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To t he St udent 
lbis textbook has been written by two experienced mathematics teachers. 

The book is written to cover every section of the Cambridge !GCSE" Mathematics (0580) syllabus 
(Core and Extended). The syllabus headings (Number. Algebra and graphs, Geometry, Mensuration. 
Coordinate geometry. Trigonometry, Matrices and transformations. Probability, Statistics) are 
mirrored in the textbook. Each major topic is divided into a number of chapters, and each chapter has 
its own discrete exercises and student assessments. The Core sections are identified with a green band 
and the Extended with a red band. Students using this book may follow either a Core or Extended 
curriculum. 

The syllabus specifically refers to 'Applying mathematical techniques to solve problems' and this is 
fully integrated into the exercises and assessments. This book also includes a number of such problems 
so that students develop their skills in this area throughout the course. Ideas for I CT activities are also 
included, although this is not part of the examination. 

The CD included with this book contains Personal Tutor audio-visual worked examples covering 
the main concepts. 

The study of mathematics crosses all lands and cultures. A mathematician in Africa may be working 
with another in Japan to extend work done by a Brazilian in the USA; art, music, language and 
literature belong to the culture of the country of origin. Opera is European. Noh plays are Japanese. 
It is not likely that people from different cultures could work together on a piece of Indian art for 
example. But all people in all cultures have tried to understand their world, and mathematics has been 
a common way of furthering that understanding, even in cultures which have left no written records. 
Each Topic in this textbook has an introduction which tries to show how, over a period of thousands 
of years. mathematical ideas have been passed from one culture to another. 

The lshango Bone from Stone-Age Africa has marks suggesting it was a tally stick. It was the start 
of arithmetic. 4500 years ago in ancient Mesopotamia, clay tablets show multiplication and division 
problems. An early abacus may have been used at this time. 3600 years ago what is now called The 
Rhind Papyrus was found in Egypt. It shows simple algebra and fractions. The Moscow Papyrus 
shows how to find the volume of a pyramid. l11e Egyptians advanced our knowledge of geometry. 
The Babylonians worked with arithmetic. 3000 years ago in India the great wise men advanced 
mathematics and their knowledge travelled to Egypt and later to Greece, then to the rest of Europe 
when great Arab mathematicians took their knowledge with them to Spain. 

Europeans and later Americans made mathematical discoveries from the fifteenth century. It is 
likely that, with the re-emergence of OJ.ina and India as major world powers, these countries will again 
provide great mathematicians and the cycle will be completed. So when you are studying from this 
textbook remember that you are following in the foot steps of earlier mathematicians who were excited 
by the discoveries they had made. These discoveries changed our world. 

You may find some of the questions in this book difficult. It is easy when this happens to ask the 
teacher for help. Remember though that mathematics is intended to stretch the mind. If you are trying 
to get physically fit , you do not stop as soon as things get hard. It is the same with mental fitness. Think 
logically, try harder. You can solve that difficult problem and get the feeling of satisfaction that comes 
with learning something new. 

RicPimentel 
Terry Wall 
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Q Syllabus 
El.1 
Identify ond use natural numbers, integers 
(positive, negotive and zero), prime numbers, 
square numbers, common factors and common 
multiples, rolionol and irrational numbers (e.g. 
l"(,,fi),reolnvmbers. 

El .2 

I 
Use lon~uage, notation end Venn diagrams 
to describe sets and represent relotionships 
between sets as follows: 
Definition of sets 
e.g. A= {x: x is o natural number} 

B = {(x,y}:y = m:c + c} 
C= {,co~x~b} 

D = {a,b,c, ... } 

El .3 
Calculate squares, square roots, cubes and cube 
roots of numbers. 

El.4 

Use directed numbers in practical situations. 

El.5 

Use The languoge and notation of simple vvlgor 
and decimal fractions and percentages in 
appropriate contexts. 
Recogniseequivolenceondconver1belween 
these forms. 

El .6 

Order quantitie,s by magnitude and demonstrate 
fomiliorifywith the symbols=,:,:, >, <, ~. !!, 

0 

El .7 

I 
Understand the meaning end rules of indicet$. 
Use the standard fomi A x 1 On where n is a 
positive or negative integer, and 1 ~A < 10. 

El.8 

I 
Use the four rules for calculations with whole 
numbers, dec:imals and vulgar (and mixed) 
fractions, including correct ordering of 
operations and use of brackets. 

El .9 

I 
Mcke et$timotes of numbers, quantities end 
lengths, give approlUmotions to specified 
numbers of significant figures and decimal 
place$ and round off answers to reasonable 
accuracy in !he contexl of o given problem. 

El.10 

I Give appropriate upper end lower bounds for 
dotogiventoaspecifiedoccurocy. 

I 
Obtain appropriate upper end lower bounds 
to solutions of simple problems given dote loo 
specified accuracy. 

El.11 

I Oemon~trote on understanding of ratio and 
proport1on. I ~:ir:.ase and decrea se o quantity by a given 

I Use common measures of role. 
Calculate average speed. 

El.12 

I Calculo!e a given percentage of o quantity. 
Express one quantity a s a percentage of another. 
Calculate percentage increase or decrease. 

I Corry out cakulotions involving reverse 
percentages. 



fj 
I 

3 
-n 
4 

= c2 

- ,, 

El.13 El.16 

I Useacolculotorefficiently. 
Apply appropriate checks of occurocy. 

El.14 I 
Use given doto to solve problems on personal 
and household finance involving earnings, simple 
interest and compound interest. 
Extract dote !Tom tables and charts. 

El.17 I Calculate times in terms of the 24-hour and 
12-hourclock. 
Reodclocks,diolsondtimetobles. 

El.15 
I Use exponential growth and decoy in re lotion to 

population and finance. 

I Calculate using money and convert from one 
currencytoonother. 

Q Contents 
Chapter 1 

Chapter 2 
Chapter 3 

Numberondlonguoge 
(El.l,El.3,El.4) 
Accuracy (El.9, El.10) 
Calculotionsondorder 

Chapter 5 
Chapter 6 
Chapter 7 
Chapter 8 

Furtherpercenloges (El .12) 
Ratio and proportion {E 1. 11) 
lndicesandstondordform(El.7) 
Moneyondfinonce 

(El.6, El.13) 
Chapter4 

(El.15, El.16, El.17) 
Time (El.14) Integers, fractions, decimals and 

percentoges(El.5, El.8) 
Chapter 9 
Chapter 10 Set notation and Venn diagrams 

(El .2) 

-rr 

0 Hindu mathematicians 
In 1300ocE a Hindu teacher named Loghodo used geometry and 
trigonometry for his astronomical colculotions. At around this time, other 
Indian mathematicians solved quadratic ond simultaneous equations. 

Much later, in about AD500, another Indian teacher, Aryobhoto, worked 
on approximations for 11 (pi) and on the trigonometry of the sphere. He 
realised that not only did the planets go round the Sun but that their paths 
were elliptic. 

Brahmogupto, a Hindu, was the first to treat zero os a number in its own 
right. This helped to develop the decimal system of numbers. 

One of the greatest mathematicians of all time was Bhoscora who, in the 
twelfth century, worked in algebra and trigonometry. He discovered that: 

sin(A + B) := sinAcosB + cosAsinB 

His work was token toArobio and loterto Europe. 

0 



G) Number and language 

0 

• Vocabulary for sets of numbers 
A sq uare can be classified in many different ways. It is a 
quadrilateral but it is also a polygon and a two-dimensional 
shape. Just as shapes can be classified in many different ways, 
so can numbers. Below is a description of some of the more 
common types of numbers. 

• Natural numbers 
A child learns to count 'one, two, three, four, ... ' . These are 
sometimes called the counting numbers or whole numbers. 

The child will say ' I am three', or ' I li ve at number 73'. 
If we include the number 0, then we have the set of numbers 

called the 11at11rnl 1111mbers. 
The set of natural numbers N = [0. 1,2, 3.4, ... ]. 

• Integers 
On a cold day, the temperature may be 4 °C at 10 p.m. If the 
temperature drops by a furth er 6 °C, then the temperature is 
'below zero': it is -2 °c. 

If you are overdrawn at the bank by $200, this might be 
shown as -$200. 

The set of integersZ = j ... , -3, -2, -1, 0, 1,2,3, ... ]. 
Z is therefore an extension ofN. Every natural nwnber is 

an integer. 

• Rational numbers 
A child may say ' I am three'; she may also say ' I am three and 
a half , or even ·three and a quarter '. ~ and Jt are rntionul 
numbers. All rational numbers can be written as a fraction 
whose denominator is not zero. All terminating and recurring 
decimals are rational numbers as they can also be written as 
fractions,e.g. 

0.2={ o.3=fi:5 7=f I.53={M o.i=i 
The set of rational numbers O is an ex tension of the set of 
integers. 

• Real numbers 
Numbers which cannot be expressed as a fra ction are not 
rational numbers; they are irmtionul 1111111bers. 

Using Pythagoras' rule in the diagram to the left, the length 
of the hypote nuse AC is found as: 



Number and language 

AG= P + l2 = 2 
AC= 'V2 

".{i = 1.41421356 .... The digi ts in this number do not recur or 
repeat in a pattern. This is a property of a ll irrational numbers. 
Another example of an irra tional number you will come across 
is rr (pi) . It is the ratio of the circumference of a circle to the 
length of its di ameter. Altho ugh it is often rounded to 3.1 42, the 
digits continue indefinit ely never repeating themselves in any 
particular patte rn. 

The set of rational and irrational numbers together form the 
set of real numbers R . 

• Prime numbers 
A prime number is one whose only factors are I and itself. 
(Note that 1 is not a prime number. ) 

Exercise I. I 1. In a 10 by 10 square, write the numbers 1 to 100. 
Cross out number I. 
Cross o ut all the even numbers aft e r 2 (these have 2 as a 
factor). 
Cross out every third number a ft e r 3 (these have 3 as a 
factor). 
Continue with 5, 7. 11 and 13, then list all the prime 
numbers less than 100. 

• Square numbers 
The number I can be written as 1 X I or 12

• 

The number 4 can be written as 2 X 2 or 22. 

9 can be written as 3 X 3 or 32. 

16 can be written as 4 X 4 or 42. 

When an integer (whole number) is multiplied by itself, the 
result is a square number. In the examples above, 1. 4, 9 and 16 
are all square numbers. 

• Cube numbers 
The number I can be written as 1 X I X 1 or 11. 

The number 8 can be written as 2 X 2 X 2 or 21. 

27 can be written as 3 X 3 X 3 or 31. 

64 can be written as 4 X 4 X 4 or 41. 

Whe n an integer is multiplied by itself and then by itself 
again, the result is a cube number. In the examples above 1, 8, 
27 and 64 are all cube numbers. 

• Factors 
The factors of 12 are all the numbers which will divide exactly 
into 12. i.e . I , 2, 3.4, 6 and 12. 

• 
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Exercise 1.2 1. List all the factors of the following numbers: 

a) 6 
0 36 

b) 9 
g) 35 

• Prime factors 

c) 7 
h) 25 

The factors of 12 are I. 2, 3, 4 . 6 and 12. 

d) 15 
i) 42 

e) 24 
i) 100 

Ofthese.2 and3 are prime numbers, so2and 3 are the prime 
factors of 12. 

Exercise 1.3 1. List the prime factors of the following numbers: 

a) 15 
f) 13 

b) 18 
g) 33 

c) 24 
h) 35 

d) 16 
i) 70 

e) 20 
j) 56 

An easy way to find prime factors is to divide by the prime 
numbers in order. smallest first. 

