3 - 2 - 1 

µ+a µ+2o µ+Jo 

' ' ' Thc slwkdar,,ais<l>(l) 

Figure 7.3 

If the variable X has mean µ and standard deviation a then x, a particular value of 

X, is transformed into z by the equation 

z= ~ . 
u 

z is a particular value of the variable Z which has mean O and standard deviation 

I and is the standardised form of the nonnal distribution. 

Actualdistribution,X 

Mron 

Standard deviation 

Particular value 

Standan:foed 

distribution,Z 

z = ~ 
u 

Notice how lower case letters, x and z, are used to indicate particular values of 

the random variables, whereas upper case letters, X and Z, are used to describe or 

name those variables. 

Normal distribution tables are easy to use but you should always make a point of 

drawing a diagram and shading the region you are interested in. 



EXAMPLE 7.1 

It is often helpful to know that in a normal distribution, roughly 

• 68% of the values lie within± 1 standard deviation of the mean 

• 95% of the values lie within ±2 standard deviations of the mean 

• 99.75% of the values lie within ±3 standard deviations of the mean. 

Assuming the distribution of the heights of adult men is normal, with mean 

174 cm and standard deviation 7 cm, find the probability that a randomly 

selected adult man is 

(i) under 185cm 

(iil over 185cm 

!iii ) over 180cm 

(iv) between 180cmand 185cm 

(v ) under 170 cm 

giving your answers to 2 significant figures. 

SOLUTION 

The mean height,/,= 174cm. 

The standard deviation, a = 7 cm. 

(i) The probability that an adult man selected at random is under 185 cm. 

The area required is that shaded in figure 7.5. 

I' = !74 

Figure 7.5 

x =1 85cm 

and so z = 185 ; 174 =1.571 
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Look up the value of<l>(z) in a normal distribution table. 

Figure 7.4 Extract from tables of <l>(zl 

0.9279 0.9292 0.9)06 

o.9406 c§D o.9429 
0.95]5 0.9525 0.95)5 

(l)( J.571 ) = 0.94 18 + 0.0001 

= 0.9419 

= 0.94 (2s.£) 

Answer: The probability that an adult man selected at random is under 

ISScmis0.94. 

(ii ) The probability that an adult man selected at random is over 185 cm. 

The area required is the complement of that for part W (see figure 7.6). 

Probability= 1-<l>( l.571 ) 
= 1-0.9419 

= 0.0581 

=0.058 (2s.£) 

Figure 7.6 

Answer: The probability that an adult man selected at random is over 185 cm 

is0.058. 



!iii) The probability that an adult man selected at random is over 180cm. 

x =1 80cm and so z = 180 ; 174 =0.857 

The area required= 1 - <l>(0.857) 
= 1-0.8042 

=0.1958 

= 0.20 (2s.f. ) 

~ . 
µ = 174 X = 180 

z = O 

Figure 7.7 

Answer: The probability that an adult man selected at random is over 180 cm 

is0.20. 

(iv) The probability that an adult man selected at random is between 180 cm 

and 185cm. 

The required area is shown in figure 7.8. It is 

(l>( J.571 ) - <D(0.857) = 0.9419 - 0.8042 

= 0.1377 

=0.14 (2 s.f.) 

=1UL. 
µ = 174 X = 180, \85 

z = O z = 0.857, l.571 

Figure 7.8 

Answer: The probability that an adult man selected at random is over 180 cm 

but under 185cm is0.14. 
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Figure 7.10 

(v) The probability that an adult man selected at random is under 170 cm. 

lnthiscase x = 170 

and so z = 170 ; 174 =-0.571 

~ . 
r = 170 µ = 174 

z =-0.571 z = O 

Figure 7.9 

However, when you come to look up <I>(-0.571 ), you will find that only 

positive values of z are given in your tables. You overcome this problem by 
using the symmetry of the normal curve. The area you want in this case is 

that to the left of -0.571 and this is dearly just the same as that to the right of 

+0.571 (see figure 7.10). 

So <I>(-0.571 ) = 1-<I>(0.57 1) 

= 1-0.716 

= 0.284 

= 0.28(2 s.f.) 

Answer: The probability that an adult man selected at random is under 

170cmis0.28. 



e The normal curve ! 
All normal curves have the same basic shape, so that by scaling the two axes I,:,. 
suitably you can always fit one nonnal curve exactly on top of another one. 

The curve for the nonnal distribution with meanµ and standard deviation a I 
(i.e. variance al) is given by the function</) (x) in t 

<>(x)= "},;;e-l(';')' I 
The notation N(/l, al) is used to describe this distribution. The mean,/,, and j 
standard deviation, a (or variance, a 2), are the two parameters used to define thei 

distribution. Once you know their values, you know everything there is to know j 
about the distribution. The standardised variable Z has mean O and variance l, ;:_:. 
so its distribution is N(O, 1). 

After the variable X ~as been transformed to Z using z= 7 the fonn of the ! 
curve (now standardised) becomes I 

qJ(z)"" ,k;./,2' i 

i 
However, the exact shape of the normal curve is often less useful than the area j 
underneath it, which represents a probability. For example, the probability that ~ 

Z e.;; 2 is given by the shaded area in figure 7 .11. ! 
Easy though it looks, the function </>(z) cannot be integrated algebraically to ! 
find the area under the curve; this can only be found by using a numerical ! 
method. The values found by doing so are given as a table, and this area ::;:. 
functioniscalledc.l>(z). 

Figure 7. 11 

! 
~ 

I 
t 
~ 
l 
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Skilled operators make a particular component for an engine. The company 

believes that the time taken to make this component may be modelled by the 

normal distribution with mean 95 minutes and standard deviation 4 minutes. 

Assuming the company's belief to be true, find the probability that the time taken 

to make one of these components, selected at random, was 

m over 97 minutes 

!ii ) under 90 minutes 

(iiil between 90 and 97 minutes. 

Sheila believes that the company is allowing too long for the job and invites them 

to time her. They find that only I 0% of the components take her over 90 minutes 

to make, and that 20% take her less than 70 minutes. 

(iv) Estimate the mean and standard deviation of the time Sheila takes. 

SOLUTION 

According to the company/1 = 95 and a = 4 so the distribution is N (95, 42). 

m The probability that a component required over 97 minutes. 

z"" 97~95"" 0.5 

The probability is represented by the shaded area in figure 7.12 and is given by 

1- ©(0.5) = 1 - 0.6915 

=0.3085 

=0.309 (3s.£) 

~ 
95 97 

Figure 7.12 

Answer: The probability it took the operator over 97 minutes to manufacture 

a randomly selected component is 0.309. 



!ii) The probability that a component required under 90 minutes. 

z:,,:: 90~95:-1.25 

The probability is represented by the shaded area in figure 7 .13 and given by 

1- ©(1.25) = 1 -0.8944 

=0.1056 

=0.106 (3s.f.) 

Figure 7.13 

Answer: The probability it took the operator under 90 minutes to 

manufacture a randomly selected component is 0.106. 

(iii) The probability that a component required between 90 and 97 minutes. 

The probability is represented by the shaded area in figure 7 .14 and given by 

1 - 0.1056 - 0.3085 = 0.5859 

=0.586 (3s.f. ) 

Figure 7.14 

Answer: The probability it took the operator between 90 and 97 minutes to 

manufacture a randomly selected component is 0.586. 
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(ivl Estimate the mean and standard deviation of the time Sheila takes. 

The question has now been put the other way round. You have to infer the 

mean,µ , and standard deviation, a, from the areas under different parts of 

the graph. 

I 0% take her 90 minutes or more. This means that the shaded area in 

figure7.15is0.1. 

Z = ~ 
u 

<I>(z) =l- 0.1 = 0.9 

Figure 7.15 

You now use the table of<I>(z) = pin reverse. z = 1.28 has a probability of 

0.8997 which is as dose to 0.9 as you can get using this middle part of the 

table. However, you can achieve greater accuracy by looking at the right

hand columns as well: z = 1.281 has a probability of0.8999 and z = 1.282 has 

a probability of0.9001. So the best value for z is 1.2815. 

Figure 7.16 Extract from tables of (l)(z) 

0 9 IQ_!) J 4A~D 6 7 3 9 

8 12 16 lO :U 13 J2 J.6 

4 6 12 16 20 :U U J2 J.6 

4 6 12 IS 1923 27Jl 35 

4 7 ll IS 19 n 26 JO l4 

4 7 11 14 is n 2s 29 32 

lO 14 1720:U 27Jl 

lO lJ 1619231629 

9 12 IS 1621 24 27 

6 ll l4 16 19 n 25 

6 lO 13 IS 182023 

9 12 14 16 1921 

8 JO 12 14 1618 

7 9 ll lJ IS 17 

6 8 10 ll 13 14 

6 7 t lO ll lJ 



Returning to the problem, you now know that 

~=1.2815 90 - /1 = 1.2815a. © 

Figure 7.17 

The second piece of information, that 20% of components took Sheila under 

70 minutes, is illustrated in figure 7.17. 

~ 
Z = U 

(zhas a negative value in this case, the point being to the left of the mean.) 

Cl>(z)=0.2 

and so, by symmetry, 

Cl>(-z) = I - 0.2 = 0.8. 

Using the table of the normal function gives 

-z=0.842 or z = ---0.842 

This gives a second equation for /1 and r.J. 

~=-0.842 
u 

70 - 11 = ---0.S42o. 

You now solve equations© and @ simultaneously. 

and 

90-/1= 1.2815r.J 
70 - 11 = -0.842o 

Subtract 20 = 2.1235a 

r.J = 9.418 = 9.42 (J s.f.) 

µ = 77.930 = 77.9 (3s.£ ) 

Answer: Sheila's mean time is 77.9 minutes with standard deviation 

9.42minutes. 

"' 
© 

"' 
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1 The distribution of the heights of some plants is normal and has a mean of 

40 cm and a standard deviation of 2 cm. Find the probability that a randomly 

selected plant is 

rn under 42cm 

( ii ) over42cm 

(iii) over 40cm 

( iv) between 40 and 42cm. 

2 The distribution of the masses of some baby parrots is nonnal and has a 

mean of 60 g and a standard deviation of 5 g. Find the probability that a 

randomly selected bird is 

W under 63g 

!ii) over63g 

!iiil over68g 

( iv) between 63 and 68g. 

3 The distribution of the mass of sweets in a bag is nonnal and has a mean 

of 100g and a standard deviation 2g. Find the probability that a randomly 

selected bag is 

(il under 98g 

(iil over98g 

(iii) under 102g 

!iv) between 98 and 102g. 

4 The distribution of the heights of IS-year-old girls may be modelled by the 

normal distribution with mean 162.5cm and standard deviation 6cm. Find 

the probability that the height of a randomly selected 18-year-old girl is 

rn under 168.5cm 

(ii) over 174.5cm 

(iii) between 168.5 and 174.5cm. 

5 A pet shop has a tank of goldfish for sale. All the fish in the tank were hatched 
at the same time and their weights may be taken to be normally distributed 

with mean 100g and standard deviation 10g. Melanie is buying a goldfish and 

is invited to catch the one she wants in a small net. In fact the fish are much 

too quick for her to be able to catch any particular fish, and the one which she 

eventually nets is selected at random. Find the probability that its weight is 

( i) over 115g 

!ii) under 105g 

!iii) between 105 and 115g. 



6 vVhen he makes instant coffee, Tony puts a spoonful of powder into a mug. 

The weight of coffee in grams on the spoon may be modelled by the nonnal 

distribution with mean 5g and standard deviation I g. Ifhe uses more than 

6.5g Julia complains that it is too strong and ifhe uses less than 4g she tells 
him it is too weak. Find the probability that he makes the coffee 

rn toostrong 

(ii) tooweak 

!iii) all right. 

7 A biologist finds a nesting colony of a previously unknown sea bird on a remote 

island. She is able to take measurements on 100 of the eggs before replacing 

them in their nests. She records their weights, w g, in this frequency table. 

Welght,w 2S<w ,., 27 17<w ,., 29 29<w ,., 3l 31<w ,., 33 33<w,.,35 35<w,.. 37 

Frequency 

!i) Find the mean and standard deviation of these data. 

(ii) Assuming the weights of the eggs for this type of bird are normally 

distributed and that their mean and standard deviation are the same as 

those of this sample, find how many eggs you would expect to be in each 

of these categories. 

!iii) Do you think the assumption that the weights of the eggs are normally 

distributed is reasonable? 

8 The length of life of a certain make of tyre is normally distributed about a 
mean of 24000 km with a standard deviation of 2500 km. 

!i) What percentage of such tyres will need replacing before they have 

travelled 20 OOO km? 

(ii) As a result of improvements in manufacture, the length of life is still 

normally distributed, but the proportion of tyres failing before 20000 km 

is reduced to 1.5%. 

(a) If the standard deviation has remained unchanged, calculate the new 

mean length oflife. 

(b) If, instead, the mean length of life has remained unchanged, calculate 

the new standard deviation. 

9 A machine is set to produce nails oflength 10cm, with standard deviation 

0.05 cm. The lengths of the nails are normally distributed. 

IM EI ) 

!i) Find the percentage of nails produced between 9.95cm and 10.08cm in 

length. 

The machine's setting is moved by a careless apprentice with the consequence 

that 16% of the nails are under 5.2 cm in length and 20% are over 5.3 cm. 

!ii) Find the new mean and standard deviation. 
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1 o The concentration by volume of methane at a point on the centre line of 

a jet of natural gas mixing with air is distributed approximately normally 

with mean 20% and standard deviation 7%. Find the probabilities that the 

concentration 

W exceeds30% 

!ii) is between 5% and 15%. 

!iii) In another similar jet, the mean concentration is 18% and the standard 

deviation is 5%. Find the probability that in at least one of the jets the 

concentration is between 5% and 15%. 

(MEI ) 

In a particular experiment, the length of a metal bar is measured many times. 

The measured values are distributed approximately normally with mean 

1.340m and standard deviation 0.021 m. Find the probabilities that any one 

measured value 

rn exceeds 1.370m 

!ii) lies between 1.310 m and 1.370 m 

!iii) lies between 1.330 m and 1.390 m. 

(iv) Find the length I for which the probability that any one measured value is 

lessthanlis0.1. 
(MEI ] 

12 A factory produces a very large number of steel bars. The lengths of these 

bars are normally distributed with 33% of them measuring 20.06 cm or more 

and 12% of them measuring 20.02 cm or less. 

Write down two simultaneous equations for the mean and standard deviation 

of the distribution and solve to find values to 4 significant figures. Hence 

estimate the proportion of steel bars which measure 20.03 cm or more. 

The bars are acceptable if they measure between 20.02 cm and 20.08 cm. 

What percentage are rejected as being outside the acceptable range? 
(MEI ) 

13 The diameters D of screws made in a factory are normally distributed with 

mean I mm. Given that 10% of the screws have diameters greater than 

1.04 mm, find the standard deviation correct to 3 significant figures, and hence 

show that about 2.7% of the screws have diameters greater than 1.06mm. 

Find, correct to 2 significant figures, 

Ii) the number d for which 99% of the screws have diameters that exceed d mm 

I ii) the number e for which 99% of the screws have diameters that do not 

differ from the mean by more than e mm. 
(MEI ) 



14 A machine produces crankshafts whose diameters are normally distributed 
with mean 5 cm and standard deviation 0.03 cm. Find the percentage of 

crankshafts it will produce whose diameters lie between 4.95cm and 4.97 cm. 

What is the probability that two successive crankshafts will both have a 
diameter in this interval? 

Crankshafts with diameters outside the interval 5 ± 0.05 cm are rejected. If 
the mean diameter of the machine's production remains unchanged, to what 

must the standard deviation be reduced if only 4% of the production is to 

be rejected? 
IMEI ) 

15 In a reading test for eight-year-old children, it is found that a reading score X 
is normally distributed with mean 5.0 and standard deviation 2.0. 

rn What proportion of children would you expect to score between 4.5 
and6.0? 

!ii) There are about 700000 eight-year-olds in the country. How many 
would you expect to have a reading score of more than twice the mean? 

!iii) Why might educationalists refer to the reading score X as a 'score out of 10'? 

The reading score is often reported, after scaling, as a value Y which is 

normally distributed, with mean 100 and standard deviation 15. Values of Y 
are usually given to the nearest integer. 

( iv) Find the probability that a randomly chosen eight-year-old gets a score, 
afterscaling,of103. 

M What range of Y scores would you expect to be attained by the best 20% 

of readers? 
[MEI ) 

16 Extra/ire are testing a new long-life bulb. The lifetimes, in hours, are 
assumed to be nonnally distributed with mean/1 and standard deviation a. 
After extensive tests, they find that 19% of bulbs have a lifetime exceeding 

5000 hours, while 5% have a lifetime under 4000 hours. 
rn Illustrate this information on a sketch. 

!iii Show that a = 396 and find the value ofµ. 

In the remainder of this question take/1 to be 4650 and a to be 400. 

!iii) Find the probability that a bulb chosen at random has a lifetime between 

4250 and 4750 hours. 

(iv) F.xtra/itewish to quote a lifetime which will be exceeded by 99% of bulbs. 

What time, correct to the nearest I 00 hours, should they quote? 

A new school classroom has six light-fittings, each fitted with an F.xtralite 
long-life bulb. 

(vl Find the probability that no more than one bulb needs to be replaced 

S1 -
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1 7 Tyre pressures on a certain type of car independently follow a normal 

distribution with mean 1.9 bars and standard deviation 0.15 bars. 

W Find the probability that all four tyres on a car of this type have pressures 

between 1.82 bars and 1.92 bars. 

!ii) Safety regulations state that the pressures must be between 1.9 - b bars 

and 1.9 + bbars. It is known that 80% of tyres are within these safety 

limits. Find the safety limits. 

[C.mbridgc IntcrnationalASandA LcYd Mathematics 9709, Papcr6Q6 Junc2005 ) 

18 The lengths offish of a certain type have a normal distribution with mean 

38cm. It is found that 5%ofthe fish are longer than 50cm. 

rn Find the standard deviation. 

I ii) When fish are chosen for sale, those shorter than 30 cm are rejected. Find 

the proportion of fish rejected. 

!iii) 9 fish are chosen at random. Find the probability that at least one of 

them is longer than 50 cm. 

[C.mbridgclntcrnationalASandALcvclMathcnmti,c, 9709,Papcr6Q3Junc2006) 

19 !i) The random variable X is normally distributed. The mean is twice the 

standard deviation. It is given that P(X > 5.2) = 0.9. Find the standard 

deviation. 

(ii) A normal distribution has mean /l and standard deviation a. If 800 

observations are taken from this distribution, how many would you 

expect to be betweenµ-aand/1 +a? 

I Cambridge IntcrnationalASandA LcYd Mathcmati.cs 9709. Papcr6Q3 Junc2007) 

20 In a certain country the time taken for a common infection to clear up is 

normally distributed with mean/, days and standard deviation 2.6 days. 25% 

of these infections dear up in less than 7 days. 

!i) Find the value of/,. 

In another country the standard deviation of the time taken for the infection 

to dear up is the same as in part rn but the mean is 6.5 days. The time taken 

is normally distributed. 

(ii) Find the probability that, in a randomly chosen case from this country, 

the infection takes longer than 6.2 days to clear up. 

[Cambridge IntcrnationalASandA LcYd Mathcmati.cs 9709, Papcr6Q4 Junc2008 ) 



2 1 The random variable X has a normal distribution with mean 4.5. It is given 

that P(X > 5.5) = 0.0465 (see diagram). 

rn Find the standard deviation of X. 

!iii Find the probability that a random obsen<ation of Xlies between 3.8 

and4.8. 

(CambridgelnternationalAS andALcvclMathematics'fl09,Paper6Q4Nm,embcr2007) 

22 rn The daily minimum temperature in degrees Celsius (0 C) in January 
in Ottawa is a random variable with distribution N(-1 5.1, 62.0). Find 

the probability that a randomly chosen day in January in Ottawa has a 

minimum temperature above 0°C. 

!ii) In another city the daily minimum temperature in °C in January is a 

random variable with distribution N(µ, 40.0). In this city the probability 

that a randomly chosen day in January has a minimum temperature 

above 0°C is 0.8888. Find the value of/1. 

(Cam bridge International AS 1nd A Level Mathematics '¥709, Paper 6 Q3 November 2008) 

23 The times for a certain car journey have a normal distribution with mean 

100 minutes and standard deviation 7 minutes. Journey times are classified 

as follows: 

'short' (the shortest 33% of times), 

'long' (the longest 33% of times), 

'standard' (the remaining 34% of times). 

( i) Find the probability that a randomly chosen car journey takes between 

85 and 100 minutes. 

(ii) Find the least and greatest times for 'standard' journeys. 

[Cambridge IntcrnationalASandA Lcnl Mathematics 9709. Paper61 Q3 Nonmbcr 2009) 
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Modelling discrete situations 

EXAMPLE 7.3 

Although the normal distribution applies strictly to a continuous variable, it is 
also common to use it in situations where the variable is discrete providing that 

• the distribution is approximately normal; this requires that the steps in its 
possible values are small compared with its standard deviation 

• continuity corredionsare applied where appropriate. 

The meaning of the term 'continuity correction' is explained in the following 
example. 

The result of an Intelligence Quotient (IQ) test is an integer score, X Tests are 
designed so that X has a mean value of I 00 with standard deviation 15. A large 
number of people have their !Qs tested. What proportion of them would you 
expect to have !Qs measuring between 106 and 110 (inclusive)? 

SOLUTION 

Although the random variable X is an integer and hence discrete, the steps of 1 in 
its possible values are small compared with the standard deviation of 15. So it is 
reasonable to treat it as ifit is continuous. 

If you assume that an IQ test is measuring innate, natural intelligence (rather than 
the results oflearning), then it is reasonable to assume a normal distribution. 

If you draw the probability distribution function for the discrete variable 
X it looks like figure 7.18. The area you require is the total of the five bars 
representing 106,107, 108,109 and 110. 

Figure 7.18 



The equivalent section of the normal curve would run not from 106 to 110 

but from 105.5 to 110.5, as you can see in figure 7.18. When you change from 
the discrete scale to the continuous scale, the numbers 106, 107, etc. no longer 

represent the whole inteIVals, just their centre points. 

So the area you require under the normal curve is given by c.t>(2:z) - c.t>(z1) 

wherez
1 

= 105.~; 100 and2;i = 110.~; 100. 

This is 

c.t>(0.7000) - c.t>(0.3667) = 0.7580- 0.6431 = 0.1149 

Answer: The proportion of !Qs between 106 and 110 (inclusive) should be 

approximately 11 %. 

In this calculation, both end values needed to be adjusted to allow for the 
fact that a continuous distribution was being used to approximate a discrete 

one. These adjustments, 106 --4 105.5 and 110 --4 110.5, are called continuity 
corrections. Whenever a discrete distribution is approximated by a continuous 
one a continuity correction may need to be used. 

You must always think carefully when applying a continuity correction. Should 
the corrections be added or subtracted? In this case 106 and 110 are inside the 

required area and so any value (like 105.7 or 110.4) which would round to them 
must be included. It is often helpful to draw a sketch to illustrate the region you 

want, like the one in figure 7.18. 

If the region of interest is given in terms of inequalities, you should look 
carefully to see whether they are inclusive (,s; or;;..) or exclusive(< or>). 
For example 20 ,s;: X,.;; 30 becomes 19.5 ,s;: X < 30.5 whereas 20 < X < 30 

becomes 20.5 ~ X < 29.5. 

Two particularly common situations are when the normal distribution is used to 

approximate the binomial and the Poisson distributions. (You will learn about 

the Poisson distribution if you study Statistics 2.) 

Using the normal distribution as an approximation for the 
binomial distribution 

You may use the normal distribution as an approximation for the binomial, 
B( n, p) (where n is the number of trials each having probability p of success) when 

• nislarge 

• pisnottooclosetoOor 1. 

A rough way of judging whether n is large enough is to require that both np > 5 

and nq > 5, where q = 1 - p. 
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EXAMPLE 7 .4 

These conditions ensure that the distribution is reasonably symmetrical and not 

skewed away from either end, see figure 7.19. 

positivcslmv ncgativeskev.· 

symmetrical 

Figure 7.19 

The parameters for the normal distribution are then 

Mean: I' = np Variance: a2 = npq = np ( I - p) 

so that it can be denoted by N(np, npq). 

This is a true story. During voting at an election, an exit poll of 1700 voters 

indicated that 50% of people had voted for a particular candidate. When the 

votes were counted it was found that he had in fact received 57% support. 

850 of the 1700 people interviewed said they had voted for the candidate but 57% 

of 1700 is 969, a much higher number. What went wrong? Is it possible to be so 

far out just by being unlucky and asking the wrong people? 

SOLUTION 

The situation of selecting a sample of 1700 people and asking them if they voted 

for one candidate or not is one that is modelled by the binomial distribution, in 

this case 8(1700, 0.57). 

In theory you could multiply out (0.43 + 0.57t) 1700 and use that to find the 

probabilities of getting 0, I, 2, ... , 850 supporters of this candidate in your sample 

of 1700. In practice such a method would be impractical because of the work 

involved. 

\Vhat you can do is to use a normal approximation. The required conditions are 

fulfilled: at 1700, n is certainly not small; p = 0.57 is near neither O nor I. 

The parameters for the normal approximation are given by 

/1 = np = 1700 X 0.57= 969 

a= .f,pq = ,,/1700 X 0.57 X 0.43 = 20.4 



EXERCISE 7B 

You will see that the standard deviation, 20.4, is large compared with the steps 

of 1 in the number of supporters of this candidate. 

The probability of getting no more than 850 supporters of this candidate, 
P(X ,.-;; 850), is given by ©(z), where 

2 = 850}
0
~ 969 = _ 5.8 

Figure 7.20 

(Notice the continuity correction making 850 into 850.5.) 

This is beyond the range of most tables and corresponds to a probability of about 
0.000 01. The probability of a result as extreme as this is thus OJ)()() 02 (allowing 

for an equivalent result in the tail above the mean). It is clearly so unlikely that 

this was a result of random sampling that another explanation must be found. 

0 What do you think went wrong with the exit poll? Remember this really did 

happen. 

1 A certain examination has a mean mark of 100 and a standard deviation of 15. 

The marks can be assumed to be normally distributed. 

! i i What is the least mark needed to be in the top 35% of students taking this 

examination? 

!ii) Between which two marks will the middle 90% of the students lie? 

(iii) 150 students take this examination. Calculate the number of students 

likely to score 110 or over. 
IM EI ) 

2 25% of Flapper Fish have red spots, the rest have blue spots. A fisherman nets 

10 Flapper Fish. What are the probabilities that 

W exactly 8 have blue spots 

(ii) at least 8 have blue spots? 
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IIIJ 
A large number of samples, each of I 00 Flapper Fish, are taken. 

!iii) What is the mean and the standard deviation of the number of red-spotted 

fish per sample? 

( iv) What is the probability of a sample of 100 Flapper Fish containing over 
30 with red spots? 

3 A fair coin is tossed 10 times. Evaluate the probability that exactly half of the 
tosses result in heads. 

The same coin is tossed 100 times. Use the normal approximation to the 

binomial to estimate the probability that exactly half of the tosses result in 
heads. Also estimate the probability that more than 60 of the tosses result 
in heads. 

Explain why a continuity correction is made when using the nonnal 

approximation to the binomial and the reason for the adoption of this 

correction. 

(MEI ) 

4 During an advertising campaign, the manufacturers ofWolfitt (a dog food) 
claimed that 60% of dog owners preferred to buy Wolfitt. 

rn Assuming that the manufacturer's claim is correct for the population of 

dog owners, calculate 

(a l using the binomial distribution 

(b i using a normal approximation to the binomial 

the probability that at least 6 of a random sample of 8 dog owners prefer 
to buy Wolfitt. Comment on the agreement, or disagreement, between 

your two values. Would the agreement be better or worse if the proportion 
had been 80% instead of 60%? 

!ii) Continuing to assume that the manufacturer's figure of60% is correct, 

use the nonnal approximation to the binomial to estimate the probability 
that, of a random sample of 100 dog owners, the number preferring to buy 
Wolfitt is between 60 and 70 inclusive. 

(MEI ] 

5 A multiple-choice examination consists of 20 questions, for each of which the 
candidate is required to tick as correct one of three possible answers. Exactly 
one answer to each question is correct. A correct answer gets I mark and a 

wrong answer gets O marks. Consider a candidate who has complete ignorance 
about eveiy question and therefore ticks at random. What is the probability 

that he gets a particular answer correct? Calculate the mean and variance of 
the number of questions he answers correctly. 

The examiners wish to ensure that no more than I% of completely ignorant 

candidates pass the examination. Use the nonnal approximation to the 
binomial, working throughout to 3 decimal places, to establish the pass mark 
that meets this requirement. 

(MEI ) 



6 A telephone exchange serves 2000 subscribers, and at any moment during 
the busiest period there is a probability of i for each subscriber that he will 

require a line. Assuming that the needs of subscribers are independent, write 

down an expression for the probability that exactly Nlines will be occupied 

at any moment during the busiest period. 

Use the normal distribution to estimate the minimum number of lines that 
would ensure that the probability that a call cannot be made because all the 
lines are occupied is less than 0.01. 

Investigate whether the total number of lines needed would be reduced if the 
subscribers were split into two groups of 1000, each with its own set of lines. 

IMEI ) 

7 It is known that, on average, 2 people in 5 in a certain country are overweight. 
A random sample of 400 people is chosen. Using a suitable approximation, 
find the probability that fewer than 165 people in the sample are overweight. 

I Cambridge InteniationalAS and A Lcw!Matheruatia 9709, Papcr6Ql June 2005) 

8 A survey of adults in a certain large town found that 76% of people wore a 
watch on their left wrist, 15% wore a watch on their right wrist and 9% did 
not wear a watch. 

(i) A random sample of 14 adults was taken. Find the probability that more 

than 2 adults did not wear a watch. 

(iii A random sample of200 adults was taken. Using a suitable approximation, 
find the probability that more than 155 wore a watch on their left wrist. 

[CambridgelnternationalASandAI.cwlMatheruatia 9709,Paper6Q7June2006) 

9 On a certain road 20% of the vehicles are trucks, 16% are buses and the 
remainder are cars. 

rn A random sample of 11 vehicles is taken. Find the probability that fewer 
than3arebuses. 

!iii A random sample of 125 vehicles is now taken. Using a suitable 
approximation, find the probability that more than 73 are cars. 

I Cambridge InteniationalAS and A Lcw!Matheruatia 9709, Papcr6Q3 June 2009) 

1 0 On any occasion when a particular gymnast performs a certain routine, the 
probability that she will perform it correctly is 0.65, independently of all 
other occasions. 

(i) Find the probability that she will perform the routine correctly on exactly 
5 occasions out of?. 

(iii On one day she performs the routine 50 times. Use a suitable 
approximation to estimate the probability that she will perform the 
routine correctly on fewer than 29 occasions. 

(iii) On another day she performs the routine 11 times. Find the smallest value 

S1 -

of n for which the expected number of correct performances is at least 8. ~ 

(OunbridgelnternationalASandAI.cwlMathcmatic• 'fl09,Paper6Q6Nonmbu2007) 
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11 In the holidays Martin spends 25% of the day playing computer games. 

Martin's friend phones him once a day at a randomly chosen time. 

!i) Find the probability that, in one holiday period ofS days, there are 

exactly 2 days on which Martin is playing computer games when his 

friend phones. 

!ii) Another holiday period lasts for 12 days. State with a reason whether it is 

appropriate to use a normal approximation to find the probability that 

there are fewer than 7 days on which Martin is playing computer games 

when his friend phones. 

!iii) Find the probability that there are at least 13 days of a 40-day holiday 
period on which Martin is playing computer games when his friend 

phones. 

(Cambridge International AS and A I.en! Mathcmatics9709,Papcr61 QS June 2010) 

1 The normal distribution with mean /I and standard deviation a is denoted 

byN(/1,a2). 

2 This may be given in standardised fonn by using the transformation 

z=~ 
G 

3 In the standardised form, N (0, I), the mean is 0, and the standard deviation 

and variance are both I. 

4 The standard normal curve is given by 

5 The area to the left of the value z in the diagram below, representing the 

probability of a value less than z, is denoted by <l>(z) and is read from tables. 

~ -
6 The normal distribution may be used to approximate suitable discrete 

distributions but continuity corrections are then required. 

7 The binomial distribution B( n, p) may be approximated by N ( np, npq), 
provided II is large and p is not close to O or I, so that np > 5 and nq > 5. 
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S2 - Hypothesis testing using 
the binomial distribution 

You m ay prove anything by figures. 

Hachoman Dan _______ _ 

d' 
What do you think? 

Just became a father again! 8 boys 
in a rON - haw's that for macho 
chromosomesl Even at school I tokl 
people I was a real man! 

There are two quite different points here. 

An anonymous salesman 

Maybe you think that Dan is prejudiced, preferring boys to girls. However, 

you should not let your views on that influence your judgement on the second 

point, his claim to be biologically different from other people, with special 

chrom osomes. 

There are two ways this claim could be investigated, to look at his chromosomes 

under a high magnification microscope or to consider the statist ical evidence. 

Since you have neither Dan nor a suitable microscope to hand, you must resort 

to the latter. 

If you have eight children you would expect them to be divided about evenly 
between the sexes, 4 - 4, 5 - 3 or perhaps 6 - 2. When you realised that a baby 

was on its way you would think it equally likely to be a boy or a girl until it was 
bon1, or a scan was carried out, when you would know fo r certain one way or 

the other. 

In other words you would say that the probability of its being a boy was 0.5 and 
that of its being a girl was 0.5. So you can model the number of boys among eight 

children by the binomial distribution 8 (8, 0.5). 

This gives the probabilities in the table, also shown in figure 8. 1. 



Boys Gir ls Probability 

' "' . 
"' '" "' " "' "' "' " "' '" "' . 
"' ' "' 

- = 
2 3 4 5 6 

num~ofboysinafa.milyofSchildrcn 

Fig ure 8 .1 

So you ~n say that, if~ biologically ~ortal man fathe'.1' eight children, the 
probability that they will all be boys 1s 256 ( dark green m figure 8.1 ). 

This is unlikely but by no means impossible. 

Note 

The probability of a baby being a boy is not in fact 0.5 but about 0.503. Boys are less 

tough than girls and so more likely to die in infancy and this seems to be nature's 

way of compensating. In most societies men have a markedly lower life expectancy 

as well. 
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S2 - 0 In some countries many people value boys more highly than girls. Medical 

advances mean that it will soon be possible for parents to decide in advance the 

sex of their next baby. What would be the effect of this on a country's population 

if, say, half the parents decided to have only boys and the other half to let nature 

take its course? 

(This is a real problem. The social consequences could be devastating.) 

Defining terms 

In the last example we investigated Dan's claim by comparing it to the usual 

situation, the unexceptional. lfwe use p for the probability that a child is a boy 

then the nonnal state of affairs can be stated as 

p =0.5. 

This is called the 11111/ hypothesis, denoted by H0• 

Dan's claim (made, he says, before he had any children) was that 

p > 0.5 

and this is called the alternative hypothesis, H 1• 

The word hypothesis (plural hypotheses) means a theory which is put forward 

either for the sake of argument or because it is believed or suspected to be true. 

An investigation like this is usually conducted in the form of a test, called a 

hypothesis test. There are many different sorts of hypothesis test used in statistics; 

in this chapter you meet only one of them. 

It is never possible to prove something statistically in the sense that, for example, 

you can prove that the angle sum of a triangle is 180°. Even if you tossed a coin 

a million times and it came down heads every single time, it is still possible that 

the coin is unbiased and just happened to land that way. What you can say is that 

it is very unlikely; the probability ofit happening that way is (0.5)1000 000 which is 

a decimal that starts with over 300 OOO zeros. This is so tiny that you would feel 

quite confident in declaring the coin biased. 

There comes a point when the probability is so small that you say 'That's good 

enough for me. I am satisfied that it hasn't happened that way by chance.' 

The probability at which you make that decision is called the significance /eve/of 

the test. Significance levels are usually given as percentages; 0.05 is written as 5%, 

0.01 as 1% and so on. 



So in the case of Dan, the question could have been worded: 

Test, at the 1% significance level, Dan's claim that his children are more likely to be 
boys than girls. 

The answer would then look like this: 

Null hypothesis, H0: p= 0.5 (Boys and girls are equally likely) 

Alternative hypothesis, H 1: p > 0.5 (Boys are more likely) 
Significance level: I% 

Probability of 8 boys from 8 children = ~ = 0.0039 = 0.39%. 

Since 0.39% < I% we reject the null hypothesis and accept the alternative 
hypothesis. We accept Dan's claim. 

This example also illustrates some of the problems associated with hypothesis 

testing. Here is a list of points you should be considering. 

Hypothesis testing checklist 

1 Was the test set up before or after the data were known? 

The test consists of a null hypothesis, an alternative hypothesis and a significance 

level. 

In this case, the null hypothesis is the natural state of affairs and so does not 
really need to be stated in advance. Dan's claim 'Even at school I told people I 

was a real man' could be interpreted as the alternative hypothesis, p > 0.5. 

The problem is that one suspects that whatever children Dan had he would find 

an excuse to boast. If they had all been girls, he might have been talking about 

'my irresistible attraction for the opposite sex' and if they had been a mixture of 

girls and boys he would have been claiming 'super-virility' just because he had 

eight children. 

Any test carried out retrospectively must be treated with suspicion. 

2 Was the sample involved chosen at random and are the data 
independent? 

The sample was not random and that may have been inevitable. If Dan had lots 

of children around the country with different mothers, a random sample of eight 

could have been selected. However, we have no knowledge that this is the case. 

The data are the sexes of Dan's children. If there are no multiple births (for 

example, identical twins), then they are independent. 
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S2 - 3 Is the statistical procedure actually testing the original claim? 

Dan claims to have 'macho chromosomes' whereas the statistical test is of the 

alternative hypothesis that p > 0.5. The two are not necessarily the same. Even 
if this alternative hypothesis is true, it does not necessarily follow that Dan has 

macho chromosomes. 

The ideal hypothesis test 

In the ideal hypothesis test you take the following steps, in this order: 

1 Establish the null and alternative hypotheses. 

2 Decide on the significance level. 

3 Collect suitable data using a random sampling procedure that ensures the 
items are independent. 

4 Conduct the test, doing the necessary calculations. 

5 Interpret the result in terms of the original claim, theory or problem. 

There are times, however, when you need to carry out a test but it is just not 

possible to do so as rigorously as this. 

If Dan been a laboratory rat you could have organised that he fathered further 

babies but this is not possible with a human. 

Choosing the significance level 

If, instead of 1 %, we had set the significance level at 0.1 %, then we would have 

rejected Dan's claim, since 0.39% > 0.1 %. The lower the percentage in the 

significance level, the more stringent is the test. 

The significance level you choose for a test involves a balanced judgement. 

Imagine that you are testing the rivets on an plane's wing to see if they have lost 

their strength. Setting a small significance level, say 0.1 %, means that you will 

only declare the rivets weak if you are very confident of your finding. The trouble 

with requiring such a high level of evidence is that even when they are weak you 

may well fail to register the fact, with the possible consequence that the plane 

crashes. On the other hand if you set a high significance level, such as 10%, you 

run the risk of declaring the rivets faulty when they are all right, involving the 
company in expensive and unnecessary maintenance work. 

The question of how you choose the best significance level is, however, beyond 

the scope of this introductory chapter. 



EXAMPLE S. 1 Leonora claims that a die is biased with a tendency to show the number I. The 

die was thrown 20 times and the results were as follows. 

I 6 6 5 5 I 2 3 2 3 

4 4 4 I 4 I I 4 I 3 

Using a 5% significance level, test whether Leonora's claim is correct. 

SOLUTION 

Let p be the probability of getting I on any throw of the die. 

Null hypothesis, f\: p= f (The die is unbiased) 

Alternative hypothesis, H 1: p > f (The die is biased towards I) 

Significance level: 5% 

The results may be summarised as follows. 

I::."" I 1 I' I' I' I' I' I 
Under the null hypothesis, the number of ls obtained is modelled by the 
binomial distribution, B(20, f) which gives these probabilities: 

Number of ls Exprenloa Probability 

11r 0.0261 

•c,lll"W 0.1043 

•c,(l)'"(l)' 0.1982 

•c,(l)"(l)' 0.2379 

•c,(l)"ll)' 0.2022 

•c,ll)''ll)' 0.1294 

•c,(l)"ll)' 0.0647 

•c,ll)"(l)' 0.0259 

•c,(l)''ll)' 0.0084 

20 0.0000 
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S2 - Calling X the number of ls occurring when a die is rolled 20 times, the 

probability of six or more ls is given by 

P(X;;.. 6) = 1-P(X ,o;;; 5) 

= 1-0.8982 

=0.1018, 

about 10%. 

Since 10% > 5%, the null hypothesis (the die is unbiased) is accepted. So 

Leonora's claim is rejected at the 5% significance level. 