Wo rked examples a) Find the prime factors of 18 and express it as a product of 
prime numbers: 

18=2 X3 x 3or2X )2 

b) Find the prime factors of24 and express it as a product of 
prime numbers: 

24 

2 12 

2 6 

2 3 

3 I 

24=2 X2 X2 X3or 23 X3 

c) Find the prime factors of75 and express it as a product of 
prime numbers: 

75 

25 

75 =3 X5 X 5or 3X 52 
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Exercise I .4 1. Find the prime factors of the following numbers and express 
them as a product of prime numbers: 

a) 12 
0 56 

b) 32 
g) 45 

c) 36 
h) 39 

d) 40 
i) 231 

e) 44 
i) 63 

• Highest common factor 
The prime factors of 12 are 2 X 2 X 3. 
The prime factors of 18 are 2 X 3 X 3. 

So the highest common factor (HCF) can be seen by 
inspection to be 2 X 3, i.e. 6. 

• Multiples 
Multiples of 5 are 5, 10, 15, 20, e tc. 

The lowest common multiple (LCM) of 2 and 3 is 6, since 
6 is the smallest number divisible by 2 and 3. 

The LCM of 3 and 5 is 15. 
The LCM of 6 and 10 is 30. 

Exercise 1.5 l. Find the H CF of the following numbers: 

a) 8,12 
d) 15,2 1,27 
g) 32,56, 72 
j) 60,144 

b) 10,25 
e) 36,63, 108 
h) 39,52 

2. Find the LCM of the following: 

c) 12, 18.24 
I) 22,110 
i) 34,51,68 

a) 6,14 b) 4,15 c) 2,7,10 d) 3,9,10 
e) 6,8,20 I) 3,5, 7 g) 4,5, 10 h) 3, 7, 11 
i) 6, 10, 16 j) 25,40, 100 

• Rational and irrational numbers 
A rntional 1111111ber is any number which can be expressed as a 
fracti on. Examples of some rational numbers and how they can 
be expressed as a fraction are shown below: 

o.2=i o.3=fu 7=f 1.53=~ o.2=% 
An irrntionul 1111mber cannot be expressed as a fraction. 
Examples of irrational numbers include: 

'/2, '/5, 6 - "/3, • 
In summary: 
Rational numbers include: 
• whole numbers, 
• fractions , 
• rec urring decimals, 
• tenninating decimals. 

• 
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Irrational numbe rs include : 
• the square root of any number o ther than square numbers, 
• a decimal which ne ither repeats nor terminates (e .g. rr) . 

Exercise 1.6 1. For each of the numbers shown below state whether it is 
rational or irrational: 

a) 1.3 

d) -2{ 

g) "/7 

b) 0.6 

c) '/25 
h) 0.625 

c) V3 
0 Vs 
i) a.ii 

2. For each of the numbers shown below state whether it is 
rational or irrational: 

a) '/2 X ',J3 

d) ,JJ. 
'/2 

b) '/2+ V3 

c) 2',/5 
2'/20 

c) ('/2 X ',/J)' 

f ) 4 + (Vo- 4) 

3. In each of the following decide whether the quantity 
required is rational or irrational. Give reasons for your ·) b)o c)~ dG 

3cm ~ 4cm 

~ ,/ncm 

4cm 

The length of the diagonal The circumference 
of the circle 

• Square roots 

The side length of 
the square 

The sq uare on the le ft contains 16 squares. It has sides of length 
4 units. 

So the square root of 16 is 4. 

This can be written as {i6 = 4. 

Note that 4 X 4 is 16 so 4 is the square root of 16. 

However, -4 X -4 is also 16 so -4 is also the sq uare root of 16. 

By convention. {16 means 'the positive sq uare root of 16' so 

{i6 = 4 but the square root of 16 is ±4 i.e. +4 or -4. 

Note that -16 has no square root since any integer squared is 
positive . 



Exercise 1.7 
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[. Find the following: 

,) {is b) ,r, c) {49 d) {ioo 
,) ym f) Vl69 g) \lom h) VM4 
i) yam j) '/o25 

2. Use the A.J key o n your calculator to check your answers to 
question 1. 

3. Calculate the fo llowing: 

a) {f b) ~ 
e)~ f)~ 

i) Y2', j) yij 

c)~ 

g)~ 

d) ~ 
h) ~ 

Exercise 1.8 • Using a graph 

I. Copy and complete the table below for the equation y = ,Jx. 

I: I, I' 1 · 1 · I "l"l"l"lt' I '" I 
Plot the graph of y = {i. Use your graph to find the 
approximate values of the fo llowing: 

,) Y35 b) '/45 c) ',J55 d) V60 ,) '/2 
2. Check your answers to question I above by using the 

A.J key on a calculator. 

• Cube roots 
The cube below has sides of2 units and occupies 8 cubic units 
of space. (That is. 2 X 2 X 2.) 

So the cube root of 8 is 2. 

This can be written as VB= 2. 

V is read as ' the cube root of .. 

v&i is4.since4 X 4 X 4 = 64. 

Note that~ is not -4 

since -4 X -4 X -4 = -64 

but M4 is-4. 

• 
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Exercise 1.9 1. Find the fo llowing cube roots : 

a) vs b) ms c) Y27 d) '/omi 
c) ~ V216 g) ,(/iooo h) ~1000000 

'Fs j) /.Fi, k) 1Fwoo 'Fi 

• Directed numbers 

Worked example The diagram above shows the scale of a thermometer. The 
temperature at 0400was -3 °C. By 0900 the temperature had 
risen by 8 °C. What was the temperature at 0900? 

(-3)° + (8)° = (5)° 

Exercise 1. 10 1. The highest temperature ever recorded was in Libya. It was 
58 °C. The lowest temperat ure ever recorded was -88 °C in 
Antarctica. What is the temperature difference? 

2. My bank account shows a credit balance of $105. Describe 
my ba lance as a positive or negative number after each of 
these transactions is made in seq uence: 

a) re nt $140 
c) 1 week'ssalary$230 
e) credit transfer $250 

b) car insurance$283 
d) food bill $72 

3. The roof ofan apartment block is 130m above ground level. 
The car park beneath the apartment is 35 m below ground 
level. How high is the roof above the fl oor of the car park? 

4. A submarine is at a depth of 165m. If the ocean floor is 
860 m fr om the surface. how far is the submarine fr om the 
ocean fl oor? 
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Student assessm ent I 

1. State whether the following numbers are rational or 
irrational: 

a) 1.5 

d) o.73 
b) '/7 
c) yt21 

c) o.7 

0 rr 

2. Show, by expressing them as fractions or whole numbers, 
that the following numbers are rational: 

a) 0.625 b) Vl7 c) 0.44 

3. Find the value of: 

a) 92 b) 152 c) (0.2)2 d) (0.7)2 

4. Calculate: 

a) (3.5) 2 b) (4.1)' c) (0.15)2 

5. Without using a calculator, find: 

b) '/OD! c) V(l8l 

c) vsJ, ~ 
6. Without using a calculator, find: 

a) 41 b) (0.1 )1 c) (W 
7. Without using a calculator, find: 

a) Vl.7 b) '¥1000000 c) Wfs 
8. My bank statement for seven days in October is shown 

below: 

Date Payments($) Receipts($) Balance($) 

0 1/ 10 200 

02/IO 284 (a) 

03/ 10 175 (b) 

04101 (c) 46 

05/10 (d) 120 

06/10 163 l•I 
07/ 10 28 IQ 

Copy and complete the statement by entering the amounts 
(a) to (0 . 

• 
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• 

• Approximation 
In many instances exact numbers are not necessary or even 
desirable. In those circumsta nces approximations are given. 
The approximations can take several forms. The common types 
of approximation are dealt with below. 

• Rounding 
If28 617 people attend a gymnastics competition, this figure can 
be reported to various levels of accuracy. 

To the nearest 10 OCJO this fi gure would be rounded up 
to 30000. 
To the nearest J(X)() the figure would be rounded up 
102900). 
To the nearest 100 the figure would be rounded down 
to 28 600. 

In this type of situation it is unlikely that the exact number 
would be reported. 

Exercise 2. I I. Round the following numbers to the nearest 1000: 

a) 68786 
d) 4020 

b) 74245 
e) 99 500 

c) 89000 
f) 999999 

2. Round the following numbers to the nearest 100: 

a) 78540 
d) 8084 

b) 6858 
e) 950 

c) 14099 
f) 2984 

3. Round the following numbers to the nearest 10: 

a) 485 
d) 83 

Decimal places 

b) 692 
e) 4 

c) 8847 
f) 997 

A nwuber can also be approximated to a given number of 
decimal places (d.p.) . This refers to the number of digits written 
after a decimal point. 

Worked examples u) Write 7.864 to 1 d.p. 
The answer needs to be written with one digit after the 
decimal point. However, to do this. the second digit after the 
decimal point also needs to be considered. !fit is 5 or more 
then the first digit is rounded up. 

i.e . 7.864 is written as 7.9 to I d.p . 
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b) Write 5.574 to 2 d.p. 
The answer here is to be given with two digits aft er the 
decimal point. In this case the third digit aft er the decimal 
point needs to be considered. As the third digit afte r the 
decimal point is less than 5. the second digit is not 
rounded up. 

i.e . 5.574 is written as 5.57 to 2 d.p. 

Exercise 2.2 1. Give the following to 1 d.p. 

a) 5.58 b) 0.73 
d) 157.39 e) 4.04 
g) 2.95 h) 0.98 

2. Give the following to 2 d.p. 

a) 6.473 b) 9.587 
d) 0.088 e) 0.014 
g) 99.996 h) 0.0048 

Significant figures 

c) 11.86 
f) 15 .045 
i) 12.049 

c) 16.476 
f) 9.3048 
i) 3.0037 

Numbers can also be approximated to a given nwnber of 
significant fi gures (s.f.). In the number 43.25 the 4 is the most 
significant figure as it has a value of 40. In contrast, the 5 is the 
least significant as it only has a value of 5 hundredths. 

Worked e..rumplei· a) Write 43.25 to 3 s.f. 
Only the three most significant digits are written, however 
the fo urth digit needs to be considered to see whether the 
third digit is to be rounded up or not. 

i.e . 43.25 is written as 43.3 to 3 s.f. 

b) Write 0.0043 to I s.f. 
In this example only two digits have any significance , the 4 
and the 3. The 4 is the most significant and therefore is the 
only one of the two to be written in the answer. 

i.e . 0.0043 is written as 0.004 to 1 s.f. 

Exercise 2.3 l. Write the fo llowing to the number of significant fi gures 
written in brackets : 

a) 48599(1 s.f.) b) 48599(3s.f.) c) 6841 (! s.f.) 
d) 7538 (2 s.f.) e) 483.7 (! s.f.) f ) 2.5728 (3 s.f.) 
g) 990 (! s.f.) h) 2045 (2 s.f.) i) 14.952 (3 s.f.) 

2. Write the following to the number of significant figures 
writte n in brackets: 

a) 0.085 62 (1 s.f.) b) 0.5932 (! s.f. ) c) 0.942 (2 s.f.) 
d) 0.954 (1 s.f.) e) 0.954 (2 s.f.) f ) 0.003 05 (I s.f.) 
g) 0.003 05 (2 s.f.) h) 0.009 73 (2 s.f.) i) 0.009 73 (! s.f.) 

• 
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• Appropriate accuracy 
In many instances calcul ations carried out using a calculator 
produce answers which are not whole numbers. A calc ulator 
will give the answer to as many decimal places as will fit on its 
scree n. In most cases this degree of accuracy is neither desirable 
nor necessary. Unless specifically asked for. answers should 
not be given to more than two decimal places. Indeed, one 
decimal place is usually sufficient. In the examination, you will 
usually be asked to give yo ur answers exactly or correct to three 
significant fi gures as appropriate; answers in degrees to be given 
to one decimal place. 

Worked e..mmple Calculate 4.64 + 2.3 giving yo ur answer to an appropriate 
degree of accuracy. 

The calculator will give the answer to 4.64 + 2.3 as 2.0173913. 
However the answer given to I d.p. is sufficient. 
Therefore 4.64 + 2.3 = 2.0 (! d.p.). 

• Estimating answers to calculations 
Even though many calculations can be done quickly and 
effectively on a calculator, often an estimate for an answer can be 
a useful check. This is done by rounding each of the numbers in 
such a way that the calculation becomes relatively straightforward. 

Worked examples a) Estimate the answer to 57 X 246. 

Here are two possibilities: 
i) 60 X 200 = 12 OOO, 
ii ) 50 X 250 = 12 500. 

b) Estimate the answer to 6386 + 27. 

6000 + 30 = 200. 

Exercise 2.4 1. Calculate the following. giving your answer to an 
appropriate degree of accuracy: 
a) 23.456 x 17 .89 b) 0.4 x 12.62 c) 18 x 9.24 
d) 76.24 + 3.2 e) 7.62 f) 16.421 

g) 2.3 x
4 

3.37 h) ~:~~ i) 92 + 42 

2. Without using a calculator. estimate the answers to the 
following: 
a) 62 x 19 b) 270 x 12 c) 55 x 60 
d) 4950 X 28 e) 0.8 X 0.95 f ) 0.184 X 475 

3. Without using a calculator. estimate the answers to the 
following: 
a) 3946 + 18 b) 8287 + 42 c) 905 + 27 
d) 5520 + 13 e) 48 + 0.12 f) 610 + 0.22 
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4. Without using a calculator, es timate the answers to the 
following: 
a) 78.45 + 51.02 b) 168.3 - 87.09 c) 2.93 X 3.14 

d) 84.2 + 19.5 e) 
43

1
; _;

52 
f) ~ 

5. Using estimation. identify which of the following are 
definitely incorrect. Explain your reasoning clearly. 
a) 95X212=20140 b) 44X 17=748 
c) 689 X 413 = 28 457 d) 142 656 + 8 = 17 832 
e) 77.9 X 22.6 = 2512.54 

f) 
8

.4~.; 
46 

= 19 366 

6. Estimate the shaded areas of the following shapes. Do not 
work o ut an exact answer. 

a) ----11.2m_______.. b) --c-------9.7m-----

~~I+ t 'r 
c) ------28.Scm---

+ CJ I+ 
7. Estimate the volume of each of the solids below. Do not 

work o ut an exact answer. 

a) / - - 10.scm-----... 

7 /]'f'm 
I I/ 

c) 

1 
u .;~ c;;Jl --~ / 

~--~---~.::; ./.,J1cm 

----38cm--- • 
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• Upper and lower bounds 
Numbers can be written to different degrees of accuracy. For 
example 4.5, 4.50 and 4.500, although appearing to represent 
the same number, do not. This is because they are written to 
different degrees of accuracy. 

4.5 is rounded to one decimal place and therefore any 
number from 4.45 up to but not including 4.55 would be 
rounded to 4.5. On a number line this would be represented as: 

As an ineq uality where x represents the number it would be 
expressed as 

4.45 ,,s;; x < 4.55 

4.45 is known as the lower bound of 4.5, whilst 4.55 is known as 
the upper bound. 

Note that ~ implies that the number is not 
included in the solution whilst ...........,._ implies that the 
number is included in the solution. 

4.50 on the other hand is written to two decimal places and 
therefore only numbers from 4.495 up to but not including 
4.505 would be rounded to 4.50. This therefore represents a 
much smaller range of numbers than that being rounded to 4.5. 
Similarly the range of numbers being rounded to 4.500 would 
be eve n smaller. 

Worked e..mmple A girl's height is given as 162 cm to the neares t centimetre . 

i) Work o ut the lower and upper bounds within which her 
height can lie. 

Lower bound = 161.5 cm 
Upper bound = 162.5 cm 

ii) Represent this range of numbers on a number line. 

iii) If the girl's height is h cm, express this range as an 
ineq uality. 

161.5 ,,s;;h < 162.5 
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Exercise 2.5 1. Each of the fo11owing numbers is expressed to the nearest 
whole number. 
i) Give the upper and lower bounds of each. 
ii) Usingx as the number,express the range in which the 

number lies as an inequality. 
a) 6 b) 83 c) 152 
d) J()(X) e) 100 

2. Each of the following numbers is correct to one decimal 
place. 
i) Give the upper and lower bounds of each. 
ii) Usingx as the number. express the range in which the 

number lies as an inequality. 
a) 3.8 b) 15.6 c) 1.0 
d) 10.0 e) 0.3 

3. Each of the following numbers is correct to two significant 
figures. 
i) Give the upper and lower bounds of each. 
ii) Usingx as the number. express the range in which the 

number lies as an inequality. 
a) 4.2 b) 0.84 c) 420 
d) 5()(X) e) 0.045 f) 25()(X) 

4. TI1e mass of a sack of vegetables is give n as 5.4 kg. 
a) 111ustrate the lower and upper bounds of the mass on a 

number line . 
b) Using M kg for the mass, express the range of values in 

which M must lie, as an ineq uality. 

5. At a school sports day, the winning time for the JOO m race 
was given as 11.8 seconds. 
a) Illustrate the lower and upper bounds of the time on a 

number line . 
b) Using T seconds for the time.express the range of 

values in which Tmust lie, as an ineq uality. 

6. llie capacity of a swimmin g pool is given as 620 m3 correct 
to two significant figures. 
a) Calculate the lower and upper bounds of the pool's 

capacity. 
b) Using x cubic metres for the capacity, express the range 

of values in whichx must lie, as an inequality. 

7. A farmer measures the dimensions of his rectangular fi eld 
to the nearest 10 m. The length is recorded as 630 m and the 
width is recorded as 400 m. 
a) Calculate the lower and upper bounds of the length. 
b) Using Wmetres for the width,express the range of 

values in which W must lie, as an ineq uality . 

• 
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• Calculating with upper and lower bounds 
When numbers are writte n to a specific degree of accuracy, 
calculations involving those numbers also give a range of 
possible answers. 

Worked examples a) Calc ulate the upper and lower bounds for the following 
calculation. given that each number is given to the nearest 
whole number. 

34 X 65 

34 lies in the range 33.5,,,;;; x < 34.5 . 
65 lies in the range 64.5,,,;;; x < 65.5 . 

The lower bound of the calculation is obtained by 
multiplying together the two lower bo unds. ll1erefore the 
minimum product is 33.5 X 64.5, i.e . 2160.75 . 

The upper bound of the calculation is obtained by 
multiplying together the two upper bounds. Therefore the 
maximum product is 34.5 X 65.5, i.e . 2259.75 . 

b) Calculate the upper and lower bounds to~~:~ given that 

each of the numbers is accurate to I d.p. 

33.5 lies in the range 33.45,,,;;; x < 33.55 . 
22.0 lies in the range 2J .95,,,;;; x < 22.05 . 

The lower bound of the calculation is obtained by dividing 
the lowe r bound of the numerator by the upper bound of 
the denominator. So the minimum value is 33.45 + 22.05. 
i.e . l.52(2d .p.). 

The upper bound of the calculation is obtained by dividing 
the upper bound of the numerator by the lower bound of 
the denominator. So the maximum value is 33.55 + 21.95. 
i.e .1.53(2d.p.). 

Exercise 2.6 1. Calculate lower and upper bounds for the following 
calcula tions, if each of the numbers is given to the nearest 
whole number. 
a) 14XW b)l"X25 tj IOOX50 

d) °* e) IT f) W-
\2 X 65 

g) - 1,-

j) y 
h) 1016; 28 

k) ):822 

250 X 7 
1ixl 

1000 
4 x(3 + 8) 
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2. Calculate lower and upper bounds for the following 
calculations, if each of the numbers is given to 1 d.p. 
a) 2.1 + 4.7 b) 6.3 X 4.8 c) 10.0 X 14.9 

d) 17 .6 - 4.2 e) 8.56: /6 f) 7.73~56.2 

g) (3~~ ~~~;) 2 h) (50.~~4~.0)2 i) (0.1 - 0.2)2 

3. Calculate lower and upper bounds for the following 
calculations, if each of the numbers is given to 2 s.f. 
a) 64 x 320 b) 1.7 x 0.65 c) 4800 x 240 

d) 5!;J° e) o~;l f) ¥z 
g) 

6
·~;0

42 
h) (4.s

1
~6.0) i) (7.J~~.5) 

Exercise 2. 7 I. The masses to the nearest 0.5 kg of two parcels are 1.5 kg 
and 2.5 kg. Calculate the lower and upper bounds of their 
combined mass. 

2. Calculate upper and lower bounds for the perimeter of t he 
rectangle shown (below), if its dimensions are correct to 
l d.p. 

6.8cm []42,m 
3. Calculate upper and lower bounds for the perimeter of the 

rectangle show n (below), whose dimensions are accurate to 
2d.p. 

4. Calculate upper and lower bounds for the area of t he 
rectangle shown (below), if its dimensions are accurate to 
l d.p. 

• 
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5. Calculate uppe r and lower bounds for the area of the 
rectangle shown (below), whose dimensions are correct to 
2s.f. 

6. Calculate upper and lower bounds for the length marked 
x cm in the rectangle (below) . The area and length are 
both given to 1 d.p. 

7. Calculate the upper and lower bounds for the length 
marked x cm in the rectangle (below). The area and le ngth 
are both accurate to 2 s.f. 

E} 
8. The radius of the circle shown (below) is given to I d.p. 

Calculate the upper and lower bounds of: 
a) thecircumference, 
b) the area. 

G 
9. The area of the circle shown (below) is given to 2 s.f. 

Calculate the upper and lower bounds of: 
a) the radius. 
b)thecircumfcrenc~ 

' ,~::, ) 
0 
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10. ll1e mass of a cube o f side 2 cm is given as 100 g. The I 
side is accurate to the nearest millimetre and the mass 
accurate to the nearest gram. Calculate the maximum and 
minimum possible values for the density of the material 
(density= mass+ volume). 

11. The distance to the nearest 100 (X)() km fr om Earth to 
the moon is given as 400 (X)() km. The average speed to 
the nearest 500 km/h of a rocket to the moon is given as 
3500 km/h. Calculate the greatest and least time it could 
take the rocket to reach the moon. 

Student assessment I 

I. Round the following numbers to the degree of accuracy 
shown in brackets: 
a) 2841 (nearest 100) b) 7286 (nearest 10) 
c) 48 756 (nearest lCXJO) d) 951 (nearest 100) 

2. Round the following numbers to the number of decimal 
places shown in brackets: 
a) 3.84(1 d.p. ) 
c) 0.8526 (2 d.p.) 
e) 9.954 (1 d.p.) 

b) 6.792 (1 d.p.) 
d) 1.5849(2d.p.) 
f) 0.0077 (3d.p.) 

3. Round the following numbers to the number of significant 
figures shown in brackets: 
a) 3.84(1 s.f. ) 
c) 0.7765 (1 s.f.) 
e) 834.97 (2 s.f.) 

b) 6.792(2s.f.) 
d) 9.624 (1 s.f.) 
f) 0.00451 (1 s.f.) 

4. 1 mile is 1760 yards. Estimate the number of yards in 
11.5 miles. 