The probability of a result at least as extreme as that observed is greater than 

the 5% cut-off that was set in advance, that is, greater than the chosen 

significance level. 

The alternative hypothesis (the die is biased in favour of the number I ) is rejected, 

even though the number I did come up more often than the other numbers. 

0 Does the procedure in Example 8.1 follow the steps of the ideal hypothesis test? 

Note 

Notice that this is a test not of the particularresult(six l s)butof a result at least 

as extreme as this (at least six 1s), the darker area in figure 8.2. A hypothesis test 

deals w ith the probability of an event 'as unusual as or more unusual than' what 

has occurred . 

" I == . 
0.1 - -

-

Figure 8.2 



EXERCISE SA In all these questions you sho11/d apply this checklist to the hypothesis test. 

a Was the test set up before or after the data were known? 

b Was the sample used for the test chosen at random and are the data 

independent? 

c Is the statistical procedure actually testing the original claim? 

¥011 should also comment critically on whether these steps have been followed. 

• Establish the null and alternative hypotheses. 

• Decide on the significance level. 

• Collect suitable data using a random sampling procedure that ensures the 

items are independent. 

• Conduct the test , doing the necessary calculations. 

• Interpret the result in terms of the original claim, theory or problem. 

1 Mrs da Silva is running for President. She claims to have 60% of the 

population supporting her. 

She is suspected of overestimating her support and a random sample of 

12 people are asked whom they support. Only four say Mrs da Silva. 

Test, at the 5% significance level, the hypothesis that she has overestimated her 

support. 

2 A company developed synthetic coffee and claim that coffee drinkers 

could not distinguish it from the real product. A number of coffee drinkers 

challenged the company's claim, saying that the synthetic coffee tasted 

synthetic. In a test, carried out by an independent consumer protection body, 

20 people were given a mug of coffee. Ten had the synthetic brand and ten the 

natural, but they were not told which they had been given. 

Out of the ten given the synthetic brand, eight said it was synthetic and two said 
it was natural. Use this information to test the coffee drinkers' claim (as against 

the null hypothesis of the company's claim), at the 5% significance level. 

3 A group of 18 students decides to investigate the truth of the saying that if 

you drop a piece of toast it is more likely to land butter-side dmvn. They each 

take one piece of toast, butter it on one side and throw it in the air. Fourteen 
land butter-side down, the rest butter-side up. Use their results to carry out 

a hypothesis test at the 1 % significance level, stating clearly your null and 

alternative hypotheses. 

4 On average 70% of people pass their driving test first time. There are 

complaints that Mr Mc Taggart is too harsh and so, unknown to himself, his 

work is monitored. It is found that he fails four out of ten candidates. Are the 

complaints justified at the 5% significance level? 
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S2 - 5 A machine makes bottles. In normal running 5% of the bottles are expected 
to be cracked, but if the machine needs servicing this proportion will increase. 
As part of a routine check, 50 bottles are inspected and 5 are found to be 

unsatisfactory. Does this provide evidence, at the 5% significance level, that 
the machine needs servicing? 

6 A firm producing mugs has a quality control scheme in which a random 
sample of 10 mugs from each batch is inspected. For 50 such samples, the 

numbers of defective mugs are as follows. 

!i) Find the mean and standard deviation of the number of defective mugs 

per sample. 

!ii! Show that a reasonable estimate for p, the probability that a mug is 

defective, is 0.2. Use this figure to calculate the probability that a randomly 
chosen sample will contain exactly two defective mugs. Comment on the 

agreement between this value and the observed data. 

The management is not satisfied with 20% of mugs being defective and 

introduces a new process to reduce the proportion of defective mugs. 

!iii) A random sample of 20 mugs, produced by the new process, contains just 
one which is defective. Test, at the 5% level, whether it is reasonable to 

suppose that the proportion of defective mugs has been reduced, stating 

your null and alternative hypotheses dearly. 

(iv) What would the conclusion have been if the management had chosen to 

conduct the test at the 10% level? 

(MEI ) 

7 An annual mathematics contest contains 15 questions, 5 short and 10 long. 

The probability that I get a short question right is 0.9. The probability 
that I get a long question right is 0.5. My performances on questions are 

independent of each other. Find the probability of the following: 

W I get all the 5 short questions right. 

!iii I get exactly 8 of the 10 long questions right. 

!iii) I get exactly 3 of the short questions and all of the long questions right. 

(iv) I get exactly 13 of the 15 questions right. 

After some practice, I hope that my performance on the long questions will 
improve this year. I intend to carry out an appropriate hypothesis test. 

(v) State suitable null and alternative hypotheses for the test. 

In this year's contest I get exactly 8 of the 10 long questions right. 

(vi) Is there sufficient evidence, at the 5% significance level, that my 

performance on long questions has improved? 



8 Isaac claims that 30% of cars in his town are red. His friend Hardip thinks that 

the proportion is less than 30%. The boys decided to test Isaac's claim at the 
5% significance level and fo und that 2 cars out of the random sample of 18 

were red. Carry out the hypothesis test and state your conclusion. 

(Cam bridgc lntcrnati ona l ASa nd ALcvcl Mathcmat ics'Tl09, Papcr7QINovcmbcr 2007) 

9 At the 2009 election , j of the voters in Chington voted for the Citizens 

Party. One year later, a researcher questioned 20 randomly selected voters in 

Chington. Exactly 3 of these 20 voters said that if there were an election next 

week they would vote for the Citizens Party. Test at the 2.5% significance level 
whether there is evidence of a decrease in support fo r the Citizens Party in 

Chington, since the 2009 election. 

(Cambridge International AS and A Level Mathcmatics 9709, Papcr73Q l June 2010) 

Critical values and critical (rejection) regions 

In Example 8.1 the number 1 came up six times and this was not enough fo r 

Leonora to show that the die was biased. What was the least number of times 1 

would have had to come up fo r the test to give the opposite result? 

We again use X to denote the number of times 1 comes up in the 20 throws and 

so X = 6 means that the number 1 comes up six times. 

We know from our earlier work that the probability that X,,;; 5 is 0.8982 and 

we can use the binomial distribution to work out the probabilities that X = 6, 

X = 7, etc. 

P(X = 6) = ioe2(i)1 4(! )6 = 0.0647 

P(X = 7) = ioc1(!in(ff = 0.0259 

We know P(X;;,, 6) = 1- P(X ,,;; 5) = 1 - 0.8982 = 0. 101 8. 

0. 1018 is a little over 10% and so greater than the significance level of 5%. There 

is no reason to reject H0 • 

What about the case when the number 1 comes up seven times, that is X = 7? 

Since P(X ,,;; 6) = P(X,,;; 5) + P(X = 6) 

P(X ,,;; 6) = 0.8982 + 0.0647 = 0.9629 

So P(X;;,, 7) = 1-P(X ,,;; 6) 

= 1 - 0.9629 = 0.037 1 = 3.71% 

Since 3.7% < 5%, H
0 

is now rejected in favo ur of H
1
• 

You can see that Leonora needed the 1 to come up seven or more times if her 

claim was to be upheld. She missed by just one. You might think Leonora's 'all 

or nothing' test was a bit harsh. Sometimes tests are design ed so that if the result 

falls within a certain region further trials are recommended. 
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EXAMPLE 8.2 

In this example the number 7 is the critical value (at the 5% significance level), 

the value at which you change from accepting the null hypothesis to rejecting it. 

The range of values for which you reject the null hypothesis, in this case X ~ 7, is 

called the critical region or the rejection region. 

It is sometimes easier in hypothesis testing to find the critical region and see if 

your value lies in it, rather than working out the probability of a value at least as 

extreme as the one you have, the procedure used so far. 

The quality control department of a factoiy 

tests a random sample of 20 items from 

each batch produced. A batch is rejected 

(or perhaps subject to further tests) if the 

number of faulty items in the sample, X, 
is more than 2. 

This means that the rejection region is X;;,, 3. 

It is much simpler for the operator carrying 

out the test to be told the rejection region 

( determined in advance by the person designing 

the procedure) than to have to work out a 

probability for each test result. 

Test 
procedure 
Take 20 pistons 

If 3 or more are 
faulty REJECT 

the batch 

World-wide 25% of men are colour-blind but it is believed that the condition is 

less widespread among a group of remote hill tribes. An anthropologist plans to 

test this by sending field workers to visit villages in that area. In each village 

JO men are to be tested for colour-blindness. Find the rejection region for the test 

at the 5% level of significance. 

SOLUTION 

Let p be the probability that a man in that area is colour-blind. 

Null hypothesis, H0: p = 0.25 

Alternative hypothesis, H 1: p < 0.25 (Less colour-blindness in this area) 

Significance level: 5% 

With the hypothesis H
0

, if the number of colour-blind men in a sample of 30 is 
X, thenX - 8(30, 0.25). 

The rejection region is the region X,,;;: k, where 

P(X,,;;: k),,;;: 0.05 and P(X ,,;;: k+ I)> 0.05. 



EXPERIMENTS 

P(X = 0) = (0.75).J0 = 0.00018 

P(X = 1) = 30(0.75)29(0.25) = 0.00179 

P(X = 2) = ( 
3
2
°) (0.75)28(0.25)2 = 0.00863 

P(X = 3) =(
3
3
°) (0.75)27(0.25)3 = 0.02685 

P(X = 4) = ( 
3
4
°) (0.75)26(0.25)4 = 0.06042. 

So P(X,:,;; 3) = 0.00018 + 0.00179 + 0.00863 + 0.02685 = 0.0375,:,;; 0.05 

but P(X,:,;; 4) = 0.0929 > 0.05. 

Therefore the rejection region is X :Si 3. 

0 What is the rejection region at the 10% significance level? 

In many other hypothesis tests it is usual to find the critical values from tables. 

Mind reading 

Here is a simple experiment to see if you can read the mind of a friend whom 

you know well. The two of you face each other across a table on which is placed a 

coin. Your friend takes the coin and puts it in one or other hand under the table. 
You have to guess which one. 

Play this game at least 20 times and test at the 10% significance level whether you 
can read your friend's mind. 

Left and right 

It is said that if people are following a route which brings them to a T-junction 

where they have a free choice between turning left and right the majority will 

turn right. 

Design and carry out an experiment to test this hypothesis. 

Note 

This is taken very seriously by companies choosing stands at exhibitions. It is 

considered worth paying extra for a location immediately to the right of one of the 
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EXERCISE SB 

Coloured sweets 

Get a large box of coloured sweets, such as Smarties, 

and taste the different colours. Choose the colour, C, 

which you think has the most distinctive flavour. 

Now close your eyes and get a friend to feed you 

sweets. Taste each one and say if it is your chosen 

colour or not. Do this for at least 20 sweets and test at 

the 10% significance level whether you can pick out 

those with colour C by taste. 

1 In a certain country, 90% ofletters are delivered the day after posting. 

A resident posts eight letters on a certain day. 

Find the probability that 

( i ) all eight letters are delivered the next day 

!ii) at least six letters are delivered the neA1: day 

!iii) exactly half the letters are delivered the next day. 

It is later suspected that the service has deteriorated as a result of mechanisation. 

To test this, 17 letters are posted and it is found that only 13 of them arrive 

the next day. Let p denote the probability, after mechanisation, that a letter is 

delivered the next day. 

( iv) Write down suitable null and alternative hypotheses for the value of p. 

M Carry out the hypothesis test, at the 5% level of significance, stating your 

results dearly. 

(vi ) Write down the critical region for the test, giving a reason for your choice. 

(MEI ) 

2 For most small birds, the ratio of males to females may be expected to be 

about 1: 1. In one ornithological study birds are trapped by setting fine-mesh 

nets. The trapped birds are counted and then released. The catch may be 

regarded as a random sample of the birds in the area. 

The ornithologists want to test whether there are more male blackbirds than 

females. 

!i) Assuming that the sex ratio of blackbirds is 1:1, find the probability that a 

random sample of 16 blackbirds contains 

(a) 12males 

(b ) at least 12males. 

!ii) State the null and alternative hypotheses the ornithologists should use. 



In one sample of 16 blackbirds there are 12 males and 4 females. 

!iii) Carry out a suitable test using these data at the 5% significance level, 

stating your conclusion dearly. Find the critical region for the test. 

(iv) Another ornithologist points out that, because female birds spend much 

time sitting on the nest, females are less likely to be caught than males. 

Explain how this would affect your conclusions. 

IMEI ) 

3 A seed supplier advertises that, on average, 80% of a certain type of seed will 

genninate. Suppose that 18 of these seeds, chosen at random, are planted. 

!i) Find the probability that 17 or more seeds will germinate if 

(a) the supplier's claim is correct 

!b) the supplier is incorrect and 82% of the seeds, on average, germinate. 

Mr Brewer is the advertising manager for the seed supplier. He thinks that 

the germination rate may be higher than 80% and he decides to carry out a 

hypothesis test at the 10% level of significance. He plants 18 seeds. 

I ii) Write down the null and alternative hypotheses for Mr Brewer's test, 

explaining why the alternative hypothesis takes the form it does. 

!iii) Find the critical region for Mr Brewer's test. Explain your reasoning. 

!iv) Determine the probability that Mr Brewer will reach the wrong conclusion if 

(a) the true germination rate is 80% 

!b) the true germination rate is 82%. 
IMEI ) 

One-tail and two-tail tests 

Think back to the two examples in the first part of this chapter. 

What would Dan have said if his eight children had all been girls? What would 

Leonora have said if the number 1 had not come up at all? 

In both our examples the claim was not only that something was unusual but 

that it was so in a particular direction. So we looked only at one side of the 

distributions when working out the probabilities, as you can see in figure 8.1 on 
page 181 and figure 8.2 on page 186. In both cases we applied one-tail tests. (The 
word 'tail' refers to the darker coloured part at the end of the distribution.) 

If Dan had just claimed that there was something odd about his chromosomes, 
then you would have had to work out the probability of a result as extreme on 

either side of the distribution, in this case eight girls or eight boys, and you would 

then apply a two-tail test. 
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- EXAMPLE 8.3 

Here is an example of a two-tail test. 

The producer of a television programme claims that it is politically unbiased. 

' If you take somebody off the street it is 50: 50 whether he or she will say the 
programme favours the government or the opposition', she says. 

However, when ten people, selected at random, are asked the question 'Does the 

programme support the government or the opposition?', nine say it supports the 
govenunent. 

Does this constitute evidence, at the 5% significance level, that the producer's 

claim is inaccurate? 

SOLUTION 

Read the last sentence carefully and you will see that it does not say in which 
direction the bias must be. It does not ask if the programme is favouring the 

government or the opposition, only if the producer's claim is inaccurate. So you 

must consider both ends of the distribution, working out the probability of such 

an extreme result either way: 9 or 10 saying it favours the government, or 9 or 10 

the opposition. This is a two-tail test. 

If p is the probability that somebody believes the programme supports the 

government, you have 

Null hypothesis, H0: 

Alternative hypothesis, H 1: 

Significance level: 

p =0.5~ 

p'F0.5---~ 
5% ~ 
Two-tail test 

The situation is modelled by the binomial distribution 8 ( 10, 0.5) and is shown in 

figure8.3. 

~.,, •• I 
[ 0.1 

Figure 8 .3 

' ' ' Numbnofpwpl~ 



EXERCISE SC 

This gives 

P(X=0)=
10

~
4 

P(X = 10) = 
10

~
4 

P(X = l)=1b~4 

P(X=9)=1b~4 

where X is the number of people saying the programme favours the government. 

Thus the total probability for the two tails is~ or 2.15%. 

Since 2.15% < 5% the null hypothesis is rejected in favour of the alternative, that 

the producer's claim is inaccurate. 

Note 

You have to look carefully at the way a test is worded to decide if it should be 

one-tai l or two-tai l. 

Dan claimed his chromosomes made him more likely to father boys than girls. That 
requires a one-tail test. 

Leonora claimed the die was biased in the direction of too many 1s. Again a 

one-tai l test. 

The test of the television producer's claim was for inaccuracy in either direction and 

soatwo-tai ltestwasneeded. 

1 To test the claim that a coin is biased, it is tossed 12 times. It comes down 

heads 3 times. Test at the 10% significance level whether this claim is 

justified. 

2 A biologist discovers a colony of a previously unknown type of bird nesting in 

a cave. Out of the 16 chicks which hatch during his period of investigation, 13 

are female. Test at the 5% significance level whether this supports the view that 

the sex ratio for the chicks differs from 1 : 1. 

3 People entering an exhibition have to choose whether to turn left or right. 

Out of the first twelve people, nine turn left and three right. Test at the 5% 

significance level whether people are more likely to turn one way than the other. 

4 A multiple choice test has 15 questions, with the answer for each allowing five 

options, A, B, C, D and E. All the students in a class tell their teacher that they 

guessed all 15 answers. The teacher does not believe them. Devise a two-tail 

test at the 10% significance level to apply to a student's mark to test the 

hypothesis that the answers were not selected at random. 

5 \Nhen a certain language is written down, 15% of the letters are Z. Use this 

information to devise a test at the 10% significance level which somebody who 

does not know the language could apply to a short passage, 50 letters long, to 

determine whether it is written in the same language. 
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S2 - 6 A seed firm states on a packet of rare seeds that the germination rate is 20%. 
The packet contains 25 seeds. 

W How many seeds would you expect to germinate out of the packet? 

!ii) What is the probability of exactly 5 seeds germinating? 

A man buys a packet and only I seed germinates. 

(iii) Is he justified in complaining? 

7 Given that Xhas a binomial distribution in which 11 = 15 andp = 0.5, find the 

probability of each of the following events. 

rn X = 4 

!ii) x,s;:4 

!iii) X=4or X = 11 

(iv) X ..;;; 4or X ~ 11 

A large company is considering introducing a new selection procedure for 

job applicants. The selection procedure is intended to result over a long 

period in equal numbers of men and women being offered jobs. The new 

procedure is tried with a random sample of applicants and 15 of them, 

11 women and 4 men, are offered jobs. 

M Carry out a suitable test at the 5% level of significance to determine 

whether it is reasonable to suppose that the selection procedure is 

performing as intended. You should state the null and alternative 

hypotheses under test and explain carefully how you arrive at your 
conclusions. 

!vi) Suppose now that, of the 15 applicants offered jobs, ware women. Find 

all the values of w for which the selection procedure should be judged 

acceptable at the 5% level. 

(MEI ) 

Type I and Type II errors 

EXAMPLE 8.4 

There are two types of error that can occur when a hypothesis test is carried out. 

They are illustrated in the following example. 

A gold coin is used for the toss at a country's football matches but it is suspected 

of being biased. It is suggested that it shows heads more often than it should. 

A test is planned in which the coin is to be tossed 19 times and the results 
recorded. It is decided to use a 5% significance level; so, if the coin shows heads 

14 or more times, it will be declared biased. 

What errors are possible in interpreting the test result? 



SOLUTION 

Two types of error are possible. 

A Type I error 

In this case the coin is actually unbiased, so the probability, p, ofit showing heads is 

given by p = 0.5. However, it happens to come up heads 14 or more times and so is 

incorrectly declared to be biased. 

The probabilities of possible outcomes from 19 tosses when p == 0.5 can be found 

using the binomial distribution. Some of them are given, to 2 significant figures, 

in the table below. 

Number of heads ~ 10 ... 11 ... 12 ,?, J3 ;?,c J4 ;;;,c J5 ;?<- 16 

Probability 0. 50 0.32 0.18 0.084 0.032 0.010 0.0022 

The table shows that the probability of getting 14 or more heads, and so 

making the error of rejecting the true null hypothesis that p == 0.5, is 0.032 

and so just less than the 5% significance level. This type of error, where a null 

hypothesis is rejected despite being correct, is called a Type I error. The figures 

in the table illustrate the fact that for a binomial test the probability of making 

a Type I error is either equal to the significance level of the test or slightly less 

than it. For most other hypothesis tests it is equal to the significance level; 

indeed that is the meaning of the term significance level, the probability of 

rejecting a true null hypothesis. 

A Type II error 

The other type of error occurs when the null hypothesis is in fact false but is 

nonetheless accepted. Imagine that the gold coin is actually biased with p == 0.8 

and that it shows heads 12 times. In this test the null hypothesis is rejected if the 

number of heads is 14 or more, and so it is accepted if the number of heads is less 

than 14. 

Since 12 < 14, the null hypothesis is accepted, even though it is in fact false. This 

is called a Type II error, where a false null hypothesis is accepted. 

In this case, it is possible to use the binomial distribution to work out the 

probability of a Type II error. When p == 0.8, the probability that when the coin is 

tossed 19 times the number of heads is less than 14 can be found to be 0.163, and 

so this is the probability of a Type II error in this example. 
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EXAMPLE8.5 

Note5 

1 Notice that it was only possible to find the probability of a Type II error in 

Example8.4becausethevalueofthepopulationparameterunderconsideration 

was known: p - 0.8. Since finding out about this parameter is the object of the test, 

it would be unusual for it to be known. So, in practice, it is often not possible to 

calculatetheprobabilityofaTypellerror. Bycontrast,nocalculationatallisneeded 

to find the probability of a Type I error; it is the significance level of the test. 

2 For a given sample size, the probabilities of the two types of errors are linked. 

In Example 8.4, the probability of a Type II error could be reduced by making 

the test more severe; instead of requiring 14 or more heads to declare the coin 

biased, it could be reduced to 13 or perhaps 12. However, that would increase the 

probability of a Type I error. 

3 The circumstances under which these errors occur is shown below. 

Decision 

AcceptH0 RejectH0 

(decide the coin is unbiased ) (decide the coin is biased) 

The null hypothesis, 
Correct decision 

H0 wronglyrejected: 

Type I error 

H0 wronglyaccepted: 
Correct decision 

Type II error 

In summary 

• A type I error occurs when the sample leads you to wrongly reject H0 when it 

is in fact true. 

• A type II error occurs when the sample leads you to wrongly accept H
0 

when it 

is in fact false. 

It is known that 60% of the moths of a certain species are red; the rest are yellow. 

A biologist finds a new colony of these moths and observes that more of them 

seem to be red than she would expect. She designs an experiment in which she 
will catch 10 moths at random, obseive their colour and then release them. She 

will then carry out a hypothesis test using a 5% significance level. 

m State the null and alternative hypotheses for this test. 

(ii ) Find the rejection region. 

(iii ) Find the probability of a Type I error. 

(iv) If in fact the proportion of red moths is 80%, find the probability that the 

test will result in a Type II error. 



SOLUTION 

m Let p be the probability that a randomly selected moth is red. 

Null hypothesis: The proportion of red moths in 

this colony is 60%. 

Alternative hypothesis: H 1: p > 0.6 The proportion of red moths is 

greater than 60%. 

!ii) Assuming H0 is true, you can calculate the following probabilities for the 10 

moths in the sample. 

All 10 moths are red: (0.6)10 = 0.0060 ... 

9 are red and 1 yellow: 10c1 x (0.6)9 x 0.4 = 0.0403 ... 

8 are red and 2 yellow: wc
2 

x (0.6)8 x (0.4)2 = 0.1209 ... 

There is no need to go any further. 

The probability that there are nine or ten red moths is 

0.0403 ... + 0.0060 ... = 0.0463 ... 

and this is less than the 5% significance level. 

The probability that there are eight, nine or ten red moths is 

0.1209 ... + 0.0403 ... + 0.0060 . = 0.167 ... 

and this is greater than 5%. 

So the rejection region for this test is 9 or 10 red moths. 

(iii) A Type I error occurs when a true null hypothesis is rejected. 

In this case if H0 is true, and sop = 0.6, the probability ofit being rejected 

because a particular sample has 9 or 10 red moths has already been worked 
out to be 0.0463 ... in part (i i). When rounded to 3 significant figures , this 

gives0.0464. 

So the probability of a Type 1 error is 0.0464 (to 3 s.f.). 

(iv) If the proportion ofred moths is 80%, the correct result from the test 

would be for the null hypothesis to be rejected in favour of the alternative 

hypothesis. The probability of this happening is 

wc1 x (0.8)9 x0.2 + (0.8) 10 = 0.376 (to 3 s.f.) 

A Type II error occurs when this result does not occur. 

So in this situation the probabilityofa Type II error is 1 - 0.376 = 0.624. 
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EXERCISE SD 

S2 - 1 At a certain airport 20% of people take longer than an hour to check in. A 
new computer system is installed, and it is claimed that this will reduce the 
time to check in. It is decided to accept the claim if, from a random sample 

of 22 people, the number taking longer than an hour to check in is either 
Oor I. 

rn Calculate the significance level of the test. 

!ii) State the probability that a Type I error occurs. 

(iii) Calculate the probability that a Type II error occurs if the probability that 

a person takes longer than an hour to check in is now 0.09. 

ICambridgclntcrnationalASandALcYdMathcmatks 9709,Papcr 7 Q4Junc2007) 

2 A manufacturer claims that 20% of sugar-coated chocolate beans are red. 

George suspects that this percentage is actually less than 20% and so he takes a 
random sample of 15 chocolate beans and performs a hypothesis test with the 
null hypothesis p = 0.2 against the alternative hypothesis p < 0.2. He decides to 

reject the null hypothesis in favour of the alternative hypothesis if there are 0 
or I red beans in the sample. 

rn With reference to this situation, explain what is meant by a Type I error. 

( ii ) Find the probability of a Type I error in George's test. 

(Cambridge International AS 1nd A UVCI Mathematics 9709, I'ilper7 Q2 Nonmbcr2005) 

3 In a certain city it is necessary to pass a driving test in order to be allowed to 
drive a car. The probability of passing the driving test at the first attempt is 

0.36 on average. A particular driving instructor claims that the probability of 
his pupils passing at the first attempt is higher than 0.36. A random sample 

of 8 of his pupils showed that 7 passed at the first attempt. 

( i) Carry out an appropriate hypothesis test to test the driving instructor's 

claim, using a significance level of 5%. 

( ii ) In fact, most of this random sample happened to be careful and sensible 

drivers. State which type of error in the hypothesis test (Type I or Type II) 

could have been made in these circumstances and find the probability of 
this type of error when a sample of size 8 is used for the test. 

[Cambridge International AS and A Len! Mathematics 9709, Paper7Q4 June 2009) 

4 It is claimed that a certain 6-sided die is biased so that it is more likely to show 

a six than if it was fair. In order to test this claim at the 10% significance level, 
the die is thrown 10 times and the number of sixes is noted. 

( i ) Given that the die shows a six on 3 of the 10 throws, carry out the test. 

On another occasion the same test is carried out again. 

( ii ) Find the probability of a Type I error. 

( iii ) Explain what is meant by a Type II error in this context. 

!Cambridge International AS and A Lttd Mathcmatic• 9709,Paper71 Q6 Nonmber2010) 



liiiiY•li,'1P++ 
1 Hypothesis testing checklist 

• Was the test set up before or after the data were known? 

• Was the sample involved chosen at random and are the data independent? 

• Is the statistical procedure actually testing the original claim? 

2 Steps for conducting a hypothesis test 

• Establish the null and alternative hypotheses. 

• Decide on the significance level. 

• Collect suitable data using a random sampling procedure that ensures the 

items are independent. 

• Conduct the test, doing the necessary calculations. 

• Interpret the result in terms of the original claim, theory or problem. 

3 A Type I error occurs when a true null hypothesis is rejected. The 
probability of a Type I error occurring is less than or equal to the 

significance level of the test. 

4 A Type II error occurs when a false null hypothesis is accepted. The 
probability of a Type II error occurring depends on the (unknown) value of 

the population parameter; in a binomial test the parameter is p. 
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S2 - The Poisson distribution 

If something can go wrong, sooner or later it will go wrong. 

Murphy's Law 

- ElectricsExpress.com -
Sinceour'nextdaydeliveryguarantee'went 
live,thenumberofordershasincreased 
dramatically.Wearenowoneofthemost 
popularwebsitesformailorderelectricalgoods. 
Wewouldliketoreassureourcustomersthat 
wehavetakenonmorestafftocopewiththe 
increaseddemandforourproducts. 
ltisimpossibletopredictthelevelofdemand, 
however,wedoknowthatwearereceiving 
anaverageof150ordersperhour! 

The appearance of this update on their website prompted a statistician to contact 

ElectricsExpress.com. She offered to analyse the data and see what suggestions 
she could come up with. 

For her detailed investigation, she considered the distribution of the number of 

orders per minute. For a random sample of 1000 single-minute intervals during 
the last month, she collected the following data. 

Number of orders 

per minute 

Frequency 70 215 265 205 125 75 30 10 

Summary statistics for this frequency distribution are as follows. 

n=lOOO, 'i,xf=2525 and I,ilf=8885 

X= 2.525 and sd = 1.58 (to 3 s.f.) 

She also noted that 

• orders made on the website appear at random and independently of each 

other 

> 7 

• the average number of orders per minute is about 2.5 which is equivalent to 

150 per hour. 

She suggested that the appropriate probability distribution to model the number 

of orders was the Poisson distribution. 



The particular Poisson distribution, with an average number of 2.5 orders per 
minute, is defined as an infinite discrete random variable given by 

P(X = r) = e-25 x~ for r = 0,1,2,3,4, .. 

where 

• X represents the random variable 'number of orders per minute' 

• e is the mathematical constant 2.718 281 828 459 ... 

• e-2.s can be found from your calculator as 0.082 (to 3 d.p. ) 

• r! means r factorial, for example 5! = 5 X 4 X 3 X 2 X 1 = 120. 

Values of the corresponding probability distribution may be tabulated using the 
formula, together with the expected frequencies this would generate. For example 

P(X = 4) = e-25 x~ 

= 0.13360 ... 
= 0.134 (to3 s.f.) 

Number of orders per minute (r) >7 

Obser;,edfrequency 

P(X=r) 

Expected frequency 

70 215 265 205 125 75 30 10 

0.082 0.205 0.257 0.214 0.134 0.067 0.028 0.010 0.003 

82 205 257 214 134 67 28 10 

The closeness of the observed and expected frequencies (see figure 9.1) implies 
that the Poisson distribution is indeed a suitable model in this instance. 

Figure 9. 1 

-- obscri:cdfreqw,ncics 

-- E,:pect.,dfrequencics 

• 2 3 4 S 6 
nwnberofordcrs~minmc 

Note also that the sample mean, X = 2.525, is very close to the sample variance, 
i1 = 2.509 (to 4 s.f.). You will see later that, for a Poisson distribution, the 

S2 -

expectation and variance are the same. So the closeness of these two summary ~ 
statistics provides further evidence that the Poisson distribution is a suitable model. 



S2 - The Poisson distribution 

A discrete random variable may be modelled by a Poisson distribution provided 

• events occur at random and independently of each other, in a given interval of 

time or space 

• the average number events in the given interval,)., is uniform and finite. 

Let X represent the number of occurrences in a given interval, then 

- - -..t A' -P(X - r) -e x rT for r - O,l,2,3,4, .. 

Like the discrete random variables you met in Chapter 4, the Poisson distribution 

may be illustrated by a vertical line chart. The shape of the Poisson distribution 

depends on the value of the parameter l (pronounced 'lambda'). The letterµ 

(pronounced 'mu') is also commonly used to represent the Poisson parameter. If 

). is small the distribution has positive skew, but as .l increases the distribution 

becomes progressively more symmetrical. Three typical Poisson distributions are 

illustrated in figure 9.2. 

(a) P 

' 

0 I 2 3 
X 

(b) p 

u 

2 3 4 5 6 
X 

-::1 I I I I I I I I I I I I I I I I I I I I !!11 I I 
' X 

Figure 9.2 The shape of the Poisson distribution for (a).t = 0.2 lb) .t = 1 (c) .t = 5 



EXAMPLE9.1 

There are many situations in which events happen singly and the average number 
of occurrences per given interval of time or space is uniform and is known or can 

be easily found. Such events might include: the number of goals scored by a team in 

a football match, the number of telephone calls received per minute at an exchange, 

the number of accidents in a factory per week, the number of particles emitted in 

a minute by a radioactive substance whose half-life is relatively long, the number 

of typing errors per page in a document, the number of flaws per metre in a roll of 

cloth or the number of micro-organisms in 1 millilitre of pond water. 

The number of defects in a wire cable can be modelled by the Poisson 

distribution with a uniform rate of 1.5 defects per kilometre. 

Find the probability that 

(i) a single kilometre of wire will have exactly 3 defects 

(ii ) a single kilometre of wire will have at least 5 defects. 

SOLUTION 

Let X represent the number of defects per kilometre, then 

P(X = r) = e-15 x1* for r = 0,1,2 ,3, 4, .. 

m P(X = 3) = e-15 x~ 

= 0.125510 ... 
= 0.126 (to3s.f. ) 

(ii ) P(X~ 5) = 1- [P(X = 0) + P(X = 1) + P(X = 2) + P(X = 3) + P(X = 4)] 

=1 - [e-l.5 x ~+e-15 x ~+e-l.5 x ~+e-l.5 x ~+e- 15 x ~ J 
O! 1! 2! 3! 4! 

= 1- (0.223 130 ... + 0.334695 . + 0.251021 .. + 0.125510 .. . 
+0.047066 ... ] 

= 0.0186 (to3 s.f.) 

Calc ulating Po isson dis tributio n pro babilities 

In Example 9.1, about the defects in a wire cable, you had to work out P(X ~ 5). 
To do this you used P(X~ 5) = 1 - P(X..;; 4) which saved you having to work out 

all the probabilities for five or more occurrences and adding them together. Such 

calculations can take a long time even though the terms eventually get smaller and 

smaller, so that after some time you will have gone far enough for the accuracy 

you require and may stop. 

However, Example 9.1 did involve working out and summing five probabilities 

and so was quite time consuming. Here are two ways of cutting down on the 

amount of work, and so on the time you take. 
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EXAMPLE 9 .2 

Recurrence relations 

Recurrence relations allow you to use the term you have obtained to work out the 

next one. For the Poisson distribution with parameter l, 

P(X = O) = e-l You must use your calculator to find this tenn. 

P(X = I) = e-'- xA =l P(X = 0) Multiply the previous term by,L 

P(X = 2) = e- l xfi"' 1 P(X = 1) 

P(X = 3) = e-lx-fi = 1 P(X= 2) 

P(X = 4) = e-l x 1i- = i P(X = 3) 

Multiply the previous term by l 
Multiply the previous term by l 
Multiply the previous term by l 

In general, you can find P(X = r) by multiplying your previous probability, 

P(X = r -1 ), by~- You would expect to hold the latest value on your calculator 

and keep a running total in the memory. 

Setting this out on paper with ..l = 1.5 (the figure from Example 9. 1) gives these 

figures. 

No.ofcases,r Conversion P(X=r) Running total, P(X ,;; r) 

0.223130 .. . 0.223130 ... 

X 1.5 0.334 695 .. . 0.557825 .. . 

x!..2 
2 

0.25 1021.. 0.808846 . .. 

x!..2 
3 

0.125510 .. . 0.934356 . .. 

x!..2 0.047066 .. . 0.98 1422 . .. 
4 

Adapting the Poisson distribution for different time intervals 

Jasmit is considering buying a telephone answering machine. He has one for 

five days' free trial and finds that 22 messages are left on it. Assuming that this is 
typical of the use it will get ifhe buys it, find: 

m the mean number of messages per day 

(ii ) the probability that on one particular day there will be exactly six messages 
(iii ) the probability that there will be exactly six messages in two days. 

SOLUTION 

m Converting the total for five days to the mean for a single day gives 

daily mean = ¥ = 4.4 messages per day 



(iil Calling X the number of messages per day, 

P(X= 6)= e---4A x¥i 
= 0.124 

(iii) The mean for two days is 

2 x ¥ = 8.8 messages 

So the probability of exactly six messages is 

e---M X ~ = 0.0972 

Modelling with a Poisson distribution 

EXERCISE 9A 

In the example about ElectricsExpress.com, the mean and variance of the number 

of orders placed per minute on the website were given by X = 2.525 and s2 = 2.51 
(to 3 s.f.). The corresponding Poisson parameter,,l, was then taken to be 2.5. 

It can be shown that for any Poisson distribution 

Mean= E(X) =A. and Variance = Var(X) =L 

The notation Po(A.) or Poisson(A.) is used to describe this distribution. Formal 

derivations of the mean and variance of a Poisson distribution are given in 

Appendix 4 on the CD. 

When modelling data with a Poisson distribution, the closeness of the mean and 

variance is one indication that the data fit the model well. 

When you have collected the data, go through the following steps in order to 

check whether the data may be modelled by a Poisson distribution. 

• Work out the mean and variance and check that they are roughly equal. 

• Use the sample mean to work out the Poisson probability distribution and a 

suitable set of expected frequencies. 

• Compare these expected frequencies with your observations. 

1 If X- Po( l.75 ), use the Poisson formula to calculate 

W P(X = 2) mi P(X> 0). 

2 If X- Po(3.1), use the Poisson formula to calculate 

rn P(X = 3) !ii i P(X <2) !iiil P(X~2). 
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S2 - 3 The number of wombats that are killed on a particular stretch of road in 

Australia in any one day can be modelled by a Po(0.42) random variable. 

( i ) Calculate the probability that exactly two wombats are killed on a given 

day on this stretch of road. 

(ii ) Find the probability that exactly four wombats are killed over a 5-day 

period on this stretch of road. 

4 A typesetter makes 1500 mistakes in a book of 500 pages. On how many pages 

would you expect to find m O (i il I !iii) 2 !iv) 3 or more mistakes? State any 

assumptions in your workings. 

5 In a country the mean number of deaths per year from lightning strike is 2.2. 

!i) Find the probabilities of 0, I , 2 and more than 2 deaths from lightning 

strike in any particular year. 

In a neighbouring country, it is found that one year in twenty nobody dies 

from lightning strike. 

(ii ) E.stimate the mean number of deaths per year in that country from 

lightning strike. 

6 350 raisins are put into a mixture which is well stirred and made into 100 

small buns. E.stimate how many of these buns will 

rn be without raisins 

(ii ) contain five or more raisins. 

In a second batch of 100 buns, exactly one has no raisins in it. 

(iii) E.stimate the total number of raisins in the second mixture. 

7 A ferry takes cars and small vans on a short journey from an island to the 

mainland. On a representative sample of weekday mornings, the numbers of 

vehicles, X, on the 8 am sailing were as follows. 

20 24 24 22 23 

21 21 22 21 23 

21 20 22 23 22 

22 20 22 20 24 

( i ) Show that X does not have a Poisson distribution. 

In fact 20 of the vehicles belong to commuters who use that sailing of the ferry 

every weekday morning. The random variable Y is the number of vehicles 

other than those 20 who are using the ferry. 

(ii ) Investigate whether Y may reasonably be modelled by a Poisson 

distribution. 

The ferry can take 25 vehicles on any journey. 

(iii) On what proportion of days would you expect at least one vehicle to be 

unable to travel on this particular sailing of the ferry because there was no 

room left and so have to wait for the next one? 



8 Small hard particles are found in the molten glass from which glass bottles 
are made. On average, 15 particles are found per 100 kg of molten glass. If a 

bottle contains one or more such particles it has to be discarded. 

Suppose bottles of mass I kg are made. It is required to estimate the 
percentage of bottles that have to be discarded. Criticise the following 
'answer': Since the material for 100 bottles contaim 15 particles, approximately 
15% will have to be discarded. 

Making suitable assumptions, which should be stated, develop a correct 
argument using a Poisson model, and find the percentage of faulty I kg 
bottles to three significant figures. 

Show that about 3.7% of bottles of mass 0.25kg are faulty. 

IMEI ) 

9 People arrive randomly and independently at the elevator in a block of flats 

at an average rate of 4 people every 5 minutes. 

( i) Find the probability that exactly two people arrive in a I-minute period. 

( ii ) Find the probability that nobody arrives in a IS-second period. 

(iii) The probability that at least one person arrives in the neJ..1: t minutes is 

0.9. Find the value oft. 

[C.mbridgc International AS and A UVCI Mathematics 9709, Papcr 7Q6 June 2008) 

1 o A shopkeeper sells electric fans. The demand for fans follows a Poisson 

distribution with mean 3.2 per week. 

(i) Find the probability that the demand is exactly 2 fans in any one week. 

( ii ) The shopkeeper has 4 fans in his shop at the beginning of a week. Find 

the probability that this will not be enough to satisfy the demand for fans 

in that week. 

(iii) Given instead that he has II fans in his shop at the beginning of a week, 

find, by trial and error, the least value of II for which the probability of 

his not being able to satisfy the demand for fans in that week is less than 
0.05. 

(CambridgclntcrnationalASandAUVCIMathcmatic• 'fl09,Papcr7Q6Nonmbu2005) 

People arrive randomly and independently at a supermarket checkout at an 

average rate of 2 people every 3 minutes. 

( i) Find the probability that exactly 4 people arrive in a 5-minute period. 

At another checkout in the same supermarket, people arrive randomly and 

independently at an average rate of I person each minute. 

(iii Find the probability that a total of fewer than 3 people arrive at the two 

checkouts in a 3-minute period. 

[Cambridge International AS and A Uni Mathematics 9709, Papcr71 Q2 Nonmbu2010) 
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S2 - 12 A manufacturer ofrifle ammunition tests a large consignment for accuracy 

by firing 500 batches, each of 20 rounds, from a fixed rifle at a target. Those 

rounds that fall outside a marked circle on the target are classified as misses. 

For each batch of20 rounds the number of misses is counted. 

!i) E.stimate the mean number of misses per batch. 

!ii) Use your mean to estimate the probability of a batch producing 0, I, 2, 

3, 4 and 5 misses using the Poisson distribution as a model. 

!iii) Use your answers to part !ii) to estimate expected frequencies of 0, I, 2, 

3, 4 and 5 misses per batch in 500 batches and compare your answers 

with those actually found. 

(iv) Do you think the Poisson distribution is a good model for this situation? 

The sum of two or more Poisson distributions 

Safer crossing near our school? 
Arecenttrafficsurveyhasrevealedthatthe 
numberofvehiclesusingthemainroad 
outsidetheschoolhasreachedlevelswhere 
crossinghasbecomeahazardtoourstudents. 

Thesurvey,carriedoutbyagroupofour 
students,showthatthevolumeoftraffic 
hasincreasedsomuchthatourstudents 
arealmosttakingtheirlivesintheirhands 
when crossing the road. 

AtJpm,usuallyoneofquieterperiodsoftheday,theaveragenumberofvehiclespassingour 
schooltogointothetownis3.5perminuteandtheaveragenumberofvehiclesheadingout 
oftownis5.7perminute.Asafecrossingisamust! 

Thetowncouncilhastoldourstudentsthatiftheycanshowthatthereisagreaterthan1in4 
chanceofmorethan10vehiclespassingperminute,thenweshouldbesuccessfulingettinga 
safercrossingforoutsidetheschool. 

Assuming that the flows of vehicles, into and out of town, can be modelled by 

independent Poisson distributions, you can model the flow of vehicles in both 

directions as follows. 



Let X represent the number of vehicles travelling into town at 3 pm, then 
X- Po (3.5). 

Let Y represent the number of vehicles travelling out of town at 3 pm, then 

Y- Po(5.7). 

Let T represent the number of vehicles travelling in either direction at 3 pm, then 

T=X+ Y. 

You can find the probability distribution for Tas follows. 

P(T~ 0) ~ P(X ~ 0) x P(Y~ 0) 

= 0.0302 X 0.0033 = 0.0001 

P( T= 1) = P(X = O) x P( Y= 1) + P(X = 1) x P(Y =O) 

= 0.0302 X 0.0191 + 0.1057 X 0.0033 = 0.0009 

P( T= 2) = P(X=O) x P( Y= 2) + P(X = 1) x P(Y= 1) + P(X= 2) x P(Y=O) 

= 0.0302 X 0.0544 + 0.1057 X 0.0191 + 0.1850 X 0.0033 = 0.0043 

and so on. 

You can see that this process is very time consuming. Fortunately, you can make 

life a lot easier by using the fact that if X and Y are two independent Poisson 

random variables, with means ,l and/, respectively, then if T = X + Y then T is a 

Poisson random variable with mean,l + I'· 

X-Po(,l)andY-Po(j,) => X+Y - Po (A.+1,) 

Using T- Po(9.2) gives the required probabilities straight away. 

P(T = 0) = e~9-2 = 0.0001 

P( T = 1) = e-9
·
2 x 9.2 = 0.0009 

P( T = 2) = e-9
·
2 x ~ = 0.0043 

and so on. 

You can now use the distribution for T to find the probability that the total traffic 

flow exceeds 10 vehicles per minute. 

P(T> 10) = 1 - P( T ,s;: 10) 

= 1 -0.6820=0.3 18 

Since there is a greater than 25% chance of more than 10 vehicles passing 

per minute, the case for the crossing has been made, based on the Poisson 

probability models. 
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EXAMPLE 9.3 
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EXAMPLE 9.4 

A rare disease causes the death, on average, of 2.0 people per year in Sweden, 0.8 

in Norway and 0.5 in Finland. As far as is known the disease strikes at random 

and cases are independent of one another. 

What is the probability of 4 or more deaths from the disease in these three 

countries in any year? 

SOLUTION 

Notice first that: 

• P(4 or more deaths) = 1- P(3 or fewer deaths) 

• each oft he three distributions fulfils the conditions for it to be modelled by 
the Poisson distribution. 

You can therefore add the three distributions together and treat the result as a 

single Poisson distribution. 

The overall mean is given by 2.0 0.8 + 0.5 = 3.3 

Sweden Norway Finland Total 

giving an overall distribution of Po(3.J). 

The probability of 4 or fewer deaths is then 

1- e-l.l x( l + 3.3+.:Ll:+ g) 
2! 3! 

So the probability of 4 or more deaths is given by 

1-0.580=0.420 

Notes 

1 You may only add Poisson distributions in this way if they are independent of 

each other. 

2 The proof of the validity of adding Poisson distributions in this way is given in 

Appendix 5 on the CD. 

On a lonely Highland road in Scotland, cars are observed passing at the rate of6 per 

day and lorries at the rate of 3 per day. On the road is an old cattle grid which will 

soon need repair. The local works department decide that if the probability of more 

than 2 vehicles per hour passing is less than 1 % then the repairs to the cattle grid can 

wait until ne.xt spring, otherwise it will have to be repaired before the winter. 

When will the cattle grid have to be repaired? 

SOLUTION 

Let C be the number of cars per hour, L be the number oflorries per hour and V 
be the number of vehicles per hour. 

V=L+C 



EXERCISE 98 

Assuming that a car or a lorry passing along the road is a random event and the 
two are independent 

C- Po(0.25), L - Po(0.125) 

V- Po(0.25 + 0.125) 
6carsadayis1.i: = 0.25carsinanhour. 

and so 
V - Po(0.375) 

Similarly, there an, f4 0.125lorricsp,,rhour. 

The required probability is 

P(V > 2) = 1- P(Vesi2 ) 

= 1- e~o.m x ( l+0.375 + 0·3~
52

) 

= 0.00665 

This is less than 1 % and so the repairs are left until spring. 

0 The modelling of this situation raises a number of questions. 

1 Is it true that a car or lorry passing along the road is a random event, or are 

some of these regular users, like the lorry collecting the milk from the farms 
along the road? If, say, three of the cars and one lorry are regular daily users, 

what effect does this have on the calculation? 

2 Is it true that every car or lorry travels independently of every other one? 

3 Are vehicles more likely in some hours than others? 

4 There are no figures for bicycles or motorcycles or other vehicles. Why might 

this be so? 

1 The numbers oflorry drivers and car drivers visiting an all-night transport 

cafe between 2 am and 3 am on a Sunday morning have independent Poisson 
distributions with means 5. 1 and 3.6 respectively. 

rn Find the probabilities that, between 2 am and 3 am on any Sunday, 

!a) exactly five lorry drivers visit the cafe 

(bl at least one car driver visits the cafe 

!c) exactly five lorry drivers and exactly two car drivers visit the cafe. 

!ii) By using the distribution of the total number of drivers visiting the cafe, 

find the probability that exactly seven drivers visit the cafe between 2 am 

and 3 am on any Sunday. Given that exactly seven drivers visit the cafe 

between 2 am and 3 am on one Sunday, find the probability that exactly 
five of them are driving lorries. 

IMEI ) 
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S2 - 2 Telephone calls reach a departmental administrator independently and at 
random, internal ones at a mean rate of two in any five-minute period, and 

external ones at a mean rate of one in any five-minute period. 

rn Find the probability that in a five-minute period, the administrator 

receives 

(a) exactly three internal calls 

(bi at least two external calls 

(cl at most five calls in total. 

!ii ) Given that the administrator receives a total of four calls in a five-minute 

period, find the probability that exactly two were internal calls. 

!iii ) Find the probability that in any one-minute interval no calls are received. 

3 Two random variables, X and Y, have independent Poisson distributions given 
by X- Po(l.4) and Y- Po(3.6) respectively. 

(i) Using the distributions of X and Y only, calculate 

(al P(X + Y=O) 

(bi P(X+Y=l ) 

!cl P(X+ Y=2). 

The random variable T is defined by T = X + Y. 

(iii Write down the distribution of T. 

!iii ) Use your distribution from part (ii ) to check your results in part m. 

4 A boy is watching vehicles travelling along a motorway. All the vehicles he 
sees are either cars or lorries; the numbers of each may be modelled by two 

independent Poisson distributions. The mean number of cars per minute is 
8.3 and the mean number of lorries per minute is 4.7. 

rn For a given period of one minute, find the probability that he sees 

(al exactly seven cars 

(bi atleastthreelorries. 

(iii Calculate the probability that he sees a total of exactly ten vehicles in a 
given one-minute period. 

!ii i) Find the probability that he observes fewer than eight vehicles in a given 

period of 30 seconds. 

5 The number of cats rescued by an animal shelter each day may be modelled by 
a Poisson distribution with parameter 2.5, while the number of dogs rescued 

each day may be modelled by an independent Poisson distribution with 
parameterJ.2. 

rn Calculate the probability that on a randomly chosen day the shelter rescues 

(a) exactly two cats 

(bi exactly three dogs 

(cl exactly five cats and dogs in total. 

!ii ) Given that one day exactly five cats and dogs were rescued, find the 
conditional probability that exactly two of these animals were cats. 



6 The numbers of emissions per minute from two radioactive substances, A and 
B, are independent and have Poisson distributions with means 2.8 and 3.25 

respectively. 

Find the probabilities that in a period of one minute there will be 

rn at least three emissions from substance A 

!ii) one emission from one of the two substances and two emissions from the 

other substance 

!iii) a total of five emissions. 

7 The number of incoming telephone calls received per minute by a company's 

telephone exchange follows a Poisson distribution with mean 1.92. 

rn Find the probabilities of the following events. 

!a ) Exactly two calls are received in a one-minute inteITaL 

!bi Exactly two calls are received each minute in a five-minute interval. 

!c) At least five calls are received in a five-minute inteITaL 

The number of outgoing telephone calls made per minute at the same 
exchange also follows a Poisson distribution, with mean ,l. It is found that 

the proportion of one-minute intervals containing no outgoing calls is 20%. 

Incoming and outgoing calls occur independently. 

!ii) Find the value of ,L 

!iii) Find the probability that a total of four calls, incoming and outgoing, pass 

through the exchange in a one-minute interval. 

!iv) Given that exactly four calls pass through the exchange in a one-minute 

interval, find the probability that two are incoming and two are outgoing. 

IMEI) 

8 The numbers of goals per game scored by teams playing at home and away in 

the Premier League are modelled by independent Poisson distributions with 

means 1.63 and 1.17 respectively. 

!ii Find the probability that, in a game chosen at random, 

!a) the home team scores at least two goals 

!bi the result is a 1-1 draw 

!c) the teams score five goals between them. 

!ii) Give two reasons why the proposed model might not be suitable. 

IMEI,part) 
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S2 - 9 Every day I check the number of emails on my computer at home. The 

numbers of emails, x, received per day for a random sample of I 00 days are 
summarised by 

LX = Is4, V =s14. 

rn Find the mean and variance of the data. 

( ii ) Give two reasons why the Poisson distribution might be thought to be a 

suitable model for the number of emails received per day. 

(ii i) Using the mean as found in part W , calculate the expected number of days, 

in a period of 100 days, on which I will receive exactly two emails. 

On a working day, I also receive emails at the office. The number of emails 

received per day at the office follows a Poisson distribution with mean 1. On 

1.5% of working days I receive no emails at the office. 

(ivl Show that l = 4.2, correct to 2 significant figures. Hence find the probability 

that on one working day I receive at least five emails at the office. 

M Find the probability that on one working day I receive a total of ten emails 
(at home and at the office). 

[MEI,part) 

The Poisson approximation to the binomial distribution 

Rare disease blights town 
Chemical plant blamed 

ArarediseaseisattackingresidentsofAvonlord. 
lnthelastyearalonelivepeoplehavebeen 
diagnosed as suffering from it. This is over three 
limes the national average. 

Thedisease(kno'MlasPaHrey'scoodilioo} 
causesnauseaandlatigue.Onesufferer,James 
Louth(32),olHarpersLane,hasbeenunableto 
wofkforthepastsixmonlhs.HiswileMuriel{29) 
said'lffl'lworriedsick,Jameshaslosthisjoband 
I ;rn frighleoed tha1 the children {Mark, 4, and 
5ffl'lantha,2}willcatchit.' 

Mrs Louth bi.mes the chemical complex on 
the industrial es1ate for thedisease.1here were 
never any cases before Avonford Chemicals 
arrived.' 

Local environmental campaigner Roy James 
supports Mrs Louth. 'I warned the local council 
whenplannir,gpermissionwassoughtthalthis 
wouldmeananincreaseinlhissortolillness 
Normalt,,wewoulde,ped:1 case inevery40000 
olthepopulationinayear.' 

Avonford Chemicals spokesperson, Julia 
Millward saidWecalegoricallydenythatour 

Murie/Loulhbelieveslha/.lhe/oca/chemicalp/ant 
cou/ddestroyherfamily'sh'ves 

plantisresponsibleforthedisease.Ourrecordon 
saletyisverygood.Noneofourstaflhashadthe 
dismse.lnanycaselivecasesinapopulationol 
60000canhardlybec:alledsignnicanl.' 



The expected number of cases is 60 OOO x 4-0~ or 1.5, so 5 does seem rather high. 

Do you think that the chemical plant is to blame or do you think people are just 

looking for an excuse to attack it? How do you decide between the two points of 

view? Is 5 really that large a number of cases anyway? 

The situation ,_ould be ~odell_ed by the b'.no1~ial distribution. The pro~ab'.li~y of 
somebody gettmg the disease m any year 1s 4-0CXXJ and so that of not gettmg 1t 1s 

1-:rioo==· 
The probability of5 cases among 60000 people (and so 59995 people not getting 

the disease) is given by 

"""'C (39999)'='(_ 1 _ )
5 

= O.OJ 41. 
s 40000 40000 

'What you really want to know, however, is not the probability of exactly 5 cases 

but that of 5 or more cases. If that is veiy small, then perhaps something unusual 

did happen in Avonford last year. 

You can find the probability of 5 or more cases by finding the probability ofup 

to and including 4 cases, and subtracting it from I. 

The probability ofup to and including 4 cases is given by: 

(
39999)-
40000 

+ -c("9")'=(_ 1 ) 
1 40000 40000 

(
39999)'-"( 1 )' 

+ 600Xl(:2 40000 40000 

+"""'C (39999)-(- 1 )' 
3 40000 40000 

+-c (39999)'=(_ 1 )' 
4 40000 40000 

It is messy but you can evaluate it on your calculator. It comes out to be 

0.223 + 0.335 + 0.251 + 0.126 + 0.047 = 0.981. 

Ocases 

lease 

2cases 

Jcases 

4cases 

(The figures are written to three decimal places but more places were used in the 

calculation.) 
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S2 - So the probability of 5 or more cases in a year is I - 0.981 = 0.019. It is unlikely 

but certainly could happen, see figure 9.3 below. 

' . 
num~rofcases 

Figure 9.3 Probability distribution 8(60000, 40:m) 

Note 

Two other points are worth making. First, the binomial model assumes the trials are 

independent. If this disease is at all infectious, that certainly would not be the case. 

Second, there is no evidence at all to link this disease w ith Avonford Chemicals. 

There are many other possible explanations. 

Approximating the binomial terms 

Although it was possible to do the calculation using results derived from the 

binomial distribution, it was distinctly cumbersome. In this section you will 

see how the calculations can be simplified, a process which turns out to be 

unexpectedly profitable. The work that follows depends upon the facts that the 

event is rare but there are many opportunities for it to occur: that is, p is small 

and nislarge. 

Start by looking at the first term, the probability ofO cases of the disease. This is 

(39999)-
40000 == k, a constant. 



Now look at the next term, the probability of I case of the disease. This is 

= k x ~~~~ 

= k x :~: 

= k x l.5. 

Now look at the next term, the probability of 2 cases of the disease. This is 

- (39999)-· (-1 )' C2 X 40000 X 40000 

= 60000 X 59999 (39999)- (401100)' (-1-)' 
2 X I X 40000 X 39999 X 40000 

k X 60000 X 59999 
2 x I x 39999 x 39999 

k X 60000 X 60000 
2 X 40000 X 40000 

=k x ~. 
2 

Proceeding in this way leads to the following probability distribution for the 

number of cases of the disease. 

Number of cases 

Probability k kx l.5 kx~ kx~ k x ~ 

Since the sum of the probabilities = I, 

The terms in the square brackets form a well known series in pure mathematics, 

the exponential series e". 

e" = I+ x+~+-t+t-+ .. 
Sincek x et.5 = l,k=e-t.5• 
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EXAMPLE 9 .5 

This gives the probability distribution for the number of cases of the disease as 

Number of cases 

Probabili ty 

and in general for r cases the probability is e- 1.5 x Of. 
Accuracy 

These expressions are clearly much simpler than those involving binomial 

coefficients. How accurate are they? The following table compares the results 
from the two methods, given to six decimal places. 

Number 

of cases Exact binomial method 

0.223126 

0.334697 

0.251025 

0.125512 

0.047066 

Probability 

Approximate method 

0.223130 

0.334695 

0.251021 

0.125511 

0.047067 

You will see that the agreement is veiy good; there are no differences until the 

sb..1:h decimal place. 

The Poisson distribution may be used as an approximation to the binomial 

distribution, B( n, p), when 

• n is large ( typically n > 50) 

• pis small (and so the event is rare) 

• npis not too large (typically np<S). 

It is known that nationally one person in a thousand is allergic to a particular 

chemical used in making a wood preservative. A firm that makes this wood 

preservative employs 500 people in one of its factories. 

m What is the probability that more than two people at the factory are allergic 

to the chemical? 
(ii ) What assumption are you making? 



EXERCISE 9C 

SOLUTION 

m Let Xbe the number of people in a random sample of 500 who are allergic to 

the chemical. 

X - 8(500,0.001 ) n = 500 p=0.001 

Since n is large and p is small, the Poisson approximation to the binomial is 

appropriate. 

A= np 
= 500 X 0.001 

=0.5 

Consequently P(X = r) = e....;. X * 
=e--0.5 x~ 

P(X>2 ) = l-P(X ...;; 2) 

~ 1- [P(X ~ O) + P(X~ I ) + P(X~ 2)] 

= 1-[ e-o.s +e-05 x 0.5+e-o. 5 x ~J 

= 1 - (0.6065 + 0.3033 + 0.0758) 
= 1-0.9856 

= 0.0144 

(ii) The assumption made is that people with the allergy are just as likely to 

work in the factory as those without the allergy. In practice this seems rather 

unlikely: you would not stay in a job that made you unhealthy. 

1 For each of the following binomial distributions, use the binomial formula to 

calculate P(X = 3). /n each case use an appropriate Poisson approximation to 

find P(X = 3) and calculate the percentage error in using this approximation. 

Describe what you notice. 

W X- B(25,0.2 ) 

!ii) X- B(250, 0.02) 

!iii) X- B(2500, 0.002) 

2 An automatic machine produces washers, 3% of which are defective according 

to a severe set of specifications. A sample of 100 washers is drawn at random 
from the production of this machine. Using a suitable approximating 

distribution, calculate the probabilities of observing 

rn exactly3defectives 

!ii) between 2 and 4 defectives inclusive. 
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S2 - 3 The number of civil lawsuits filed in state and federal courts on a given day is 

500. The probability that any such lawsuit is settled within one week is 0.01. 

Use the Poisson approximation to find the probability that, of the original 500 

lawsuits on a given day, the number that are settled within a week is 

W exactly seven 

!ii) atleastfive 

(iii) at most six. 

4 One per cent of the items produced by a certain process are defective. Using 

the Poisson approximation, detennine the probability that in a random 

sample of 1000 articles 

rn exactly five are defective 

!ii) at most five are defective. 

5 Betty drives along a SO-kilometre stretch of road 5 days a week 50 weeks a 
year. She takes no notice of the 70 kmh- 1 speed limit and, when the traffic 

allows, travels between 95 and 105 kmh- 1• From time to time she is caught 

by the police and fined but she estimates the probability of this happening 

on any day is jfu. If she gets caught three times within three years she will be 

disqualified from driving. Use Betty's estimates of probability to answer the 

following questions. 

( i) What is the probability of her being caught exactly once in any year? 

( ii ) What is the probability of her being caught less than three times in three 

years? 

(iii) What is the probability of her being caught exactly three times in three 

years? 

Betty is in fact caught one day and decides to be somewhat cautious, reducing 

her normal speed to between 85 and 95 km h-1• She believes this will reduce 

the probability of her being caught to ~. 

(iv) What is the probability that she is caught less than twice in the next three 

years? 

6 Motorists in a particular part of Malaysia have a choice between a direct route 

and a one-way scenic detour. It is known that on average one in forty of the 

cars on the road will take the scenic detour. The road engineer wishes to do 

some repairs on the scenic detour. He chooses a time when he expects 100 cars 

an hour to pass along the road. 

Find the probability that, in any one hour, 

rn no cars will turn on to the scenic detour 

( ii ) at most 4 cars will turn on to the scenic detour. 

(iii) Between 10.30 am and 11.00 am it will be necessary to block the road 

completely. What is the probability that no car will be delayed? 



7 A sociologist claims that only 3% of all suitably qualified students from inner 

city schools go on to university. Use his claim and the Poisson approximation 

to the binomial distribution to estimate the probability that in a randomly 

chosen group of 200 such students 

W exactly five go to university 

!ii) more than five go to university. 

!iii) If the probability that more than n of the 200 students go to university is 

less than 0.2, find the lowest possible value of n. 

Another group of 100 students is also chosen. Find the probability that 

!iv) exactly five of each group go to university 

!v) exactly ten of all the chosen students go to university. 

(MEI,adapted) 

8 In one part of the country, one person in 80 has blood of Type P. A random 

sample of 150 blood donors is chosen from that part of the countiy. Let X 
represent the number of donors in the sample having blood of Type P. 

W State the distribution of X Find the parameter of the Poisson distribution 

which can be used as an approximation. Give a reason why a Poisson 

approximation is appropriate. 

!ii) Using the Poisson distribution, calculate the probability that in the sample 

of 150 donors at least two have blood of Type P. 

[MEI,part) 

9 An airline regularly sells more seats for its early morning flight from London 
to Paris than are available. On average, 5% of customers who have purchased 

tickets do not tum up. For this flight, the airline always sells 108 tickets. Let X 
represent the number of customers who do not turn up for this flight. 

rn State the distribution of X, giving one assumption you must make for it to 

be appropriate. 

There is room for 104 passengers on the flight. For the rest of the question 

use a suitable Poisson approximation. 

!ii) Find the probability that 

!a ) there are exactly three empty seats on Monday's flight 

!b) Tuesday's flight is full 

!c) from Monday to Friday inclusive the flight is full on just one day. 
[MEI.part) 
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S2 - 1 0 The manufacturers of Jupiter Jellybabies have launched a promotion to boost 

sales. One per cent of bags, chosen at random, contains a prize. A school 

tuck-shop takes delivery of 500 bags of Jupiter Jellybabies. Let X represent the 

number of bags in the delivery which contain a prize. 

!i) State dearly the distribution which Xtakes. 

!ii) Using a Poisson approximating distribution, find P(3 ..;; X,,;; 7). 

The values of the prizes are in the following proportions. 

I V,lo,ofp,i" I $JO $100 $1000 

Proportion 90% 9% 1% 

!iii! Suppose the tuck-shop receives five bags which contain prizes. Find the 

probability that at least one of these prizes has value $1 OOO. 

Using the normal distribution as an approximation for the 
Poisson distribution 

You may use the nonnal distribution as an approximation for the Poisson 

distribution, provided that its parameter (mean),l is sufficiently large for the 

distribution to be reasonably symmetrical and not positively skewed. 

As a working rule ,l should be at least 15. 

lfl = 15 , mean= 15 

and standard deviation= Ji5 = 3.87 (to 3 s.f.). 

Theletterµisalsocommonly 
usedinplaceof).forthe 

Poisson parameter. 

(MEI ) 

A normal distribution is almost entirely contained within 3 standard deviations 

of its mean and in this case the value O is between 3 and 4 standard deviations 

away from the mean value of 15. 

The parameters for the nonnal distribution are then 

Mean: µ =A 
Variance: a2 =A 

so that it can be denoted by N(l,A). 

(Remember that, for a Poisson distribution, mean= variance.) 

For values of A. larger than 15 the Poisson probability graph becomes less 

positively skewed and more bell-shaped in appearance thus making the normal 

approximation appropriate. Figure 9.4 shows the Poisson probability graph for 

the two cases A= 3 and,l = 25. You will see that for A= 3 the graph is positively 
skewed but for ,l = 25 it is approximately bell-shaped. 



EXAMPLE 9 .6 

"L '·'"~ 0.1s to .• oo 
0.1 low • 0.05 002 

0 I 2 3 4 S 6 7 8 10 15 20 25 30 35 40 
). = 3 

Figure 9.4 

The annual number of deaths nationally from a rare disease, X, may be modelled 

by the Poisson distribution with mean 25. One year there are 31 deaths and it is 
suggested that the disease is on the increase. 

What is the probability of 31 or more deaths in a year, assuming the mean has 
remainedat25? 

SOLUTION 

The Poisson distribution with mean 25 may be approximated by the normal 

distribution with parameters 

Mean:25 
Standard deviation: .§ = 5 

Figure 9.5 

The probability of there being 31 or more deaths in a year, P(X;;.. 31 ), is given by 
1-<l>(z), where 

2 = 30.\- 25= I.I. 

(Note the continuity correction, replacing 31 by 30.5.) 

The required area is 
I - ©( I.I ) = 1 -0.8643 

=0.1357 

S2 -

This is not a particularly low probability; it is quite likely that there would be that 
manydeathsinanyone year. ~ 



S2 - EXAMPLE9.7 

Hypothesis test for the mean of a Poisson distribution 

The next example shows you how to carry out a hypothesis test fo r the mean of a 
Poisson distribution. 

An old university has a high tower that is quite oft en struck by lightning. Records 
going back over hundreds of years show that on average the tower is struck on 

J.2days per year. 

It is suggested that a likely effect of global warming would be an increase in the 

number of days on which the tower is struck. The following year the tower is 

struck by lightning on 7 days. 

Carry out a suitable hypothesis test at the 5% significance level and state your 

conclusion. 

What is the probability of a Type I error in this test? 

SOLUTION 

The number of days per year that the tower is struck by lightning is modelled by 
Xwhere 

X- Po(3.2). 

So the null and alternative hypotheses may be stated as follows. 

H
0

: ,, = 3.2 

H
1
: ,,>3.2 

The population mean ,/1, is unchanged. 

The population mean ,/1, has increased. 

One-tailtest ~ 

Significance level: 0.05 \ ,..N_"_mh<_ rn_r,_"_ik_" _,_ __ P,_ob_,b_il_hr_----, 

e-.l.l = 0.04076 ... 

~

etest:on:taile--;;'becausc".( 3.2Xe-.l.l = 0.13043 ... 
sforanincreaseinlightnitlJI }l---------j-----j~-------1 
strikes. A test for a change Jl: x e-3.l = 0.208 70 ... 

wo~bet>m-tailed.~ f-----+-L~~J- x- , -~.-, ~- 0-.'2- l _
61
_···-< 

The probability of 7 or more days 

with lightning strikes is ( I - the 
probability of 6 or fewer such days). 

The calculation is shown in the 

table. 

So the probab1hty that X ~ 7 1s 

Total 

I - 0.95538 ... = 0.044 61 .. = 0.045 (3 d.p.) 

31 

ltxe-.J.i = 0.17809 ... 
41 

1t_ Xe-3.l = 0.11397 ... 
51 

1t_ X e-3·2 = 0.060 78 ... 
6! 

P(X,,;6) = 0.95538 ... 

Since 0.045 < 0.05 (the significance level), the null hypothesis is rejected in 

favo ur of the alternative hypothesis at the 5% significance level. 



EXERCISE 9D 

The evidence does not support the hypothesis that there has been no change in 
the incidence of lightning strikes. 

A Type I error occurs when a true null hypothesis is rejected. In this test, the 
rejection region is X > 6 and the probability of such a result is 0.04461 ... if 
/1 = 3.2. So the probability of a Type I error is 0.0446 (to 3 s.f.). 

Note 

Notice that the result in Example 9.7 does not prove that there has been an increase 

in the incidence of lightning strikes; it does, however, suggest that this may well 

be the case. The test was about lightning strikes and so in itself says nothing about 

global warming. Whether global warming is connected to the incidence of lightning 

strikes is not what was being tested; it formed no part of either the null or the 

alternative hypothesis. 

1 The number of cars per minute entering a multi-storey car park can be 
modelled by a Poisson distribution with mean 2. What is the probability that 

three cars enter during a period of one minute? 

What are the mean and the standard deviation of the number of cars entering 
the car park during a period of 30 minutes? Use the normal approximation to 
the Poisson distribution to estimate the probability that at least 50 cars enter 

in anyone 30-minute period. 
(MEI ) 

2 A large computer system which is in constant operation requires an average 
of30servicecallsperyear. 

! i i State the average number of service calls per month, taking a month 

to be-&_ of a year. What assumptions need to be made for the Poisson 

distribution to be used to model the number of calls in a given month? 

!ii) Use the Poisson distribution to find the probability that at least one seIVice 
call is required in January. Obtain the probability that there is at least one 

seIVice call in each month of the year. 

!iii) The seIVice contract offers a discount if the number of service calls in the 

year is 24 or fewer. Use a suitable approximating distribution to find the 

probability of obtaining the discount in any particular year. 
(MEI ) 

3 The number of night calls to a fire station in a small town can be modelled by 

a Poisson distribution with a mean of 4.2 per night. 

Use the normal approximation to the Poisson distribution to estimate the 

probability that in any particular week (Sunday to Saturday inclusive) the 
number of night calls to the fire station will be 

rn at least 30 

!ii) exactly 30 

!iii) between 25 and 35 inclusive. 
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S2 - 4 At a busy intersection of roads, accidents requiring the summoning of 

an ambulance occur with a frequency, on average, of 1.8 per week. These 
accidents occur randomly, so that it may be assumed that they follow a 

Poisson distribution. 

Use a suitable approximating distribution to find the probability that in any 

particular year ( of 52 weeks) the number of accidents at the intersection will be 

rn at most 100 

( ii ) exactly 100 

!iii) between 95 and 105 inclusive. 

5 Tina is a traffic warden. The number of parking tickets she issues per day, from 

Monday to Saturday inclusive, may be modelled by a Poisson distribution with 

mean 11.5. By using suitable approximating distributions, find 

rn the probability that on a particular Tuesday she issues at least 15 parking 
tickets 

!ii) the probability that during any week ( excluding Sunday) she issues at least 

50 parking tickets 

!iii) the probability that during four consecutive weeks she issues 

(al at least 50 parking tickets each week 

(b ) at least 200 parking tickets altogether. 

Account for the difference in the two answers. 

6 The number of emails I receive per day on my computer may be modelled by a 

Poisson distribution with mean 8.5. 

( i) Use the most appropriate method to calculate the probability that I receive 

(a l at least 8 emails tomorrow 

(b ) at least 240 emails next June. 

(ii) What assumption do you have to make to find the probability in part 

(i) !bl? 

(iii) Compare your answers to parts W (al and (b i and account for the variation. 

7 At a petrol station cars arrive independently and at random times at constant 

average rates of 8 cars per hour travelling east and 5 cars per hour travelling 

( i) Find the probability that, in a quarter-hour period 

(a) one or more cars travelling east and one or more cars travelling west 

will arrive, 

(b ) a total of 2 or more cars will arrive. 

!ii) Find the approximate probability that, in a 12-hour period, a total of more 

than 175carswillarrive. 

!Cambridge Intcrnationa.lASandA Level Mathematics 9709. Papcr 7Q6 Junc2005 ) 



8 Some ancient documents from the pharaoh's astronomer are discovered 

in one of the pyramids. They include records, covering many years, of 

shooting stars during a certain part of one particular night of the year. The 

data are well modelled by a Poisson distribution with mean 5.6. A modern 

astronomer has a theory that there are now fewer shooting stars and so, on 

the right day and time, repeats the observation and carries out a suitable 

hypothesis test, using a 10% significance level. 

rn State the null and alternative hypotheses. 

!ii) Find the rejection region for the test. 

!iii) Find the probability of a Type I error. 

The astronomer obsen>es three shooting stars. 

( iv) Carry out the hypothesis test. 

9 A dressmaker makes dresses for Easifit Fashions. Each dress requires 2.5 m 2 

of material. Faults occur randomly in the material at an average rate of 
4.8per20m2• 

rn Find the probability that a randomly chosen dress contains at least 2 faults. 

Each dress has a belt attached to it to make an outfit. Independently of faults 
in the material, the probability that a belt is faulty is 0.03. Find the probability 
that, in an outfit, 

!ii) neither the dress nor its belt is faulty, 

!iii) the dress has at least one fault and its belt is faulty. 

The dressmaker attaches 300 randomly chosen belts to 300 randomly chosen 

dresses. An outfit in which the dress has at least one fault and its belt is faulty 
is rejected. 

(iv) Use a suitable approximation to find the probability that fewer than 3 
outfits are rejected. 

I Cambridge InteniationalAS and A Lcw!Matheruatia 9709, Papcr 7Q6 June 2006) 

10 It is proposed to model the number of people per hour calling a car breakdown 

sen>ice between the times 0900 and 2100 by a Poisson distribution. 

rn Explain why a Poisson distribution may be appropriate for this situation. 

People call the car breakdown service at an average rate of20 per hour, and a 
Poisson distribution may be assumed to be a suitable model. 

!ii) Find the probability that exactly 8 people call in any half hour. 

!iii) By using a suitable approximation, find the probability that exactly 250 

people call in the 12 hours between 0900 and 2100. 

[Cambridge International AS and A Lewi Matheruatia 9709, Paper 7Q5 June 2007) 
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S2 - 11 Major avalanches can be regarded as randomly occurring events. They occur at 

a uniform average rate of8 per year. 

W Find the probability that more than 3 major avalanches occur in a 

3-month period. 

!ii) Find the probability that any two separate 4-month periods have a total 

of 7 major avalanches. 

!iii) Find the probability that a total of fewer than 137 major avalanches occur 

ina20-yearperiod. 

I Cambridge IntcrnationalASandA LcYd Mathematics 9709, Papcr 7 Q3 Junc2009 ) 

12 When a guitar is played regularly, a string breaks on average once every 

15 months. Broken strings occur at random times and independently of 
each other. 

W Show that the mean number of broken strings in a 5-year period is 4. 

A guitar is fitted with a new type of string which, it is claimed, breaks less 

frequently. The number of broken strings of the new type was noted after a 

period of 5 years. 

mi The mean number of broken springs of the new type in a 5-year period is 

denoted by A. Find the rejection region for a test at the 10% significance 

level when the null hypothesis A= 4 is tested against the alternative 

hypothesis...l < 4. 

!iii) Hence calculate the probability of making a Type I error. 

The number of broken guitar strings of the new type, in a 5-year period, was 

in fact 1. 

!iv) State, with a reason, whether there is evidence at the 10% significance level 

that guitar strings of the new type break less frequently. 

[C.ntbridgc IntcrnationalASandA LcYd Mathematics 9709, Papcr7Q5 Junc2008 ) 

13 Every month Susan enters a particular lottery. The lottery company states 

that the probability, p, of winning a prize is 0.0017 each month. Susan thinks 

that the probability of winning is higher than this, and carries out a test based 

on her 12 lottery results in a one-year period. She accepts the null hypothesis 

p = 0.0017 if she has no wins in the year and accepts the alternative 

hypothesis p > 0.0017 if she wins a prize in at least one of the 12 months. 

rn Find the probability of the test resulting in a Type I error. 

!ii) !fin fact the probability of winning a prize each month is 0.0024, find 

the probability of the test resulting in a Type II error. 

!iii) Use a suitable approximation, with p = 0.0024, to find the probability 

that in a period of 10 years Susan wins a prize exactly twice. 

(Catnbridgc International AS and A Lcw!Mathcm.atics 9709, Papcr7Q5 No,mnbcr2008 ) 



Historical note 

14 Pieces of metal discovered by people using metal detectors are found 

randomly in fields in a certain area at an average rate of0.8 pieces per 

hectare. People using metal detectors in this area have a theory that 

ploughing the fields increases the average number of pieces of metal found 

per hectare. After ploughing, they tested this theory and found that a 

randomly chosen field of area 3 hectares yielded 5 pieces of metal. 

(i) Carry out the test at the 10% level of significance. 

( ii ) What would your conclusion have been if you had tested at the 5% level 

of significance? 

Jack decides that he will reject the null hypothesis that the average number 

is 0.8 pieces per hectare if he finds 4 or more pieces of metal in another 

ploughed field of area 3 hectares. 

(iii) If the true mean after ploughing is 1.4 pieces per hectare, calculate the 

probability that Jack makes a Type II error. 

(Cambridge International AS and A Lewi Mathcmatic• 'fl09, Paper 7 Q6 November 2006) 

15 A hospital patient's white blood cell count has a Poisson distribution. Before 

undergoing treatment the patient had a mean white blood cell count of 5.2. 

After the treatment a random measurement of the patient's white blood cell 

count is made, and is used to test at the 10% significance level whether the 

mean white blood cell count has decreased. 

( i) State what is meant bya Type I error in the context of the question, and 

find the probability that the test results in a Type I error. 

( ii ) Given that the measured value of the white blood cell count after the 

treatment is 2, carry out the test. 

(iii) Find the probability of a Type II error if the mean white blood cell count 

after the treatment is actually 4.1. 

(Cambridge International AS and A Lc,·cl Mathematic•9709,Paper71 Q7 June 2010) 

Simeon Poisson was born in Pithiviers in France in 1781 . Under family pressure he began to study 

medicine but after some time gave it up for his real interest, mathematics. For the rest of his life Poisson 

lived and worked as a mathematician in Paris. His contribution to the subject spanned a broad range 

of topics in both pure and applied mathematics, including integration, electricity and magnetism and 

planetary orbits as well as statistics. He was the author of between 300 and 400 publications and 

originally derived the Poisson distribution as an approximation to the binomial distribution . 

When he was a small boy, Poisson had his hands tied by his nanny who then hung him from a hook on 

the wall so that he could not get into trouble while she went out. In later life he devoted a lot of time to 

studying the motion of a pendulum and claimed that this interest derived from his childhood experience 

ofswingingagainstthewall. 
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S2 
liiii4•11,',tW - 1 The Poisson probability distribution 

If X - Po(A.), the parameter A> 0. 

P(X=r) =e....;. xfi ,;;,,o,risaninteger 

E(X) ~ , 

Var(X)=A 

2 Conditions under which the Poisson distribution may be used 

• The Poisson distribution is generally thought of as the probability 

distribution for the number of occurrences of a rare event. 

• Situations in which the mean number of occurrences is known ( or can 

easily be found) but in which it is not possible, or even meaningful, to 

give values ton or p may be modelled using the Poisson distribution 

provided that the occurrences are 

- random 

- independent. 

3 The sum of two Poisson distributions 

If X- Po(l), Y- Po(µ ) and Xand Yare independent 

X+Y-Po(l+µ) 

4 Approximating to the binomial distribution 

The Poisson distribution may be used as an approximation to the binomial 

distribution, B(n, p), when 

- n is large (typically n > 50) 

- p is small (and so the event is rare) 

- np is not too large (typically np < 5). 

It would be unusual to use the Poisson distribution with parameter, A, 
greater than about 20. 

5 The Poisson distribution Po(,l) may be approximated by N ().,A), provided ,l 

is about 15 or more. 



Continuous random 
variables 

A theory is a good theory if it satisfies two requirements: It must 

accurately describe a la rge class of observations on the basis of a 

model that contains only a few arbitrary elements. and it must make 

definite predictions about the results of future observations. 

Lucky escape for local fisherman 

Stephen Hawking 

A Brief History of Time 

Local fisherman Zhang Wei stared death in the face 
~y as he was ~ud<ed from his boat by a freakw'iM!. 
Only the quk.k thinking of his brother Xiuying who grabbed 
holdofhisiegs.~dWeifromawaterygrave. 

'It was a bad day and suddenly this llnv of water came 
down on us.'saidWei. 'It was a wa~ in a million. It must 
h.M!~enhigherthanoorhouse.Ykik:hisaboutllmhigh, 
anditcaughtmeoffguard'. 

HeroXiuyingisamanoffewWOfds. 'Allintheday'swork' 
washisonlycorrrnent 

Freak waves do occur and they can have serious consequences in terms of 

damage to shipping, o il rigs and coastal defences, som etimes resulting in loss of 

life. It is important to estimate how oft en they will occur, and how high they will 

be. Was Zhang Wei's one in a million estimate fo r a wave higher than 11 metres 

at all accurate? 