5. Estimate the shaded area of the fi gure below: 

~ 1 
~ l 

6. Estimate the answers to the following. Do not work out an 

a) 5.3;.t2 b)~ c) (~~;~2x};~~J;2 
7. A cuboid's dimensions are given as 12.32 cm by 1.8cm by 

4.16 cm. Calculate its volume, giving your answer to an 
appropriate degree of accuracy. 
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Student assessment 2 

1. The following numbers are expressed to the nearest whole 
number. Illustrate on a number line the range in which each 
must lie. 
a) 7 b) 40 c) 300 d) 2000 

2. The following numbers are expressed correct to two 
significant figures. Representing each number by the 
le tte r x. express the range in which each must lie, us ing an 
ineq ualit y. 
a) 210 b) 64 c) 3.0 d) 0.88 

3. A school meas ures the dimensions of its rectangular playing 
field to the nearest metre. The length was recorded as 
350 m and the width as 200 m. Express the range in which 
the length and width lie using ineq ualities. 

4. A boy's mass was meas ured to the nearest 0.1 kg. If his mass 
was recorded as 58.9 kg, illustrate on a number line the 
range within which it must lie. 

5. An electronic clock is accurate to -yJu of a second. The 
duration of a flash fr om a camera is timed at 0.004 seconds. 
Express the upper and lower bounds of the duration of the 
flash using ineq ualities. 

6. The fo11owing numbers are rounded to the degree of 
accuracy shown in brackets. Express the lower and upper 
bounds of these numbers as an inequality. 
a) X = 4.83 (2 d.p.) b) y = 5.05 (2 d.p.) 
c) z = 10.0 (1 d.p.) d) p = 100.00 (2 d.p.) 

Student assessment 3 

1. Calculate the upper and lower bounds of the following 
ca lculations given that each number is written to the nearest 
whole number. 

a) 20 X50 

d) 1\x/3 

b) 100 X 63 

e) ~7; ; 
c)-¥o-
f ) 8xf~;'"6) 

2. In the rectangle (below) both dimensions are given to I d.p. 
Calculate the upper and lower bounds for the area . 
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3. An eq uilateral triangle has sides of length 4 cm correct to 
the nearest whole number. Calculate the upper and lower 
bounds for the perimeter of the triangle. 

4. The height to 1 d.p. of a room is given as 3.0 m. A door 
to the room has a height to 1 d.p. of 2.1 m. Write as an 
ineq uality the upper and lower bounds for the gap between 
the top of the door and the ceiling. 

t 1 1n t 
ruJ 

5. The mass of 85 oranges is given as 40 kg correct to 2 s.f. 
Calculate the lower and upper bounds for the average mass 
of one orange . 

Student assessment 4 

1. Five boys have a mass, given to the nearest 10 kg, of: 40 kg, 
50 kg, 50 kg, 60 kg and 80 kg. Calculate the least possible 
to tal mass. 

2. A water tank measures 30 cm by 50 cm by 20 cm. If each 
of these meas urements is given to the nearest centimetre, 
calculate the largest possible volume of the tank. 

3. The volume of a cube is given as 125 cm1 to the nearest 
whole number. 
a) Express as an inequality the upper and lower bounds of 

the cube's volume. 
b) Express as an ineq uality the upper and lower bounds of 

the length of each of t he cube's edges. 

4. The radius of a circle is given as 4.00 cm to 2 d.p. Express as 
an inequality the upper and lower bounds for: 
a) the circum fe rence of the circle. 
b) theareaof thecircle. 

5. A cylindrical water tank has a volume of 6000 cm1 correct 
to 1 s.f. A full cup of water fr om the tank has a volume of 
300 cm1 correct to 2 s.f. Calculate the maximum number of 
full cups of water that can be drawn fr om the tank. 

6. A match measures 5 cm to the nearest centimetre. 100 
matches e nd to end measure 5.43 m correct to 3 s.f. 
a) Calculate the upper and lower limits of the length of one 

match. 
b) How can the limits of the le ngth o fa match be found to 

2d.p.? • 



0 Calculations and order 

• 

• Ordering 
The following symbols have a specific meaning in mathematics: 

= is equal to 
"'F is not equal to 
> is greaterthan 
;;;,: is greate r than or equal to 
< is less than 
~ is less than or equal to 

x;. 3 implies that x is greate r than or eq ual to 3, i.e . x can be 3, 
4,4.2,5.5.6,etc. 
3 ,.,:; x imp I ies that 3 is less than or equal to x , i.e . . t is still 3, 4. 
4.2,5,5.6,etc. 

Therefore : 

5 > x can be rewritten as x < 5, i.e . x can be 4. 3.2, 3, 2.8, 2, I, e tc. 
-7,;;; x can be rewritten asx"" -7. i.e . . t can be -7. -6, -5. 

These ineq ualities can also be represented on a number line: 

Note that ~ implies that the number is not 
included in the solution whilst ............._ implies that the 
number is included in the solution. 

Worked examples a) The maximum number of players from one football team 
allowed on the pitch at any one time is e leven. Represent 
this information: 
i) asan ineq uality, 
ii ) on a number line . 

i) Let the number of players be represented by the letter 
n. n must be less than or equal to 11 . l11erefore n ,,,:;; 11. 

ii ) 

b) The maximum number of players from one football team 
allowed on the pitch at any one time is e leven. The minimum 
allowed is seven players. Represent this information: 
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i) asan ineq uality. 
ii ) on a number line. 

i) Let the number of players be represented by the letter 
n. n must be greater than or equal to 7. but less than or 
eq ual to II. 

Therefore? ,.,-;n ,.,-; II. 

ii ) 

Exercise 3. 1 1. Copy each of the fo11owing statements. and insert one of 
the symbols=,>,< into the space to make the statement 
correct: 
a) 7 X 2 ... 8 + 7 
c) 5 X 10 ... ?2 
e) IOOOlitres .. I m1 

b) 62 
... 9 X 4 

d)SOcm .. lm 
f) 48+6 .. 54+9 

2. Represent each of the following ineq ualities on a number 
line,wherex isa realnumber: 
a) x <2 b) x ""3 
c) x,.,-;-4 d) x""-2 
e) 2<x<5 f) -3<x<0 
g) -2,,s:x<2 h) 2""x;.-I 

3. Write down the ineq ualities which correspond to the 
following number lines: 

a) 

4. Write the following sentences using ineq uality signs. 
a) The maximum capacity of an athletics stadium is 20 OOO 

people. 
b) In a class the ta11est student is 180 cm and the shortest is 

135cm. 
c) Five times a numberplus3 is less than 20. 
d) The maximum temperature in May was 25 °C. 
e) A farmer has between 350a nd 400apples on each tree 

in his orchard. 
f ) In December temperatures in Ke nya were between 

II °C and28 °C. 

• 
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Exercise 3.2 1. Write the fo11owing decimals in order of magnitude. starting 
with the smalles t: 

6.0 0.6 0.66 0.606 0.()5 6.6 6.606 

2. Write the following fractions in order of magnitude, starting 
with the larges t: 

1 1 6 4 7 2 
------
2 3 13 5 18 19 

3. Write the following lengths in order of magnitude, starting 
with the smallest: 

2 m 60cm 800 mm 180cm 0.75 m 

4. Write the following masses in order of magnitude, starting 
with the larges t: 

4 kg 3500g { kg 700g 1kg 

5. Write the fo11owing volumes in order of magnitude. starting 
with the smallest: 

11 430ml 800cmJ 120cl 150cmJ 

• The o rder of operations 
When carrying out calculations, care must be taken to ensure 
that they are carried out in the correct order. 

Worketl e..rumple~· a) Use a scientific calculator to work o ut the answer to the 
fo llowing: 

2 + 3 X 4:: 

[,] El [iJ ~ [4J 0 14 

b) Use a scie ntific calculator to work out the answer to the 
following: 

(2 + 3) X 4 = 
[I] [2J El [iJ III 0 [4J B 20 

The reason why different answers are obtained is because, by 
convention, the operations have different priorities. These are 
as follows: 

(1) brackets 
(2) multiplication/division 
(3) addition/subtraction 

Therefore in Worked e..mmple a) 3 X 4 is evaluated first, and 
then the 2 is added, whilst in Worked example b) (2 + 3) is 
evaluated first, followed by multiplication by 4 . 
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Exercise 3.3 In the following questions. evaluate the answers: 

i) in yourhead, 
ii) using a scientific calculator. 

I. a) 8 X 3 + 2 
c) 12 X 4 - 6 
e) 10- 6 + 3 

2. a) 7 X 2 + 3 X 2 
c) 9 + 3 X 8- I 
e) 14 X 2 - 16 + 2 

3. a) (4 + 5) X 3 
c) 3 X (8 +3) -3 
e) 4 X 3 X (7 + 5) 

b)4+2+8 
d) 4+6X2 
f ) 6- 3 X 4 

b) 12+3+6X5 
d) 36-9+3-2 
f) 4 + 3 X 7 - 6 + 3 

b) 8 X (12 - 4) 
d) (4 + 11)+ (7-2) 
f) 24 + 3 + (10 - 5) 

Exercise 3.4 In each of the following questions: 

Copy the calculation and put in any brackets which are 
needed to make it correct. 

ii) Check your answer using a scientific calculator. 

I. a) 6 X 2 + 1 = 18 
c) 8 + 6 + 2 = 7 
e) 9 + 3 X 4 + I = 13 

2. a) 12 + 4 - 2 + 6 = 7 
c) 12+4-2+6=-5 
e) 4+5X6-1=33 
g) 4 +5 X6- 1 =53 

b) I + 3 X 5 = 16 
d) 9+2X4=44 
f) 3+2X4-1=15 

b) 12+4-2+6=12 
d) 12 + 4 - 2 + 6 = 1.5 
f) 4 + 5 X 6 - I = 29 
h) 4 + 5 X 6 - I = 45 

It is important to use brackets when dealing with more complex 
calculations. 

Worked exumplei· a) Evaluate the following using a scientific calculator: 

12 +9 
To=) 

OJ OJ 0 El [,] ITJ El OJ OJ [oJ B [,] ITJ B , 
b) Evaluate the following using a scientific calculator: 

III 0 [oJ El OJ 0 ITJ B [4J l2l B , 

• 
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c) Evaluate the following using a scientific calculator: 

4' 

III [,] [oJ G [I] [a] ITl EHII IZl [I] G 2 

Note : different types of calculator have diffe rent ' to the power 
of' buttons. 

Exercise 3.5 Using a scientific calculator, evaluate the following: 

I. a) 9! 3 

c) 40 + 9 
12 - 5 

e) ICX)1i 21 + 4x3 

Student assessment I 

b) 350; ; 

b) 32 1 42 

d)~+ 2 

f ) (6 + ~J x 4 _ 2x3 

L Write the in formation on the following number lines as 
inequalities: 
, ) ~c--~-----,,-~~~~~~ .... ~~-
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2. Illustrate each of the fol lowing inequalities on a number 
line: 
a) x~3 b) x <4 
c) 0<x<4 d) -3,;;;x<l 

3. Write the following fractions in order of magnitude, starting 
withthesma11est : 

4 3 9 I 2 
- - - - -
7 14 10 2 5 

Student assessment 2 

I. Evaluate the following: 
a) 6 X 8 - 4 
c) 3X3+4X4 
e) (5 + 2) X 7 

b) 3 + 5 X 2 
d) 3+3X4+4 
f) 18+2 +(5 -2) 

2. Copy the following, if necessary putting in brackets to make 
the statement correct: 
a) 7 - 4 X 2 = 6 
c) 5+5X6-4=20 

b) 12+3X3+4=33 
d) 5+5X6-4=56 

3. Evaluate the following using a calculator: 

24 - J2 
a) - 2 -

Student assessment 3 

I. Evaluate the following: 
a) 3 X 9-7 
c) 3+4+2X4 
e) (5 + 2) + 7 

b) (8 - ~)x3 + 7 

b) 12+6+2 
d) 6+3X4-5 
f) 14 X 2 + (9 - 2) 

2. Copy the following. if necessary putting in brackets to make 
the statement correct: 
a) 7-5 X3 = 6 
c) 4 +5 X6- I =45 

b) 16+4X2+4=40 
d) 1 +5X6-6=30 

3. Using a calculator. evaluate the following: 

33 _ 4i 
a) - 2 - b) (15 - ~) --a- 3 + 7 

0 
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Integers, fractions, decimals 
and percentages 

• Fractions 
A single unit can be broken int o eq ual parts called fracti ons, 

' '' e.g. -,:,J,i,· 

If, for example, the unit is broken int o ten eq ual parts and 
three parts are then taken, the fraction is written as fu. That is, 
three parts o ut of ten parts. 