Before you can answer this question , you need to know the probability density of 

the heights of waves at that time of the year in the area where the Zhang brothers 
were fishing. The graph in figure I 0.1 shows this sort of information; it was 

collected in the same season of the year as the Zhang accident. 

To obtain figure 10.1 a very large amount of wave data had to be collected. This 

allowed the class interval widths of the wave heights to be sufficiently sm all for 

the outline of the curve to acquire this shape. It also ensured that the sample data 

were truly representative of the population of waves at that time of the year. 

In a graph such as figure JO. I the vertical scale is a measure of probability density. 

Probabilities are found by estimating the area under the curve. The to tal area is 
1.0, meaning that effectively all waves at this place have heights between 0.6 and 

S2 

lr!III 

12.0 m ,see figure !0.2. ~ 
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If this had been the place where the Zhang brothers were fishing, the probability 

of encountering a wave at least 11 m high would have been 0.003, about I in J OO. 

Clearly Wei's description ofit as 'a wave in a million' was not justified purely by 
its height. The fact that he called it a ' lump of water ' suggests that perhaps it may 

have been more remarkable for its steep sides than its height. 

This area is 
.ipproximaiely a 

Area 
= 1{0.16 + 0.12)X ! 



Probability density function 

In the wave height example the curve was determined experimentally. The curve 
is continuous because the random variable, the wave height, is continuous and 

not discrete. The possible heights of waves are not restricted to particular steps 

(say eveiy ! metre), but may take any value within a range. 

0 Is it reasonable to describe the height of a wave as random? 

A function represented by a curve of this type is called a probability density 

function, often abbreviated to p.d.L The probability density function of a 
continuous random variable, X, is usually denoted by f(x). Iff(x) is a p.d.f. it 

follows that: 

• f(x);;,, Oforallx You cannot have negative probabilities. 

• J:x)dxa I The total area under the curve is 1. 

For a continuous random variable with probability density function f(x), the 
probability that X lies in the interval [ a, b] is given by 

P(a,s;X.,.;;b) = J:f(x)dx 

Looking at figure 10.1, you will see that in this case the probability density 

function has quite a complicated curve and so it is not possible to find a simple 

algebraic expression with which to model it. 

Most of the techniques in this chapter assume that you do in fact have a 

convenient algebraic expression with which to work. However, the methods 

are still valid if this is not the case, but you would need to use numerical, rather 

than algebraic, techniques for integration and differentiation. In the high-wave 

incident mentioned on pages 233-234, the areas corresponding to wave heights 

ofless than 2 m and of at least 11 m were estimated by treating the shape as a 
triangle: other areas were approximated by trapezia. 

Note:Classboundaries 

If you were to ask the question What is the probability of a randomly selected 

wave being exactly 2m high?' the answer would be zero. If you measured a likely 

looking wave to enough decimal places (assuming you cou ld do so), you would 
eventually come to a figure which was not zero. The wave height might be 2.01 ... m 

or 2.000003 ... m but the probabi lity of it being exactly 2m is infinitesimally small. 

Consequently in theory it makes no difference whether you describe the class 

interval from 2 to 2.5m as 2 < h < 2.5 or as 2 .._ h .._ 2.5. 
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EXAMPLE 10. 1 

Howeve r, in practice, measurements are always rounded to some extent. The reality 

of measuring a wave's height means that you would probably be quite happy 

to record it to the nearest 0.1 m and get on with the next wave. So, in practice, 

measurements of 2.0m and 2.5m probably w ill be recorded, and intervals have to be 

defined so that it is clear which class they belong to. You would normally expect< at 

one end of the interval and ..; at the other: either 2 c;; h < 2.5 or 2 < h c;; 2.5. In either 

case the probability of the wave being w ithin the interval would be given by 

J:·5

«xldx 

Rufus foils cooncll office bre~k-in 

Somewhere an empty-pocketed thief is oorsiig a 
sorelegandregrettingtheJossofapaJ" oftrousers. 
CourlCilporterFredl.arrmflg.andRufus.ajack 
Russell, were dong a late-night check round the 
cot.OCil head office when they came upon the intruder 
onthegro..odlloor. 

"ldidn't~tosayanythng."Fredtoldme: 'Rufus 
wentstraightforhJn andgraooedhimbytheleg: 
After a tussle the man's trouserstore,le.J.IJ\g Rufus 
with a mouthful of material v.ti ile the man made good 
his escape out of the wildow. 

Following the irlCkleotthetcwncooocil are lookilgat 
an electronicsecuitysystem.'Rufusv..oo'tlWefOffNei. 
explainedCo1E1CilleaderSandraMartin. 

The town council are thinking of fitting an electronic security system inside head 

office. They have been told by manufacturers that the lifetime, X years, of the 

system they have in mind has the p.d.f. 

f (x) = 3x(~x) forO~x.s; 20, 

and f(x) = 0 otherwise 

(i) Show that the manufacturers' statement is consistent with f(x) being a 

probability density function. 
(ii) Find the probability that: 

(a l it fails in the first year 

(a l it lasts 10 years but then fails in the next year. 



SOLUTION 

rn The condition f (x);;., 0 for all values of xbetween O and 20 is satisfied, as 

shown by the graph off(x), figure 10.3. 

Figure 10.3 

Thisareagive,the 
probabilityitfailsinthe 

firstyear,part ! iiHa) , 

The other condition is that the area under the curve is I. 

Area= [. f(x)dx = r Jx(~ x) dx 

= 4~f :0

(20x-x2)dx 

3 [ 'I~ "'4000 IOx2 - 1-
= __l__ [ IO X 202 _ lQ::_J 

4000 3 

= I, as required. 

!ii ) (a) It fails in the first year. 

ThisisgivenbyP(X< l )= f~Jx(~x)dx 

= ~c(20x-x2)dx 

3 [ '1 = 4<XXl 10x
2
-'} 

3 ( I') = 4COO 10 x 12
- 3 

= 0.00725 
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EXAMPLE 10.2 

!b) It fails in the llthyear. 

This is given byP( IO ,,;; X < 11 ) 

= fi~Jx(~x) dx 

= ~[10x2-~x3J:: 

= «ix,(10x11 2 -~x113)-«ix,(10x102 -~x1D3) 
= 0.07475 

The continuous random variable X represents the amount of sunshine in hours 

between noon and 4 pm at a skiing resort in the high season. The probability 

density function, f(x), of X is modelled by 

{

kx2 forO ,,;;x,,;; 4 
f(x) = 

0 otherwise. 

m Find the value of k. 
(iil Find the probability that on a particular day in the high season there is more 

than two hours of sunshine between noon and 4 pm. 

SOLUTION 

(i) To find the value of kyou must use the fact that the area under the graph of 

f(x) is equal to 1. 

(iil 

J:J(x) dx "'L4 kx2
dx = 1 

Therefore [~I= 1 

So 

fil = 1 
3 

k=~ 

Figure 10.4 



The probability of more than 2 hours of sunshine is given by 

P(X> 2) :=: r f(x) dx '=' I:~ dx 

64 

56_ 
64 

: 0.875 

In the next example, the probability density function is in two parts. 

EXAMPLE 10.3 The number of hours Darren spends each day working in his garden is modelled 

by the continuous random variable X, with p.d.f. f(x) defined by 

rn Find the value of k. 

foro,,;;;x<3 
for3 ,,;;; x ..;;6 
otheiw:ise. 

!iii Sketch the graph off(x). 
!iii) Find the probability that Darren will work between 2 and 5 hours in his 

garden on a randomly selected day. 

SOLUTION 

!ii To find the value of kyou must use the fact that the area under the graph of 

f(x) is equal to I. You may find the area by integration, as shown below. 

f .:.f(x)dx: f:kx dx+ t6

k(6-x)dx: I 

[¥I +[6kx-¥J:: I 

Therefore 2;-+(36k-18k)-(1sk-~)= I 

9k=::: I 

So b:i 

Note 

In this case you could have found kwithout integration because the graph of the 

p.d.f. is a triangle, with area given by l x base x height, resulting in the equation 

} x6xki6-3) = 1 

hence 9k = 1 

k=J 
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(ii) Sketch the graph off(x). 

Figure 10.5 

(iii) To find P(2,.;; X,.;; 5), you need to find both P(2 ""- X < 3) and P(3,.;; X ""- 5) 

because there is a different e1..l'ression for each part. 

P(2,.;; X,.;; 5) = P(2 ,s. X < 3) + P(3.,.;; X ,s. 5) 

'= J)xdx+ JJ(6-x)dx 

=[~J:+[¥-~I 
~ ~-~+(1*-~)-(2-t) 
~ 0.72 to two decimal places. 

The probability that Darren works between 2 and 5 hours in his garden on a 

randomly selected day is 0.72. 

EXERCISE 10A 1 The continuous random variable Xhas probability density function f(x) 
where 

f(x)=kx for J .,.;;x,S.6 

= 0 otherwise. 

rn Find the value of the constant k. 
!ii) Sketchy= f(x). 

!iii) Find P(X> 5). 

!ivl Find P(2.,.;; X ,s. 3). 

2 The continuous random variable Xhas p.d.f. f(x) where 

f(x) = k(5-x) forO""-x""-4 

= 0 otherwise. 

!i) Find the value of the constant k. 

(ii) Sketchy= f(x). 

!iii) Find P( l.5 .,.;; X,s. 2.3). 



3 The continuous random variable Xhas p.d.f. f(x) where 

f(x) = ru? fora ,,;; x,s;3 

= 0 otherwise. 

W Find the value of the constant a. 

!ii) Sketchy = f(x). 

!iii) Find P(X,.-,; 2). 

4 The continuous random variable Xhas p.d.f. f(x) where 

f(x) = c for -3 ,,;; x ,s;s 

= 0 otherwise. 

rn Find c. 

!ii) Sketchy = f(x). 

!iii) Find P(IX I< !). 

! ivl FindP(IXl>2.5) 

5 A continuous random variable X has p.d.f 

f(x) = k(x-1)(6-x) forJ ,.-,;x,.-,;6 

= 0 otherwise. 

rn Find the value of k. 
!ii) Sketchy = f(x). 

!iii) Find P(2 ,.-,; X ,.-,; 3). 

6 A random variable X has p.d.f 

f(x)=kx{J - x) forO ,s;;x,s;3 
= 0 otherwise. 

rn Find the value of k. 

!ii) The lifetime (in years) of an electronic component is modelled by this 

distribution. Two such components are fitted in a radio which will only 

function if both devices are working. Find the probability that the radio will 

still function after two years, assuming that their failures are independent. 

7 The planning officer in a council needs information about how long cars stay 

in the car park, and asks the attendant to do a check on the times of arrival and 

departure of 100 cars. The attendant provides the following data. 

Length of stay Under I 1-2 hours 2--4 hours 4-10 hours More than 

how !Ohours 

Number of cars 20 14 32 34 
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The planning officer suggests that the length of stay in hours may be 

modelled by the continuous random variable X with probability density 

function of the form 

f(x)=k(20-2x) forQ ,,;;:x,,;;: 10 
= 0 othenvise. 

rn Find the value of k. 
(ii) Sketch the graph off(x). 

(iii) According to this model, how many of the 100 cars would be expected to 

fall into each of the four categories? 

( iv) Do you think the model fits the data well? 

M Are there any obvious weaknesses in the model? If you were the planning 

officer, would you be prepared to accept the model as it is, or would you 
want any further information? 

8 A fish farmer has a very large number of trout in a lake. Before deciding 
whether to net the lake and sell the fish, she collects a sample of 100 fish and 

weighs them. The results (in kg) are as follows. 

Weight,W Frequency Weight,W Frequency 

O< w,;,:;o.s 2.0<Wo;.:;2.5 27 

O.S<Wo;.:;I.Q 10 2.S<Wo;.:;3.0 12 

1.0 < w,;,:; 1.s 23 3.0<W 

l.S <Wo;.:;2.0 26 

( i) Illustrate these data on a histogram, with the number of fish on the 

vertical scale and Won the horizontal scale. Is the distribution of the data 

symmetrical, positively skewed or negatively skewed? 

A friend of the farmer suggests that W can be modelled as a continuous 

random variable and proposes four possible probability density functions. 

f1(w)""~w(J-w) fl,w)""~w2{_J-w)2 

f,(w)'=f7"w2<_3-w) f..(w)""i7°w(3-w)2 

ineachcaseforO < w,;,:;3_ 

(ii) Sketch the curves of the four p.d.f.s and state which one matches the data 

most closely in general shape. 

(iii) Use this p.d.f. to calculate the number of fish which that model predicts 

should fall within each group. 

( iv) Do you think it is a good model? 



9 A random variable Xhas a probability density function f given by 

f(x)e:::cx(S-x) o,,;;x..;;s 

= 0 otherwise. 

rn Show that c = ds· 

!iii The lifetime X (in years) of an electric light bulb has this distribution. 

Given that a standard lamp is fitted with two such new bulbs and that their 

failures are independent, find the probability that neither bulb fails in the 

first year and the probability that exactly one bulb fails within two years. 

IMEI ) 

1 0 This graph shows the probability density function, f(x), for the heights, X, of 

waves at the point with Latitude 44°N Longitude 41 "W. 

[ O.! 

• ie • 1l O.! 

K 

0 

; 

0 

; 

I 
I 

I 
V 

I/ 

V ' I\ 
\ 

" "-
' wav~Might(m) 

I"-.. ~---
!ii Write down thevaluesoff(x) whenx = 0, 2, 4, .. , 12. 

!iii Hence estimate the probability that the height of a randomly selected 
wave is in the interval 

(al 0-2m 

(di 6-8 m 

(bi 2-4 m 

!al 8-lOm 

A model is proposed in which 

f(x) = kx(12-x)2 forOos;xos; 12 

= 0 otherwise. 

!iii ) Find the value of k. 

(c) 4-6m 

m 10-12m. 

!iv) Find, according to this model, the probability that a randomly selected 

wave is in the interval 

(al 0-2m 

(di 6-8 m 

(bi 2-4 m 

(al 8-lOm 

!c) 4-6m 

m 10-12m. 

M By comparing the figures from the model with the real data, state 

whether you think it is a good model or not. 
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e 11 The continuous random variable Xhas p.d.f. f (x) where 

f(x) = kx forQ ,,;;:x,,;;:2 

=4k-kx for2 <x,,;;: 4 

= 0 otherwise. 

!ii Find the value of the constant k. 
!ii) Sketchy = f(x). 

!iii! Find P(l ,,;;: X,,;;: 3.5). 

e 12 A random variable Xhas p.d.f. 

{

(x- 1)(2-x) forJ ,,;;:x<2 
f(x)= a for2 ,,;;:x,,;; 4 

0 otherwise. 

!i) Find the value of the constant a. 

!ii) Sketchy= f(x). 

!iii) Find P( l .5,,;;: X,,;;: 2.5). 

!ivl FindP(IX - 2 [< I ). 

Mean and variance 

You will recall from Chapter 4 that, for a discrete random variable, mean and 

variance are given by: f' 

µ = E(X) = LX;P; 

Var(X) = L,(x;- µ)2P; = 2,xfp1-[E(X)]2 

where/, is the meanandp1is the probability of the outcomex;for i = I, 2, 3, 

with the various outcomes covering all possibilities. 

The expressions for the mean and variance of a continuous random variable are 

equivalent, but with summation replaced by integration. 

/l =E(X):J f(x) dx 

Vu(X) ~{~- µ)' f(x) dx ~j;.' f(x) dx -[E(X))' 

E(X) is the same as the population mean,/1, and is often called the mean of X. 



EXAMPLE 10.4 The response time, in seconds, for a contestant in a general knowledge quiz is 

modelled by a continuous random variable X whose p.d.f. is 

f(x)=56 forO<x,,;; 10. 

The rules state that a contestant who makes no answer is disqualified from the 

whole competition. This has the consequence that everybody gives an answer, if 

only a guess, to every question. Find 

m the mean time in seconds for a contestant to respond to a particular question 
(ii) the standard deviation of the time taken. 

The organiser estimates the proportion of contestants who are guessing by 

assuming that they are those whose time is at least one standard deviation greater 

than the mean. 

(iii) Using this assumption, estimate the probability that a randomly selected 

response is a guess. 

SOLUTION 

m Mean time: E(X) == to xf(x) dx 

~ r~dx 
=[&I= \~ =~ 

= 6{ 

The mean time is 61 seconds. 

(ii) Variance: Var(X)= t0
x2 f(x)dx-[ E(X)]2 

= [°~m-(6j}2 

=St 
Standard deviation= .Jvariance == Js:s 
The standard deviation of the times is 2.357 seconds (to 3 d.p.). 

(iii) All those with response times greater than 6.667 + 2.357 = 9.024 seconds are 

taken to be guessing. The longest possible time is 10 seconds. 

The probability that a randomly selected response is a guess is given by 

/
10 ..:!..dx -[x'I' 

9JJ2450 - JOO JJ24 

= 0.186 
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The median 

So just under I in 5 answers are deemed to be guesses. 

Figure 10.6 

Note 

Although the intermediate answers have been given rounded to three decimal 

places, more figures have been carried forward into subsequent calculations. 

The median value of a continuous random variable X with p.d.f. f(x) is the value 
mforwhich 

P(X < 111) = P(X > m) = 0.5. 

Consequently J.':. f(x)dx=0.5 and J: f(x)dx = 0.5. 

The median is the value m such that the line x = m divides the area under the 

curve f(x) into two equal parts. In figure 10.7 a is the smallest possible value of 

X, b the largest. The line x = m divides the shaded region into two regions A and 

B, both with area 0.5. 

Figure 10.7 



The mode 

A, In general the mean does not divide the area into two equal parts but it will do so 

if the curve is symmetrical about it because, in that case, it is equal to the median. 

The mode of a continuous random variable X whose p.d.f. is f(x) is the value of 

x for which f(x) has the greatest value. Thus the mode is the value of Xwhere the 
curveisatitshighest. 

If the mode is at a local maximum off(x), then it may often be found by 
differentiating f(x) and solving the equation 

f' (x) = O. 

0 For which of the distributions in figure 10.8 could the mode be found by 
differentiating the p.d.f.? 

~~ ~~ ,~I/\, 
(a)~exponcntial (b) Adistributionwith (c)A1rn111gubrdistnbunon 

distrihutionf(x) = ).c - h rn,g~tivcsl:ew 

~~~~b 
(d) A bimodal distribution (e) PascaJ>s distribution (f) A uniform (rectangular) 

f(r) = fc - ~ distribution 

Figure 10.8 
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EXAMPlE 10.5 The continuous random variable X has p.d.f. f(x) where 

f(x) =4x(l-x2) forO..;;x..;; 1 

= 0 otherwise. 

Find 
(i) themode 

(ii) themedian. 

SOLUTION 

(i) The mode is found by differentiating f(x) = 4x - 4.0 
f' (x) =4 - 12x2 

x = ---0.577isalsoaroot 
off'(x) = Obutisoutside 

therangeO "' x "' l. 

Solving f' (x) = 0 x = °J3 = 0.577 to 3 decimal places. 

It is easy to see from the shape of the graph (see figure 10.9) that this must be 

a maximum, and so the mode is 0.577. 

Figure 10.9 

(ii) The median, m, is given by J: f(x) dx= 0.5 

=> J
0
"'(4x - 4x3)dx=0.5 ~ 

[2x2 -x4 ]~ = 05 

2m2 - m4 '=0.5 

Rearranging gives 

2m4-4m2 + 1 =0. 

This is a quadratic equation in m2• The formula gives 

1112=4±~ 

m = 0.541 or 1.307 to 3 decimal places. 

Since 1.307 is outside the domain of X, the median is 0.541. 



The uniform (rectangular) distribution 

It is common to describe distributions by the shapes of the graphs of their p.d.f.s: 

U-shaped, J-shaped, etc 

The 11niform (rectangular) distribution is particularly simple since its p.d.f. is 

constant over a range of values and zero elsewhere. 

In figure 10.10, X may take values between a and b, and is zero elsewhere. Since 

the area under the graph must be 1, the height is b ~ a· The term 'uniform 

distribution' can be applied to both discrete and continuous variables so in the 
continuous case it is often written as 'uniform (rectangular)'. 

Figure 10.10 

EXAMPLE 10.6 A junior gymnastics league is open to children who are at least five years old but 

have not yet had their ninth birthday. The age, X years, of a member is modelled 

by the uniform (rectangular) distribution over the range of possible values 

between five and nine. Age is measured in years and decimal parts of a year, 

rather than just completed years. Find 

m the p.d.f. f(x) of X 
!ii) P(6,s;X,s.7) 

!iiil E(X) 
(iv) Var(X) 

(v) the percentage of the children whose ages are within one standard deviation 

ofthemean. 

SOLUTION 

(i) Thep.d.f.f(x) =
9

~
5

e:± for5 ,,s;x<9 

= 0 otherwise. 
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Figure 10 .11 

Alternatively, using integration 

P(6,,;;X,,;;7) = I: f(x) dx= I:idx 

(iii) By the symmetry of the graph, E(X) = 7. Alternatively, using integration 

E(X) = r .. xf(x) dx= I:~dx 

= ¥ -¥=7. 

(iv) Var(X) = [ .. x 2 f(x) dx-[E(X)]2= J:=fdx -72 

= ["]' - 49 12; 

= ll2 _ ill _ 49 
12 12 

= 1.333 to 3 decimal places. 

M Standard deviation = ./variance = .Jl3r, = 1.1 55. 

So the percentage within 1 standard deviation of the mean is 

2 X l .155 X 100% = 57.7%. 

0 What percentage would be within 1 standard deviation of the mean for a normal 
distribution? 'Why is the percentage less in this example? 



The mean and variance of the uniform (rectangular) distribution 

In the previous example the mean and variance of a particular unifonn 

distribution were calculated. This can easily be extended to the general uniform 
distribution given by: 

f(x) =b~a fora,,;;x,s:;b 

= 0 otherwise. 

' = 

Figure 10.12 

Mean By symmetiy the mean is a ; b. 

Variance Var(X) ::: J: x2 f(x)dx -[E(X)]2 

= J: x2 f(x)dx -[E(X)]2 

"/bLdx-("+b)' 
ob - a 2 

=[3(/~a>l- ±(a
2
+2ab +b

2
) 

== :b--a;) - ±(a2 + 2ab+ b2
) 

= ~(b2 +ab+a2) - ±(a 2 + 2ab+b2
) 

== n-(b2 -2ab +a2
) 

"'n-(b-a)2 
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EXERCISE 108 1 The continuous random variable X has p.d.f. f(x) where 

f(x) = fx forQ,s;;x,,;,;;4 

=0 otherwise. 

Find 

rn E(X) 

!ii) Var(X) 

!iii) the median value of X. 

2 The continuous random variable T has p.d.f. defined by 

f(t) =\~t foro ,,;,;: r ,,;,;: 6 

= 0 otherwise. 

Find 

rn E( T) 

!ii) Var(T) 

!iii) the median value of T. 

3 The continuous random variable Yhas p.d.f. f(y) defined by 

f(y) = 12y 2(1-y) forO ,s;;y,,;,;; I 

= 0 otherwise. 

rn FindE(Y). 

!ii) Find Var(Y). 

!iii) Show that, to 2 decimal places, the median valueofYis0.61. 

4 The random variable X has p.d.f. 

f(x) = i for -2 ,,;,;;x,,;,;; 4 

= 0 otherwise. 

rn Sketch the graph off(x). 

!iii Find P(X < 2). 

!iii! Find E(X). 

(iv) FindP(IX I< ! ). 

5 The continuous random variable Xhas p.d.f. f(x) defined by 

f(x) = ux(3- x) 

rn FindE(X). 

!ii) Find Var(X). 

!iii) Find the mode of X. 

forO es;x,s; 3 

otherwise. 

(iv) Find the median value of X. 

!vl Draw a sketch graph off(x) and comment on your answers to parts rn, !iii) 
and (iv) in the light of what it shows you. 



. {k(3 +x) foro ,,;;x...;;2 
6 The funct10n f(x) = h . 

Q ot erw:tse. 

is the probability density function of the random variable X. 

rn Show that k = ~. 

!ii) Find the mean and variance of X. 

!iii) Find the probability that a randomly selected value of Xlies between 

I and 2. 

7 A continuous random variable Xhas a uniform (rectangular) distribution 

over the interval ( 4, 7). Find 

rn the p.d.f. of X 

!iii E(X) 

!iii) Var(X) 

!iv! P(4.J ..;; X a,;; 4.8). 

8 The distribution of the lengths of adult Martian lizards is uniform between 

10cm and 20cm. There are no adult lizards outside this range. 

!i) Write down the p.d.f. of the lengths of the lizards. 

!ii) Find the mean and variance of the lengths of the lizards. 

!iii) What proportion of the lizards have lengths within 

(al one standard deviation of the mean 

(b) two standard deviations of the mean? 

9 The continuous random variable Xhas p.d.f. f(x) defined by 

f(x)={~ forl ~x~2 
0 otherwise. 

rn Find the value of a. 

!ii) Sketch the graph off(x). 

!iii) Find the mean and variance of X. 

!iv) Find the proportion of values of Xbenveen 1.5 and 2. 

!vl Find the median value of X. 

10 The random variable X denotes the number of hours of cloud cover per day at 

a weather forecasting centre. The probability density function of X is given by 

{

(x- 18)' 
~x)= k 

0 

where k is a constant. 

W Show that k = 2016. 

0 ..;;x..;;24, 

otherwise, 

!ii) On how many days in a year of 365 days can the centre expect to have 

less than 2 hours of cloud cover? 

!iii) Find the mean number of hours of cloud cover per day. 

!Ca mbridge International AS and A Level Mathematics 9709, Paper 7 Q7 June 2005) 

S2 

lr!III 



11 The random variable X has probability density function given by 

f(x)=:: {,ix\" Q,s;x,s;; I 
0 otherwise. 

where k is a positive constant. 

rn Show that k = 3. 

!ii) Show that the mean of X is 0.8 and find the variance of X. 

!iii) Find the upper quartile of X. 

( iv) Find the interquartile range of X. 

[Cambridge International AS and A Len! Mathematics 9709, Paper 7 Q5 June2006 ) 

12 If Usha is stung by a bee she always developes an allergic reaction. The time 
taken in minutes for Usha to develop the reaction can be modelled using the 

probability density function given by 

f(t)=h:1 
where k is a constant. 

rn Show that k = ds-· 

Q,s;: t""-4, 

otherwise, 

I ii) Find the probability that it takes more than 3 minutes for Usha to 
develop a reaction. 

!iii) Find the median time for Usha to develop a reaction. 

[CambridgclnternationalASandALcvclMathcmatics 9709,Papcr7Q7Junc2008) 

13 The time in minutes taken by candidates to answer a question in an 

examination has probability density function given by 

f(t)=::{~6t-t2) 

where k is a constant. 

rn Show that k = l 
I ii) Find the mean time. 

3""-t""-6, 
otherwise, 

!iii) Find the probability that a candidate, chosen at random, takes longer 
than 5 minutes to answer the question. 

( iv) Is the upper quartile of the times greater than 5 minutes, equal to 5 

minutes or less than 5 minutes? Give a reason for your answer. 

[Cambridge Intern ationalASand A LeYd Mathematics 9709, Papcr 7Q5 June2009 ) 



iiiiiA•li,1,PNN 

14 The time in hours taken for clothes to dry can be modelled by the continuous 
random variable with probability density function given by 

where k is a constant. 

(il Showthatk = ft". 

I ,s; t'5i4, 

otheiwise, 

(ii ) Find the mean time taken for clothes to dry. 

!iii) Find the median time taken for clothes to dry. 

(iv ) Find the probability that the time taken for clothes to dry is between the 

mean time and the median time. 

[Cambridge lntcrn•tional AS and A ~l M•thematics 9709, P•pcr 7Q7 November 2008] 

15 The random variable T denotes the time in seconds for which a firework 
burns before exploding. The probability density function of T is given by 

f(t) = {ke
02

' 0 '5i t~ 5, 
0 otheiw1se, 

where k is a positive constant. 

(i) Showthatk = S(e~i)' 

(ii ) Sketch the probability density function. 

!iii! 80% of fireworks bum for longer than a certain time before they explode. 

Find this time. 

(OunbridgelntcrnationalASandA~IMathcmatks'fl09,Pa~r71QSJune2010J 

1 If X is a continuous random variable with p.d.f. f(x) 

• ff(x)dx =I 

• f(x);;,, 0 forallx 

• P(c'5ix'5id) = cf(x)dx 

• E(X) = fxf(x)dx 

• Var(X) = Jx2 f(x)dx-[E(X)]2 

• The mode of X is the value for which f(x) has its greatest magnitude. 

2 The uniform (rectangular) distribution over the interval (a, b) 

• f(x) = b ~ a 

• E(X) = ! (a+ b) 

• Var(X) = ¥ 
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Linear combinations of 
random variables 

To approach zero defects, you must have statistical control of processes. 

David Wilson 

Unfair dismissal? 

Just had ooe of those days. 'Everything went wrong. Rrst the school bus armed 
J~niCI! S mimrt.es late to pk:k up my little boy. Then ii was wet and slippery and there were so 

many people about that I just couloo't walk at my normal speed: usually I take IS minutes 
but that day it took me 18 to get to work. And then v.hen I got to worl<I had to wait 
3j mirctes for the lift instead of the usual j minute.So instead of arriving myoormal 
10 mnutes early I was ooe minute late: 

Mrs Dickens just wooloo't listen. S!ie said she did not empjoy people to make excuses 
andtoidmetoleavethereandthen. 

Doyouthinklh.M!ac.aseforunfairdismissal? 

Like Janice, we all have days when everything goes wrong at once. There were 

three random variables involved in her arrival time at work: the time she had to 

wait for the school bus, S; the time she took to walk to work, W , and the time she 
had to wait for the lift, L. 

Her total time for getting to work, T, was the sum of all three: T= S+ W+ L 

Janice's case was essentially that the probability of Ttaking such a large value 

was very small. To estimate that probability you would need information about 

the distributions of the three random variables involved. You would also need to 
know how to handle the sum of two or more (in this case three) random variables. 

The expectation (mean) of a function of X, E(g[X)) 

However, before you can do this, you need to extend some of the work you did 
in Chapter 4 on random variables. There you learnt that, for a discrete random 

variable X with P(X = x1) = p1, 

its expectation= E(X) = µ = u; X P(X = x,) = U ;P; 

and itsvariance = a 2=E[(X-/, )2] = L,(x;-/1) 2 x P(X = x,) = L,(x;-/l )2p; 

=E(X2)- E[(X))2 = D /x P(X= x,)-1'2 = D /P;-/'2 

This only finds the expected value and variance of a particular random variable. 



EXAMPlE 11 .1 

Sometimes you will need to find the mean, i.e. the expectation, of a function of a 

random variable. That sounds rather forbidding and you may think the same of 

the definition given below at first sight. However, as you will see in the next two 

examples, the procedure is straightforward and common sense. 

• If g[X) is a function of the discrete random variable Xthen E(g[X)) 

is given by 

E(g[X]) ~ Lg[x;[ X P(X ~ x;). 

What is the expectation of the square of the number that comes up when a fair 

die is rolled? 

SOLUTION 

Let the random variable Xbe the number that comes up when the die is rolled. 

Note 

g[X],,,,X2 

E(g[X]) = E(X2
) = L,xf x P(X = x1) 

""12 xi+ 22 x i+ 32 x i+ 42 x i+ 52 xi+ 62 x ~ 

= 1 x i+ 4 x i+ 9X ~+ 16 xi+ 25 xi+ 36 xi 
" ,; 

= 15.17 

This calculation could also have been set out in table form as shown below . 

P(X=K;) 

Total 

E(g[XJ)=~=15.17 

16 

25 

36 

x;2 x P(X=K;) 

" -. 
" -.-
" -. 
" -. 
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EXAMPLE 11.2 

0 E(X2)is not the same as [E(.X))2. In this case 15.57 * 3.52 which is 12.25. In fact, 

the difference between E(X2)and [E(X)] 2 is very important in statistics. Why is this? 

A random variable X has the following probability distribution. 

I o""·-
Prob,biii,, 0.4 

(i) CakulateE(4X +5). 

!ii ) Calculate 4E(X) + 5. 

0.4 0.2 

(iii ) Comment on the relationship between your answers to parts (i) and (iii. 

SOLUTION 

(i) E(g[X)) = I_g[x;] X P(X = x;) with g[X] = 4X + 5 

x, 
13 

0.4 0.4 

E(4X+S) ~ E(g[X]) 
= 9 X 0.4+ 13 X0.4+ 17 X 0.2 

= 12.2 

(i i ) E(X) = I X 0.4+2 X0.4+3X 0.2 = 1.8 

and so 

4E(X)+5 = 4 X 1.8 + 5 

=12.2 

17 

0.2 

(iii ) Clearly E(4X + 5) = 4E(X) + 5, both having the value 12.2. 

Expectation: algebraic results 

In Example 11.2 above you found that E( 4X + 5) = 4E(X) + 5. 

The working was numerical, showing that both expressions came out to be 12.2, 

but it could also have been shown algebraically. This would have been set out 

as follows. 



Proof Reasons (general rules) 

E(4X+5) ~E(4X)+ E(5) E(X± Y) ~E(X)± E(Y) 
~ 4E(X) + E(S) E(aX) ~ ,E(X) 

=4E(X)+5 E(c) = c 

Look at the general rules on the right-hand side of the page. (X and Yare 

random variables, a and care constants.) They are important but they are also 

Notice the last one, which in this case means the expectation of 5 is 5. Of course 

it is; 5 cannot be anything else but 5. It is so obvious that sometimes people find 

it confusing! In general 

E(aX + c) = aE(X) + c 

These rules can be extended to take in the expectation of the sum of two 

functions of a random variable. 

E(f[X[ + g[X[) ~ E(f [X[) + E(g[X]l 

where f and g are both functions of X. 

EXAMPLE 11.3 The random variable Xhas the following probability distribution. 

0.6 0.2 0.1 0.1 

Find 

(i) Var(X) I ii ) Var(7) !iiil Var(3X) (iv) Var(3X+7). 

What general rule do the answers to parts (ii ) and (iv) illustrate? 

SOLUTION 

(i) 

P(X= x) 0.6 0.2 0.1 

E(X) = I X 0.6+2X0.2+3XO.l +4XO. l 

= 1.7 

E(X2) = I X0.6 +4 X0.2 +9 XO. I+ 16 X 0.1 

= 3.9 
Var(X) =E(X2)- [E(X)]2 

= 3.9-1.72 

= 1.01 

16 

0.1 
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EXERCISE 11A 

(i i ) Var(7) = E(72)- [E(7))2 

=£(49)-[7) 2 

=49- 49 
~o 

(i iil Var(JX) = E[(3.X)2] -112 

= E(9X2)- [E(3X)] 2 

= 9E(X2)- [3E(X)] 2 

= 9X3.9-(3X 1.7)2 

= 35.1 -26.01 
= 9.09 

Genera/result 

Var(c) = 0 fo r a constant c. 

This result is obvious; a constant is 

constant and so can have no spread. 

Genera/result 

Var(aX) = a2Var(X). 

Notice that it is a2 and not a on the right

hand side, but that taking the square root 
of each side gives the standard deviation 

of (aX) = a X standard deviation (X) as 

you would expect from common sense. 

(ivl Var(JX+7) Genera/res11lt 
=E[(3X+7)2] Var(aX+c) = «lVar(X). 

- (E(3X + 7)] 2 Notice that the constant c does not 

= E(9X2 + 42.X + 49) appear on the right-hand side. 

- (3E(X) + 7] 2 

= E(9X2) + E(42X) + E(49) 
-[3X 1.7 + 7]2 

= 9E(X 2) + 42E(X) 
+49- 12. 12 

= 9X3.9 + 42X l.7 

+49- 146.41 
= 9.09 

1 The probability distribution of a random variable X is as follows. 

0.1 0.2 0.3 0.3 0.1 

rn Find 

(al E(X) 

(bi Var(X). 

!ii ) Verify that Var(2X) = 4Var(X). 

2 The probability distribution of a random variable X is as follows. 

0.5 0.3 0.2 

rn Find 

!al E(X) 

(bi Var(X). 

!ii ) Verify that Var(SX+2) = 25Var(X). 



3 Prove that Var(aX- b) = a2 Var(X) where a and bare constants. 

4 A coin is biased so that the probability of obtaining a tail is 0.75. The coin is 
tossed four times and the random variable X is the number of tails obtained. 

Find 

rn E(2X) 

!ii) Var(3X). 

5 A discrete random variable Whas the following distribution. 

0.1 0.2 

Find the mean and variance of 

rn W+7 

!ii) 6W-5. 

0.1 0.1 0.3 

6 The random variable X is the number of heads obtained when four unbiased 

coins are tossed. Construct the probability distribution for X and find 

w E(X) 

!ii) Var(X) 

!iii) Var(3X +4). 

7 The discrete random variable X has probability distribution given by 

P(X=x) =¥, forx= 1,2,J, 4. 

rn Find 

!a) E(X) 

!bl E(X2) 

!cl E(X2 +5X-2). 

!ii) Verify that E(X2 + 5X- 2) =E(X2) + SE(X)-2. 

8 A bag contains four balls, numbered 2, 4, 6, 8 but identical in all other 
respects. One ball is chosen at random and the number on it is denoted by N, 
so that P(N = 2) = P(N =4) = P(N = 6) = P(N = S) = 1-

Show thatµ = E(N) = 5 and a2 = Var(N) = 5. 

Two balls are chosen at random one after the other, with the first ball being 

replaced after it has been drawn. Let N be the arithmetic mean of the numbers 

on the two balls. List the possible values of N and their probabilities of being 

obtained. Hence evaluate E(N) and Var(N). 

IMEI) 
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The sums and differences of independent random variables 

Sometimes, as in the case of Janice in the website forum thread on page 256, you 

may need to add or subtract a number of independent random variables. This 

process is illustrated in the next example. 

EXAMPLE 11.4 The possible lengths (in cm) of the blades of cricket bats form a discrete uniform 

distribution: 

38, 40, 42 , 44, 46. 

The possible lengths (in cm) of the handles of cricket bats also form a discrete 

uniform distribution: 

22,24,26. 

Will "lill .eo.2 € 

~ 1 
s e 

o. O 38 40 42 44 46 o. O 22 24 26 

lcngthofbla<k(cm) lcngthofhandlc(cm) 

Figure 11.1 

The blades and handles can be joined together to make bats of various lengths, 

and it may be assumed that the lengths of the two sections are independent. 

(i) How many different (total) bat lengths are possible? 

(i i) Work out the mean and variance of random variable X1, the length (in cm) 

of the blades. 

(iiil \Vork out the mean and variance of random variable~' the length (in cm) 

of the handles. 

(ivl Work out the mean and variance of random variable X1 +~.the total length 

of the bats. 

M Verifythat 

E(X1 + X2) = E(X1) + E(X2) 

and Var(X1 +~) = Var(X1)+Var(~). 



SOLUTION 

m The number of different bat lengths is 7. This can be seen from the sample 

space diagram below. 

lnigthofbla<k(cm) 

Figure 11.2 

!ii) ~-----~----~--~-~-~ 
Length of blade (cm) 38 40 42 44 46 

Probability 0.2 0.2 0.2 0.2 0.2 

= (38 X 0.2) + (40 X 0.2) + (42 X 0.2) + (44 X 0.2) + (46 X 0.2) 

= 42cm 

Var(X1) = E(x~)-µ~ 
E(X~) = (382 X 0.2 ) + (402 X 0.2) + (422 X 0.2) + (441 X 0.2) + (462 X 0.2) 

= 1772 

Var(X1) = 1772 - 422 = 8 

(iii)~-----~----~-
Lengthofhandle (cm) 22 24 

Probability 

E(Xi) = /1 2 = (22 X !) + (24 X !) + (26 X !) 
= 24cm 

Var(A'i) = E(x~)-µ~ 
E(X~) = (221 X !) + (242 X !) + (262 X !) 

= 578.667 to 3 d.p. 

Var(~) = 578.667 - 242 = 2.667 to 3 d.p. 

26 
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(ivl The probability distribution of X1 + X2 can be obtained from figure 11 .2. 

Total length of cricket bat (cm) 

Probability 

60 

' is 

62 

' is 

64 66 68 70 

' is 

E(X1 + X2) = (6ox A-)+(62 xJ)+(64 x J)+(66 xJ;) +(6s x J) 
+(7oxJ) +(nxf;) 

= 66cm 

Var(X1 +XJ: E[ (X1 +X/J-662 

72 

' is 

E[(Xl + Xi)~ = (602 xfs) +(622 x~) +(642 x Is)+ (662 x ts)+(682 x Is) 
+ (7o2 x fs)+ (n2 x ft) 

: 65
1
5
5
00 : 4366.667 to 3 d.p. 

Var(X1 + X) = 4366.667 -662
::: 10.667 to 3d.p. 

M E(X1 + X2) = 66 = 42 + 24 = E(X1) + E(X2), as required. 

Var(X1 + X2) = 10.667 = 8 + 2.667 = Var(X1) + Var(X:i), as required. 

Note 

You should notice that the standard deviations of X1 and X1 do not add up to the 

standard deviation of (X1 + X2). 

Jg + Ju,s7 .. .Jio.667 
i.e. 2.828 +1.633,. 3.266 

General results 

Example 11.4 has illustrated the following general results for the sums and 

differences of random variables. 

For any two random variables X1 and Xi 

Replacing Xi by-Xi in this result gives 

E(X1 + (-X2)) = E(X1) + E(-X2) 

• E(X1 -Xi) =E(X1)- E(X2) 

If the variables X1 and X2 are independent then 



Replacing>; by->; gives 

Var(X1 + (-X2)) = Var(X1) + Var(-X2) 

Var(X1 - X2) = Var(X1) + (-1)2 Var(>;) 

• Var(X1 -.K,;) = Var(X1) + Var(X2) 

The sums and differences of normal variables 

If the variables X1 and >; are normally distributed, then the distributions of 

(X1 + X:z) and (X1 - X2) are also normal. The means of these distributions are 

E(X1) + E(>;) and E(X1)- E(>;). 

You must, however, be careful when you come to their variances, since you may 

only use the result that 

Var(X1 ± X:z) = Var(X1) + Var(>;) 

to find the variances of these distributions if the variables X1 and X:z are 

independent. 

This is the situation in the next two examples. 

EXAMPLE 11 .S Robert Fisher, a keen chess player, visits his local dub most days. The total time 
taken to drive to the dub and back is modelled by a normal variable with mean 

25 minutes and standard deviation 3 minutes. The time spent at the chess dub 

is also modelled by a normal variable with mean 120 minutes and standard 

deviation 10 minutes. Find the probability that on a certain evening Mr Fisher 

is away from home for more than 2! hours. 

SOLUTION 

Let the random variable X
1 

- N(25, 32
) represent the driving time, and the 

random variable X:z - N(120, lo-2) represent the time spent at the chess dub. 

Then the random variable T, where T= X
1 

+_K,; - N(145, (Ji09)2), represents 

his total time away. 

So the probability that Mr Fisher is away for more than 2! hours (150 minutes) is 

given by 

P( T > 150) = l- <1>( 15
~

45
) 

= 1- <D(0.479) 

= 0.3 16. 

/1\ © LOC 
145 ISO Xi + X2 

standarddcviation = /109 

Figure 11.3 
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EXERCISE 11 B 

In the manufacture of a bridge made entirely from wood, circular pegs have to 

fit into circular holes. The diameters of the pegs are normally distributed with 

mean 1.60 cm and standard deviation 0.0 I cm, while the diameters of the holes 

are normally distributed with mean 1.65 cm and standard deviation 0.02 cm. 

What is the probability that a randomly chosen peg will not fit into a randomly 

chosen hole? 

SOLUTION 

Let the random variable Xbe the diameter of a hole: 

X- N ( l.65,0.022) = N ( l.65, 0.0004). 

Let the random variable Ybe the diameter of a peg: 

Y- N ( l.60, 0.01 2) = N ( l.6, 0.0001 ) 

Let F = X - Y. F represents the gap remaining between the peg and the hole and 

so the sign of F determines whether or not a peg will fit in a hole. 

E(F ) = E(X)- E(Y) = 1.65- 1.60 = 0.05 

Var(F)= Var(X) + Var(Y) = 0.0004+0.0001 = 0.0005 

F- N (0.05, 0.0005) 

lf for any combination of peg and hole the value of Fis negative, then the peg will 

not fit into the hole. 

The probability that F < 0 is given by 

~ (
0 -0.05 ) 

c.t> .jo.ooiSs = 1-c.t>(-2.236) 

= 1-0.9873 

= 0.0127. 
0 005 F 

standarddcviation = )o:0005 

Figure 11.4 

1 The menu at a cafe is shown below. 

Main course De55ert 

Fish and Chips $3 Ice Cream $1 

Spaghetti $3.50 Apple Pie $ 1.50 

Pizz.a $4 Sponge Pudding $2 

Steak and Chips $5.50 

The owner of the cafe says that all the main-course dishes sell equally well, as 

do all the desserts, and that customers' choice of dessert is not influenced by 

the main course they have just eaten. 



The variable M denotes the cost of the main course, in dollars, and the variable 
D the cost of the dessert. The variable T denotes the total cost of a two-course 

meal: T=M+D. 

rn Find the mean and variance of M. 

!ii) Find the mean and variance of D. 

!iii) List all the possible two-course meals, giving the price for each one. 

(iv) Use your answer to part (iii) to find the mean and variance of T. 

(v) Hence verify that for these figures 

mean (D =mean (MJ +mean(D) 

and variance (T) = variance (M) + variance (D). 

2 X1 and Xz are independent random variables with distributions N(SO, 16) and 

N(40, 9) respectively. Write down the distributions of 

rn X1 +X2 

!ii) x1 -X;z 
!iii) X2 -X1• 

3 A play is enjoying a long run at a theatre. It is found that the play time may 

be modelled as a normal variable with mean 130 minutes and standard 

deviation 3 minutes, and that the length of the intermission in the middle of 
the performance may be modelled by a normal variable with mean 15 minutes 

and standard deviaton 5 minutes. Find the probability that the performance is 

completed in less than 140 minutes. 

4 The time Melanie spends on her history assignments may be modelled as being 

normally distributed, with mean 40 minutes and standard deviation 10 minutes. 

The times taken on assignments may be assumed to be independent. Find 

!i) the probability that a particular assignment will last longer than an hour 

!ii) the time in which 95% of all assignments can be completed 

!iii) the probability that two assignments will be completed in less than 
75minutes. 

s The weights of full cans of a particular brand of pet food may be taken to 

be normally distributed, with mean 260g and standard deviation 10g. The 
weights of the empty cans may be taken to be normally distributed, with mean 

30 g and standard deviation 2 g. Find 

!i) the mean and standard deviation of the weights of the contents of the cans 

!ii) the probability that a full can weighs more than 270g 

!iii) the probability that two full cans together weigh more than 540g. 
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6 The independent random variables X1 and Xz are distributed as follows: 

X1 -N(30,9); Xz-N(40,16). 

Find the distributions of the following: 

w X1 +X2 

!ii) X1-~. 

7 In a vending machine the capacity of cups is normally distributed, with mean 
200cm3 and standard deviation 4cml. The volume of coffee discharged per 

cup is normally distributed, with mean 190 cm3 and standard deviation 
5 cm 3. Find the percentage of drinks which overflow. 

8 On a distant island the heights of adult men and women may both be taken 

to be normally distributed, with means 173 cm and 165cm and standard 
deviations 10cm and 8cm respectively. 

rn Find the probability that a randomly chosen woman is taller than a 
randomly chosen man. 

!ii) Do you think that this is equivalent to the probability that a married 

woman is taller than her husband? 

9 The lifetimes of a certain brand of refrigerator are approximately normally 

distributed, with mean 2000 days and standard deviation 250 days. 
Mrs Chudasama and Mr Poole each buy one on the same date. 

What is the probability that Mr Poole's refrigerator is still working one year 
after Mrs Chudasama's refrigerator has broken down? 

1 0 A random sampleofsize2 is chosen from a nonnal distribution N(lOO, 25). 

Find the probability that 

!ii the sum of the sample numbers exceeds 215 

!ii) the first observation is at least 19 more than the second observation. 

11 A mathematics module is assessed by an examination and by coursework. 
The examination makes up 75% of the total assessment and the coursework 
makes up 25%. Examination marks, X, are distributed with mean 53.2 and 

standard deviation 9.3. Coursework marks, Y, are distributed with mean 78.0 
and standard deviation 5.1. Examination marks and coursework marks are 

independent. Find the mean and standard deviation of the combined mark 
0.75X+0.25Y. 

[Cambridge International AS and A Lcvd Mathcmatic• 9709, Papcr7Q2 Junc2006] 

12 The cost of electricity for a month in a certain town under scheme A consists 

of a fixed charge of 600 cents together with a charge of 5.52 cents per unit 
of electricity used. Stella uses scheme A. The number of units she uses in a 

month is normally distributed with mean 500 and variance 50.41. 

W Find the mean and variance of the total cost of Stella's electricity in a 

randomly chosen month. 



Under scheme B there is no fixed charge and the cost in cents for a month is 
normally distributed with mean 6600 and variance 421. Derek uses scheme B. 

! ii) Find the probability that, in a randomly chosen month, Derek spends 

more than twice as much as Stella spends. 

(Cambridge International AS and A Lewi Mathcmatic• 'fl09, Paper 7 Q4 November 2007) 

More than two independent random variables 

The results on pages 264-265 may be generalised to give the mean and variance 
of the sums and differences of n random variables, X1, >;, ... , X". 

and, provided X1, >;, ... , X" are independent, 

If X1, J;, .. , X" is a set of normally distributed variables, then the distribution of 

(X1 ± X2 ± ... ± X") is also nonnal. 

EXAMPLE 11 .7 The mass, X, of a suitcase at an airport is modelled as being normally distributed, 

with mean 15kg and standard deviation 3 kg. Find the probability that a random 

sample often suitcases weighs more than 154kg. 

SOLUTION 

The mass X of one suitcase is given by 

X-N(l5,9). 

Then the mass of each of the ten suitcases has the distribution of X; call them X1, 

Xi, ... ,X10· 

Let the random variable The the total weight often suitcases. 

T = X1 + X2+ ... +X10· 
E( T) =E(X1) +E(J;)+ .. +E(X10) 

= 15+ 15+ ... + 15 
= 150 

Similarly Var(T) = Var(X1) + Var(Xi) + .. + Var(X10) 
= 9+9+ .. +9 

= 90 

A SoT-N(150,90). 

The probability that T exceeds 154 is given by 

1-<l>(15Fo50)= 1-c.t>(0.422) 

= 1-0.6635 150 154 T 

= 0.3365. standarddeviation = ./9-0 

Figure 11.5 
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The running times of the four members of a 4 X 400 m relay team may all be 

taken to be normally distributed, as follows. 

Member Meantime (s) Standanldeviation (s) 

Adil 52 

Ben 53 

Colin 55 1.5 

Dexter 51 0.5 

Assuming that no time is lost during changeovers, find the probability that the 

team finishes the race in less than 3 minutes 28 seconds. 

SOLUTION 

Let the total time be T. 

E(D = 52 +53+ 55 + 51 = 211 

Var(T) = 12 + 12 + 1.52 + 0.52 =4.5 

SoT-N(211,4.5). 

The probability of a total time ofles.s than 

3 minutes 28 seconds (208 seconds) is given by 

(
208 -2 11) 

<I> ,/4.s =<l>(-1.414) 

= 1-0.9213 

= 0.0787. 

~ 
208 211 T 

standarddc,~arion = ./43 

Figure 11.6 

Linear combinations of two or more independent 
random variables 

The results given on pages 264-265 can also be generalised to include linear 

combinations of random variables. 

For any random variables X and Y, 

• E(aX+ bY) = aE(X) + bE(Y), where a and bare constants. 

If X and Yare independent 

• Var(aX+bY)=d-Var(X) + b2Var(Y) 

If the distributions of X and Y are nonnal, then the distribution of ( aX + b Y) is 

also normal. 

These results may be extended to any number of random variables. 



EXAMPLE 11 .9 In a workshop joiners cut out rectangular sheets of laminated board, of length 
Lem and width Wern, to be made into work surfaces. Both Land Wmaybe 

taken to be normally distributed with standard deviation 1.5 cm. The mean of Lis 

150 cm, that of W is 60 cm, and the lengths Land Ware independent. Both of the 

short sides and one of the long sides have to be covered by a protective strip (the 

other long side is to lie against a wall and so does not need protection). 

\Nhat is the probability that a protecting strip 275cm long will be too short for a 

randomly selected work surface? 

Figure 11.7 

SOLUTION 

Denoting the length and width by the independent random variables Land W 
and the total length of strip required by T: 

T=L+2W 
E(I) ~E(L)+2E(W) 

= 150+2X60 

= 270 

Var(1) = Var(L) + 22 Var(W) 

= 1.52 + 4X 1.52 

= 11.25 

The probability of a strip 275cm long being too short is given by 

Note 

I_ <1>(275 - 270) = l _ <D( l.491 ) 
.Jws 

= 1-0.932 

=0.068. 

You have to distinguish carefully between the random variable 2W, which means 

twice the size of one observation of the random variable W, and the random variable 

W1 + W2' which is the sum of two independent observations of the random variable W. 

In the last example E(2W) = 2E(W) = 120 

and Var(2W) = 22Var( W) = 4 x 2.25 = 9. 

In contrast, E(W1 + W1) = E(W1) + E(W2) = 60 + 60 = 120 

Var(W1 + W2) = Var(W1)+ Var(W2 ) = 2.25+ 2.25= 4.5. 
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EXAMPLE 11.10 A machine produces sheets of paper the thicknesses of which are nonnally 

distributed with mean 0.1 mm and standard deviation 0.006 mm. 

(i) State the distribution of the total thickness of eight randomly selected sheets 

of paper. 

!iil Single sheets of paper are folded three times (to give eight thicknesses). State 
the distribution of the total thickness. 

SOLUTION 

Denote the thickness of one sheet (in mm) by the random variable W, and the 

total thickness of eight sheets by T. 

m Eightseparatesheets 

In this situation T = W1 + W2 + W3 + W4 + W5 + W6 + W7 + W3 

where W1, W2, ••• , W8 are eight independent observations of the variable W. 
The distribution of W is nonnal with mean 0.1 and variance 0.0062• 

So the distribution of T is nonnal with 

mean= 0.1 +0.1 + ... +0.1 = 8 X 0.1 =0.8 

variance = 0.0062 + 0.0062 + ... + 0.0062 

=8 X 0.0062 

= 0.000288 

standard deviation= Jo.000288 = 0.017. 

The distribution is N (0.8, 0.0172). 

!ii ) Eight thicknwes of the same sheet 

In this situation T = wl + wl + WI+ WJ +WI+ WJ+ wl + wl = 8Wl 

where W1 is a single observation of the variable W. 

So the distribution of Tis normal with 

mean = 8XE(W) = 0.8 

variance = 82 x Var( l.1/) = 82 x 0.0062 = 0.002 304 

standard deviation= Jo.002304 = 0.048. 

The distribution is N(0.8, 0.0482). 

0 Notice that in both cases the mean thickness is the same but for the folded paper 

the variance is greater. Why is this? 



EXERCISE 11C 1 A garage offers motorists 'Road worthiness tests While U Wait' and claims that 

an average test takes only 20 minutes. Assuming that the time taken can be 
modelled as a normal variable with mean 20 minutes and standard deviation 
2 minutes, find the distribution of the total time taken to conduct six tests in 

succession at this garage. State any assumptions you make. 

2 A company manufactures floor tiles of mean length 20cm with standard 

deviation 0.2 cm. Assuming the distribution of the lengths of the tiles is 

normal, find the probability that, when 12 randomly selected floor tiles are 

laid in a row, their total length exceeds 241 cm. 

3 The masses of wedding cakes produced at a bakery are independent and 

may be modelled as being normally distributed with mean 4 kg and standard 

deviation 100g. Find the probability that a set of eight wedding cakes has a 

total mass between 32.3 kg and 32. 7kg. 

4 A random sample of 15 items is chosen from a normal population with mean 

30 and variance 9. Find the probability that the sum of the variables in the 

sample is less than 440. 

s The distributions of four independent random variables X
1

, ~. ~ and X
4 

are 
N(7, 9), N(S, 16), N(9, 4) and N( IO, 1) respectively. 

Find the distributions of 

(i ) X1 +~ + X3 +X4 

!ii) X1 +~-X3 -X4 

(iii) X1 --X:i- X3 + X4• 

6 The distributions of Xand Yare N(l00,25) and N( llO, 36),andX and Yare 

independent. Find 

(i ) theprobabilitythat8X+2Y < 1000 

(ii ) the probability that SX- 2Y> 600. 

7 The distributions of the independent random variables A, Band Care 
N(35, 9), N(30, 8) and N(35, 9). Write do'Wll the distributions of 

(i ) A +B +C 

(ii) 5A+4B 

(iii) A + 2B + 3C 

(ivl 4A-B-5C. 

8 The distributions of the independent random variables X and Yare N(60, 4) 
and N(90, 9). Find the probability that 

!i ) X-Y<-35 

(ii ) JX+SY>638 

!iii! JX>2Y. 
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9 If X - N(60, 4) and Y - N(90, 9) and X and Yare independent, find the 

probability that 

W when one item is sampled from each population, the one from the Y 
population is more than 35 greater than the one from the X population. 

!ii) the sum of a sample consisting of three items from population X and five 

items from population Y exceeds 638. 

!iii) the sum of a sample of three items from population X exceeds that of two 

items from population Y. 

!iv) Comment on your answers to questions 8 and 9. 

1 o The distribution of the weights of those rowing in a very large regatta may be 

taken to be normal with mean 80kg and standard deviation 8kg. 

W What total weight would you expect 70% of randomly chosen crews of 
four rowers to exceed? 

!ii) State what assumption you have made in answering this question and 

comment on whether you consider it reasonable. 

1 1 The quantity of fuel used by a coach on a return trip of 200 km is modelled as 
a normal variable with mean 45 litres and standard deviation 1.5 litres. 

rn Find the probability that in nine return journeys the coach uses between 

400 and 406 litres of fuel. 

!ii) Find the volume of fuel which is 95% certain to be sufficient to cover the 

total fuel requirements for nvo return journeys. 

12 The weekly takings at three cinemas are modelled as independent normally 
distributed random variables with means and standard deviations as shmvn 
in thetable, in$. 

Mean Standard deviation 

Cinema A 6000 400 

CinemaB 9000 800 

CinemaC 5100 180 

W Find the probability that the weekly takings at cinema A will be less than 

those at cinema C. 

Iii ) Find the probability that the weekly takings at cinema B will be at least 

twice those at cinema C. 

!iii) The parent company receives a weekly levy consisting of 12% of the 

weekly takings at cinema A, 20% of those at cinema B and 8% of those at 

cinema C. Find the probability that this levy exceeds $3000 in any given 

week. Hence find the probability that in a 4-week period the weekly levy 

exceeds $3000 at least twice. 

[M Ei,adapted) 



13 Assume that the weights of men and women may be taken to be normally 

distributed, men with mean 75 kg and standard deviation 4 kg, and women 
with mean 65 kg and standard deviation 3 kg. 

At a village fair, tug-of-war teams consisting of either five men or six 

women are chosen at random. The competition is then run on a knock-out 
basis, with teams drawn out of a hat. !fin the first round a women's team is 

drawn against a men's team, what is the probability that the women's team 

is the heavier? State any assumptions you have made and explain how they 

can be justified. 

14 The four runners in a relay team have individual times, in seconds, which 

are normally distributed, with means 12.1, 12.2, 12.3, 12.4, and standard 

deviations 0.2, 0.25, 0.3, 0.35 respectively. Find the probability that, in a 

randomly chosen race, 

W the total time of the four runners is less than 48 seconds 

!ii) runners 1 and 2 take longer than runners 3 and 4. 

What assumption have you made and how realistic is the model? 

15 Jim Longlegs is an athlete whose specialist event is the triple jump. This is 

made up ofa hop, a step and a jump. Over a season the lengths of the hop, step 
and jump sections, denoted by H, Sand J respectively, are measured, from 

which the following models are proposed: 

H - N(5.5 , 0.52) S - N(5.1 , 0.62) J - N(6.2,0.82) 

where all distances are in metres. Assume that H, Sand J are independent. 

W In what proportion of his triple jumps will Jim's total distance exceed 
18metres? 

(ii) In six successive independent attempts, what is the probability that at 

least one total distance will exceed 18 m? 

!iii) What total distance will Jim exceed 95% of the time? 

( iv) Find the probability that, in Jim's next triple jump, his step will be 

greater than his hop. 

1 6 The random variable Xhas the distribution N(3.2, 1.22) . The sum of 

60 independent observations of X is denoted by S. Find P(S > 200). 

(MEI ) 

[Cambridge InternationalASandA Level Mathematk• 9709, Papcr7Q2 June2007) 

17 Weights of garden tables are normally distributed with mean 36 kg and 

standard deviation 1.6 kg. Weights of garden chairs are normally distributed 

with mean 7.3kg and standard deviation 0.4kg. Find the probability that the 

total weight of2 randomly chosen tables is more than the total weight of 10 

randomly chosen chairs. 

(Cambridge International AS and A ~J Mathematics 9709, Paper7Q3 November 2008) 
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18 A journey in a certain car consists of two stages with a stop for filling up 

with fuel after the first stage. The length of time, T minutes, taken for each 

stage has a normal distribution with mean 74 and standard deviation 7.3. 

The length of time, F minutes, it takes to fill up with fuel has a normal 

distribution with mean 5 and standard deviation 1.7. The length of time 

it takes to pay for the fuel is exactly 4 minutes. The variables T and Fare 

independent and the times for the two stages are independent of each other. 

W Find the probability that the total time for the journey is less than 

154minutes. 

!ii) A second car has a fuel tank with exactly twice the capacity of the first 
car. Find the mean and variance of this car's fuel fill-up time. 

!iii) This second car's time for each stage of the journey follows a normal 

distribution with mean 69 minutes and standard deviation 5.2 minutes. 

The length of time it takes to pay for the fuel for this car is also exactly 

4 minutes. Find the probability that the total time for the journey taken 

by the first car is more than the total time taken by the second car. 

(Cambridge International AS and A UVC!Mathematics 9709. I'ilper7Q7 November 2005) 

1 For any discrete random variable X and constants a and c: 

• E(c) = c 

• E(aX) = aE(X) 

• E(aX +c) =aE(X) + c 

• Var(c) = O 

• Var(aX) = a2Var(X) 

• Var(aX + c) = a2Var(X). 

2 For two random variables X and Y, whether independent or not, and 
constants a and b, 

• E(X ± Y) ~ E(X) ± E(Y) 

• E(aX+ bY)=aE(X)+bE(Y) 

and, if X and Yare independent, 

• Var(X ± Y) = Var(X) + Var(Y) 

• Var(aX ± bY) = a2Var(X) + b2 Var(Y). 

3 Fora set ofn random variables,X1,)S, ... , X", 

and, if the variables are independent, 

• Var(X1 ± Js ± ... ± X") = Var(X1)+ Var(Js) + . .. + Var(X"). 

4 If random variables are normally distributed so are the sums, differences 
and other linear combinations of them. 



1 Sampling 

If you w ish to learn swimming yo u have to go into the water. 

G. Polya 

PoliticsNow.com 

Independent set to become member of parliament 

Nextweek'slocalelectionlookssettoproducethe I 
firstindependentmemberofparliamentformany 
years,accordingtoanopinionpollconductedbythe 

PoliticsNow.comteam. ~ 
When30potentialvoterswereaskedwhothey 

thought would make the best member of parliament, 
12optedforlndependentcandidateMrsChalashika. '- • 
Theotherthreecandidatesattractedbetween3and .___., 
9votes. 

Mrs Grace Chalaahika is 
taking the polls by storm. 

Assuming that the figures quoted in the article are true, does this really mean that 

Independent Mrs Chalashika will be elected to Parliament next week? 

Only time will tell that, but meanwhile the newspaper report raises a number of 
questions that should make you suspicious of its conclusion. 

Was tlie sample large enough? Thirty seems a veiy small number. 

Were those interviewed asked tlie rig/it question? They were asked who they thought 

would make the best member of parliament, not who they intended to vote for. 

How was tlie sample selected? Was it representative of tlie whole electorate? 

Before addressing these questions you will find it helpful to be familiar with the 

language and notation associated with sampling. 

T erms and notation 

PoliticsNow.com took a sample of size JO. Taking samples and interpreting them 

is an essential part of statistics. The populations in which you are interested are 

often so large that it would be quite impractical to use eveiy item; the electorate 
for that area might well number 70 OOO. 

A sample provides a set of data values of a random variable, drawn from all such 

possible values, the parent population. The parent population can be finite , such 
as all professional footballers, or infinite, such as the points where a dart can land 

on a dart board. 
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Sampling 

A representation of the items available to be sampled is called the sampling 
frame. This could, for example, be a list of the sheep in a flock , a map marked 

with a grid or an electoral register. In many situations no sampling frame exists 

nor is it possible to devise one, for example, for the cod in the North Atlantic. 

The proportion oft he available items that are actually sampled is called the 

sampling fraction. 

A parent population, often just called the pop11/atio11, is described in terms of its 

parameters, such as its mean,/1 , and variance, a 2. By convention Greek letters are 

used to denote these parameters. 

A value derived from a sample is written in Roman letters: mean, X, variance, i1-, 
etc. Such a number is the value of a sample statistic (or just statistic).\iVhen sample 

statistics are used to estimate the parent population parameters they are called 

estimates. 

Thus if you take a random sample in which the mean is X, you can use X to 

estimate the parent mean,/1. !fin a particular sample X = 23.4, then you can use 

23.4 as an estimate of the population mean. The true value of /1 will generally be 

somewhat different from your estimated value. 

Upper case letters, X, Y, etc., are used to represent the random variables, and 

lower case letters, x, y, etc., to denote particular values of them. In the example 

of PoliticsNow.com's survey of voters, you could define X to be the percentage of 

voters, in a sample of size 30, showing support for Mrs Chalashika. The particular 

value from thissample,x , is (~)x 100= 40%. 

There are essentially two reasons why you might wish to take a sample: 

• to estimate the values of the parameters of the parent population 

• to conduct a hypothesis test. 

There are many ways you can interpret data. First you will consider how sample 

data are collected and the steps you can take to ensure their quality. 

An estimate of a parameter derived from sample data will in general differ from 

its trne value. The difference is called the sampling error. To reduce the sampling 

error, you want your sample to be as representative of the parent population as 

you can make it. This, however, may be easier said than done. 

Here are a number of questions that you should ask yourself when about to take 

a sample. 

1 Are the data relevant? 

It is a common mistake to replace what you need to measure by something else 

for which data are more easily obtained. 



You must ensure that your data are relevant, giving values of whatever it is that 

you really want to measure. This was dearly not the case in the example of the 
PoliticsNow.com survey, where the question people were asked, 'Who would make 

the best member of parliament?', was not the one whose answer was required. The 
question should have been 'Which person do you intend to vote for?'. 

2 Are the data like ly to be biased? 

Bias is a systematic error. If, for example, you wished to estimate the mean time 
of young women running 100 metres and did so by timing the members of a 

hockey team over that distance, your result would be biased. The hockey players 

would be fitter and more athletic than most young women and so your estimate 

for the time would be too low. 

You must try to avoid bias in the selection of your sample. 

3 Does the method o f collectio n dis to rt t he data? 

The process of collecting data must not interfere with the data. It is, for example, 
very easy when designing a questionnaire to frame questions in such a way as to 

lead people into making certain responses. 'Are you a law-abiding citizen?' and 

'Do you consider your driving to be above average?' are both questions inviting 
theanswer'Yes'. 

In the case of collecting information on voting intentions another problem arises. 

Where people put the cross on their ballot papers is secret and so people are 

being asked to give away private information. There may well be those who find 

this offensive and react by deliberately giving false answers. 

People often give the answer they think the questioner wants to receive. 

4 Is the rig ht person collecting the data? 

Bias can be introduced by the choice of those taking the sample. For example, a 
school's authorities want to estimate the proportion of the students who smoke, 

which is against the school rules. Each class teacher is told to ask five students 
whether they smoke. Almost certainly some smokers will say 'No' to their 

teacher for fear of getting into trouble, even though they might say 'Yes' to a 

different person. 

5 Is the sample large e no ug h ? 

The sample must be sufficiently large for the results to have some meaning. In 

this case the intention was to look for differences of support between the four 

candidates and for that a sample of 30 is totally inadequate. For opinion polls, a 

sample size of about I OOO is common. 
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S2 - The sample size depends on the precision required in the results. For example, in 

the opinion polls for elections a much larger sample is required if you want the 
estimate to be reliable to within I% than if 5% will do. 

6 Is the sampling procedure appropriate in the circumstances? 

The method of choosing the sample must be appropriate. Suppose, for example, 

that you were carrying out the survey of people's voting intentions in the 

forthcoming election for PoliticsNow.com. How would you select the sample of 
people you are going to ask? 

lf you stood in the town centre in the middle of one morning and asked 

passers-by, you would probably get an unduly high proportion of those who, 

for one reason or another, were not employed. It is quite possible that this 

group has different voting intentions from those in work. 

If you selected names from the telephone directory, you would automatically 

exclude those who do not have telephones, those who do not have landlines and 

those who are ex-directory. 

It is actually very difficult to come up with a plan which will yield a fair sample, 

one that is not biased in some direction or another. There are, however, a 

number of established sampling techniques and these are described in the next 
section of this chapter. 

f) Each of the situations below involves a population and a sample. In each case 
identify both, briefly but precisely. 

1 A member of parliament is interested in whether her constituents support 

proposed legislation to make convicted drug dealers do hard physical work 

every day while they are in prison. Her staff report that letters on the proposed 

legislation have been received from 361 constituents of whom 309 support it. 

2 A flour company wants to know what proportion of households in Karachi 

bake some or all of their own bread. A sample of 500 residential addresses in 

Karachi is taken and interviewers are sent to these addresses. The interviewers 

are employed during regular working hours on weekdays and interview only 
during these hours. 

3 The Chicago Police Department wants to know how black residents of 

Chicago feel about police service. A questionnaire with several questions about 
the police is prepared. A sample of 300 postal addresses in predominantly 

black areas of Chicago is taken and a police officer is sent to each address to 

administer the questionnaire to an adult living there. 

Each sampling situation contains a serious source of probable bias. In each case 

give the reason that bias may occur and also the direction of the bias. 



Sampling techniques 

In considering the following techniques it is worth repeating that a key aim when 

taking a sample is to obtain a sample that is repre5entative of the parent population 
being investigated. It is assumed that the sampling is done without replacement, 

otherwise, for example, one person could give an opinion twice, or more. The 

fraction of the population which is selected is called the sampling fraction. 

sample size 
• Sampling fraction=--.--. 

populat10n size 

Random sampling 

In a random 5ampling procedure, every member of the population may be 
selected; there is a non-zero probability of this happening (and, of course, the 
probability is less than ! ). In many random sampling procedures, for example, 

drawing names out of a hat, every member of the population has an equal 
probability of being selected. 

In a 5imple random sampling procedure, every possible sample of a given size is 
equally likely to be selected. It follows that in such a procedure every member of 

the parent population is equally likely to be selected. However, the converse is 
not true. It is possible to devise a sampling procedure in which every member is 
equally likely to be selected but some samples are not permissible. 

0 1 A school has 20 classes, each with 30 students. One student is chosen at 

random from each class, giving a sample size of 20. \Nhy is this not a simple 

random sampling procedure? 

2 If you write the name of each student in the school on a slip of paper, put all 

the slips in a box, shake it well and then take out 20, would this be a simple 

random sample? 

Simple random sampling is fine when you can do it, but you must have a 
sampling frame. The selection of items within the frame is often done using 

tables ofrandom numbers. 

Using random numbers 

Usually, each element in the frame is given a number, starting at I. You then 

select elements for the sample using random number tables or the random 
number generator on a calculator or computer. 

Suppose that you need to select a sample of 15 houses from a numbered list of 
483 houses. Using random number tables, you choose a random starting position 

and take the digits in groups of three. If the first set of three digits is 247, you put 
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house number 247 from the list into your sample. If the next number is 832, you 

ignore it because it does not correspond to a house in the list. You continue in 

this way until you have a sample of 15 houses. ( If any number occurs more than 

once, you still only include it once in your sample.) 

In some circumstances, you might choose to assign random numbers in a less 

wasteful way. For example, you could subtract 500 from any random numbers 

above 500, so instead of discarding 832 you would choose house (832- 500) = 332. 

Whether this is worthwhile depends on the sample size and the method being used 
to link the numbers to the elements in the sampling frame. 

\Vhen using a random number generator on a calculator, you use the same 

procedure. If the calculator only provides three digits and you need five, you can 

generate two sets of three digits and discard the last digit. 

Using the random numbers below, which items would you choose from a 

numbered list of the 17 841 inhabitants of a town if you want a random sample of 

size 10? Start with the top left random number and work along each row in order. 

54 66 35 88 98 91 45 92 12 47 

12 16 71 83 94 22 44 57 43 43 

45 32 26 37 19 89 27 02 77 14 

85 98 46 56 50 71 07 65 33 63 

51 63 71 95 36 36 17 77 53 40 

25 95 65 04 59 80 16 59 21 43 
91 55 88 14 82 48 48 94 38 34 

60 87 82 35 35 45 45 08 44 37 

Other sampling t echniq ues 

There are many other sampling techniques. Survey design, the formulation of the 

most appropriate sampling procedure in a particular situation, is a major topic 

within statistics. 

Strat ified samp ling 

You have already thought about the difficulty of conducting a survey of people's 

voting intentions in a particular area before an election. In that situation it is 

pos.sible to identify a number of different sub-groups which you might expect 

to have different voting patterns: low, medium and high income groups; urban, 

suburban and rural dwellers; young, middle-aged and elderly voters; men and 

women; and so on. The sub-groups are called strata. In stratified sampling, you 

would ensure that all strata were sampled. You would need to sample from high 
income, suburban, elderly women; medium income, rural young men; etc. In this 

example, 54 strata (3 X 3 X 3 X 2) have been identified. If the numbers sampled in 

the various strata are proportional to the size of their populations, the procedure 

is called proportional stratified sampling. If the sampling is not proportional, then 

appropriate weighting has to be used. 



The selection of the items to be sampled within each stratum is usually done by 

simple random sampling. Stratified sampling will usually lead to more accurate 

results about the entire population, and will also give useful information about 

the individual strata. 

Cluster sampling 

Cluster sampling also starts with sub-groups, or strata, of the population, but 

in this case the items are chosen from one or several of the sub-groups. The 

sub-groups are now called clusters. It is important that each cluster should be 

reasonably representative of the entire population. If, for example, you were 

asked to investigate the incidence of a particular parasite in the puffin population 

of Northern Europe, it would be impossible to use simple random sampling. 

Rather you would select a number of sites and then catch some puffins at each 

place. This is cluster sampling. Instead of selecting from the whole population 

you are choosing from a limited number of clusters. 

Systematic sampling 

Systematic sampling is a method of choosing individuals from a sampling frame. 

If you were suIVeying telephone subscribers, you might select a number at 

random, say 66, and then sample the 66th name on every page of the directory. 

If the items in the sampling frame are numbered l , 2, 3, ... , you might choose a 

random starting point like 38 and then sample numbers 38, 138, 238 and so on. 

When using systematic sampling you have to beware of any cyclic patterns within 

the frame. For example, suppose a school list is made up class by class, each of 
exactly 25 children, in order of merit , so that numbers l, 26, 51, 76, 101, ... , in the 

frame are those at the top of their class. If you sample every 50th child starting 

with number 26, you will conclude that the children in the school are very bright. 

Quota sampling 

Quota sampling is the method often used by companies employing people to 
carry out opinion surveys. An interviewer's quota is always specified in stratified 
terms: how many males and how many females, etc. The choice of who is 

sampled is then left up to the interviewer and so is definitely non-random. 

EXERCISE 12A 1 Alan wishes to choose one child at random from the eleven children in his 

music class. The children are numbered 2, 3, 4, and so on, up to 12. Alan then 
throws two fair dice, each numbered from 1 to 6, and chooses the child whose 

number is the sum of the scores on the two dice. 

W Explain why this is an unsatisfactory method of choosing a child. 

! ii) Describe briefly a satisfactory method of choosing a child. 

(Cam bridge International AS •nd A Level Mathcm•t ics 970'), Paper 7 QI November 2008) 
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2 Identify the sampling procedures that would be appropriate in the following 
situations. 

(i) A local education officer wishes to estimate the mean number of 

children per family on a large housing estate. 

(ii ) A consumer protection body wishes to estimate the proportion of 

trains that are running late. 

(iii) A marketing consultant wishes to investigate the proportion of 

households in a town that have a personal computer. 

(iv ) A local politician wishes to carry out a survey into people's views on 

capital punishment within your area. 

M A health inspector wishes to investigate what proportion of people wear 

spectacles. 

(vi) Ministry officials wish to estimate the proportion of cars with bald tyres. 

(viii A television company wishes to estimate the proportion of householders 

who have not paid their television licence fee. 

(viii) The police want to find out how fast cars travel in the outside lane of a 

motorway. 

(ix) A sociologist wants to know how many girlfriends the average 

18-year-old boy has had. 

(xl The headteacher of a large school wishes to estimate the average number 
of hours of homework done per week by the students. 

1 There are essentially two reasons why you might wish to take a sample: 

• to estimate the values of the parameters of the parent population 

• to conduct a hypothesis test. 

2 \Nhen taking a sample you should ensure that: 

• the data are relevant 

• the data are unbiased 

• the data are not distorted by the act of collection 

• a suitable person is collecting the data 

• the sample is of a suitable size 

• a suitable sampling procedure is being followed. 

3 In a random sample, every member of the population has a non-zero 
probability of being selected. In many random sampling procedures, every 

member of the population has an equal probability of being selected. 

e In simple random sampling, every possible sample of a given size has an 
equal probability of being selected. 

e Other sampling procedures include stratified sampling, cluster sampling, 
systematic sampling and quota sampling. 



1 Hypothesis testing and 
confidence intervals using 
the normal distribution 

When we spend money on t esting an item, we are buying confide nce in 

its performance. 
Tony Cutler 

Interpreting sample data using the normal distribution 

Sydney set to become greenhouse? 
from our Science Correspondent Ama Williams 

On a recent visit to a college in Sydney, I was 
intrigued to find experiments being conducted 
to measure the level of carbon dioxide in the 
air we are all breathing. Readers will of course 
know that high levels of carbon dioxide are 
associated with the greenhouse effect. 

Lecturer Ray Peng showed me round his 
laboratory. 'It is delicate work, measuring parts 
per million, but I am trying to establish what Is 
the normal level in this area. Yesterday we took 
ten readings and you can see the results for 
yourself: 336,334,332, 332, 331,331,330, 
330,328, 326.' 

When I commented that there seemed to be 
a lot of variation between the readings, Ray 
assured me that that was quite in order. 

'I have taken hundreds of these 
measurements in the past,' he said. 'There is always a standard deviation 
of 2.5. That's just natural variation.' 

I suggested to Ray that his students should test whether these results are 
significantly above the accepted value of 328 parts per million. Certainly they 
made me feel uneasy. Is the greenhouse effect starting here in Australia? 

Ray Peng has been trying to establish the carbon dioxide level in Sydney. How do 
you interpret his figures? Do you think the correspondent has a point when she 
says she is worried that the greenhouse effect is already happening in Australia? 

If suitable sampling procedures have not been used, then the resulting data may 
be worthless, indeed positively misleading. You may wonder if that is the case 
with Ray's figures, and about the accuracy of his analysis of the samples too. 
His data are used in subsequent working in this chapter, but you may well feel 
there is something of a question mark hanging over them. You should always be 
prepared to treat data with a healthy degree of caution. 
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S2 - Putting aside any concerns about the quality of the data, what conclusions can 
you draw from them? 

Estimating the population mean, µ 

Ray's data were as follows. 

336,334,332,332,331,331,330,330,328,326. 

His intention in collecting them was to estimate the mean of the parent population, 

the population mean. 

The mean of these figures, the sample mean, is given by 

X 336+ 334+ 332+ 332+ 331 ~331 + 330+ 330+ 328+ 326 

= 331. 

What does this tell you about the population mean,µ? 

It tells you that it is about 331 but it certainly does not tell you that it is definitely 

and exactly 331. If Ray took another sample, its mean would probably not be 331 
but you would be surprised (and suspicious) ifit were very far away from it. If 
he took lots of samples, all of size 10, you would expect their means to be close 

together but certainly not all the same. 

If you took 1000 such samples, each of size 10, the distribution of their means 
might look like figure 13.1. You will notice that this distribution looks rather like 

the normal distribution and so may well wonder if this is indeed the case. 

sampl~m~an(parupermillion) 

Figure 13.1 



EXAMPLE 13.1 

The distribution of sample means 

In this chapter, it is assumed that the underlying population has a normal 

distribution with mean/, and standard deviation a so it can be denoted by 
N(j, , a2). In that case the distribution of the means of samples is indeed 

a 
normal; its mean is f' and its standard deviation is ""J':i. This is called the 

sampling distribution of the means, or often just the sampling distribution, and is 

denoted by N ( µ, ~ )- This is illustrated in figure 13.2. It is a special case of the 

Central Limit Theorem which you will meet later in this chapter, on page 298. 

Figure 13.2 

A hypothesis test for the mean using the normal distribution 

If your intention in collecting sample data is to test a theory, then you should set 
up a hypothesis test. 

Ray Peng was mainly interested in establishing data on carbon dioxide levels for 
Sydney. The correspondent, however, wanted to know whether levels were above 
normal, and so she could have set up and conducted a test. 