In the fraction ft{ 
The ten is called the denominator. 
ll1e three is called the 1111111erator. 
A p':°per frncti~n has its numerator less than its 

denom1nator, e .g.4. 
. An im1~roper fract~o11 has its numerator more than 
its denmmnator, e.g. 2· 

A mixed number is made up of a whole number and 
a proper fraction, e.g. 4. 

Worked examples a) Find i of 35. 

This means 'divide 35 int o 5 eq ual parts ' . 

} of35 is3S + 5 = 7. 

b) Fin d i" of 35 . 

Sincei of35 is7, i" of35 is7 X3. 

That is,21. 

Exercise 4. I I. Evaluate the following: 

a) {ofl2 b) .;.of20 

e) if or66 f) fciof 80 

i) iof240 i) {of65 

c) iof45 

g) 4of42 

d) -i-of 64 

h) jof54 

Changing a mixed numbe r to an imprope r fraction 

Worketl example~· a) Change 3-i- into an improper fraction. 

3{ =~+i 
_ 24 + 5 - ----.-
" T 

b) Change¥- into a mixed number. 

27 _ 24+3 
4 -------i-

=-¥- +i 
=6f 
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Exercise 4.2 1. Change the following mixed numbers into improper 
fr actions: 

Exercise 4.3 

a) 4J 
e) ~ 

i) sif 

b) ~ 

f) '4 
j) 7{ 

d) 2t 

h) 4! 

l) 11-fr 

2. Change the following improper fractions into mixed 
numbers. 

,) " b) " c) " ' ' ' ,) " f) " g) .. • IT --,-

" j) n -,- IT 

• Decimals 

3.27 is 3 units, 2 tenths and 7 hundredths 

i.e. 3.27 = 3 + fo + 4 
0.038 is 3 hundredths a nd 8 thousandths 

i.e. 0.038= tfu + «fu-

d) 

h) 

Note that 2 tenths and 7 hundredths is eq uivale nt to 
27 hundredths 

i.e.fo+T&i"=& 

" T 
n 
w 

and that 3 hundredths and 8 tho usandths is eq uivalent to 
38 tho usandths 

i.e.1fij+«fu-=~ 

I. Write the fo llowing fractions as decimals: 

,) 4Jt b) 6fo c) 17fu d) 34 
,) ," jjjj f ) II~ g) 4«ixi h) 5~ 

4~ j) ~ 



Number 

2. Evaluate the following without using a ca lculator: 

a) 2.7 + 0.35 + 16.09 
c) 23.8 - 17.2 
e) 121.3 - 85.49 
g) 72.5 - 9.08 + 3.72 
i) 16.0 - 9.24 - 5.36 

• Percentages 

b) 1.44 + 0.072 + 82.3 
d) 16.9 - 5.74 
f) 6.03 + 0.5 - 1.21 
h) 100 - 32.74 - 61.2 
i) 1.1 - 0.92 - 0.005 

A fraction whose denominator is 100 can be expressed as 
a percentage. 

"ffu can be written as 29% 

-& can be written as 45% 

By using equivalent fractions to change the denominator to 100. 
other fra ctions can be written as percentages. 

Worked e..rnmpfe Change i to a percentage. 

Exercise 4.4 

i=ixi=f& 
{& can be written as 60% 

l. Express each of the fo11owing as a frn ct ion with 
denominator 100, then write them as percentages: 

a) I b) -H c) 4A d) fiJ 
e) ~ f ) ~ g) { h) } 

2. Copy and complete the table of eq uivalents below . 

Fraction Decimal Percentage 

0.2 

30% 

0.5 

60% 

0.7 

0.9 

75% 



Worked example 

Worked example 

Integers, fract ions, decimals and percentages 

• The four rules 
Addition. subtraction. multiplication and division are 
mathematical operations. 

Long multiplication 

When carrying out long multiplication, it is important to 
remember place value. 

184 X 37 I 8 4 

~ 
I 2 8 8 (184 X 7) 
i__i__1__Q (184 X 30) 
6 8 0 8 (184 X 37) 

Short division 

453 + 6 7 S r3 
6~ 

It is usual. however, to give the final answer in decimal fonn 
rather than with a remainder. The division sho uld therefore be 
continued: 

453 + 6 7 S . 5 
6~ 

Long division 

Worked example Calculate 7184 + 23 to one decimal place (I d.p.). 

3 1 2 . 3 4 

23 17 1 8 4 . 0 0 
i;_,_ 

2 8 
;2__1 

5 4 
"----6_ 

8 0 
i;_,_ 
I I 0 

Therefore 7184 + 23 = 312.3 to 1 d.p. 

Mixed operations 

When a calculation involves a mixture of operations. the order 
of the operations is important. Multiplications and divisions 
are done first, whilst additions and subtractions are done 
afterwards. T o override this. brackets need to be used. 
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Worked example~· a) 3+7X2-4 b) (3 + 7) X 2- 4 
3 + 14 - 4 10 X 2 - 4 
l3 = 20- 4 

16 

,) 3 + 7 X (2 - 4) d) (3 + 7) X (2 - 4) 
3 + 7 X (-2) 10 X (-2) 
3 - 14 -20 
-11 

Exercise 4.5 I. Evaluate the answer to each of the following: 
a) 3 + 5 X 2 - 4 b) 12 + 8 + 6 + 4 

2. Copy these equations and put brackets in the correct places 
to make them correct: 
a) 6 X 4 + 6 + 3 = 20 b) 9 - 3 X 7 + 2 = 54 

3. Without using a calculator. work o ut the solutions to the 
following multiplications: 
a) 785 X 38 b) 164 X 253 

4. Work out the remainders in the following divisions: 
a) 72 + 7 b) 430 + 9 

5. a) A length of rail track is 9 m long. How many comple te 
lengths will be needed to lay 1 km of track? 

b) How many 35 cent stamps can be bought for 10 dollars? 

6. Work out the following lo ng divisions to 1 d.p. 
a) 7892 + 7 b) 7892 + 15 

• Calculations with fractions 
Equivale nt fractions 

EJ EE ffiE 
t t I 

It sh.o u.ld be ~p';a~ent th;t l fan~ { are equival~n:/racti:s. 
Smularly. 1, 6, 9 and rrare eq uivalent , as are J, "3oand too· 

Equivalent fra ctions are mathematically the same as each 
other. In the diagrams above { is mathematically the same as t, 
However ~ is a simplified form of{. 

When carrying o ut calc ulations involving fractions it is usual 
to give your answer in its si mplest fon11. Another way of saying 
'simplest form· is ' lo11·est terms' . 



Integers, fract ions, decimals and percentages 

Worked e.rumplei· a) Write~ in its simplest form. 

Divide both the numerator and the denominator by their 
highest common factor. 

The highest common factor of both 4 and 22 is 2. 

Dividing both 4 and 22 by 2 gives if, 
Therefore if is "ti. written in its simplest form. 

b) Write~ in its lowest terms. 

Divide both the numerator and the denominator by their 
highes t common factor. 

Exercise 4.6 I. 

TI1e highest conunon factor of both 12 and 40 is 4. 

Dividing both 12 and 40 by 4 gives fo, 
TI1erefore fci is~ written in its lowest terms . 

Expffss tfe following fractions in the ir lowest te rms. 
e.g.ti, = 4 

a) -fu b) if c) -& 
d) ~ e) & f) M 

Additio n and subtraction of fractions 

For fra ctions to be either added or subtracted, the denominators 
need to be the same. 

Worked e.rnmples a) fr+ fr= fr 
c) -} + {-

= fr +i =i 

b) i +i=¥= 1t 
d) ;-{-

H-ls = ~ 
When dealing with calculations involving mixed numbers, it is 
sometimes easier to change them to improper fractions first. 

Worketl examples a) 5-i - 2-i

" " 4 -8 

., " 8-8 

=¥=31 

b) 1t+Ji 
=4-+¥ 
=~+W 
=W=s-ls 

Exercise 4. 7 Evaluate each of the following and write the answer as 
a fraction in its simplest form: 

1. a) i +; 
c) j + { 

e) ! +f 

b) + rt 
d) +i 
f) +j +{ 

• 
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2. ,) b) 

c) d) 

e) 0 

3. a) 4-4 b) ~ -to 
c) i-{ d) k--} 
e) i-1 0 i-1 + to 

4. a) 1 +{- -i b) j+ft--} 
c) ;-fci +i d) fj + j- ~ 

e) fij-{--} 0 " ' ' 9-1-i 

5. a) 2-} + }t b) ~+ 1-fo 
c) ~-3j d) si-2j 
e) si-41 0 3t- 2% 

6. a) 2-} + 1-} + 1{ b) 2{+3i+1Jt 
c) 4-}- 1-}- Ji d) ~-2{-31 
e) 2t-3i-1J 0 4i-s-}+2j 

Multiplication and division of fractions 

Worked examples a) f X i 
=~ 

=-} 

b) 3-}x4 
= t x f 
=W 
= 16 

The reciprocal of a number is obtained when 1 is divided by 
that number. TI1e reciprocal of 5 is{-, the reciprocal of -} is i, etc. 

Dividing fractions is the same as multiplying by the reciprocal. 

Worked examples a) b) 5-} +}j 
-!! .... !! 
- 2 . 3 

=¥ xif 
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Exercise 4.8 1. Write the reciprocal of each of the following: 

a) ' b) k c) ' ' ' d) 1} e) 3j 0 6 

2. Evaluate the following: 

a) i X i b) jxiu c) jx -f5 
d) {or ! e) itori f) for } 

3. Evaluate the following: 

a) i +{ b) it+ {- c) ~+fa 

d) Ij+j- e) }+ 2{ f) 1{ + 1f 
4. Evaluate the fo llowing: 

a) { X { b) ~ xj 

c) jx4x4 

e) {or { 

d) (~+j)xfo 

f ) 4+~ 

5. Evaluate the fo llowing: 

a) (!x~)+({or i) 

c) (ioq) + (~oq) 

b) (I{ X }f) - (21 +1{) 

d) (I{- X 2f)2 

• Changing a fraction to a decimal 
T o change a fraction to a decimaL divide the numerator by 
the denominator. 

Worked example~· a) Change i to a decimal. 

0 .6 2 5 
s Is .o io 40 

b) Cha nge 2{ to a decimal. 
This can be represented as 2 + f 

0 . 6 
s 13-:ci 

Therefore 2{ = 2.6 

Exercise 4. 9 1. Change the following fractions to decimals: 

a) { b) { c) ~ 

d) ~ e) {-

g) t6 h) % ' ff 
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2. Change the following mixed numbe rs to decimals: 

a) 2} b) J? c) 4i 

d) ~ e) 5j 6i 
g) 5ft h) 4i 54 

• Changing a decimal to a fraction 
Changing a decimal to a fraction is done by knowing the ·value' 
of each of the digits in any decimal. 

Worked examples a) Change 0.45 from a decimal to a fraction. 

units te nths hundredths 
4 5 

0.45 is therefore equivalent to 4 tenths and 5 hundredths, 
which in turn is th~lami as 45 hundredths. 
Therefore0.45 =1oo=20 

b) Change 2.325 fr om a decimal to a fra ction. 

units te nths hundredths thousandths 
3 2 5 

Therefore 2.325 = 2~ = 2-E-

Exercise 4. 10 1. Change the following decimals to fractions: 
a) 0.5 b) 0.7 c) 0.6 
d) 0.75 e) 0.825 f) 0.05 
g) 0.050 h) 0.402 i) 0.0002 

2. Change the following decimals to mixed numbers: 
a) 2.4 b ) 6.5 c) 8.2 
d) 3.75 e) 10.55 f) 9.204 
g) 15.455 h) 30.001 i) 1.0205 

• Recurring decimals 
In Chapter 1 the definition of a rational number was given as 
any number that can be written as a fraction. These include 
integers, terminating decimals and rec urring decimals. The 
examples given were: 

0.2=i 0.3="fu 7=f 1.53=#.f and o.i:i 
The first four examples are the more straightforward to 
understand regarding how the number can be expressed as 
a fraction. The fifth example shows a recurring decimal also 
written as a fractio n. Any recurrin g decimal can be written as 
a fraction as any rec urring decimal is also a rational number. 
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• Changing a recurring decimal to a fraction 
A recurring decimal is one in which the numbers after the 
decimal point repeat themselves infinitely. Which numbers arc 
repeated is indicated by a dot above them. 

o.i implies 0.222 222 222 222 222 .. 

o.45 implies 0.454 545 454 545 .. 

o.6024 implies 0.602 460 246 024 .. 

Note. the last example is usually written as 0.6024where a dot 
only appears above the first and last nwnbers to be repeated . 

Entering i into _a ca~culator will produce 0.444 444 444 ... 

Therefore 0.4 -= 9. 
The example below will prove this. 

Worked exampfei· 11) Convert 0.4 to a fraction. 

Let x = o.4 i.e. x = 0.444 444 444 444 .. 
!Ox= 4.4 i.e. !Ox = 4.444 444 444 444 .. 

Subtracting x from !Ox gives: 

!Ox 4.444 444 444 444 .. . 
X = 0.444 444 444 444 .. . 

9x = 4 

Rearranging gives x = i 
Butx-= o.4 

Therefore o.4 = i 
b) Convert o.6 8 to a fraction. 

Let x = o.68 i.e. x = 0.686 868 686 868 686 ... 
IOOx = 68.68 i.e. IOOx = 68.686 868 686 868 686 ... 

Subtracting x from lOOt gives: 

IOOx 68.686 868 686 868 686 .. . 
. \" = 0.686 868 686 868 686 .. . 

99.\" = 68 

Rearranging gives x = ; 
But x = o.68 

TI1ercforeo.68 =.;. 

• 
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c) Convert 0.03 i to a fraction. 

Letx = o.o3i 
lOOx = 3.i3 

i.e .x = 0.031313131313131.. 
i.e . lOOx = 3.131313131313131.. 

Subtracting x fr om lOOx gives: 

lOOx 3.131313131313131.. 
X = 0.031313131313131.. 

99x = 3.1 

Multiplying both sides of the eq uation by 10 e liminates the 
decimal to give: 

990x = 31 

Rearranging gives x = ~ 
But x: o.o3i 
Therefore 0.03 i = ~ 

The method is therefore to le t the recurring decimal eq ual x 
and then to multiply this by a multiple of 10 so that when one is 
subtracted from the o ther either an integer (whole number) or 
te rminating decimal (a decimal tha t has an end point) is left. 

d) Convert 2.0406 to a fraction. 

Let x = 2.0406 i.e .x = 2.040 640 640 640 ... 
lOOOx = 2040.640 i.e . lCXXlr = 2040.640 640 640 640 ... 

Subtracting x fr om lOOOx gives: 

lOOOx 2040.640 640 640 640 ... 
2.040 640 640 640 ... 

999x = 2038.6 

Multiplying both sides of the eq uation by 10 e liminates the 
decimal to give: 

9990x = 20 386 

Reai;:;f nging givesx = ~ = 2~ which simplifies furth er 
1024995. 

But x = 2.0406 

Therefore 2.04 06 = 2~ 

Exercise 4. 11 l. Convert each of the following recurring decimals to 
fractions in their simplest form: 

a) o.3 
c) o.42 

b) o.7 
d) o.65 
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2. Convert each of the following recurring decimals to 
fra ctions in their simplest form: 

a) 0.05 

c) Loi 
b) o.o6i 
d) 4.0038 

3. Without using a calculator work o ut the sum 0.15 + 0.04 
by converting each decimal to a fraction first. Give your 
answer as a fraction in its simplest form. 

4. Without using a calculator evaluate 0.27 - 0.166 by 
convertin g each decimal to a fraction first. Give your 
answer as a fra ction in its simples t form. 

Student assessment I 

l. Evaluate the fo11owing: 

a) iof 60 b) !of 55 c) '¥°of21 d) fofl20 

2. Write the following as percentages: 

a) t1 b) f& c) i d) Jt 
e) ~ f) 2& g) }fu h) f 
i) 0.31 j) 0.07 k) 3.4 l) 2 

3. Evaluate the following: 

a) 5 + 8 X 3 - 6 

4. Work out 851 X 27 . 

b) 15+45+3-12 

5. Work out 6843 + 19 giving your answer to I d.p. 

6. Evaluate the following: 

a) 3f-1fi 

7. Change the following fractions to decimals: 

a) i b) 1f c) ft d) 1j 

8. Change the following decimals to fractions. Give each 
fraction in its simplest form. 

a) 4.2 b) O.~ c) 1.85 d) 2.005 

I 

9. Convert the following decimals to fra ctions, giving your I 
answerinitssimplestform: 

a) o.37 b) 0.086 c) 1.2i 
10. Work out 0.625 + 0.096 by first converting each decimal to 

a fraction. Give your answer in its simplest form . 

• 
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Student assessment 2 

1. Evaluate the following: 

a) {of63 b) iof72 c) }of5S d) "6-of l69 

2. Write the following as percentages : 

a) J b) -& c) :} d) lo 
e) t-} f) 31Ji g) tfjj- h) ~ 

i) 0.77 i) 0.03 k) 2.9 I) 4 

3. Evaluate the following: 

a) 6X4-3X8 

4. Work o ut 368 X 49. 

b) 15+3+2X7 

5. Work o ut 7835 + 23 giving your answer to I d.p. 

6. Evaluate the following: 

a) 2-}-t 
7. Change the fo llowing fra ctions to decimals: 

a) i b) Ij c) ! d) ~ 
8. Change the fo llowing decimals to fr actions. Give each 

fraction in its simplest form. 

a) 6.5 b) 0.04 c) 3.65 d) 3.008 

9. Convert the following decimals to fractions. giving your 
answer in its simplest form: 

a) o.07 b) 0.0009 c) 3.oiO 
10. Work o ut 1.025 - 0.805 by first converting each decimal to 

a fraction. Give your answer in its simplest form . 



0 Further percentages 

You sho uld already be familiar with the perce ntage equivalents 
of simple fractions and decimals as outlined in the table below. 

Fraction D ecimal Percentage 

0.5 

0.25 

0.75 

0.125 

0.375 

0.625 

0.875 

0.1 

Iii or I 0.2 

0.3 

1oor1 0.4 

1oor1 0.6 

0.7 

0.8 

0.9 

• Simple percentages 

Worked example~· a) Of 100 sheep in a fie ld, 88 are ewes. 

What percentage of the sheep are ewes? 
88 o ut of 100 are ewes 
=88% 

ii) Whatpercentage are not ewes? 
12out of 100 
= 12% 

50% 

25% 

75% 

12.5% 

37.5% 

62.5% 

87.5% 

10% 

20% 

30% 

40% 

60% 

70% 

80% 

'" 

b) Convert the following percentages into fractions and decimals: 

i) 27% ii) 5% 

Tili = 0.27 !Ix) = ta = 0.05 

• 
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c) Convert ft to a percentage: 
This example is more complica ted as 16 is not a factor of 
100. 

Convert ft to a decimal first. 

3 + 16 = 0.1875 

Convert the decimal to a percentage by multiplying by 100. 

0.1 875 X 100 = 18.75 

Therefore ft= 18.75% . 

Exercise 5.1 I. There are 200 birds in a fl ock. 120 of them are fe male. 
What percentage of the fl ock are: 
a) fe male? b) male? 

2. Write these fractions as percentages: 

a) i b) * c) fx d) t 
3. Convert the following percentages to decimals: 

a) 39% b) 47% c) 83% 
d) 7% e) 2% f) 20% 

4. Convert the following decimals to percentages: 
a) 0.31 b) 0.67 c) 0.09 
d) 0.05 e) 0.2 f) 0.75 

• Calculating a percentage of a quantity 

Worked examples u) Find 25% of 300 m. 

25% can be written as 0.25 . 
0.25 X 300 m = 75 m. 

b) Find 35% of280 m. 

35% can be written as 0.35 . 
0.35 X 280 m = 98 m. 

Exercise 5.2 I. Write the percentage eq uivalent of the following fractions: 

a) { b) j c) j 
d) I~ e) 4fo f ) 3i 

2. Write the decimal eq uivalent of the following: 

a) { b) 80% c) 1 
d) 7% e) Ii f) i 

3. Evalua te the following: 
a) 25% of 80 b) 80% of 125 c) 62.5% of 80 
d) 30% of 120 e) 90% of5 f ) 25% of 30 
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4. Evaluate the following: 
a) 17% of 50 b) 50% of 17 
d) 80% of65 c) 7% of 250 

c) 65% of SO 
f) 250% of 7 

5. In a class of 30 students. 20% have black hair. 10% have 
blonde hair a nd 70% have brown hair. Calculate the 
number of students with 
a) black hair, 
b) blonde hair, 
c) brown hair. 

6. A survey conducted among 120 school children looked at 
which type of meat they preferred. 55% said they preferred 
lamb, 20% said they preferred chicken, 15% preferred duck 
and 10% turkey. Calculate the number of children in each 
category. 

7. A survey was carried out in a school to sec what nationality 
its students were. Of the 220 students in the school, 65% 
were Australian. 20% were Pakistani, 5% were Greek and 
10% belonged to other nationalities. Calculate the number 
of students of each nationality. 

8. A shopkeeper keeps a record of the number of items 
he sells in one day. Of the 150 items he sold, 46% were 
newspapers, 24% were pens, 12% were books whilst the 
remaining 18% were other items. Calculate the number of 
each item he sold. 

• Expressing one quantity as a percentage of 
another 

To express one quantity as a percentage of another, first write the 
first quantity as a fraction of the second a nd then multiply by 100. 

Worked e..rnmple In an examination a girl obtains 69 marks o ut of 75. Express this 
result asa percentage. 

~x 100% = 92% 

Exercise 5.3 I. Express the first quantity as a percentage of the seco nd. 
a) 24 out of 50 b) 46 o ut of 125 
c) 7out of20 d) 45o ut of90 
e) 9out of20 f) 16outof40 
g) 13 out of 39 h) 20 o ut of 35 

2. A hockey team plays42 matches. It wins 21. draws 14 and 
loses the rest. Express each of these results as a percentage 
of the total number of games played. 