Here is the relevant infonnation, given in a more condensed fonnat. 

A.ma Williams believes that the carbon dioxide level in Sydney has risen above 
the usual level of 328 parts per million. A sample of 10 specimens of Sydney air 
are collected and the carbon dioxide level within them is determined. The results 
areas follows. 

336,334,332,332,331,331,J30,330,328,326. 

Extensive previous research has shown that the standard deviation of the levels 
within such samples is 2.5, and that the distribution may be assumed to be normal. 

Use these data to test, at the 0.1% significance level, A.ma's belief that the level of 
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As usual with hypothesis tests, you use the distribution of the statistic you are 

measuring, in this case the normal distribution of the sample means, to decide 

which values of the test statistic are sufficiently extreme as to suggest that the 

alternative hypothesis, not the null hypothesis, is true. 

Null hypothesis, H
0

: ,, = 328 

Alternative hypothesis, H 1: µ > 328 

One-tail test 

The level of carbon dioxide in 

Sydney is normal. 

The level of carbon dioxide in 

Sydney is above normal. 

The significance level is 0.1 %. This is the probability of a Type I error for this test. 

Method 1: Usillgcritical regio11s 

Since the distribution of sample means is N ( µ,~ ),critical values for a test on 

the sample mean are given by/,± kx f· 
In this case, ifH0 is true,/, = 328;a = 2.5; 11 = 10. 

The test is one-tail, for /1 > 328, so only the right-hand tail applies. This gives a 

value of k = 3.090 since normal distribution tables give <1>(3.090 ) = 0.999 and so 

1 - <1>(3.090) = 0.001. 

2.5 
The critical value is thus 328 + 3.09 X Jw = 330.4, as shown in figure 13.3. 

Figure 13.3 

A 1=" ~ 
32833!~ 

However, the sample mean X = 331, and 331 > 330.4. 

Therefore the sample mean lies within the critical region, and so the null 

hypothesis is rejected in favour of the alternative hypothesis: that the mean 

carbon dioxide level is above 328, at the 0.1 % significance level. 



Method 2: Using probabilities 

The distribution of sample means, X, is N (µ, ~) . 
According to the null hypothesis, µ= 328 and it is known that a = 2.5 and n = 10. 

So this distribution is N ( 328, ~} see figure 13.4. 

M
rn=•e•=• 
e probabilityof 
e.suhatlea:stas 

erneastha1found. 

3iS33! ~ 

Figure 13.4 

The probability of the mean, X, of a randomly chosen sample being greater than 

the value fo und, i.e. 33 I , is given by 

P(X;;,,33 1) =1-<I> ~ 

[
JJl-328J 

Jw 
= 1-<1>(3.79) 

= I - 0.999 93 = 0.000 07 

Since 0.000 07 < 0.001 , the required significance level (0. 1%), the null hypothesis 

is rejected in favour of the alternative hypothesis. 

M ethod 3: Us ing critical ratios 

The critical ratio is given by z = observ: !:~~~~ ~ ::::~~~;
1
d value. 

In this case z = 331- 328= 3.79 
25 

Jw 
This is now compared with the critical value for z given in your tables. 

0.75 0.90 0.95 0.975 0.99 0.995 0.9975 0.999 0.9995 

0.674 1.282 1.645 1.960 2.326 2.576 2.807 .090 3.291 

Figure 13.5 Critica l va lues for the normal distribution 

So the critical value is z = 3.090. 

Since 3.79 > 3.09, H
0 

is rejected. 
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S2 -
EXAMPLE 13.2 

Notes 

1 A hypothesis test shou ld be formulated before the data are collected and not 

after. If sample data lead you to form a hypothesis, then you should plan a 

suitable test and collect further data on which to conduct it. It is not clear whether 

or not the test in the previous example was being carried out on the same data 

which were used to formulate the hypothesis. 

2 If the data were not collected properly, any test carried out on them may be 

worthless. 

Obseivations over a long period of time have shown that the mass of adult males 

of a type of bat is normally distributed with mean 110 g and standard deviation 

10 g. A scientist has a theory that in one area these bats are becoming smaller, 

possibly as an adaptation to changes in their environment. He plans to trap 20 

adult male bats, weigh them and then release them. He will then use the data to 

carry out a suitable hypothesis test at the 5% significance level. 

m State the null and alternative hypotheses. 

(ii ) Find the critical value for the test. 

(iii ) Find the probability of a Type I error. 

In fact the mean mass of the bats has reduced to 108 g but the standard deviation 

has remained unaltered. 

(iv) Calculate the probability that the test will produce a Type II error. 

The mean mass of the scientist's sample of bats is 107 g. 

(v) Carry out the hypothesis test and state what type of error, if any, results. 

SOLUTION 

(i) The hypotheses are: 

Null hypothesis H0: /1 = 110 The mean mass of the bats is still 

110g. 

Alternative hypothesis H 1: /1 < 110 The mean mass of the bats is less 

than 110g. 

(ii ) This is a one-tail test at the 5% significance level so the critical value is: 

X = 110 - 1.645 x-fo = 106.3 to 1 d.p. 

where X is the sample mean. 

The null hypothesis will be rejected if X < 106.3. 



X 

Figure 13.6 

!iii) A Type I error occurs when a true null hypothesis is rejected. In this case, 

the probability of this happening is represented by the dark pink area in 

figure 13.6. It is just the same as the significance level of the test and so is 

So/oor0.05. 

(iv) A Type II error will occur if X > 106.3 because in that case the null 

hypothesis, which is false, will be accepted. 

In fact/I = 108 and so the probability that X > 106.3 is given by 

I -<l>[ID6.~~ IOSJ: 0.77 (to 2 s.f.) 

.fio 
M Since 107 > 106.32, the null hypothesis is accepted. The evidence does not 

support the scientist's theory. 

However, this is the wrong result so a Type II error has occurred. The answer 

from part (ivl shows that with the test set up as it was, a Type II error is quite 

likely to occur. 

Known and estimated standard deviation 

Notice that you can only use this method of hypothesis testing if you already 

know the value of the standard deviation of the parent population, a. Ray Peng 

had said that from taking hundreds of measurements he knew it to be 2.5. 

It is more often the situation that you do not know the population standard 

deviation or variance and so have to estimate it from your sample data. For 

such estimates the estimated standard deviation, s, is worked out using slightly 

differently formulae from those you met in Chapter I. In certain places 11 - I is 

used instead of 11. 

To calculate an unbiased estimate of the population mean and variance from a 

sample you should use the following formulae for these estimators: 

S2 
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S2 - Estimated mean, X = ~ 

Estimated variance, i2 = _!_
1
[2>2 

- ~) 
II- II 

An alternative notation to s for the estimated standard deviation, which is 

sometimesused,isO. 

EXAMPLE 13.3 An IQ test, established some years ago, was designed to have a mean score of 100. 

A researcher puts forward a theory that people are becoming more intelligent 

(as measured by this particular test ). She selects a random sample of 150 people, 

all of whom take the test. The results of the tests, where x represents the score 

obtained, are n= 150, :Ex= 15483, :Ex2 = 1631680. 

Carry out a suitable hypothesis test on the researcher's theory, at the 1% 

significance level. You may assume that the test scores are normally distributed. 

SOLUTION 

H
0

: The parent population mean is unchanged, i.e. /1 = 100. 

H 1: The parent population mean has increased, i.e./, > 100. 

One-tail test 

The significance level is I%. This is the probability of Type I error for this test. 

From the sample, unbiased estimates for the mean and standard deviation are: 

X = ~,::: l~:~3 = 103.22 

,'= ~ Ix'-'~;J')= d,(1,,1,,0 -1'1;~')= 224.998 ... 
So 5= 15.0 (to 3 s.f.) 

The standardised zvalue corresponding to X = 103.22 is calculated usingµ= 100 

and approximating a by s = 15.0. 

z,:::~= 103.22 - 100,::: 2.629 
c, 15 

Tn ma 
For the I o/o significance level, the critical value is z = 2.326. 

The test statistic is compared with the critical value and since 2.629 > 2.326 the 

null hypothesis is rejected. 



The evidence supports the view that scores on this IQ test are now higher; see 
figure 13.7. 

~ cr;,;ca1~1,, 
2.326 

critical region 

standardis~dvalu,,02.3262.629z 
: : teststatis1ic 
: : 2.629 

actual value 100 103.22 r 

Figure 13. 7 

EXERCISE 13A 1 A magazine conducted a survey about the sleeping time of adults. A random 

sample of 12 adults was chosen from the adults travelling to work on a train. 

W Give a reason why this is an unsatisfactory sample for the purposes of the 

survey. 

!ii) State a population fo r which this sample would be satisfactory. 

A satisfactory sample of 12 adults gave numbers of hours of sleep as shown 

below. 

4.6 6.8 5.2 6.2 5.7 7. 1 6.3 5.6 7.0 5.8 6.5 7.2 

!iii) Calculate unbiased estimates of the mean and variance of the sleeping 

times of adults. 

I Cambridge Intenia tiona! AS and A I.cw!Matheruatia 9709, Papcr7Q l June 2008) 

2 For each of the foll owing, the random variableX- N (j1,02), with known 

standard deviation. A random sample of size n is taken from the parent 

population and the sample mean, X, is calculated. 

Carry out hypotheses tests, given H0 and H 1, at the significance level indicated. 

x H, H, Sig.level 

(i) 195 µ = 190 µ > 190 5% 

(ii) 10 10 47.5 µ = 55 µ < 55 1% 

(iii) 15 25 104.7 µ = 100 µ-c1c. l OO 111% 

(iv ) 4.3 15 34.5 µ = 32 µ > 32 2% 

lvl 40 12 345 µ = 370 µ-c1c.370 5% 
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S2 - 3 A machine is designed to make paperdips with mean mass 4.00g and standard 

deviation 0.08 g. The distribution of the masses of the paperclips is normal. Find 

rn the probability that an individual paperclip, chosen at random, has mass 

greater than 4.04 g 

!ii) the standard error of the mass for random samples of 25 paper dips 

!iii) the probability that the mean mass of a random sample of 25 paperdips is 

greater than 4.04 g. 

A quality control officer weighs a random sample of 25 paper clips and finds 

their total mass to be 101.2 g. 

( iv) Conduct a hypothesis test at the 5% significance level of whether this 

provides evidence of an increase in the mean mass of the paperdips. State 

your null and alternative hypotheses dearly. 

4 It is known that the mass of a certain type oflizard has a normal distribution 

with mean 72.7 g and standard deviation 4.8 g. A zoologist finds a colony of 

lizards in a remote place and is not sure whether they are of the same type. In 

order to test this, she collects a sample of 12 lizards and weighs them, with the 

following results. 

80.4 67.2 74.9 78.8 76.5 75.5 80.2 81.9 79.3 70.0 69.2 69.1 

rn Write down, in precise fonn, the zoologist's null and alternative 

hypotheses, and state whether a one-tail or two-tail test is appropriate. 

(ii) Carry out the test at the 5% significance level and write down your 

conclusion. 

(iii) Would your conclusion have been the same at the 10% significance level? 

5 Observations over a long period of time have shown that the mid-day 

temperature at a particular place during the month of June is normally 
distributed with a mean value of 23.9 °C with standard deviation 2.J 0 C. An 

ecologist sets up an experiment to collect data for a hypothesis test of whether 

the climate is getting hotter. She selects at random 20 June days over a five-year 

period and records the mid-day temperature. Her results (in °C) are as follows. 

20.1 26.2 23.3 28.9 30.4 28.4 17.3 22.7 25.1 24.2 

15.4 26.3 19.3 24.0 19.9 30.3 32.1 26.7 27.6 23.1 

( i ) State the null and alternative hypotheses that the ecologist should use. 

!ii) Carry out the test at the 10% significance level and state the conclusion. 

!iii) Calculate an unbiased estimate of the population variance and comment 

onit. 



6 The keepers of a lighthouse were required to keep records of weather 
conditions. Analysis of their data from many years showed the visibility at 
mid-day to have a mean value of 14 nautical miles with standard deviation 
5.4 nautical miles. A new keeper decided he would test his theory that the air 
had become less dear (and so visibility reduced) by carrying out a hypothesis 
test on data collected for his first 36 days on duty. His figures (in nautical 
miles)wereasfollows. 

35 21 12 7 2 1.5 1.5 1 0.25 0.25 15 17 

18 20 16 11 8 8 17 35 35 0.25 

0.25 5 11 28 35 35 16 2 0.5 0.5 1 

rn Write down a distributional assumption for the test to be valid. 

!ii) Write down suitable null and alternative hypotheses. 

!iii) Carry out the test at the 2.5% significance level and state the conclusion 
that the lighthouse keeper would have come to. 

!iv) Criticise the sampling procedure used by the keeper and suggest a better one. 

7 A chemical is packed into bags by a machine. The mean weight of the bags is 

controlled by the machine operator, but the standard deviation is fixed at 0.96 
kg. The mean weight should be 50 kg, but it is suspected that the machine has 
been set to give underweight bags. If a random sample of 36 bags has a total 

weight of 1789.20 kg, is there evidence to support the suspicion? (You must 
state the null and alternative hypotheses and you may assume that the weights 
of the bags are normally distributed.) 

[MEI ) 

8 Archaeologists have discovered that all skulls found in excavated sites in 
a certain country belong either to racial group A or to racial group B. The 
mean lengths of skulls from group A and group Bare 190mm and 196mm 
respectively. The standard deviation for each group is 8 mm, and skull lengths 
are distributed normally and independently. 

A new excavation produced 12 skulls of mean length X and there is reason to 
believe that all these skulls belong to group A It is required to test this belief 
statistically with the null hypothesis (H

0
) that all the skulls belong to group A 

and the alternative hypothesis (H 1) that all the skulls belong to group B. 

!i) State the distribution of the mean length of 12 skulls when H
0 

is true. 

I ii) Explain why a test off\ versus H1 should take the form: 

'Reject H
0

if X > c', 

where c is some critical value. 

!iii) Calculate this critical value c to the nearest 0.1 mm when the probability of 
rejecting H

0 
when it is in fact true is chosen to be 0.05. 

!iv) Perform the test, given that the lengths (in mm) of the 12 skulls are as 

follows. 

204.1 201.1 187.4 196.4 202.5 185.0 

192.6 181.6 194.5 183.2 200.3 202.9 

[MEI ) 
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S2 - 9 The packaging on a type of electric light bulb states that the average lifetime 

of the bulbs is 1000 hours. A consumer as.sociation thinks that this is an 

overestimate and tests a random sample of64 bulbs, recording the lifetime, 

x hours, of each bulb. You may assume that the distribution of the bulbs' 

lifetimes is normal. 

The results are summarised as follows. 

11 = 64, L:.:=63910.4, LX"2= 63824061 

rn Calculate unbiased estimates for the population mean and variance. 

!ii) State suitable null and alternative hypotheses to test whether the statement 

on the packaging is overestimating the lifetime of this type ofbulb. 

!iii) Carry out the test, at the 5% significance level, stating your conclusions 

carefully. 

1 o A sample of 40 observations from a normal distribution X gave LX = 24 and 

:Ex2 = 596. Performing a two-tail test at the 5% level, test whether the mean 

of the distribution is zero. 

11 A random sample of75 eleven-year-olds performed a simple task and 

the time taken, t minutes, was noted for each. You may assume that the 

distribution of these times is normal. 

The results are summarised as follows. 

n = 75, rt= 1215, rt 2 = 21708 

rn Calculate unbiased estimates for the population mean and variance. 

!ii) State suitable null and alternative hypotheses to test whether there is 

evidence that the mean time taken to perform this task is greater than 

15minutes. 

!iii) Carry out the test, at the 1% significance level, stating your conclusions 

carefully. 

12 Bags of sugar are supposed to contain, on average, 2 kg of sugar. A quality 

controller suspects that they actually contain less than this amount, and so 

90 bags are taken at random and the mass, x kg, of sugar in each is measured. 

You may assume that the distribution of these masses is normal. 

The results are summarised as follows. 

n = 90, LX= 177.9, LX2 = 353.1916 

rn Calculate unbiased estimates for the population mean and variance. 

I ii) State suitable null and alternative hypotheses to test whether there is any 

evidence that the sugar is being sold 'underweight'. 

!iii) Carry out the test, at the 2% significance level, stating your conclusions 

carefully. 



13 A machine produces jars of skin cream, filled to a nominal volume of 100 ml. 
The machine is actually supposed to be set to 105ml, to ensure that most jars 
actually contain more than the nominal volume of 100 ml. You may assume 
that the distribution of the volume of skin cream in a jar is normal. 

To check that the machine is correctly set, 80 jars are chosen at random, and 
the volume, x ml, of skin cream in each is measured. 

The results are summarised as follows. 

11=80, LX=8376, Ix2=877687 

(il Calculate unbiased estimates for the population mean and standard 
deviation. 

(ii ) State suitable null and alternative hypotheses for a test to see whether the 
machine appears to be set correctly. 

(iii) Carry out the test , at the 10% significance level, stating your conclusions 

carefully. 

14 A study of a large sample of books by a particular author shows that the 
number of words per sentence can be modelled by a normal distribution with 
mean 21.2 and standard deviation 7.3. A researcher claims to have discovered 
a previously unknown book by this author. The mean length of90 sentences 
chosen at random in this book is found to be 19.4 words. 

m Assuming the population standard deviation of sentence lengths in this 
book is also 7.3, test at the 5% level of significance whether the mean 
sentence length is the same as the author's. State your null and alternative 
hypotheses. 

(ii ) State in words relating to the context of the test what is meant by a Type I 
error and state the probability of a Type I error in the test in part rn. 

[CambridgclntcrnationalASandALcvclMathcmatics9709,l'dpu7Q4Junc2005] 

1 5 The number of cars caught speeding on a certain length of motoIWay is 
7.2 per day, on average. Speed cameras are introduced and the results shown 

in the following table are those from a random selection of 40 days after this. 

I N"mbernfmm"gh"peedmg I 4 I 5 I 6 I 7 I 8 I 9 1 10 I 
Number of days 10 3 

(i ) Calculate unbiased estimates of the population mean and variance of the 
number of cars per day caught speeding after the speed cameras were 
introduced. 

(ii ) Taking the null hypothesis H
0 

to beµ= 7.2, test at the 5% level whether 

there is evidence that the introduction of speed cameras has resulted in a 
reduction in the number of cars caught speeding. 

!iii) State what is meant by Type I error in words relating to the conteJ..1: of 
the test in part (ii ). Without further calculation, illustrate on a suitable 

diagram the region representing the probability of this Type I error. 

[Cambridge International AS and A Lc,·cl Mathcmatics9709,Papu7Q7 June 20061 
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S2 - 1 6 A machine has produced nails over a long period of time, where the length 

in millimetres was distributed as N (22.0, 0.19). It is believed that recently 

the mean length has changed. To test this belief a random sample ofS nails 

is taken and the mean length is found to be 21.7mm. Carry out a hypothesis 

test at the 5% significance level to test whether the population mean has 

changed, assuming that the variance remains the same. 

[Cambridge International AS and A Lttd Mathcmatks 9709, Papcr 7Q3 June 2007) 

1 7 In summer the growth rate of grass in a lawn has a nonnal distribution with 
mean 3.2 cm per week and standard deviation 1.4 cm per week. A new type 

of grass is introduced which the manufacturer claims has a slower growth 
rate. A hypothesis test of this claim at the 5% significance level was carried 

out using a random sample of 10 lawns that had the new grass. It may be 
assumed that the growth rate of the new grass has a normal distribution with 
standard deviation 1.4 cm per week. 

rn Find the rejection region for the test. 

!ii) The probability of making a Type II error when the actual value of the 

mean growth rate of the new grass is m cm per week is less than 0.5. Use 
your answer to part (i ) to write down an inequality form. 

(Cambridge International AS and A UVC!Mathematics 9709. I'ilper7Q2 November 2007) 

The Central Limit Theorem 

organicveg.com 

The perfect apple grower 

Fruitbuyer TomSisuluwrites: 
Fruitgrower,RoseNcune,believesthat,afteryearsoftrials,shehasdevelopedtreesthat 

will produce the perfect supermart.et apple. 'There are two requirements' Rose told me. 'The 
averageweightofanappleshouldbelOOgramsandtheyshouldallbenearlythesamesize.1 
havemeasuredhundredsofmineandthestandarddeviationisamere5grams.' 

Rose invited me to take any ten apples off the shelf and weigh them for myself. It was 
quiteuncanny;theywere allsodosetothemagiclOOgrams:98, 107, 105,98, 100,99, 104, 93, 
105,103. 

Roseiscallingherapplethe 'CapePippin'. 

What can you conclude from the weights of Tom's sample often apples? 

Before going any further, it is appropriate to question whether his sample was 
random. Rose invited Tom to 'take any ten apples off the shelf'. That is not 

necessarily the same as taking any ten off the tree. The apples on the shelf could 

all have been specially selected to impress him. So what follows is based on the 

assumption that Rose has been honest and the ten apples really do constitute a 

random sample. 



The sample mean is 

98+ 107 + 105+ 98+ 100+ 99+ 104+ 93+ 105+ 103 
10 

0 \Nhat does that tell you about the population mean,/, ? 

101.2 

To estimate how far the value of/I is from 101.2, you need to know something 
about the spread of the data; the usual measure is the standard deviation, a. In 

the biog for organicveg.com you are told that a= 5. 

The result that if repeated samples of size II are drawn from a population with a 

normal distribution with mean /I and standard deviation a, the distribution of 

the sample means is also normal; its mean isµ and its standard deviation is --f,, is 

proved in Appendix 6 on the CD. 11 

This is actually a special case of a more general result called the Central Limit 

Theorem. The Central Limit Theorem covers the case where samples are drawn 

from a population which is not necessarily nonnal. 

• The Central Limit Theorem states that for samples of size II drawn from any 

distribution with mean/I and finite variance a2, the distribution of the 

sample means is approximately N (µ, ~) for sufficiently large 11. 

This theorem is fundamental to much of statistics and so it is worth pausing to 

make sure you understand just what it is saying. 

It deals with the distribution of sample means. This is called the sampling 

distribution (or more correctly the sampling distribution of the means). There are 

three aspects to it. 

1 The mean of the sample means is /1, the population mean of the original 
distribution. That is not a particularly surprising result but it is extremely 

important. 

" 2 The standard deviation of the sample means is Tn. This is often called the 

standarderrorofthemean. 

Within a sample you would expect some values above the population mean, 
others below it, so that overall the deviations would tend to cancel each other 

out, and the larger the sample the more this would be the case. Consequently 
the standard deviation of the sample means is smaller than that of individual 
items, by a factor of ,J;,. 

3 The distribution of sample means is approximately normal. 
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S2 - This last point is the most surprising part of the theorem. Even if the underlying 

parent distribution is not normal, the distribution of the means of samples of 

a particular size drawn from it is approximately normal. The larger the sample 

size, n, the closer this distribution is to the normal. For any given value of n the 

sampling distribution will be closest to normal where the parent distribution is 

not unlike the normal. 

In many cases the value of n does not need to be particularly large. For most 

parent distributions you can rely on the distribution of sample means being 

nonnal if n is about 20 or 25 (or more). 

Figure 13.8 

Confidence intervals 

Returning to the figures on the Cape Pippin apples, you would estimate the 

population mean to be the same as the sample mean, namely I O 1.2. 

You can express this by saying that you estimateµ to lie within a range of values, 

an interval, centred on I O 1.2: 

101.2-abit <µ < 101.2+abit. 

Such an interval is called a confidence interval. 

Imagine you take a large number of samples and use a formula to work out 

the interval for each of them. If you catch the true population mean in 90% of 

your intervals, the confidence interval is called a 90% confidence interval. Other 

percentages are also used and the confidence intervals are named accordingly. 

The width of the interval is clearly twice the 'bit'. 

Finding a confidence interval involves a very simple calculation but the reasoning 

behind it is somewhat subtle and requires dear thinking. It is explained in the 

next section, but you may prefer to make your first reading ofit a light one. You 

should, however, come back to it at some point; otheIWise you will not really 

understand the meaning of confidence intervals. 



The theory of confidence intervals 

To understand confidence intervals you need to look not at the particular sample 

whose mean you have just found, but at the parent population from which it was 

drawn. For the data on the Cape Pippin apples this does not look very promising. 

All you know about it is its standard deviation a (in this case 5). You do not 

know its mean,/1, which you are trying to estimate, or even its shape. 

It is now that the strength of the Central Limit Theorem becomes apparent. This 

states that the distribution of the means of samples of size n drawn from this 

" population is approximately normal with mean/I and standard deviation Tn. 

In figure 13.9 the central 90% region has been shaded leaving the two 5% tails, 

corresponding to z values of± 1.645, unshaded. So if you take a large number of 

samples, all of size n, and work out the sample mean X for each one, you would 

expect that in 90% of cases the value ofX would lie in the shaded region between 

A and B. 

Figure 13.9 

For such a value ofX to be in the shaded region 

it must be to the right of A: 

it must beto the left ofB: 

Rearranging these two inequalities: 

X >11 -l.645 J;, 
" X</l + 1.645 Tn 

G) X+l.645f >11 or fl<X+l.645--:t 

(%) X -1.645--:t <Jl 

Putting them together gives the result that in 90% of cases 

" " X - 1.645 Tn <Jl < X + 1.645 Tn 

and this is the 90% confidence interval for /l. 
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S2 - The numbers corresponding to the points A and B are called the 90% confidence 

limits and 90% is the confidence level. If you want a different confidence level, you 

use a different zvalue from 1.645. 

This number is often denoted by k; commonly used values a re: 

Confidence level 

90% 1.645 

95% 1.960 

99% 2.576 

and the confidence interval is given by 

X-kt,; to X+kt,;. 
Note 

Notice that this is a two-sided symmetrical confidence interval for the mean,µ. 

Confidence intervals do not need to be symmetrical and can be one-sided. The term 

'confidence interval' is a general one, applying not just to the mean but to other 

population parameters, like variance and skewness, as well. A ll these cases, 

however, are outside the scope of this book. 

The P% confidence interval for the mean is an interval constructed from sample 

data in such a way that P% of such intervals will include the true population 

mean. Figure 13.10 shows a number of confidence inteivals constructed from 

different samples, one of which fails to catch the population mean. 

Figure 13.10 

In the case of the data on the Cape Pippin apples, 

X=IOl.2, a = S, n =lO 

and so the 90% confidence inteival is 

5 
101.2-1.645XJw 

98.6 

101.2+ 1.645 x ---lw 

103.8. 



EXPERIMENTS 

Known and estimated standard deviation 

Notice that you can only use this procedure if you already know the value of the 

standard deviation of the parent population, a. In this example, Rose Ncune said 

that she knew, from hundreds of measurements of her apples, that its value is 5. 

It is more often the situation that you do not know the population standard 

deviation or variance, and have to estimate it from your sample data. If that is 

the case, the procedure is different in that you use the t distribution rather than 

the normal provided that the parent population is nonnally distributed, and this 

results in different values of k. However, the use of the t distribution is beyond 

the scope of this book. 

However, if the sample is large, for example over 50, confidence intervals worked 

out using the normal distribution will be reasonably accurate even though the 

standard deviation used is an estimate from the sample. So it is quite acceptable 

to use the normal distribution for large samples whether the standard deviation is 

known or not. 

These experiments are designed to help you understand confidence intervals, 

rather than to teach you anything new about dice. 

'When a single die is thrown, the possible outcomes, I, 2, 3, 4, 5, 6, are all equally 

likely with probability~. Consequently the expectation or mean score from 

throwing a die is 

11 = I x~+2x~ + ... +6x~ = 3.5. 

Similarly the standard deviation is 

(J' = ~(12 xi+ 22 X i+ ... + 62 X i)- 3.52 = 1.708. 

Imagine that you know a but don't know /1 and wish to construct a 90% 

confidence interval for it. 

Converging confidence intervals 

Start by throwing a die once. Suppose you get a 5. You have a sample of size I , 

namely {5}, which you could use to work out a sort of90% confidence interval 
(but see the warning overleaf). 

This confidence interval is given by 

5-1.645x
1·Ji8 

to 5+1.645x
1·Ji8 

2.19 7.81. 
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S2 - A So far the procedure is not valid. The sample is small and the underlying 
distribution is not normal. However, things will get better. The more times you 

throw the die, the larger the sample size and so the more justifiable the procedure. 

Now throw the die again. Suppose this time you get a J. You now have a sample of 

size 2, namely {5, J !, with mean 4, and can work out another confidence interval. 

The confidence interval is given by 

4 - 1.64S x 1Jz8 to 4+1.64S x 1] 8 

2.79 to 5.21. 

Now throw the die again and find a third confidence interval, and a fourth, fifth 

and so on. You should find them converging on the population mean of3.5; 

but it may take some time to get close, particularly if you start with, say, two 6s. 

This demonstrates that, the larger the sample you take, the narrower the range of 

values within the confidence interval. 

Catching the population mean 

Organise a group of friends to throw five dice (or one die five times), and do this 

100 times. Each of these gives a sample of size 5 and so you can use it to work out 

a 90% confidence interval forµ. 

You know that the real value off' is 3.5 and it should be that this is caught within 

90% of90% confidence intervals. 

0 Out of your 100 confidence intervals, how many actually enclose 3.5? 

How large a sample do you need? 

You are now in a position to start to answer the question of how large a sample 

needs to be. The answer, as you will see in Example 13.4, depends on the 

precision you require, and the confidence level you are prepared to accept. 



EXAMPLE 13.4 A trading standards officer is investigating complaints that a coal merchant is 

giving short measure. Each sack should contain 25kg but some variation will 

inevitably occur because of the size of the lumps of coal; the officer knows from 

experience that the standard deviation should be 1.5kg. 

The officer plans to take, secretly, a random sample of n sacks, find the total 

weight of the coal inside them and thereby estimate the mean weight of the coal 

per sack. He wants to present this figure correct to the nearest kilogram with 95% 

confidence. What value of n should he choose? 

SOLUTION 

The 95% confidence interval for the mean is given by 

X - 1.96-J;, X+l.96-J:, 

and so, since a = 1.5, the inspector's requirement is that 

1.96;;,1.5 ,,;;: 0.5 

1.96X 1.5 ,,;;: -Jn 
0.5 

,,;;..34_57_ 

So the inspector needs to take JS sacks. 

Large samples 

Given that the width of a confidence interval decreases with sample size, why is it 

not standard practice to take very large samples? 

The answer is that the cost and time involved have to be balanced against the 

quality of information produced. Because the width of a confidence interval 

depends on-± and not on t, increasing the sample size does not produce a 

proportional reduction in the width of the interval. You have, for example, to 

increase the sample size by a factor of 4 to halve the width of the interval. In the 

previous example the inspector had to weigh 35 sacks of coal to achieve a class 

interval of2 X 0.5 = 1 kg with 95% confidence. That is already quite a daunting 

task; does the benefit from reducing the interval to O.Skgjustifythe time, cost 

and trouble involved in weighing another 105 sacks? 
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S2 - Confidence intervals for a proportion 

In this chapter you have seen how to calculate confidence inteIVals for the 

population mean. Confidence intervals can also be found for other population 

parameters, like the variance or, in a binomial situation, the proportion of the 

population with a particular characteristic. 

In Example 13.5 a confidence interval for a population proportion is found. The 

method assumes that the sample taken is large, and so the normal approximation 

to the binomial distribution may be used. 

In an experiment where a (large) sample of size n has been taken and m items are 

found to have the characteristic under investigation, the population proportion is 

estimated to be p = ~. 

For all samples of size 11, the following estimates may then be made: 

• Mean number of occurrences per sample = np 
• Variance of number of occurrences per sample= npq= np(l - p) 

• Variance of estimated proportion = np(:~ p) = ~ 

• Standard deviation of estimated proportion= )~ 

So the confidence interval for the proportion is given by 

~ . . Jp(l-p) 
p - ki.J~ < populat10n proportion < p + k - ,- , 

where the values of k are taken from the normal distribution: 1.96 for a 95% 
(two-sided) confidence interval, 1.645 for a 90% interval, etc. 

EXAMPLE 13.5 A certain type of moth is found in two colours, brown and white. In an 

experiment, 100 moths from a particular region are captured. 30 of them are 

found to be brown, the remainder white. 

Calculate the 95% confidence interval for the population proportion of brown 

moths. 

SOLUTION 

Estimated population proportion of brown moths, p = ~ = 0.3. 

So the 95% confidence interval is given by 

0.3-1.96 Jo.3(:~o.3 ) < population proportion < 0.3 + 1.96 Jo.3(:~ o.3) 

giving 

0.210 < population proportion < 0.390 (to 3 s.f.). 



EXERCISE 138 1 A biologist studying a colony of beetles selects and weighs a random sample 
of20 adult males. She knows that, because of natural variability, the weights 

of such beetles are normally distributed with standard deviation 0.2 g. Their 

weights, in grams, are as follows. 

5.2 5.4 4.9 5.0 4.8 

5.6 5.0 5.2 5.1 5.3 

5.7 5.2 5.2 5.4 5.1 

5.2 5.1 5.3 5.2 5.2 

W Find the mean weight of the beetles in this sample. 

!ii) Find 95% confidence limits for the mean weight of such beetles. 

2 An aptitude test for deep-sea divers has been designed to produce scores which 

are approximately normally distributed on a scale from Oto 100 with standard 

deviation 25. The scores from a random sample of people taking the test were 
as follows. 

23 35 89 35 12 45 60 78 34 66 

! i i Find the mean score of the people in this sample. 

(ii) Construct a 90% confidence interval for the mean score of people taking 

the test. 

(iii) Construct a 99% confidence interval for the mean score of people taking the 

test. Compare this confidence interval with the 90% confidence interval. 

3 In a large city the distribution of incomes per family has a standard deviation 
of$5200. 

rn For a random sample of 400 families, what is the probability that the 
sample mean income per family is within $500 of the actual mean income 
per family? 

!ii) Given that the sample mean income was, in fact, $8300, calculate a 95% 

confidence interval for the actual mean income per family. 
(MEI,adapted) 

4 A manufacturer of women's clothing wants to know the mean height of the 

women in a town (in order to plan what proportion of garments should be of 
each size). She knows that the standard deviation of their heights is 5cm. She 

selects a random sample of 50 women from the town and finds their mean 
height to be 165.2cm. 

!i) Use the available information to estimate the proportion of women in the 

town who were 

(a) over 170cmtall 

!bi less than 155cmtall. 

!ii) Construct a 95% confidence interval for the mean height of women in the 

(iii) Another manufacturer in the same town wants to know the mean height 

of women in the town to within 0.5 cm with 95% confidence. What is the 

minimum sample size that would ensure this? 
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S2 - 5 An examination question, marked out of 10, is answered by a very large 

number of candidates. A random sample of 400 scripts are taken and the 

marks on this question are recorded. 

Mark 10 

Frequency 12 35 11 12 20 57 87 20 14 129 

W Calculate the sample mean and the sample standard deviation. 

!ii) Assuming that the population standard deviation has the same value 

as the sample standard deviation, find 90% confidence limits for the 

population mean. 

6 An archaeologist discovers a short manuscript in an ancient language which 

he recognises but cannot read. There are 30 words in the manuscript and they 
contain a total of 198 letters. There are two written versions of the language. 

In the early form of the language the mean word length is 6.2 letters with 

standard deviation 2.5; in the late form words were given prefixes, raising the 

mean length to 7.6 letters but leaving the standard deviation unaltered. The 

archaeologist hopes the manuscript will help him to date the site. 

rn Constrnct a 95% confidence interval for the mean word length of the 
language. 

( ii ) What advice would you give the archaeologist? 

7 A football boot manufacturer did extensive testing on the wear of the front studs 
of its Supa range. It found that, after 30 hours' use, the wear (i.e. the amount by 

which the length was reduced) was normally distributed with standard deviation 
1.3 mm. However, the mean wear on the studs of the boot on the dominant foot 

of the player was 4 mm more than on the studs of the other boot. 

( i) Using the manufacturer's figure, find the standard deviation of the 

differences in wear between a pair of boots after 30 hours' use. 

The coach of a football team accepted the claim for the standard deviation 
but was suspicious of the claim about the mean difference. He chose ten of his 

squad at random. He fitted them with new boots and measured the wear after 

30 hours of use with the following results. 

Player 10 

Dominantfoot 6.5 8.3 4.5 6.7 9.2 5.3 7.6 8.1 9.0 8.4 

Otherfoot 4.2 4.6 2.3 3.8 7.0 4.7 1.4 3.8 8.4 5.7 

( ii ) Using the value found in part ( i ) for the population standard deviation of 

the differences, calculate 95% confidence limits for the mean difference in 

wear based on the sample data. 

( ii i ) Use these limits to explain whether or not you consider the coach's 

suspicions were justified. 



8 A school decided to introduce a new P .E. programme for its new students 

to try to improve the fitness of the students. In order to see whether the 

programme was effective, several tests were done. For one of these, the 

students were timed on a run of 1 kilometre in their first week in the school 

and again ten weeks later. A random sample of 100 of the students did both 
runs. The differences of their mean times, subtracting the time of the second 

run from that of the first, were calculated. The mean and standard deviation 

were found to be 0.75 minutes and 1.62 minutes respectively. 

Calculate a 90% confidence interval for the population mean difference. You 

may assume that the differences are distributed normally. What assumption 

have you made in finding this confidence interval? 

The organiser of the programme considers that it should lead to an 

improvement of at least half a minute in the average times. Explain whether 

or not this aim has been achieved. 

9 In an experiment to see if reaction times were affected by whether or not 

individuals are hungry, 2000 randomly chosen soldiers were tested before 

and after they had eaten a substantial lunch. The test used was to drop a 

metre rule, which was held vertically so that its lower end was level with 

the thumb and first finger of each person, and to measure how far the rule 

fell before it was caught. For each person, the difference, d, of the distance 
measured after lunch minus the distance measured before lunch was found. 

From these it was calculated that Id= 1626 and Id 2 = 258 632. 

Use these data to provide a 98% confidence interval for the population mean 

difference, stating any assumptions you have made. 

What does your confidence interval suggest about reaction times before and 
after a meal? 

1 o The weights in grams of oranges grown in a certain area are nonnally 

distributed with mean/, and standard deviation a. A random sample of 50 of 
these oranges was taken, and a 97% confidence interval for /I based on this 

samplewas (222.1,232.1 ). 

rn Calculate unbiased estimates of/, anda2• 

( ii ) E.stimate the sample size that would be required in order for a 97% 

confidence interval for fl to have width 8. 

!Cambridge InternationalASandA Len! Mathematic• 9709, Paper 7 Q2 June 2009) 

11 ( i) Give a reason why, in carrying out out a statistical investigation, a sample 
rather than a complete population may be used. 

( ii ) Rose wishes to investigate whether men in her town have a different 

life-span from the national average of71.2 years. She looks at 

govenunent records for her town and takes a random sample of the ages 

of 110 men who have died recently. Their mean age in years was 69.3 and 

the unbiased estimate of the population variance was 65.61. 
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S2 - (a) Calculate a 90% confidence interval for the population mean and 

explain what you understand by this confidence interval. 

(b) State with a reason what conclusion about the life-span of men in her 

town Rose could draw from this confidence interval. 

(Cambridge International AS and A ~!Mathematics 9709, I'ilpcr7Q4 Novcmbcr2005) 

12 Diameters of golf balls are known to be normally distributed with mean/, cm 

and standard deviation a cm. A random sample of 130 golf balls was taken 
and the diameters, x cm, were measured. The results are summarised by 
:Ex= 555.1 and :E:.:2 = 2371.30. 

rn Cakulateunbiasedestimatesof/1 anda2• 

!ii) Calculate a 97% confidence inteival forµ. 

!iii) 300 random samples of 130 golf balls are taken and a 97% confidence 
interval is calculated for each sample. How many of these intervals would 
you expect not to containµ? 

(CambridgelnternationalASandA~IMathenmtic,9709,I'ilper7Q4Nonmber2008) 

1 3 A random sample of n people were questioned about their internet use. 
87 of them had a high-speed internet connection. A confidence interval 
for the population proportion having a high-speed internet connection is 
0.1129 <p<0. 1771. 

rn Write down the mid-point of this confidence interval and hence find the 
value of 11. 

(ii) This interval is an a% confidence interval. Find a. 

(Cambridge International AS and A Level Mathematics97(Y), Papcr71 Q2 June2010] 

14 rn Explain what is meant by the term 'random sample'. 

In a random sample of350 food shops it was found that 130 of them had 
Special Offers. 

!ii) Calculate an approximate 95% confidence interval for the proportion of 
all food shops with Special Offers. 

(iii) Estimate the size of a random sample required for an approximate 95% 

confidence interval for this proportion to have a width of0.04. 

(Cambridge International AS and A ~!Mathenmtics 9709, I'ilper7Q3 November 2007) 

1 5 A survey of a random sampleofn people found that 61 of them read The 
Reporter newspaper. A symmetric confidence interval for the true population 
proportion, p, who read The Reporter is 0.1993 < p < 0.2887. 

!i) Find the mid-point of this confidence interval and use this to find the 

value of 11. 

(ii) Find the confidence level of this confidence interval. 

[C.mbridgc InternationalASand A LcYd Mathematics 9709, Papcr 7Q3 June2005 ) 



liiiiY•li,'1fW 
1 Distribution of sample means 

• For samples of size n drawn from a normal distribution with meanµ and 

finite variance a2, the distribution of sample means is normal with mean/I 

. "' . - ( "') and vanance ---,::,, 1.e.x - N µ,---;:, . 

• The standard error of the mean (i.e. the standard deviation of the sample 

means) is given by --j;,. 
2 Hypothesis testing 

• Sample data may be used to carry out a hypothesis test on the null 

hypothesis that the population mean has some particular value,/1
0

, 

i.e. f\:µ =µ
0

• 

• The test statistic is z= X ~µo and the normal distribution is used. 

Tn 
For situations where the population mean,µ, is unknown but the population 

variance, a2 ( or standard deviation, a), is known: 

3 The Central Limit Theorem 

For samples of size n drawn from any distribution with mean I' and finite 

variance a2, the distribution of the sample means is approximately 

N(µ, ~) for sufficiently large n. 

4 The standard error of the mean 

The standard error of the mean (i.e. the standard deviation of the sample 

means) is given by --J;,. 

5 Confidence intervals 

• Two-sided confidence intervals for I' are given by 

X-k--J;, to X+k7n. 
• The value of k for any confidence level can be found using normal 

distribution tables. 

Confidence level 
90% 1.645 

95% 1.960 

99% 2.576 
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s1 Answers - Neither University of Cambridge International Examinations nor OCR bear any responsibiLityfor the example 
answers to questions taken from their past question papers which are contained in this publication. 

Chapter 1 

0 (Page 31 

Theeditorhasexplaineddearlywhy the investigation 
isworthdoing: there isgrowingconcem about cycling 
accidents involving children. 

Goodquality data is data thatbestrepresents the 
researchtopic: inthiscase itis to establish whether or 
notthe numberof accidents is significant. 

@ (Page 41 

The rl'J)orteris focusing ontwo aspectsofthe 
investiga tion: he is lookingat cydingaccidents inthe 

area over a periodoftime and he is considering the 
distributionof ages ofaccidentvictims.Bothofthese 

sourcesarerelevantto thein vestigation. 

Anotherthing he might consideris toinvestiga te 
accidents in asimilar commnnity inordertobeable to 

make comparisons. 

0 (Page 71 
Not allthe branches have leaves.However,allthe 

branches mustbeshowninorderto showcorrectly the 

shape ofthe distribution. 

0 (Page 9) 

[fthe basicstem-and-leafdi agramhas too many lines, 

you may squeeze it as shown below. In doing this you 

lose some of the infonnation but you should get a better 
idea oftheshape ofthe distribution. 

Unsqueezed 

30 2 6 30 l2 rep resents3.02 
31 
32 

37 0 11 33 4 8 
38 3 335 

41 00 1 144 

~ 42 

Squeezed 

The datais roundedtoone decimalplace,so 3.02 

becomes3.0 etc. 

3t 233~ 

3f 4 555555~ 

3s 666666777777 -... ~ 
-~ 

388889999~ 

0 (Page 9) 

Positive andnegative datacanbe representedon astem

and-leafdia graminthe followin gway. 

Dataset: 

- 3 l 2 represents - 32 

Exercise 1A (page 10) 

1 3.27,3.32,3.36,3.43,3.45,3.49,3.50,3.52,3.56,3.56, 

3.58,3.61,3.6 1,3.64,3.72 

20.083, 0.086, 0.087, 0.090, 0.091, 0.094, 0.098, 0. l02, 

0.103, 0.105, 0.108, 0.109, 0.l09, 0.ll0, 0.lll , O. l\4, 

0.1 23, 0.1 25, 0.1 31 



3 11 = 13 

21 l2represents0.212 

22 36 2112 
23 03 7 
24 1 28 
25 339 
26 2 

4 11 = 10 

780 l lrepresents78.0I 

;:::1:, 
800 48 
810 J 79 
820 05 

50.013,0.089, 1.79,3.43,3.51,3.57,J.59,3.60,3.64, 
3.66,3.68,3.71,3.7 1, 3.73,3.78,3.79,3.80,3.85,3.94, 
7.45, 10.87 

6 m .. = 40 

2 I 8represenu28yearsofage 

0 5 
9 
2668899 

3 2 3 345556677788899 
14 556 
259 
0 l 2 36 

tiil The diS1ribu1ion has pos i1ive skew. 

7 Iii 83years 

liill 6899 
2 0 I I 1 2 34 566 7 889 
3 OOO 12 2 359 
4 33 4 5566789 
5 l 2 2 7 

8) 

1 6899 
2' 0 1112 34 
2 5667889 
3' OOO 1 22 3 
3 59 
4' 3 34 
4 5566789 
5· 1 22 
5 1 

6 ,. 
,. ) 

Civ) The stem-and-leaf diagram with steps of 10 

suggestsaslightpositiveskcw. 

The stre tched Siem-and-leaf diagram shows a 
clear bimodal spread co the disiribution. The 

first peak {20s) may indicale firs• marriage$ 
andthesecondpeak (40s) may indicate.se(ond 

marriages. 

8 ti1 ,,=JO 

2 l • rev=1, 21oe 

-\ 154 I ---0 9742 
0 I 2 33 4 188 
I O l 44 5899 
2 1 3679 
J 2 5 

(ii) The distribution is approximately symmetrical 

andunimodal. 

l I 8represenh18rnuks 

2 25669 
3 002445677799 
4 003 444556899 
5 0 111 223 4445679 
6 0 1 2 45666678899 
7 00 1 34455667 
8 0277 
9 00 1 2 4 556778 

The distribution is symmetrical apa rt from a peak 
inthe90s. There isa largeconcentration of marks 
beh1·een 30 and 80. 

10 (ii n=40 

I l 9reprei;entsl9yeusohge 

2 0 1l 22 3 3 3 4 566668889 
3 00 14 5 7 

6 5 55679 

(ii) The distribution is bimodal. This is possibly 
becausethosewhohang-glidearethereasonably 
yolUlgandactive (averageagcabout 25years) 
andthosewhoarerctiredandhavetakenitupas 

a hobby {averageageabou t 60). 
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S1 

1111 
7 1 5 1means57tg {untreated) 

UnlrHled Treatt'd 

7644 44 222100 t 889 
9 9 S 2 2 2 0 0 2 0 I 3 33 4 4 5 5S 67 

32 10 0 3 00 11 23333555888 
88532100 4 [1 2244479 
86532110 5 0233449 

32111 6 11 23 

GRO seems to have improved the yield of lime trees, 

thoughthereareasignificantnumberofuntreated 

lrttsthatarematchingthl'yieldofthetreatedtrees. 

12 UI n : 25 

II l4representsl.14melres 

11 1458 12 1466 899 
13 0000022 3 3 
14 0 12 6 
JS 4 
16 S 

cm 1.46,1.lS 

{iii)l.30 

liYI The median l.30isclosetothemeanvalueofthis 

range ( l .32)so themedian .seemsareasonable 

est imateofthelength. 

0 (Page 18) 

The median as it is not affected by the extreme values. 

Exercise 18 (page 18) 

1 m mode= 45, mt>an "' 39.6, median = 41 

{iii bimodal, I 16 and 132, mean "' 122.S, 

median=l ll 

Uill mode= 6, mean: 5.3, median = 6 

2 Cll C•l mode= 14 years 8 months, 

mean= 14years5.5months, 

median= 14years6 mon ths 

(b) Smalldatasetsomodeisinappropriate. You 

wouldexpectallthestudentsinonedassto 

beuniformlyspreadbetwecn l4years 

Omonthsand !Syears,soanyoftheother 

measures would be acceptable. 

Iii/ la/ mode= 0, mean = 52.8, median = 58 

{bi The median. Small sample makes the mode 

w1reliableandthemeanis innuencedby 

extreme values. 

Ciiil C•I mode = 0 and 21 {bimodal), mean • 29.4, 
median : 20 

fbl Small sample so the mode is inappropriate; 

themeanisaffectedby outliers, so the 

medianisthebestchoice. 

(ivl C•l no unique mode, mean = 3.45, median = 3.5 

(bl Anything but the mode will do. The 

distribution,uniformintheory,mC'Jns that 

mean "' median. This sample reflects that well. 

7113 12 :;~;-~l;i;~~;tes 

16-yea r-okb 9-year-Olds 

Hl:l,.,, 
8 14 2 4 

15 0 I 9 
5 16 0 I 4 7 

Uil 15.6 minutes 

Exercise 1C (Page 22) 

1 m mode ., 2 

Oil median = 3 

Hiilmean z 3.24 

2 Cil mode = 39 

(iil median = 40 

(iv) The sa mple has a s light positive skew. Any of the 

meuures would do; however, the mean allows 

onetocalculatethetotalnumber ofmatches. 

3 m niode • 19 

Iii/ median = 18 

tiiilmean = 17.9 

Civl The outliers affect the mean. A5 the distribution 

is,:i.partfromtheextremes,reasonably 

symmetrica~ the median or mode are accep tab le. 

Themedianisthesafestfora relativelysnrnll 
dataset. 

4 (i) mode = l. mean= 1.4, median = I 

crn themedian 

5 m n1ode zo l,mean=2.l ,median = 2 

ml the median 



f) IPage 25) 

The upper boundaries are not sta ted. 0- oould mean 0-9 

oril oouldmean atleastO. 

f) (Page 271 

The mode can be estimated as in this exampk for a 

unimodalhistogram. 

The median can be estimated byinterpobtion of the 

interval containing the median or by use oi a cumulative 
frequeocycurve. 

The mean of the original data is 39.73. The est imale is 

reasonably closeatJ9.855. 

f) (Page 28) 

Themcdian,a.sitisleastaffectedbyextremevalues. 

0 !Page 291 
Thefairestansweristhereisnotenoughinformation. 

lgnoring1hejoumalisticprose, ' ... ourtowncouncil 

ra1esomewherebetweensavagesandbubarians ... ', 

1he facts given are correct. However, to say whe1heror 

no t the council is negligent ol'lt' would need 10 compare 

accident slatistia with other ,imi/.,rcommunities. Also, 

onewouldnl't'dtoaskwhoisresponsibleforacyclist's 

risk oi having or not having an accident! Perhaps parents 

shouldensurethereisadequatetraininggiventotheir 

children,and soon. 

f) (Page 30) 

Robertneeds toincreasehisestimateby 0.5 cm 

( 162.32cmbecomes 162.82cm). Themeanofth eraw 

datais l62.86cm.Theestin1a1ed value isveryclos.e. 

Exercise 1D (page 31) 

1 Mid-classvalues: 11 4.5, 124.5, IJ4.5, 144.5, IS4.5, 

164.5, 174.5, 184.5 

Mean = l6l .Scn1 

2 rn Mid-classvalucs:24.5,J4.5,44.5,54.5,64.5, 

79.5, 104.5 

Mean = 48.5 minutes 

(ii) Thesecondvaluc secmssignificantlyhigher. 

To make the compuison valid the method oi 
data coll«tion would hve to be similar, as 

wouldthe1argetchild rensampled. 

3 Iii Mid-inierval va lues:4.5, 14.5,24.5,34.5,44.5, 

54.5,64.5,74.5,84.5 

Mean (uatcdage) = 29.7 

(ii) Add 0.5; mean age = J0.2 years 

(iii) The estimated mean age once adjusted compares 

wellwiththeactualmeanof30.4years. 

4 Mean = 43.l cm 

s m Mid-classvalues:25,75, 125,175,250,400,750, 

3000 

Mean = 950.8 m 

tiil The way in which I.his dala is grouped seem s 

lo have a marked effect on the mean. This is 

probablybecause thedistributionissoskewed. 

6 m 59_5 ,r;; x<99.5 

(ii) 138.5g 

0 (Page 351 
With the item $90 removed the mem is $15.79, compared 

to $19.S0. Theex1reoie value'dragged'thevalueof1he 

mean towuds it. 

0 (Page35) 

Eachdeviationisby dcfinitionthedatavalue - themu n. 

Asthemeaniscet11r.,/tothedata,somedeviations will 

benegative {bclowthcmean}andsomewillbepositive 

{abo\·e the mean). Thetotaldeviationabovethemean 

cancelsoutthetor~Jdeviationbclowthemean. 

0 (Page401 

Using6S6insteadof1he accurale valueof655.7 I .. 

results in 

variance = 430041.14 ... - 4JOJJ6 

= -294.85 ... 

which,beingnegative,is impossible. 
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S1 - 0 (Page41) 
With the value% omitted mean = 54.2, .s1andard 

deviation "' 7.9. The va lue 96 is more than five standard 

deviHiomabovetht'newmeanvalue. 

Exercise 1E (page 41) 

1 (i) Mean=2.36 

(iil Standard deviation = 1.49 

2 Mean = 6.04,standarddeviation = l.48 

m Mahmood: mean "' I.OJ, st,mdard deviation= 1.05 

Raheem: mean= I.OJ, s tandard deviation= 055 

!iii Onaveragetheyi;coredthesamenumber ofgoals 

bm Raheem was more consistent . 

• Mean = l.1 ,standarddcviat ion • l .24 

5 Mean : 0.4,standarddeviation • 0.4 

6 m A:mean =25°C,standarddeviation = 1.41 °C 

B:mean=25"C,standarddeviation = 2. 19 °C 

(iil Thermostat A is better. The smaller standard 

deviationshoYo1iitismoreconsis tentinits 

set tings. 

Hiil Mean= 24.8"C. standard deviation = l.05°C 

7 m Townroute:meantime = 20minuies,standard 

deviation = 4.60 minutes 

Country route: mean time "' 20 minutes, 

standarddeviaiton = 1.41 minutes 

(ii) Both routeshavethesameme-Jn timebutthe 

cowttryrouteis lessvariableormoreconsistent. 

8 m Yes. The value is more than two standard 

deviations above the mean l'll infall. 

ml No. The value is las than one slandard deviation 

belowthemeanl'llinfalL 

liiil Overal l mean rainfall = l .62crn ,overall standard 

deviation=O.IJS cm 

Civ)84.4cm 

9 Ci) No.The harvestwas lessthantwostandard 

deviations above the expected val ue. 

Uil Thehigheryieldwasprobably theresultofthe 

underlyingvariability butthatis liktly tobe 

cormectedtodifferentweatherpattems. 

10 m Sample mean= 2.075 mm, s1andarddeviation 
: 0.185mm 

liil The desiredmeanis less lhanO.Suandard 
deviationsfromtheobs.ervedmeansothe 

machine.\.elting.1.eemsacccptab)e. 

11 m Standarddrviation=2.54cm 

\iii The value 166cm is les.s than two slandard 

deviations above 162.82 (Robert's dala) and is 

lessthan twostandarddeviationsbelow 170.4 

(Asha'sdata). C.Onsequent ly it is impossible to 

uy,wi thoutfurtherinformation,whichdataset 

it belongs to. 

The value 171 is morethanthrcesta ndard 

deviationsabove162.82andlessthanone 

standarddeviationabove\70.4witseemslikely 

thatthisvalueisfrom Asha's data set. 

12 m Total weight = 3147.72g 

!iii r ..:1z 84509.9868 

Ciiil n • 200, l x: 5164.M, r..:1 = 136549.91 3 

Civl Mean = 25.8 g,standarddeviation = 3.98g 

13 m Mode = ! 

cm The distribution is nnimodal and has positive 

skew. 

(iii) Mean = 2, standard deviation = 1.10; the Y.l lue 8 

maybe regardedasanoutlier asi tis more than 

two slandard deviations above the mean. 

livl t•I Exclude it since a differenceof 8 is impossible. 

{bi Ch«k the validity andincludeifV"Jlid. 

M Mean = l.88,standarddeviation = l .48 

14 m 44.lye:us 

(ii) ]4.0fe'J TS 

15 m Since the standarddeviationis $0,al1Fci'srides 

mus t costthell:lme.Sincethemeanis$2.50, it 

follows thatboththerollercoaster andthe w.i. ter 

slide costS2.50. 

tiil S l.03 

Exercise 1 F (page 49) 

1 Mc~n .,252.34g,standarddeviation : 5,l4g 

2 m i --l.7,standarddeviation :J.43 

(ii) Mean "' 94.83 mm, standard deviation "' 0.343 mm 

Ciii) - 18 is more than four standard deviations below 

themu n value. 

tivl New mean "' 94.863 mm, 

new standard deviation= 0.255 mm 

3 m Mean = 6. 19,standarddrviation = 0.484 

crn 6.68 



4 m No unique mode (5 & 6), mean = 5, median= 5 

(ii) 50&60,50,50 

(iii) 15& 16,1 5, 15 

CM 10&1 2, 10, 10 

5 m i: = -4.)cm, st:mdard de\iat ion = 13.98cm 

l iil -47 is many more than two standard deviations 
from the mean. 

tiii) -2.05, 10.24 

6 m n = 14 

4 l 7 represents 47 

'['' 5' 
6 26788 
7 02 3 4 
8 04 

Some negativeskew,butothen-,iscafairly 
normal shape. 

Ui) Mean = 67.07;sta ndarddeviation = 9.97 

7 Mean =6,standarddevfation = 3 

a Mean = 4, standarddeviation = 6.39 

9 a = 5,standarddeviation = 3.93 

10 a =7,standarddeviation =2.5 l 

11 Ml'an = 33.75 minutes, 
s1andarddevia tion ,. 2.3 minutes 

12 m a=l2 

tiil Stand:irddeviation = 8.88 

Chapter 2 

@ IPaga 521 

l70friend$; 143 friends (to3s.f. ) 

The modal class is that with the largest frequency density 
and so ithas the highestbar ona histogram. 

0 (Page 58) 

Thefirstintervalhu width9.5, thelast10.5.Allthe 
others are 10. The reasonforthis is thatthedata can 

neitherbenegative norexceed 70.Soevenifpart marks 
weregiven,and soa mark such as22.6waspossible,a 

studentstillcouldnOlob1ainless1hanOormorethan 
themaximumof 70. 

Exercise 2A (page 59) 

1 Ci) 0.5 C. d<I0.5,I0.5 C. d < l 5.5, l 5.5 C. d <20.5, 
20.5 C. d<30.5,30.5 C. d < 50.5 

·nlfflTI 111 
0 10 20 30 40 so 

di;,.m,eter(cm) 

;:,l - 1--1--

l -1--1--

~ 2 - 1-1-

l 1 =: r-

20 )0 
diimetef(cm) 

(iii ! Mensah 's Wood: 2 1- 30; Ashanti Forest: 16-20 

CM For Mensah 's Wood there is a reason.bly even 
spread of trees with diameter from O.Scm 10 

30.5cm. For Adiant i Forest the distribution is 
centred about lrees with diameler in Che 16-20cm 
interval. Neither wood has many trees with 
diametergrealerthan 30cm. 

'·.··.~. ' ' 
;:,0.3 • ~ 
~02 

• lo, 

0 ,c§>,.,•;J>~.f# ,c§>##i' 
(ii ) Thedistributionhasstrong positiveskew. 

S1 -
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Ciil 138.4 g 

)0 40 SO 60 
leagtb (cm) 

Cii142. l cm 

,m LillL ,.,, 
l 

0 100 200 300 400 500 600 
song lnigth(•) 

ml 264seconds 

66.0 volts, 0.067vol ts 

f

60

• 

I • . m M - · ~ j 20 .e _ 6.o 

0 

..,,,<:;)..,,, ... ..,f ..,~ ... 'o,f''o<:;, ... 'o),'l:,'o),..,'o,f 

potalllaldi.ffnntce (\"oli.) 

7 m The data are diKrete. 'Number of pages' can only 

~ • 

take integer values. 

(iii Thedataarepositivclyskewtd.Eventhough 

thedataan•disc retc(suggestingastem-and-Jeaf 

diagramorverticallinegraph) thedataarevery 

spread o ut wi th most of the data val~ lei;sthan 

200. A histogram will s how the dis tribution 

propenie.sbest. 

• to.I 

' l 
0 100 200300400500600700800900 1000 

numberofpages 

Activity 2 .1 (Page 63) 

For a listof n itemsofdHa,an Ellce l spreadsheeluses 

the ' method of hinges'. It places the median, Q1, at 

position 11
; 

1
, the tower q uartile, Q

1
, at position 

i I + 
11

; 
1
) = {+ 11

; 
1 

a nd th(o upper quartile, QJ, at 

position( 11
;

1+n) •¥-!. 
Whilstthe quartiluQ1and Q,diff,..>rfromthoseobtained 

wi th agraphical calculator, cithcr methodisacceptable. 

0 (Page 63) 

The data are :.1.s3mple from 3 pa rent population. The 

true v:.i lues for the qu:.1.rtiles:.1.re thoseof thep:.1.rent 

population, butthese3re unknown. 



Exercise 28 (page 71) 

1 m tal7 tb}6 

(cl4.5,7.5 (di } 

{ill Ca) 15 {b)]] 

{c)8,14 (d) 6 

(Ul)(a) 23 (b) 26 

(c) 23,28 (d) 5 ,,, 14,'!,7 

Uv}tal l6 tblll8 

tcl 11 5, 125 ldllO 

la l 141 

2 m 5,5 

(11) )5,5 

(111) 50, 50 

(lv) 80,50 

3(1) 74 

Cli) 73,76 

Uill l 

m i:11111111 
M Onaverage thegolfersplayedbetteri nthe 

s«ond round; their average score (median) was 

four shotsbetter.However,thewidcr spreadof 
da ta (the [QR for the second round was twice 

thatfo rthefirst ) suggests w megotfers played 
very much bet te r but a few played less well . 

(U) Theverticalline graph as itrctainsmoredatafor 

this small sample. 

r• 

liiil6Skg. 16kg 

Cumula1i,~ 
fnqu~ncy 

M 66kg, l8.5kg;t heest imatedvaluesarequitcclose 

to these figures. 

c,,;1 Grouping a llows one to ge l an overview of lhe 

distribution bu1in i;o doing you lo5edctail. 

{ii llal ll s 

{i ii!IJ.l s 

10 IS 20 
1ntnval(stCond•) 

(bi I0.5s 

S1 -



S1 -
CO 7.5% 

(ii) 54g 

Uiil 7g 

am 12.2s,6. 11 s 

S.S 10.5 15.S 20.5 
x(seconds) 

14.Sseconds 

9 m a = 494,b=46 

Ciiil L3.5to l4.6minutes 

tivl m = 18.2 minutes,s = 14.2 minutes 

M 155 to l70 people 

10 m I l 2rqmsenl.'ll2people 

012568 8 
1 246779 
2 1 23 3 3 567 
l l 5 

(ii) Median = 19, Q1 = 10, QJ = 24, !QR = 14 

(iii) The medi:m is preferable. The mode {23) is not 

nearthe(entreofthedata. 

Chapter 3 

Exercise 3A (page 86) 

1 &,assumingeachfaulty torchhasonlyonefau lt. 

2 m f (ii) ic::c! mo ~:! !Iv) !=-} 
3 m -a=i cm ~ !iii) ~ Uvl i =? 

M :=; Cvil ~ 

4 ti1 0.35 

\iii lllcymightdraw. 

CiiU0.45 

(iv)0.45 

1s 't 

; =} (bi :iJ =} (cl l =f (di 'i=~ 
C•) ~=l m o Cg) I 

P(Eu S)"' P(E) + P(S} -P(E t1 S) 

m P(EuOJ= P(E) +P(O)- P(Ef'\0) 

Exercise 38 (page 90) 

os , BoyzBoy 
0.'19 Cul 

~Boy 

0.4Girl~G,rl 

m 0.2401 

(ii)0.5002 

mo0.4998 



' _ ~-1 C:irstolm 

B,w-m '" CMoo, 

(I) 0.0084 

CU) 0.1732 

Clll)0.1816 

,iolm 

~

0-12 Cars1olm 
No 

bruk-m 08 C;unot 

uolen 

3 
b_ Conu:1 

y--{--~= 
\ ' =s{:; W=, 

Ul (•J 0.00058 

(b)0.77 

(c)0.020 

CU) C•) 0.0052 

(b) 0.52 

{cl 0.094 

• 0.93 

-<ii=
/, c-

Wrong 
Wrong 

' ~co ... ~lirul~~'.-"""" 
0

-
8 

Jefl-banded 

No, ~L<ft-h~d<d 

coloUJ-b!ind~Not 
0

-8 !efl-handed 

m 0.0016 

liil 0.0064 

01110.2064 

HvJ0.7936 

6 m iJ"o rOD74l 

uu ioro.5787 

mo &oro.5556 

7 Forasequenccofeventsyoumultiplythe 

probabilities.. However, f x ! x ! x Ax! x ! gives 
the probability o f six 6s in six throws. To find the 

probability of at leas l o ne 6 you need I - P(no 6s) 

and that is 1-jxi><}x?x !x~=0.66S. 

i f---+-~f----+---!~+----1-------! 

(ii) ~=il 
(iii)7 

CMThedifferentoutcomesarenotallequally 
probable. 

10 m -H 
(iii)0.382 

(iv)0.618 

11 m { 

(iii) ~ 

M} 

0 (Page 98) 

P(T IS)=~= 0.645 

P(T IS'):~= 0.494 

SoP(TIS),;. P(TIS') 

0 (P•g• 98) 

(ii)~ 

(iv) ft 
!vi)"fi 

Trepresents those who had training; T'those with 
notraining:Sthosewhostayedinthe company;'Eal l 
employees.S'isinside1he'Eboxbutnotinthe5rrgion. 

Forei:ample, in part {I~ lhe answer is~- I S2 is in T(but 
notin T'), 256iseveryone. 

0 (Pege 100) 

Thefirstresultw.uusedinansweringpartmandthe 
seoondresultinansweringpartCiii). 

S1 -



S1 - Exercise 3C (page 100) 

1(i) 0.6 

(iii )0.625 

(v) 0.321 

(vii)0.028 

(ix)0.00095 

2 (i) ~ = ~ 

3(i) i 
4(i) fr, 

(iv) 0.047 

(vi ) 0.075 

(viii)0.0021 

(x) 0.48 

(iii) ~ = ~ 

wo f 

(m>fi (iv) tJ 
5(i) O.Sand0.875 

Uil P(B IA) * P(B) and P(A I B) "'F P(A) so the events 

AandBarenotindependent. 

I Quarkdics ' ' u u 

I"""'""'' f, 
I Totals 

(ii) ' (iii) ' (iv) ' u u ' 
Milk 1=::':,. 
Lcmon -<: Sugar 

f No sugar 

M Sugar 

Neither ~ Nosugar 

(iii ) 0.42;0.8 

(ii) 0.372 

(Hi) 0.395 

(iv)8 