• 
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3. Four candidates stood in an election: 

A received 24 500 votes 
B received 18 200 votes 
C received 16 300 votes 
D received 12 OOO votes 

Express each of these as a percentage of the total votes cast. 

4. A car manufacturer produces 155 OOO cars a year. The cars 
are available for sale in six different colours. l11e numbers 
sold of each colour were: 

Red 55 OOO 
Blue 48 OOO 
White27 500 
Silver 10200 
Green 9300 
Black 5000 

Express each of these as a percentage of the total number 
of cars produced. Give your answers to I d.p. 

• Perce ntage increases and decreases 

Worked e.ramplu u) A shop assistant has a salary of $16 OOO per month. 
Ifhissalary increases by8%,calculate : 

i) the amount ex tra he rece ives a month. 
ii ) his new monthly salary. 

Increase = 8% of $16 OOO 
= 0.08 X $16 OOO= $1280 

ii) New salary = old salary + increase 
= $16 OOO+ $1280 per month 
= $17280 permonth 

b) A garage increases the price of a truck by 12% . If the 
original price was $14 500, calculate its new price. 

The original price represents 100% , therefore the 
increased price can be represented as 112%. 

New price = 112% of $14 500 
= 1.12 X $14500 
= $16240 

c) A shop is having a sale. It sells a set of tools costing $130 at a 
15% discount. Calculate the sale price of the tools. 

The old price represents 100%, therefore the new price 
can be represented as (100 - 15)% = 85% . 

85% of $130 = 0.85 X $130 
= $110.50 
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Exercise 5.4 1. Increase the fo llowing by the given percentage: 

a) 150by25% 
d) 70by 250% 

b) 230by40% c) 7000by2% 
e) 80by12.5% f) 75by62% 

2. Decrease the fo llowing by the given percentage: 

a) 120by25% b) 40by5% c) 90by90% 
d) !OOO by 10% e) 80by37.5% f) 75 by42% 

3. In the following questions the first number is increased 
to become the second number. Calculate the percentage 
increase in each case . 

a) 50 -4 60 
d) 30-4 31.5 

b) 75 -4 135 
e) 18-4 33.3 

c) 40-484 
f) 4-4 13 

4. In the following questions the first number is decreased 
to become the second number. Calculate the percentage 
decrease in each case . 

a) 50-425 
d) 3-40 

b) 80-4 56 c) 150 -4 142.5 
e) 550-4352 f) 20-419 

5. A farmer increases the yield on his farm by 15% . If his 
previous yield was 6500 tonnes. what is his present yield? 

6. ll1e cost of a computer in a computer store is red uced by 
12.5% in a sale. If the computer was priced at $7800. 
what is its price in the sale? 

7. A winter coat is priced at $100. In the sale its price is 
reduced by 25% . 

a) Calculate the sale price of the coat. 
b) After the sale its price is increased by 25% again. 

Calculate the coat's price after the sale. 

8. A farmer takes 250 chickens to be sold at a market. In the 
firs t ho ur he sells 8% of his chickens. In the second hour he 
sells 10% of those that were left. 

a) How many chickens has he sold in total? 
b) What percentage of the original number did he manage 

to sell in the two hours? 

9. The number of fish on a fish farm increases by 
approximately 10% each month. If there were originally 
350 fish. calculate to the nearest 100 how many fish there 
would be after 12 months . 

• 
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• Reverse percentages 

Worked e.ramplu a) In a test Ahmed answered 92% of the questions correctly. 
If he answered 23 questions correctly, how many had he got 
wrong? 

92% of the marks is eq uivalent to 23 questions. 
I% of the marks therefore is eq uivale nt to M questions. 

So 100% is eq uivalent to~ X 100-= 25 questions. 

Ahmed got 2 questions wrong. 

b) A boat is sold for $15 360. This represents a profit of28% to 
the seller. What did the boat originally cost the seller? 

The selling price is 128% of the original cost to the seller. 
128% of the original cost is $15 360. 

I% of the o ri ginal cost is $lt
2
!60 . 

100% of the ori ginal cost is $lt
2
~
60 

X 100. i.e . $120CXl. 

Exercise S.S 1. Calculate the value of X in each of the following: 

a) 40% of X is 240 
c) 85%ofXis765 
e) 15%ofXisl8.75 

b) 24% of Xis 84 
d) 4% of Xis 10 
f) 7%of Xis0.105 

2. Calculate the value of Yin each of the following: 

a) 125%ofYis70 b) 140%ofYis91 
c) 210%ofY isl89 d) 340%of Yis68 
e) 150% of Yis 0.375 f ) 144% of Y is -54.72 

3. In a geography text book, 35% of the pages are colo ured. 
If there are 98 coloured pages, how many pages are there 
in the whole book? 

4. A town has 3500 families who own a car. If this represe nts 
28% of the families in the town, how many famili es are 
there in to tal? 

5. In a test Isabel scored 88% . If she got three questions 
incorrect. how many did she get correct? 

6. Water expands when it freezes. Ice is less dense than water 
so it fl oats. If the increase in volume is 4%, what volume 
of water will make an iceberg of 12 700 CXXl m3? Give 
your answer to three significant figures . 



Further percenta ges 

Student assessment I 

1. Find 40% of 1600 m. 

2. A shop increases the price ofa television set by 8% . If the 
present price is $320 what is the new price? 

3. A car loses 55% of its value after fo ur years. If it cost 
$22 500 when new, what is its value after the fo ur years? 

4. Express the first quantity as a percentage of the seco nd. 
a) 40cm,2 m b) 25 mins,l hour 
c) 450g,2 kg d) 3 m.3.5 m 
e) 70 kg, 1 tonne f) 75 cl, 2.5 1 

5. A ho use is bought for $75 OOO and then resold for $87 OOO. 
Calculate the percentage profit. 

6. A pair of shoes is priced at $45 . During a sale the price is 
reduced by 20% . 
a) Calculate the sale price of the shoes. 
b) What is the percentage increase in the price if aft er the 

sale it is once again restored to $45? 

Student assessment 2 

1. Find 30% of 2500 m. 

2. In a sale a shop red uces its prices by 12.5%. What is the sale 
price of a desk previously costing $600? 

3. In the las t six years the value of a ho use has increased 
by 35% . If it cost $72 OOO six years ago, what is its 
value now? 

4. Express the first quantity as a percentage of the second. 
a) 35 mins,2 ho urs b) 6SOg,3kg 
c) S m,4 m d) 1Ss,3 mins 
e) 600 kg, 3 tonnes I) 35 cl, 3.5 1 

5. Shares in a company arc bought for $600. After a year the 
same shares are sold for $550. Calculate the percentage 
depreciation. 

6. In a sale the price of a jacket originally costing $1700 is 
reduced by $400. Any item not sold by the las t day of the 
sale is red uced by a further SO% . If the jacket is sold on the 
last day of the sale : 
a) calculate the price it is finally sold for. 
b) calculate the overall percentage red uction in price . 

• 
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Stude nt assessm e nt 3 

1. Calculate the original price for each of the following: 

Selling price Profit 

$3780 8% 

$14880 24% 

$3.50 250% 

$56.56 1% 

2. Calculate the original price for each of the following: 

Selling price Loss 

$350 30% 

$200 20% 

$8000 60% 

$27500 80% 

3. In a test Ben gained 90% by answering 135 questions 
correctly. How many questions did he answer incorrectly? 

4. A one-year-old car is worth $11 250. If its value has 
depreciated by 25% in that first year, calculate its price 
when new. 

5. This year a farmer's crop yielded 50 CXXl tonnes. If this 
represe nts a 25% increase on last year. what was the yield 
last year? 



Further percenta ges 

Student assessm ent 4 

1. Calculate the original price for each of the following: 

Selling price Profit 

$22-4 12?4 

$62.50 150?4 

$660.2-4 26?4 

$38.50 285?4 

2. Calculate the original price for each of the following: 

Se lling price Loss 

$392.70 15% 

$2-480 38% 

$3937.50 12.5?4 

$-4675 15% 

3. In an examination Sarah obtained 87 .5% by gaining 
105 marks. How many marks did she lose? 

4. At the e nd of a year a factory has produced 38 500 
television sets. If this represents a 10% increase in 
productivity on last year, calculate the numbe r of sets that 
were made last year. 

5. A computer manufacturer is expected to have produced 
24 DCX) units by the end of this year. If this represent s a 4% 
decrease on last year's o utput, calc ulate the number of units 
produced last year. 

6. A company increased its productivity by 10% each year for 
the last two years. If it produced 56 265 units this year, how 
many units did it produce two years ago? 



0 Ratio and proportion 

• Direct proportion 
Workers in a pottery factory are paid according to how many 
plates they produce. 1l1e wage paid to them is said to be in 
direct proportion to the number of plates made . As the number 
of plates made increases so does their wage. Other workers are 
paid for the number of hours worked. For them the wage paid 
is in direct proportion to the number of ho urs worked. ll1ere 
are two main methods for solving problems involving direct 
proportion: the ratio method and the unitary method. 

Worked e.rample A bottling machine fills 500 bottles in 15 minutes. How many 
bottles will it fill in 1{ hours? 

Note: ll1e time units must be the same, so for e ither method 
the t} ho urs must be changed to 90 minutes. 

The ratio method 
Let x be the number of bottles fill ed . Then: 

X 500 
90 =15 

SOX= 
500

1
; 90 = 3000 

3000 bott les are filled in 1-} hours. 

The unitary method 
In 15 minutes 500 bottles are fill ed . 

Therefore in 1 minute W bottles are fill ed. 

So in 90 minutes 90 X W bottles are fill ed . 

In 1-} hours.3000 bottles are fill ed . 

Exercise 6.1 Use e ither the ratio method or the unitary met hod to solve the 
problems below. 

I. A machine prints fo ur books in 10 minutes. How many will 
it print in 2 hours? 

2. A farmer plants five apple trees in 25 minutes. Ifhe 
continues to work at a constant rate. how long will it take 
him to plant 200 trees? 

3. A television set uses 3 units of electricity in 2 ho urs. How 
many units will it use in 7 ho urs? Give your answer to the 
nearest unit. 



Ratio and proportion 

4. A bricklayer lays 1500 bricks in an 8-hour day. Assuming he 
continues to work at the same rate, calculate : 
a) how many bricks he would expect to lay in a five-day 

week, 
b) how long to the nearest hour it would take him to lay 

10 OOO bricks. 

5. A machine used to paint white lines on a road uses 250 
litres of paint for each 8 km of road marked. Calculate: 
a) how many litres of paint would be needed for 200 km 

of road, 
b) what length of road could be marked with 4000 litres 

of paint. 

6. An aircraft is cruising at 720 km/h and covers 1000 km. 
How far would it travel in the same period of time if the 
speed increased to 800 km/h? 

7. A product ion line travelling at 2 m/s labels 150 tins. In the 
same period of time how many will it label at: 
a) 6 m/s b) I m/s c) 1.6 m/s? 

8. A car travels at an average speed of 80 km/h for 6 hours. 
a) How far will it travel in the 6 ho urs? 
b) What average speed will it need to travel at in order to 

cover the same distance in 5 hours? 

If the information is given in the form of a ratio, the method of 
solution is the same. 

Worked example Tin and copper are mixed in the ratio 8 : 3. How much tin is 
needed to mix with 36 g of copper? 

The ratio method 
Let x grams be the mass of tin needed. 

X 8 
36 = 3 

Therefore x = 8 x
3 

36 

=96 

So 96 g of tin is needed. 