~~~~~~~~~, 

Key: J=hmiors 
M=Males 

'"'' 

LH=Left-handedplayers 

(•>i 
(d)t 

10 (i)-mi=~ 

(b)i 

(e) * (c) ~ 

(f) Ml 

(ii) -t*1 
Uii!P(EJ=Hfi = ~ 

[fM andEareindependenteventsthen 

P(M and E) = P{M) x P(EJ. 

However,~ .. -#ltx {Ni and so Mand fare not 

independent events. 

(iv)~=~ 

11(i) 0.4375 

Ui)0.3 

12(i) 0.252 

(ii) 0.440 

ht .. tofli~ls 2udsetoflighls 3rd setoflighls 

/Stop 

{

Sro,,~ 

<
sro,, :: ::•ro, 

No'"°' <: 
0.7 Not stop 

/Stop 
Nmsro,,{" Sro,, ~Nouro, 

0.3 Stop 
0-2 Notstopz 

0.7 Not stop 



Cll)0.224 

tiU)0.392 

UvJ0.633 

Chapter 4 
f) IP•g• 1051 

Youcou ld conductatrafficsurveyatpeaktimes,over 

fixedperiodsof time, forexample, l hour in the morning 

and 1 hour in the evening, over a period ofa working 

wt'ek. You could count both the number of vehicle5 and 

the number of people travelling in each vehicle. 

0 (Page 1051 

Adiscretefrequencydistributionisbestillustratedbya 

verticallinecharl. 

Usingsuchadiagr:un youcanseethatthefrequency 

distributioois positivelyskewed,seefigure4.1. 

Exercise 4A (Page 111) 

' "' P(X = ,, 

' • 
' " ' " . 
" ' " ~ 
' " . 
" ' • 
' " ' " 

(U) Thedistributionissymmetrical. 

liiilC•lfi S1 -(ii) Thedistribut ionh35positiveskew. 

3 (i) k - 0.4 

I :,x .. , I,', I:, I,', I :.1 
CiilC•J0.3 Cb)0.35 

4 Iii k== 

!iii 0.248(1035.f.) 

, , .. I ;,x .. , I , I , I , I , I 
(ii) Thcdistributionissymmetrical. 



S1 - muo.s 
CivJNo,anequ.alnumberofhudsandtailsis 

poss ib le,soprobability<0.5. 

P(X = r ) 

1 m k=o.os 

P(X =tj 

fill Let YrcprcSl:'ntthenumberofchicks. 

P(Y= r) 0.35104 0.44928 0.18-132 

8 Iii a = 0.42 

{iii k=is 
CiiU Sincelheprobabilitydisiributionslookquite 

different, the model is not a good one. 

P(X"' J) -= 'fi6 

Ciil P(X"'2) • ~='t7 

um P(X1'i )) = fk. P(X= ) ) = *'; 
P(X "li 4) = lra, P(X= 4) = /b.; 

P(X-.:5) = ~. P{X • 5) "' *6-; 
P(X "' 6) = l,P(X "' 6) • 'fk 

Civllbedistributionhasnegatives"'°w. 

"" I ~x-a I ; I ; I l I ~ I 
11 m A 

P(X : r) 

0 (Page 1141 

.. 
" " " ' " 

Carshare.com could hve based theirdaim on the 
resultsoftrafficsurveys. Thesecouldbeused to cakul:ate 
summarystatisticssuchasthemeanandstandard 
deviationofthc numbcr of pcoplepervehicle,asweU 
asthenumbcrofvehiclcspcrhour. 

0 (Page 1141 
Bycomparing measu resofcen tra ltendencyandspread, 

itispo»ibletoinferwhetherornotthereisasignificanl 
differencebetweenlhcirvatues. Therearemanydifferent 
testsof sta tisticalinference;the ideasinvolved are 
introduced in Chap I er 8 if you go on lo study S1atistics 2. 
It is also pmsible 10 compare sta listiC1lly the proportion 
of vehicle1owith asingleoccupan1. 



Activity 4 . 1 (Page 114) 

Mean = 2 
Variance = 0.86 

Activity 4.2(Page116) 

Mean : 1.7 
Variance : 0.87 

Theincrea5'1.' in averageoccupancy, 1oget:her \o\i1h a 
signi ficant reduclion in the proport ion of vehicles with 
asinglc occurrnnt, could be used 1oinfer1hatthescheme 

h:ubeensuccessful . 

The two me:uures of spre:1d are almost the 5ame. 

0 (Page 1171 

lftheexpectation,E(X), is nor exactindecimal form, 
thcncakulations byhandusi ng the definitionofVar(X) 
maybctcdious and/orprone toa rithmeticerrors by 
prematureapproximationof E(X}. The a lterna ti ve 
fonnulation ofVar{X) may be more appropriate in 

such cases. 

Exercise 48 (Page 118) 

1 E(X} = J 

z m E(X) = J.125 

Oil P(X< J. 125)= 0.5625 

3 m p : 0.8 

P(Y = r) 

E(X) = 7 

(ii) Var(X} = 5.8H 

(iii)(•> fi (b) i 

5 (i) E(X) = l.944;Var(X) c 2.052 

(ii) (•) ~ (b) ii 
6 m E(X) = l.5 

ml Var(X} = 0.75 

Ciii l E( Y) = 5,Var(Y) = 2.5 

(c) * 

7 m k=O. l 

Ciil 1.25 

CiiH 0.942 (to 3s.f.) 

P(X =r) 

lim E(X) = ~. Var(X) = H 

(ii ) E(X) =S71.43, Var(X) = l4l2.245 {to 3d.) 

(iii) E(W) = SSOO, Var(X} = 3600 or 13200 

' " 

ml Mean = l.92,standarddevia tion = 0.987 (to3s.f.) 

liii)0.25 

liv)0.431 

11 a =0.2,b "' 0.25 

P(X =..-) 

!iii)* 

S1 -
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13 cm E(X) = 3.75,Var(X) = 2.1S75 

14 m 2q-p = 0.39,p+, = 0.42;p : o.1s • .,=o.21 

crn2.ss1s 

,s m t 
[iii E(X) = j,Var(X) = 7? 

16 m 0. 195 1 

P{X .. r ) 

P(X ., ,) 

Ciiil8} 

(iv) i 

Chapter 5 

0 (Page 12,1 

' " 

Oscarcouldhaverutthebricksinorderbychance. 
A probability of iio is small but not very small. What 
wouldreallybtconvincingisifhecouldrepeatthetask 
whenl'Verhewasgjven1hebricks. 

Exercise SA (Page 127) 

1 Iii 40320 

Oil 56 

tii i) ~ 

2 Cil ~ 

3 m {n+J)(n+2) 

(ii) 11{11-1) 

4 (i) ~:;; 

(ii) 14:~4! 

(ii i) {t1(~1:i!1~! 4! 

s Cil 9x7! 

crn 11! (11+2} 

"' 
7 40 320 

9 Ci) 120 

(ii)~ 

10 Iii 14! 

(iii .h 
11 /i) Tiil 

ml 1.38 (i.e. l or2people) 

12 i = { (OPTS, POST, POTS. SPOT, STOP, TOPS) 

13 Cil 24 

Ciil 120 

(iii )362880 

(i v) \ 2 

M 420 

Cvi) S0400 

14 (i) 2520 

(ii)360 

(iii )720 

CMISOO 

Investigations (Page 129) 

1 n>6,n >7,n>8 

2 Examplesare~,3!+3!+3!+3!+3!+3!+3!, 

4! + 4! -3!,etc. 

CiilCall 2 

CbJ4 

0 !Page 130) 

No,it does notmatter. 

0 (Page 131) 

Multiply topa ndbottomby43! 

49 x 48 x 47:! 46 x 4Sx 44 x *1,. 
6

:9~)! 

f) IPage 1311 

~i;=( : )= 139838 16 • l4million 

f) (Page 131) 

By foUowing 1he same argun1ent as for the UK Nation al 

Lo1teryei.amplebuiwith11for49and r for6. 



0 (Page 132) 

"C0 =(~) =0!;1,i! =1 ifO!=l 

•c.=(~) = n! (nn~n)! =I againifO!=l 

0 (Page 135) 

1 The probability is -k, assuming the selection is done 
atrandom,soR010wdhryisnotjustifiedinsaying 
'lessthanoneina hWldred'. 

2 As a product of probabilities~ X i X { = i4 

Exercise 58 (Page 137) 

1(i) (a)JO 

(ii)(•) 15 

2~ 

3 593
1
n5 

6 (i) 31824 

(ii) 3000 

7(i) 210 

(ii)(•) ti 
8 (i) 126 

(ii)(•)~ 

9 (i) ~ 

(ii)~ 

10 (i) (•) 15 

(b)l680 

(b)70 

(b) ~ 

(b)& 

(b)75 

(ii)(•) 90720 (b) 120 

11 m 4.94 x 1011 

(ii)798J3600 

(iii)21 

12(i) 2177280 

(ii)90 

13(i) 33033000 

(;;)86400 

(iii)288 

(c)5040 

(c)210 

14(i) 259459200 

(ii) 3628800 

(iii)0.986 

15(i) 831600 

(ii) 900 

(iii)l26 

16 m (a) 60 

(ii) (a ) 1316 

Chapter 6 

0 (Page 142) 

(b)216 

(b)517 

SheshouldreaUytrytoimproveherproduction 
processsoastoreducetheprobabilityofabulbbeing 
substandard. 

Exercise 6A (Page 145) 

1 ~ 

5(i) 0.146 

(ii) Poor visibility might depend on the time of day, 
ormightvarywiththetimeofyear. [fso,this 

simplebinomialmodel wouldnotbeapplicable. 

s m ! 
m> l 
(iii) l 

(iv)! 

1 m o.246 

W) Exactly7heads 

8(i) (a )0.058 (b)0.198 

(c)0.296 (d)0.448 

(ii) 2 

9(i) (a )0.264 (b)0.368 

(c)0.239 (d)0.129 

(ii) Asswned the probability of being born in 
January=~- This ignores the possibility of le-Jp 
yearsandseasonalvariationsinthepattemof 
births throughout the year. 

S1 -



S1 - 10 Thethreepossibleoutcomesarenotequallylikely: 

' oneheadandonetail'canariseintwoways (HTor 
TH}andisthereforetwiceasprobableas 'twoheads' 

(or'twotails') . 

Activity 6.1 (Page 147) 

Expectation of X = f, x P(X = r) 

Sincethetennwithr=Oiszero 

Expectation of X = t,x P(X = r) 

= frx"C,p'q>-'. 

The typical term of this sum is 

r x r! (nn~ r)!P'ir-' = npx (,_!7)!(~)~ r)!p•- ltf-• 

= npx (r - i )!((nn_-,\~ (r -1)}! 

xp•-t,tn- lH•-ll 

Using (u -1 ) - (r -1 ) =11-r 

whCTes=r-1 

= npx .-1c .... i1r1<(.-1H .-11 

= npx --1c,p',lo--1J-., 

In the swnmation, up is a common factor and s runs 
from Oto " -1 as r runs from l to 11. Therefore 

Expectation of X = np X ~ - ic,p•ef,n- l)-, 

= np(q + p)•- 1 

= np sinceq+p = l. 

Exercise 68 (Page 150) 

1 (i) (•)0.000129 (b)0.0322 (c)0.402 

(ii) Oand l equally likely 

2 (i) 2 

(ii) 0.388 

(iii) 0.323 

3 (i) 0.240 

(ii) 0.412 

(iii) 0.265 

(iv)0.512 

M 0.384 

(vi)0.096 

(vii)0.317 

Assumption: the men and women in the office are 

randomlychosenfromthepopulation (asfarastheir 

weights are concerned). 

4(i) (•>tf 
(ii) 2min40s 

S(i) 0.0735 

(ii)2.7 

(iii)0.267 

6(i) 0.00269 

(ii)0.121 

(iii)0.167 

(iv)0.723 

7(i) (a)0.195 

(b) tr (c) M (d>M 

(b)0.299 

(ii) 3correctanswersmostlikely;0.260 

8 (i) 0.00322 

(ii)0.0193 

(iii)0.0386 

9(i) -k 
(ii) ~ 

(iii)-£ 

(iv)~ 

M~ 

10(i) 0.99;0.93 

(ii) 0.356; expected number of boxes with no broken 

eggs= IOOx0.356 =35.6, which agrees well with 

theobservednumber,35. 

(iii)0.0237 

11(i) 0.132 

(ii)0.0729 

(iii)0.0100 

(iv) Mean=t,variance=~ 

Chapter 7 

Exercise 7A (Page 166) 

1(i) 0.841 

(ii)0.159 

(iii)0.5 

(iv)0.341 



2(i) 0.726 

(ii)0.274 

(iii)0.0548 

(iv)0.219 

3(i) 0.159 

(ii)0.841 

(iii)0.841 

(iv)0.683 

4(i) 0.8413 

(ii) 0.0228 

(iii)0.1359 

5(i) 0.0668 

(ii)0.6915 

(iii)0.2417 

6(i) 0.0668 

(ii)0.1587 

(iii)0.7745 

7(i) 31,1.98 

(ii)2.l ,13.3,34.5,34.S,13.4,2.1 

moMoredatawouldneedtobecollectedto 

sayreliablythattheweightsarenormally 

distributed. 

8 (i) 5.48% 

(ii)(•) 25425km 

(b) 1843km 

9 (i) 78.65% 

W) 5.254cm,0.054cm 

10 (i) 0.0765 

(ii) 0.2216 

(iii)0.4315 

11(i) 0.077 

(ii)0.847 

(iii)0.674 

(iv) 1.313m 

12 20.05,0.02477,0.7794,22.6% 

(i) 0.93 

(ii)0.080 

14 11.09%,0.0123,0.0243 

15(i) 0.29 

(ii) 4340 

(iii) BecausetheprobabilityofscoringbetweenOand 

lOisabout0.99. 

(iv)0.0258 

M 113ormore 

"m It\ 
~ 

4000 5000 lifetime 

(ii)µ =4650 

Uii)0.44 (2s.f.) 

(iv) 3700hours 

M 0.76 (2s.f.) 

17(i) 0.00429 

(ii) l.7lbars,2.09bars 

18 (i) 7.29 

(ii) 0.136 

(iii)0.370 

19 (i) 7.24 

(ii) 546 

20 m 8.75 

(ii)0.546 

21 m o.595 

(ii)0.573 

22(i) 0.0276 

(ii) 7.72 

23(i) 0.484 

(ii) 96.9minutes, 103.1 minutes 

f) (Page 175) 

One possibility is that some people, knowing their 

votesshouldbesecret,resentedbeingaskedwhothey 

hadsupportedandsodeliberatelygavewronganswers. 

Anotheristhattheexitpollwastakenatatimeof 

daywhenthosevotingwereunrepresentativeofthe 

e\ectorateasawhole. 
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Exercise 78 (Page 175) 

1 Iii 106 

Uil 75and 125 

Uii1 39 

2 m o.2s2 

OU0.526 

011!(•) 25 

(b)4.33 

CM0.102 

3 0 .246, 0.0796,0.0179 

The normal d istribut ion is us«! for continuous 

da ta; the binomial distribution is us«I for discrete 

da ta. If a normal approiima1io n to the binomial 

diSl ributionisusedthen acontinuitycorrection 

mustbe made.Withoutthis theresultwouldnot 

bea"urate. 

4 (I) (•) 0.3 15 

(b) 0.307;assruningtheanswertoput!il(•lis 

correct , the!"eisa2.5%error;worse 

{iil0.5245 

s 1;6.667; 4.444; 13 

G llXlc,..(,kt{~)m.>-N 
86;more(96) 

7 0.677 

8(1) 0. 126 

(11)0.281 

9(1) 0.748 

11110.887 

10 UJ 0.298 

UH0.1 18 

(iil)l3 

,, m o.J 11 

OU Not approp riate becauset1p <S. 

(111)0.181 

Chapter 8 

0 (Page 182) 

Assuming both types of parents have the same fertility, 
boys born would outnumber girls in the ratio J; I. In a 
gcncration's timetherewouldbe a markedshortageof 
women of child-bearing age. 

0 (Page 186) 

Yes. The test wassetupbeforethedata werekoown,the 
dataare random and independcnt anditis indttd testing 
the claim. 

Exercise BA (Page 187) 
1 0.057 AcccptH0 

2 0.0547>5% AcceptH0 

3 H0: probabilitythattoastlands butter-sidedo11.n = O.S 
H1:probabilitythattoastlands butter-.side dom1 > 0.5 
0.01 5 AcceptHO 

4 0.047 Rejtct H
0 

Thereisevidence thatthe complainu arejustilied 
a t the 5% significance level, though Mr Mc Taggart 
might object that the candidates were not randomly 
choscn. 

s 0. 104 Accept H0 

lnsufficient evidcnceatthe5%signi fic~ nce levelthat 
thenuchine need.oiservicing. 

s m 2; 1.1sJ 

ml P(2 defectives in I0) = 0.302 

ln SO.sample:sofl O,theexpected numberof 
samples wi th lwo defect ives is IS. I, which agrees 
wdlwiththeobser,.-ed 15. 

Cilil H
0
: P(mug defective) =0.2 

H1: P(mugdefective)< 0.2 
11 = 20. P{Oor I defectivemug)=0.0692 
AcceptH0 since0.0692>5% 
h is notreasonable toassume thtthc 
propo rtionofdefectivemugshnbeenrcduced. 

Civl Opposite conclusion since 0.0692 < JO% 

7 Iii 0.590 

m1 o.044 

Wil 0.00007 12 

Civl0.0292 

M H0: P(longquestionright) = O.S 
H1:P(longquestionright)> O.S 

(vii No 

8 H,r P(caris red):O.J 
H,:P{car is red)< 0.3 

Accept H• (Isaac's c laim) since 0.060 > 5% 

9 H,i P(support for Cit izens Party): f 

H1: P(suppor tfor CitizensPar tyJ<f 

Accept H, since 0.0604 > 2.5%. 

There is insufficientevidencetosuggestthat support 
has decreased. 



0 (Page 191) 

Rejection region at 10% significance levelisX lii 4. 

Exercise SB (Page 192) 

1 m 0.430 

(iii 0.96 19 

liii)0.0046 

Ovl Hcrp = 0.9,H 1:p < 0.9 

M n = l 7; P(X lii 13)= 0.0826>5%; 
no t sufficient cvidence torejecl H0. 

Cvil Critical rtgionisX lii 12,since 
P(Xlii 12) = 0.0221. 

2 Ul C•l 0.0278 

(b)0.0384 

!iii Letp = P(blackbird is male) 
H.;p = 0.5, 11 1:p > 0.5 

Uii! Resultissignificant atthe 5% significance leveL 
CriticalregionisX -"' 12. 

CMYouwouklbe more reluctanttoacceptH r 
Although H0 is stiU p = 0.5, 1he sampling method 
is likely to give a non-random sample. 

3 Iii l•I 0.0991 

(bi 0. 1391 

!iii Letp = P(s«dgem1ina1es) 

H.; p = 0.8, H1: p> 0.8,since a higher 
germinationra1e issuspec1ed. 

HiilCriticalrtgion isX -"' 17, since 
P(X-"' 17)"" 0.099 1 < 10% but 
P(X-"' 16) = 0.27 13 > 10%. 

Civl C•l When p = 0.8, he reaches the wrong 

conclusionifhe rej«t.s HO' i.e.ifX -"' 17, with 
probability0.099 1. 

(bi Whenp = 0.82, he reaches thewrong 

conclusionifhefa il s tortject HO' i.e. if 
Xiii 16,withprobabi lity l - 0. 1391 = 0.8609. 

4 Ocorrector >6correct 

5 Criticalregionis lii 3or -"' l3 1etterZs 

& ms 

(ii!0.196 

(iii I Complaint justified at 1he 10% significance level 

1 m o.04 17 

m1 o.os92 

Oii)0.0833 

tiv)O.IIS4 

Cvl Letp : P(man setectcd) 
H1:p:0.5, H1: p ~0.5 
P(Xlii 4orX -"' ll ) = O.l\84 > 5% 
Thereisnotsufficientevidence torej«tHO'so 
itisreasonabletosuppose thattheproccss is 
satisfactory. 

Exercise SD (Page 200) 

, m o.0480 

(ii)0.0480 

(iii )0.601 

2 m lfH0 is wrongly rejec1edbeousetherewereonly 
0 or I red chocolate beans in the sample although 
20% of the population were actually red. 

liil0.1 67 

3 m H1: P(pass on hi allcmpl) = 0.36 
H1: P(pass on 1st attcmp1) > 0.36 
RejectH1{acceptthedriving instruclor'sclaim) 
since0.013 < 5% 

Ciil Type lerror;0.0293 

4 m H0: P{sixJ = i 

H1:P(sixJ>i 

AcceptH0since 0.225 > 10% 

There is noevidencc thatthc dieis biased. 

(ii) P(4ormore sixes) = 0.0697 

Exercise SC (Page 195) !iii ) Concluding th3t the die is fair when it is biased. 

1 P(X lii 3) = 0.073 > 5% AcceptH0 

2 P(X > 13)= 0.0J06 < 2l<w, Rej«tH0 

3 P(X > 9)= 0.0730 > 2!% Accept Ho 
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Chapter 9 

Exercise 9A (Page 207) 

1 m 0.266 

liil0.826 

21il 0.224 

m1 o.1as 

tiii!0.815 

3 m O.OS8 

Ciil 0.099 

4Cil 25 

(ii) 75 

(iii)\[ 2 

(ivl 288 

Assume that mistakesoccurrandomly,singly, 
independentl yand ata constantmeanrate. 

SCi) 0.111,0.244,0.268,0.377 

( ii)) 

s m 3 

Cii)27.5 

Clii1460or461 

7 m The mean is muchgreaterthanthevariance 
therefore X d oes not have a PoiM<>n distribution. 

ml Ytsbeaause now the value:softhe meanand 
va riance are similar. 

tiii!0.0 12 

8 Some bott les will contain cwo o r more hard part icles. 
Thiswilld«rea~thepercenlageofbottlesthat have 
tobedisa.rded. 
13.9% 

Assumethe hardparticlcsoccur singly, 
independently and randomly. 

9(i) 0. 144 

(ii!0.81 9 

Ciii! 2.88 

10 m 0.209 

Cii!0.219 

( iii) 6 

11 m 0.184 

(iil0.1 25 

12 m o.ns 
(ii i 0.478,0.353,0.1 30,0.0)2,0.006,0.0009 

(iii )239.0, 176.4,65. 1, 16.0, J.0,0.4 

CivlYes, there seems tobere;uonableagreement 
between the actual da1a and lhe Poisson 
predic1ions. 

f) (Page 2131 

1 lt is n<>1neces.sa ri ly the C11S(' lhatae11ror lorry 
passingalongt he rood isa randomevent.Regular 
users will change both Poisson paramete rs which in 
tum will affect the solution to the problem. 

2 With sofewvehidestheyprobablyare indcpendent. 

3 They are more likely in the day than the night . This 
raises serious doubts about the test associated with 
this model. 

4 lt couldbe thuttheirnun1bersare neg[ igible orit 
mightbeassumcdthcydo notdamage thecattlegrid 

Exercise 98 (Page 213) 

1 m C•! 0.175 

Cb)0.973 

(cl 0.031 

m1 o.1 25; 0.249 

2 Iii 1•1 0. 180 

lb) 0.264 

le) 0.916 

Ciil 0.296 

Ciii l0.549 

3 Cil C•l 0.007 

(b)0.034 

(c)0.084 

cm T- Po{S.O) 

4Cil C•l0.134 

Cb)0.848 

(ii)0.086 

Ciii )0.673 

(b i 0.223 

le i 0.1 68 

liil0.340 



6(i) 0.531 

(ii)0.065 

(iii)0.159 

7(i) (•)0.270 {3si.) 

(b)0.00144 

(c)0.962 

(ii) .J. = -ln (0.2) = 1.6094"' l.61 

(iii)0.1896 

(iv)0.369 

8 (i) (•) 0.485 {3si.) 

(b)0.116 {3si.) 

(c)0.087 {2s.f.) 

(ii) ThePoissonparameterisunlikelytobethe 

sameforeachteamandthereisalackof 

independence. 

9 m Mean = l.84,variance = l.75 (3s.f.) 

(ii) lndependenceofarrivalandrandomdistribution 

through time or uniform average rate of 

occurrenceormeanandvarianceapproximately 

equalornislargeandpissma!L 

Uiil26.9days 

(iv)0.410 {3s.f.) 

M 0.0424 

Exercise 9C (Page 221) 

1 (i) 0.135768,0.140374,3.4% 

(ii) 0.140078,0.140374,0.2% 

(iii)0.140346,0.140374,0.02% 

Theagreementbetweenthevaluesimprovesasn 

increasesandpdecreases. 

2(i) 0.224 

(ii)0.616 

3(i) 0.104 

(ii)0.560 

(iii)0.762 

4(i) 0.0378 

(ii)0.0671 

5(i) 0.362 

(ii)0.544 

(iii)0.214 

(iv)0.558 

6(i) 0.082 

(ii)0.891 

(iii)0.287 

7(i) 0.161 

(ii) 0.554 

(iii)8 

(iv)0.016 

M 0.119 

8 m X-B{lSO,i}; X-Po{l.875); 

thePoissondistributionisasuitable 
approximatingdistributionbecausenislarge 

andpissmall. 

(ii)0.559 

9 m X-B{108,0.0S};itmustbeassumedthat 

whetherornoteachpersonturnsupis 

independentofwhetherornotanyotherperson 
turns up. 

Wl(•)0.12 (2s.f. ) 

(b)0.37 (2s.f. ) 

(c)0.29 (2s.f. ) 

10 m X-B{S00,0.01} 

(ii)0.7419 

Wil0.049 (to2s.f.) 

Exercise 90 (Page 227) 

1 0.180;60,7.75,0.9124 

2 m 2.S;assumethatservicecallsoccursingly, 
independentlyandrandomly. 

(ii)0.918,0.358 

(iii)0.158 

3(i) 0.4928 

(ii) 0.0733 

(iii)0.6865 

4(i) 0.7620 

(ii)0.0329 

(iii)0.3536 

s m 0.188 

(ii)0.9906 

(iii)(•)0.9629 

(b) 1.0000 

Four Jots of 50 is only one of many ways to make 
200,soyouwouldexpecttheprobabilityinpart 
(b)tobehigherthanthatinpart(•). 
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lb)0.8l42 

!iii You must assuml'lhal the same number o f 

emai l!i v,iUbereceived,on aveuge, inthe future. 

Cili )ForlongertimeJ}CTiods,thetearemoreand 

more di!Te£ent ways in which the total can be 

reached,so theprobabi lity increases. 

7(i) (a)0.617 

(b)0.835 

Ciil 0.0593 

8 m Hg,: µ = 5.6 where µ is the mean number of 

shooting stars 

HL:µ<5.6 

crn X .;; 2 whete X is the number of shooting stars 

(iii) 0.0824 

(Iv) The null hypothesis is not rejec ted. The evidence 

doesnotsupporttheastronomer's theory. 

(lil0.532 

liii)0.0135 

liv)0.229 

10 m Peoplecan beexpectedtocallr:mdomly, 
indt>pendentlyandataniwerageunifonnrate. 

(ii) 0.113 

Clii)0.02 11 

11 (0 0.143 

Uil 0.118 

(i ii )0.0316 

12 ml Oor I 

liiil0.09 16 

CM lisintherejectionregionso there isevidence 

thatthenewgui tar stringlastslongl'I'". 

13 m 0.0202 

(Ii) 0.972 

(iii)0.0311 

1, (il There is enough evidence to accep t a l the 10% 

significance level that ploushinghas increased 
the number of pieces of metal found. 

Iii! There is no t enough evidence to accept at the 5% 

significancelevelthat ploughing has increased 

thenumberofpi ecesofmctalfound. 

(iii) 0.395 

15 m A Tyl'(' I error is made if you find that 1he 

numb(or of white blood ce lls hasdecreasedwhen, 

in bc1, the nwnber of white b lood ce lls has nol 

decreased;0.0342 

Cii ) Accept H(l'thereisinsufficientevidenceto 

uy 1hatthenumbe!- ofwhiteblood cellshas 

decreased. 

mo0.9 15 

Chapter 10 

0 (Page 235) 

lt is reasonablelo regardthe height ofawaveasrandom. 

No l 'f'"O waves are exact ly the same and in a stom1 some 

aremuchbiggerthanothe-rs. 

Exercise 10A (Page 240) 

1 (i) k=fs 

(iii) ~ 

(iv) ~ 

2 m k=fI 

mu o.201 



3 m a=f. 

m, ~:} 

~ 
0 I 2 3 4 X 

(ili) if 

4 Iii <=l m,±, 
! : 

i k i 
! ! 

Cilil i 
!M l 

-4 -3-2 -1 0 I 2 3 4 5 6 X 

s m k= 0.048 

m, n~, ,., 
0.2 

o., 

0 I 2 3 4 5 6 A 

liii!0.248 

s m k=i 

!ill0.067 

7 Ul k=~ 

"" n,, ~ 0.\ 
0.lj-

o' 2 4 6 s ,-0 
lmgthofstay(houn) 

mil 19, 17.28.36 

Clvl Yes 

M Furthcrinformationneededaboutthegroup 
4- lOhours. ltispossiblet hatmanyofthcsestay 
~II day and so are part of~ different di stribution. 

Nega tive skew 

!ii) f1(w) 

o.s 

I= = 

LS 2 2.S ) 
we,ghtoffuh(kg) 

f1 matchu the data most closely. 

S2 -



S2 - Uii)l.62,9.49,20.14,28.01,27.SS,13.19,0 

(iv) Model seems good. 

9 (i) 0.803 

(ii)0.456 

10 m o,o.1,o.21,0.12,o.os,o.02,o 

Uil(• )O.I "' 0.33 

(d)0.16 l•I 0.07 

Wilk=~ 

(iv)(a)0.132 ,., 0.275 
(d)0.201 l•I 0.095 

"' 0.02 

"' 0.016 

M Model quite good. Both positively skewed. 

11 (i) k=i 

h . 
(iii)~ 

12 (i) a=fl 

(iii)0.292 

(iv)fj_ 

0 1 2 3 4 .r 

0 (Page 247) 

Distributions (b) and (d) 

0 (Page 2501 

68%. The normal distribution has a greater proportion 

ofvaluesnearthemean,ascanbeseenfromitsshape. 

Exercise 108 (Page 252) 

1(i) 2.67 

(ii)0.89 

(iii)2.828 

2(i) 2 (ii) 2 (iii) 1.76 

3(i) 0.6 

(ii) 0.04 

(ii) i (iii) I (iv)! 

5(i) 1.5 

(ii)0.45 

(iii)l.5 

(iv)].5 

The graph issymmetricalandpeakswhen x = 1.5 
thus E(X} = mode of X =median value of X = 1.5. 

6(ii) l.083,0.326 

Uii)0.5625 

7 m f(x) = i for4 o;; x.;;;7 

(ii) 5.5 

(iv)0.233 

8 m f(x) =i for 10 ..; x ..; 20 

(ii) 15,8.33 

(Hi)(a) 57.7% 

(b) 100% 

9 (i) a=l.443 

··:~ 
·~ 
0 I 2 x 



(iii)l.443, 0.083 

(iv)4l.5% 

M 1.414 

10 lii l \04or 105 

liiil S. 14 

11 tiil Var(X)= 0.0267 

liiil0.931 

IM0.223 

12 (iil0.139 

(iii! l .24minutes 

13 cm 4. 125 minutes 

(i ii )0.148 

(iv) Lesst hanSminures,since0. 148 < 0.25 

14!ii) 2.66 hours 

(iii) 2.73 hou rs 

(iv)0.024 1 ::v 0.3 : 

0.2 1 

0.11 ; 

{iii l l .48seconds 

Chapter 11 

0 (Page 2581 
It is the variance of X. 

Exercise 11A (Page 260) 

1 m !•l E(X)= 3. l 

(bl Var(X) = 1.29 

2 m !• l E(X) = 0.7 

(bl Var(X) = 0.6 1 

4 m E(2X)=6 

Ciil Var(JX)= 6.75 

5 Iii 10.9,3.09 

tiiil S.4, 11 1.24 

6 m 2 !ii l I um 9 

1 m !•l 2.19 

(bl 8.97 

Ccl20.94 

R 

Prot:.bility 

5,2.S 

Exercise 118 (Page 2661 

, m 4,0.875 

(ii ) 1.5,0.167 

(iii)Maincou= DesYn 

Fish and chips kecream 
Fish and chips Apple pie 
Fish and chips Sponge pudding 
Spaghetti kecre-.im 
Spaghetti Apple pie 
Spaghetti Sponge pudding 
Pizza Ice cream 
Pizza Apple pie 
Pizza Sponge pudding 
Steak and chips Ice cream 
Steak and chips Apple pie 
Steak and chips Sponge pudding 

liv) Meanof T =5.5,variaoce= J.042 

2 Iii N{90,25) 

(iii N{I0, 25) 

Cii i! NH0,25) 

4 m o.ons 
(ii ) 56.45 minutes 

(iii)0.362 

5(i) 230g, 10.2g 

(ii) 0.1587 

(iii) 0.0787 

6 m N{70,25) 

!iil N{~l0,25) 

am 0.266 

Price 

$4 

$4.50 
$5 
$4.50 

$5 
$5.50 

$5 
$5.50 
$6 

$6.50 
$7 

$7.50 

ml No, people do not choose their spouses at 
random;theheightsofahusbandand wife may 

notbeindependenl. 
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10 m 0.0110 

Ci iJ0.0037 

11 Mcan =59.4,Slandarddeviation =7.09 

12 m Mean =3360,variance = IS40 (lo3s.f.} 

tii) 0.0693 

0 (Page272) 

With folded paper it is not possible for pieces of paper 
thatart thicker1obeoffsetbyotherstha1are1hinner, 
andvict versa. 

Exercise 11C (Page 273) 

1 N(l20,24) 
Assumetimesareindependentandnotimeisspent 
on changeovcrsbetweenvehides. 

20.0745 

30.1377 

40.1946 

5 m N(34,20) 

cm N(-4,20) 

CiiilN(0,20) 

s m o.316 

!iii 0.3 16 

1 m N(I00,26) 

!iii N(295,353) 

liii1 N(200, 122) 

CMN(--65,377) 

am o.0827 

(ii)0.3103 

mno.s 

9 m o.0827 

(ii) 0.1446 

muo.s 

(Iv) The situations in am and 9( i) are the same. 
8(ii) considers 3X + 5 Ywhtreas 9( ii) considers 

X1 + X1 +X, + Y1 + ... + Ys, so the probabilities 
are different. 
lnboth8Ulll and9Cililthemeaniszero,so the 
probabilityis0.5,independentofthe variaoce. 

10 m 311.6kg 

(i i) AMumethat the composition of each crew is 
selecicd randomly so that the weighu of each 
ofthefourindividualrowersareindependent 
of each other. Thisassun1ption may not be 

reaM>nable sincethere maybesome ligh1.weight 
and some heavy-weight crews; also men's and 
womcn'screws.. lflhis isso it willcaSl doubt on 

the ans"wto part\11. 

11 Iii 0.4546 

(iil93.49litres 

12 m 0.0202 

(ii)0.0856 

(i ii)0.3338,0.4082 

Assume weights of participants are independent 

sincctoldteamswcrechosC11atrandom. 

14 (i) 0.037 

(ii) 0.238 
Assumcthatnotimeislostduringbaton 
changcoversandthattherunncrs' timesare 
indcpcndcnt, i.e.thatnorunncrsare influencedby 
the performance of their team mates or competitors. 
The model does not seem entirely realis tic in this. 

15 m 14'*> 

tii) 0.6 

liiill Sm 

livJ0.3043 

,am o.387 

(ii! Me.in = lO,variance= IJ .56 

(iii )0.647 

Chapter 12 

0 (Page 2801 
1 The population is made up of the member of 

parliament'sconstituents.. Thesampleisapart 
ofthatpopulationofconstituents. Without 
informationrelatingtohowtheconstituents'views 
were elicited, the views obtained s«m lo be biased 
towards those constituents who bother to write lo 

their member of parliament. 



2 The popufation is made up ofhou.sl'holds in Karachi. 
We arenot tokl how thesample ischosen. Even if a 
random sample ofhou.seholdswerechosenthe vie¥os 
ob1.aincdarestilllikely tobebiasedas thein1erview 

tin1ing excludes the possibility of oblaining views of 
mostofthoseresidentsin employment. 

3 The population is madeupofblackresiden ts in 
Chicago. The sample is made up of black people 
(andpossiblysomewhitepeopleastheareasue 
'predominantlybl:ick'} from a number ofueas in 
Chicago. 

Thl'survey maybe biasedin twow:.iys: 

Iii the areas may notberepresenta1iveof all 
residentia l a reas and therefore of all bbck people 
living in Chicago and 

(ill giventhatpoliceofficersarecarryi ngoutthe 
survey theyarennlikely toobtainnega ti veviews. 

f) (Page2811 

1 Eachstudentisequally likely tobechosenbut 
samples including two or more studen ts from the 
same class are not permissible so not all samples are 
equally likely. 

, Ya 

Activity 12. 1 (Page 282) 

Thl'l'e is nosingleanswersincethereareseveral ways 
you coulduse thegfrenrandomnumbers togenera te the 
sample. This is one possible answer. 

14 592 12471 7107 
16 371 17n5 2595 16592 

Exercise 12A (Page 283) 

1 Iii Not allthe totals havethesameprobabiticy. 

(ill Possible method: writing each child 's name on a 
pieceofpaper,foldingthem,puttingthemina 
hat andthendrawingoutoneatrandom. 

2 Ci) Cluster sampling. Choose representative streets 
orueasandsamplefromthesestreetsorareas. 

UO S1n tificd sample.ldentifyroutesofinterestand 
randomly sample trains from e:ich route. 

liiil S1ntificd sample. Choose represent alive areas in 
the town and randomly sample from each area as 
appropriate. 

(ivl Stratificd sampleasinpart(iiil. 

Depends on method of data collect ion. If survey 
is,say,via aposta l enqui ry,thenarandom 
sam plemaybeselectedfromaregister of 
addresses. 

Cvil Cluster sampling. Routes andtimesare chosen 
and a trafficsamp Lingstationis estab li shed to 
randoml ystop vehiclestotesttyres. 

(vii! Clustersampling.Areasarechosen and 
households are then randomly chosen. 

{viii !Cluster umpling. A period (or periods) is 

chosenfosampleand speeds aresurveyed. 

tiKI Cluster sampling. Meet ing places for 18-year
oldsare identified andsamples of 18-year-olds 

are surveyed.. probably via a method to maintain 
privacy.Thismight beaquestionnaireto 
asce rtain required information. 

Random s:i mpling. The school student li st is 
usedasasamplingframe to establisharandom 
sample within the school 

Chapter 13 

Exercise 13A (Page 293) 

1 m Commuters are not representative of the whole 
population. 

(ii) Adults whotraveltoworkonthattrain 

(iii)Mean = 6. l 7 hours,variance =0.657 hours 

2 Iii z = l.53, notsignificant 

(ii i z =-2.37, significant 

liiil z = 1.57, not significanl 

tivl z = 2.25,signiftcant 

M z =-2. 17,significant 

3 m o.3085 

(ii) 0.016 

(iii)0.0062 

[iv ) H0:µ = 4.00 g, H 1:µ > 4.00 g 

z = 3,significant 

4 Iii Hirµ = 72.7 g, H1:µ~72.7g;two-tai ltest. 

!iii z = 1.84, not significant 

Ciiil No,signiftcant 

S2 -
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5 m Ho=µ=23.9°,H 1:µ > 23.9" 

WI z : 1.29,significanl 

tiiiJ 20.6; thestandarddeviation4.54is much greater 

than2.Jsotheecologis l shouldbeasking 

whether the temperature has b«ome more 
variable. 

6 (I) You must assume that the visibilities are 

normally distributed. 

(II) HfY'µ= 14nautiralmiles, 

H 1:µ < l4nautiralmiles 

Wnz : -2.284,significant 

ti¥1Choosing36consecuiivedaystocollectdatais 

not a good idea becau~ weather patterns will 
ensurethatthedataarenotindcpendent.A 

bettersamplingprocedurewouldbetochoose 

everytenthday.lnthisw:i.ytheeffectsofweather 

pattcrnsovertheyearwouldbecliminated. 

7 H0:µ : 50kg,H1:µ < 50kg; 

Yes:z = - l.875,significantatthe 5% 1evcl 

8 CO N( l90,S.3) 

UU The skulls in group B have greater mean lengths 

and soaone-tailtes1is required. 

tiiil 193.8 

Uv) X = 194.3, significant (194.3 > 193.8) 

em 998.6,49.77 

cm H0:µ=1000,H 1:µ < 1000 

mn z = - 1.59, notsignificant 

10 H1:µ = 0, H1:µ~0; z = 0.98, not significant 

,, m 16.2.27.36 

Uil Ho=µ= 15, H1:µ > 15 

Hill z : 1.986, not significant 

12 {I) 1.977,0.01733 

!ill Ho=µ=2,H 1:µ < 2 

(lil) z : -1.68,notsignificant 

um 104.7,3.019 

{ii) Ho=µ= 105, H1:µ ~ 105 

{iil)z : ---0.89,notsignificant 

14 m Ht= µ • 21.2, H1:µ~21.2; 

reje,::1ionregionisz < 19.7or z > 22.7; 

z= 19.4, significant (19.4 < 19.7) 

Thereissignificantevidencetosugge.stthatthe 

sentencelengthisnotthesame (orthebookis 

notbythesameauthor). 

!ii) ATypelerrorwouldh~veoccurredifyousay 

thatthe sentencelengthisnotthe sa me (orthe 

book is not by the same author) when it is. 

Probability : 5% 

15 m Me;in c 6.525,variance=2.871 

reje,::1ionregionisz<6.76; 

z= 6.52S.s igni ficanl (6.525<6.76) 

Theevidencesupportsthehypothesisthatt here 

hasb<oena rcdudioninthenumber ofcars 

caught speeding. 

WOAType lerrorwouldhaveoccurred if you say 

thattherehadbeenareductioninthenumberof 

carscaught speedingwhen suchareductionhad 
not occurred. 

A 
5% 

Typelmor 

16 H0:µ ., 22.0,H 1:µ~22 .0; 

re;c,::1ionregion is2<21.698; 

z = 21.7, no t significant (just, 2 1.7 > 21.698) 

There is not enough evidence to say that the mean 
length has changed. 

17 Ho=µ = 3.2, H1:µ < 3.2, whereµ is the growt h rate of 
the ncwgr.l5s in cmperweek 

m z < 2.47 

Cii) nr < 2.47 

@ IPag• 2991 
It tellsyouthtµ is about 101.2 but itdoe$nottel l you 

what'about ' means, how close to 101.2 it is reasonable to 

Cipeclfl lObe. 



0 1Page3041 

You would expect about 90 out of the 100 to enclose 3.5. 

Exercise 138 (Page 3071 

1 m s.2os 8 

tii) 5. 11 7g.5.293g 

2 Iii 47.7 

liH 34.7 to60.7 

Ci ii ) 27.3 to68.I 

am o.9456 

cm S7790-$88 10 

4 (i) (•)0.1685 

(b)0.0207 

!ii ) 163.8- 166.6cm 

(iii) 385 

5 (i) 6.83,3.05 

(ii) 6.58,7.08 

6 m s.1 1 to7.49 

cm ltis more likcly thattheshortmanuscriptwas 
writtenintheurly formofthelanguage. 

7 m 1.838mm 

tiil 1.63 10 3.91 

tiiil Theco.ich'ssuspicionsseiem 10 be confirmed as 

4mm is no l in the confidence interval. 

8 0.484to 1.0 16 
Assumethatthe samplestandarddeviation isan 

acceptable approximation foro. 
Theaimhas not bttn achievedu theintt'T"Vlll 
containsv:.luesbelow0.5. 

Assumptions: the Central Limit Theorem applies and 

s1 is a good approximation for a:. 
Theconfidenceinterval sugge:m rhatreact iontimes 

areslower afte r a meal. 

10 m µ = 221. 1,ul=265 

Oil 78 

11 m Possibleanswers:cheaper. less time-<onsuming. 

not all population destroyed if sampling is 

destruct ive 

{ii ) C•I 68.0to70.6 

90% of random samples give rise to 
confidenceintervalswhichcontainthe 

populationmun. 

(b)71 .2 is notintheconfidence intervalsothere 

isasignificantdiffort'Tlce inthe life-span 

from thenational avernge. 

12 m 11 = 4.27,01= 0.00793 

(ii) 4.253to4.287 

(iii )9 

13 m mid-point = O. l45,n=600 

Ciil97.4 

14 m A random sample is one in whkh every item in 

the population has an equal probability o f being 

sclecled. 

Oil 0.32 1 to0.422 

liii1 2240 

15(il 0.244,250 

{ii ) 90% 

S2 -



s1 Index 
ll!J 

Page nwnbers in black are in SMtistics 1. Page nwnbers in blue are in Sta tistics 2. 

alternative hypothesis 182, 183, 
185- 186,288---29 ] 

arithmeticmeanseemean 

arrangementofobjects 123-127, 

140,141- 143 

assumed mean 45-48,Sl 

average14 

back-to-back stem-and-leaf 

diagrams9 

barcharts57,59 

bias 279,280 

bimodal distribution 6, 17 

binomialcoefficients 132- 136 

binomial distribution 107, 143-145 

expectation 146--147, 153 

mean 146--147,153 

normal approximation 

173- 175, 178 

Poisson approximation 
216- 221, 232 

probabilityl44--145,153 

srnndarddeviation147,153 

using 147-150, 153 
variance147,153 

box-and-whisker plots 64,65,68,76 

categoricaldata!J,51 

Central Limit Theorem 287, 
298- 300,301,311 

certainty80 

class boundaries 

continuous random variables 235 

grouped data 24--25,29-30,58 

class intervals 24 

clusters.ampling 283 

combinations 130---136,140 

complementofanevent 81 

conditionalprobability94--100 

confidence intervals 300-304,311 

converging 303- 304 

forproportions 306 

samplesizeand 303,305 

theory 301- 302 

~ continuityoorrections172- 173,178 

oontinuousdata51 
grouping 29-30 
representation 53- 56 

continuous random variables 

class boundaries 235 
mean 244--245,247,255 
median 246---247, 248 
mode 247- 248,255 
probability density function 

235- 240 
standarddeviation 245 
uniform{rectangular)distribution 

249- 251,255 
variance 244- 245,255 

oontinuousvariables14 
criticalratios 289 

critical values/regions 189-191,288, 
290- 291 

cumulativefrequencycurves 65-67, 
76 

data 

co\lection3-4 
continuous 29-30,51,53-56 
discrete see discrete data 
extremevalues 5 

groupedseegroupeddata 
representation 4-9,52- 59 
typesl3-14 

dependent events 89-90,96- 100 
discretedata51 

grouping25-26 
mode 17 
representation56---59,106 

discreterandomvariables 106-lll, 
122 

expectation114--118,122, 256,276 
functions of 257- 260 
mean 114--118,122, 244,256,276 

notationl07 
outcomes 106 
Poissondistribution 204---205 
probabilitydistribution 107- 111, 

114- 118, 122 
representation 107- 110,122 
variance 114- 118, 122, 244, 

256,276 

discretevariablesl3 

normal distribution 172-173, 178 
distribution4 

ofsamplemeans 287,299---300,3 11 

shape 6---7 
see also binomial distribution; 

Poissondistribution;etc. 

hypothesis testing 196--199, 201, 

227,291 
sampling 278 

standarderrorofmeans 299,3 11 
Type! 196---199,20 1,227, 291 

Typell 196---199,201 ,291 

estimates 278, 291- 292,303 

complement 81 
dependent 89- 90,96- 100 

independent88--89,90,96,97,104 
mutuallyexclusive 84--85,104 

expectation 81- 82 
binomialdistribution 146---147,153 
discrete random variables 

114--118,122, 256,276 

functionofarandomvariable 

see also mean 

experiments 78 

fuctorials124--127,140 
frequency 24 

frequency charts 54--55 
frequencydensity54--56,59,76 

frequencydistributions 19-22, 
105-106 

frequency tables 15, 19- 22 

groupeddata 24- 30 

assumedmean48 
class boundaries 24--25,29-30,58 

continuous 29-30 
discrete 25- 26 

mean 26---28,48,51 
median 27 

representation 57- 58 



histograms 6,53- 59,76 groupeddata 26- 28,48,51 standardised form 156,161,178 

hypothesistesting l80---199 hypothesistestingfor 226---227, sumsofrandomvariables S1 
alternativehypothesis 182,183, 287- 293 265---266,276 

r!II 185---186,288---291 normaldistribution 155, tables 155- 160, 164 

checklist 183-184,201 156---157,161- 165, 172- 173, variance 174,178, 224 

criticalratios 289 174,178, 224 nullhypothesis 182,183,185---186, 

critical values/regions 189---191, notation14--15 288---291 
288,290---291 Poissondistribution 203, numericaldata 13- 14 

errors l96---199,201,227,291 206---207,224,226---227 

meanofaPoissondistribution populationmean 278,286- 287, one-tailtests 193,195,226,288,290 
291- 292 

nullhypothesis l82,183, samplemean 278,286- 287, outliers5,40-41,51,64-----65,76 

185---186,288---291 299---300 

one-tailtests 193,195,226,288,290 standarderrorof 299,311 parameters 278 

rejectionregions l89---191,29l sumsofrandomvariables parent populations see populations 

sampledataand 287- 293,311 262- 266,269---272,276 Pascal'striangle 132- 133 
significance level 182- 183, 184, uniform(rectangular)distribution permutations 129- 130,140 

185---186 250,251,255 Poissondistribution 107, 202- 232 
steps l84,201 see also expectation approximating binomial 

two·tailtests 193- 195,226 meanabsolutedeviation 35- 36 distribution 216- 221,232 
Typelerrors 196---199,201 , measuresofcentraltendency oonditionsrequired 2ot,207,232 

227,291 14--18,51 hypothesis test for mean 226---227 
Typellerrors 196---199,201,291 seealsomean;median;mode mean 203,206---207,224,226---227 

using normal distribution measuresofspread 34-41,51 model suitability 202- 203,207 
see also standard deviation; 

nonnalapproximation 224--225, 
variance 

232 

impossibility 80 
median 16---17,18,51,62,76 

probability 205- 207,232 
independentevents88---89,90,96, 

continuous random variables 
recurrence relations 206 

97,lot 
246---247,248 

sumofdistributions 210---213,232 
independent random variables 

frequencydistribution20 
time intervals 206- 207 

addition/subtraction of 262- 266 
groupeddata 27 

variance 203,207,224 

linearcombinations 270 
modal class 51 

Poisson,Simeon 231 
modal group 6 

mean of swns 262- 266, 
mode 6, 17- 18,51 

population mean 278,286---287, 
269---272,276 continuous random variables 291- 292 

nonnallydistributed 265- 266,276 247- 248,255 populations 277,278,280 
varianceofsums 262- 266, 

frequencydistribution 20 probability 77- 78, 104 
269---272,276 mutuallyexclusiveevents 84---85,lot binomialdistribution 144--145,153 

interquartilerange63----64,76 conditional 94- 100 

normal distribution 154- 165, 178 discrete random variables 

lowerquartile62---65,76 approximating binomial 107- 111,114-118, 122 

distribution 173- 175, 178 estimating 79---81 

mathematical models 106 approximating Poisson measuring 78 
mean 14- 16,18,51 distribution 224--225,232 nom1aldistribution 154--165,178 

assumed 45-48,51 discrete variables 172-173, 178 ofoneeventoranother 82- 85 
binomialdistribution 146---147,153 hypothesis testing using 287- 293 Poisson distribution 205- 207,232 
continuous random variables interpretation of sample data using binomial coefficients 

244--245,247,255 285---293 133-136 
discrete random variables mean 155, 156--157,161- 165, probability density 233- 234 

114--118,122, 244,256,276 172- 173,174,178, 224 probability density function 

estimated 26--27, 291- 292 normalcur.e 161- 165, 178 235---240 

frequencydistribution 21- 22 probability 154--165, 178 proportional stratified sampling 282 
functionofarandomvariable standarddeviation 155,156-157, proportions,oonfidenceintervals 

161- 165, 178, 224 for 306 ~ 
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ll!J 
qualitativedata13 

quantitativedata 13- 14 

quartilespread63---64,76 
quartiles 62- 71 

box-and·whiskerplots 64,65, 
68,76 

considerations 278- 280,284 
hypothesis testing 287- 293,311 

interpretation using normal 
distribution 285---293 

large samples 305 
notation 278 

tallyingS,6 
treediagrams 88- 90,98- 99 

trials78,143 

two-tailtests 193- 195,226 

Typelerrors 196--199,201 , 227,291 

Typellerrors 196--199,201,291 
interquartile range 63---04, 76 quota sampling 283 
outliers 64---65 random sampling 28 1- 282, 284 wtiform distribution 6, 249 

small data sets 62---03, 76 reasons for use 278,284 uniform (rectangular) distribution 
quota sampling 283 samplesize 279- 280,303, 249---251,255 

304- 305 mean 250,25 1,255 
random numbers 28 1- 282 stratifiedsampling 282- 283 standard deviation 250 

random sampling 28 1- 282, 284 systematic sampling 283 variance 250,25 1,255 

random variables techniques 28 1- 283, 284 wtimodal distribution 6 
continuous 233- 255 upperquartile 62-65,76 

discreteseediscreterandom samplingdistributionofmeans 287, 
variables 299- 300,3 11 variables 13 

functions of 257- 260 sampling errors 278 variance 36-37, 38---39, 51 
independent 262- 266, samplingfraction 278,281 binomialdistribution 147,153 

269- 272,276 samplingframe 278,281 continuous random variables 
linearcombinmions 256- 276 significance levels 91, 182- 183, 184, 244--245, 255 
meanofsums 262- 266, 185- 186 discrete random variables 

269- 272,276 simplerandomsampling 281,284 114--118,122, 244,256,276 

normallydistributed 265---266,276 skewness 6---7,8- 9,58 estimated 29 1- 292 
standard deviation of swns 264 standard deviation 36---39, 51 function of a random variable 
variance of sums 264- 265, 

269- 272,276 
range 34- 35,51 

rawdata 4,53 
recurrencerelations 206 

rejection regions 189-191,291 
relativefrequency106 

binomialdistribution 147,153 

continuous random variables 245 normal distribution 174,178, 224 
estimated 291- 292,303 Poisson distribution 203,207,224 

normaldistribution 155,156--157, sumsofrandomvariables 
161- 165, 178, 224 262- 266, 269-272,276 

outliers and 40--41 uniform (rectangular)distribution 

samplemeans 299,311 250,251,255 
sumsofrandomvariables 264 

sample mean 278, 286- 287, 299-300 uniform {rectangular) 
Venn diagrams 81,83,84,98 
vertical line charts 106, 107- 110, 

122, 204 sample statistic 278 distribution 250 
samples 277,280 standarderrorofmeans 299,3 11 

sampling 

bias 279,280 
cluster sampling 283 

stem-and-leaf diagrams 7- 9, SI, 57 

stratified sampling 282- 283 
systematic sampling 283 
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