The unitary method 
3 g o f copper mixes with 8 g of tin. 
I g of copper mixes with "jg of tin. 
So 36 g of copper mixes with 36 X } g of tin. 
Therefore 36 g of copper mixes with 96 g of tin. 

• 
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Exercise 6.2 1. Sand and gravel are mixed in the ratio 5 : 3 to form ballast. 
a) How much gravel is mixed with 750 kgofsand? 
b) How much sand is mixed with 750 kg of gravel? 

2. A recipe uses 150g butter, 500g flour. 50gs ugar and IOOg 
currants to make 18 small cakes. 
a) How much of each ingredient will be needed to make 

72cakes? 
b) How many whole cakes could be made with I kg of 

butter? 

3. A paint mix uses red and white paint in a ratio of I : 12. 
a) How much white paint will be needed to mix with 

1.4 litresof red paint? 
b) If a total of 15.5 litres of paint is mixed, calculate 

the amount of white paint and the amount of red 
paint used. Give your answers to the nearest 0.1 litre. 

4. A tulip farmer sells sacks of mixed bulbs to local people. 
The bulbs develop int o two different colours of tulips, red 
and yellow. The colo urs are packaged in a ratio of 8 : 5 
respectively. 
a) If a sack contains 200 red bulbs, calculate the number of 

yellow bulbs. 
b) If a sack contains 351 bulbs in total , how many of each 

colo ur would you expect to find? 
c) One sack is packaged with a bulb mixture in the ratio 

7 : 5 by mistake. If the sack contains 624 bulbs, how 
many more yellow bulbs would you expect to have 
compared with a normal sack of 624 bulbs? 

5. A pure fruit juice is made by mixing the juices of oranges 
and mangoes in the ratio of 9 : 2. 
a) If 189 litres of orange juice are used, calc ulate the 

number of litres of mango ju ice needed. 
b) If 605 litres of the juice are made, calc ulate the number 

of litres of orange juice and mango juice used . 

• Divide a quantity in a given ratio 
Worked examples a) Divide 20 m in the ratio3: 2. 

The ratio method 
3 : 2gives5 parts. 

i X 20 m = 12m 

fx20 m =8 m 

20 m divided in the ratio 3 : 2 is 12m 8 m . 



Ratio and proportion 

The unitary method 
3 : 2gives5 parts. 

5 parts is eq uivalent to 20 m. 

1 part is eq uivalent to -¥ m. 

Therefore 3 parts is 3 X ¥ m; that is 12 m. 

Therefore 2 parts is 2 X ~ m; that is 8 m. 

b) A factory produces cars in red, blue, white and green in 
the ratio 7 : 5 : 3 : 1. Out of a production of 48 OCX) cars how 
many are white? 

7 + 5 + 3 + 1 gives a total ofl6parts. 
Therefoje the total number of white 
cars= 16 X 480CX) = 90IXl. 

Exercise 6.3 l. Divide 150 in the ratio 2 : 3. 

2. Divide 72 in the ratio 2 : 3 : 4. 

3. Divide 5 kg in the ratio 13 : 7. 

4. Divide 45 minutes in the ratio 2 : 3. 

5. Divide 1 ho ur in the ratio 1 : 5. 

6. { ofa can of drink is water, the rest is syrup. What is the 
ratio of water to syrup? 

7. i of a litre carton of orange is pure orange juice, the 
rest is water. How many millilitres of each are in the 
carton? 

8. 55% of students in a school are boys. 
a) What is the ratio of boys to girls? 
b) How many boys and how many girls are there if the 

school has 800 students? 

9. A piece of wood is cut in the ratio 2 : 3. What fraction of 
the length is the longer piece? 

10. If the piece of wood in question 9 is 80 cm long, how long is 
the shorter piece? 

11. A gas pipe is 7 km long. A valve is positioned in such a 
way that it divides the length of the pipe in the ratio 4 : 3. 
Calculate the distance of the valve from each end of the pipe. 

12. The size of the angles of a quadrilateral are in the ratio 
1 : 2 : 3 : 3. Calculate the size of each angle. 

13. The angles of a triangle are in the ratio 3 : 5 : 4. Calculate 
the size of each angle . 

• 
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14. A millionaire leaves 1.4 million dollars in his will to be 
shared between his three children in the ratio of their ages. 
If they are 24, 28 and 32 years old, calculate to the nearest 
dol1ar the amount they will each receive . 

15. A small company makes a profit of $8000. This is 
divided between the directors in the ratio of their initial 
investments. If Alex put $20 OOO into the firm, Maria 
$35 OOO and Ahmet $25 OOO, calculate the amount of t he 
profit they will each receive. 

• Inverse proportion 
Sometimes an increase in one quantity causes a decrease in 
another quantity. For example. if fruit is to be picked by hand, 
the more people there are picking the fruit , the less time it will 
take . 

Worketl e..rumple~· a) If 8 people can pick the apples from the trees in 6 days, how 
long will it take 12 people? 

8 people take 6 days. 
1 person will take 6 X 8 days. 

Therefore 12 people will take 6~ 8 days, i.e. 4 days. 

b) A cyclist averages a speed of 27 km/h for 4 hours. At what 
average speed would she need to cycle to cover the same 
distance in 3 hours? 

Completing it in 1 hour would require cycling at 27 X 4 km/h. 
Completing it in 3 hours req uires cycling at 

27 
3
x 4 km/h; that is 36 km/h. 

Exercise 6.4 I. A teacher shares sweets among 8 students so that they get 6 
each. How many sweets would they each have got had there 
been 12students? 

2. The table below represents the relationship between the 
speed and the time taken for a train to travel between two 
stations. 

Copy and complete the table . 



Ratio and proportion 

3. Six people can dig a trench in 8 hours. 
a) How long would it take: 

i) 4 people ii) 12 people iii) 1 person? 
b) How many people would it take to dig the trench in: 

i) 3 hours ii ) 16 hours iii) 1 ho ur? 

4. Chairs in a hall are arranged in 35 rows of 18. 
a) How many rows would there be with 21 chairs to a row? 
b) How many chairs would there be in each row if there 

were 15rows? 

5. A train travelling at 100 km/h takes 4 ho urs for a jo urney. 
How long would it take a train travelling at 60 km/h? 

6. A worker in a sugar factory packs 24 cardboard boxes with 
15 bags of sugar in each. If he had boxes which held 18 bags 
of sugar each, how many fewer boxes wou ld be needed? 

7. A swimming pool is filled in 30 hours by two identical 
pumps. How much quicker would it be fill ed if five similar 
pumps were used instead? 

• Increase and decrease by a given ratio 

Worked examples a) A photograph is 12 cm wide and8 cm tall. It is enlarged 
in the ratio 3 : 2. What are the dimensions of the enlarged 
photograph? 

3 : 2 is an enlargement of f Therefore the enlarged width is 
12 cm X !; that is 18 cm. 

The enlarged height is 8 cm X -}: that is 12 cm. 

b) A photographic transparency 5 cm wide and 3 cm tall is 
projected ont o a screen. If the image is 1.5 m wide: 
i) calculate the ratio of the enlargement, 
ii ) calculate the height of the image . 

i) 5 cm width is enlarged to become 150 cm. 
So 1 cm width becomes~: cm ; that is 30 cm. 
Therefore the enlargement ratio is 30 : 1. 

ii ) The height of the image = 3 cm X 30 = 90 cm. 

Exercise 6.5 1. Increase 100 by the following ratios: 
a) 8 : 5 b) 5 : 2 c) 7 :4 
d) 11: 10 e) 9 : 4 f) 32 : 25 

2. Increase 70 by the following ratios: 
a) 4 : 3 b) 5 : 3 c) 8 : 7 
d) 9 :4 e) 11 : 5 f) 17: 14 

3. Decrease 60 by the following ratios: 
a) 2 : 3 b) 5 : 6 c) 7 : 12 
d) 3 : 5 e) 1: 4 f) 13: 15 
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4. Decrease 30 by the following ratios: 
a) 3:4 b) 2 : 9 c) 7:12 
d) 3 : 16 e) 5 : 8 f) 9:20 

5. Increase 40 by a ratio of 5 : 4. 

6. Decrease 40 by a ratio of 4: 5. 

7. Increase 150 by a ratio of7 : 5. 

8. Decrease 210 by a ratio of 3 : 7. 

Exercise 6.6 l. A photograph meas uring 8 cm by 6 cm is enlarged by a 
ratio of 11 : 4. What are the dimensions of the new print? 

2. A photocopier enlarges in the ratio 7 : 4. What would be 
the new size of a diagram meas uring 16 cm by 12 cm? 

3. A drawing measuring 10 cm by 16cm needs to be enlarged. 
The dimensions of the enlargement need to be 25 cm by 
40 cm. Calculate the e nlargement needed and express it as 
a ratio. 

4. A banner needs to be enlarged fr om its original format. 
The dimensions of the original are 4 cm tall by 25 cm wide. 
The enlarged banner needs to be at least 8 m wide but no 
more than 1.4 m tall. Calculate the minimum and maximum 
ratios of enlargement possible. 

5. A rectangle meru; uring 7 cm by 4 cm is enlarged by a ratio 
of 2 : 1. 
a) Whatistheareaof: 

i) the original rectangle? 
ii ) the enlarged rectangle? 

b) By what ratio has the area been enlarged? 

6. A sq uare of side length 3 cm is enlarged by a ratio of 3 : 1. 
a) What is the area of: 

i) the original square? 
ii ) the enlarged sq uare? 

b) By what ratio has the area been enlarged? 

7. A cuboid measuring 3 cm by 5 cm by 2 cm is enlarged by a 
ratioof2: I. 
a) What is the volume of: 

i) the original cuboid? 
ii ) the enlarged cuboid? 

b) By what ratio has the volume been increased? 

8. A cube of side 4 cm is enlarged by a ratio of 3 : 1. 
a) What is the volume of: 

i) the o riginal cube? 
ii ) the enlarged cube? 

b) By what ratio has the volume been increased? 



Ratio and proportion 

9. The triangle is to be red uced by a ratio of 1 : 2. 

~ 4cm 

a) Calculate the area of the origin al trian gle. 
b) Calculate the area of the red uced triangle . 
c) Calculate the ratio by which the area of the triangle has 

been reduced. 

10. From questions 5-9 can you conclude what happens to 
two- and three-dimensional fi gures when they are either 
enlarged or reduced? 

Student assessment I 

I. A boat travels at an average speed of 15 km/h for 1 hour. 
a) Calculate the distance it travels in one hour. 
b) What average speed will t~e boat_nee

1
d to travel at in 

order to cover the same dIStance m 2-,- hours? 

2. A ruler 30 cm long is broken into two parts in the ratio 
8 : 7. How long are the two parts? 

3. A recipe needs 400 g of fl our to make 8 cakes. How much 
fl our would be needed in order to make 24 cakes? 

4. To make 6 jam tarts. 120 g of jam is needed. How much 
jam is needed to make 10 tarts? 

5. The scale of a map is I : 25 OOO. 
a) Two vil1ages are 8 cm apart on the map. How far apart 

arc they in real life? Give your answer in kilometres. 
b) The distance from a village to the edge of a lake is 

12 km in real life . How far apart would they be on the 
map? Give your a nswer in centimetres. 

6. A motorbike uses petrol and oil mixed in the ratio 13 : 2. 
a) How much of each is the re in 30 litres of mixture? 
b) How much petrol would be mixed with 500 ml of oil? 

7. a) A model car is a -Jo scale model. Express this as a ratio. 
b) If the length of the real car is5 .5 m. what is the length 

of the model car? 

8. An aunt gives a brother and sister $2000 to be divided in 
the ratio of their ages. If the girl is 13 years old and the boy 
12 years old, how much will each get? 

9. The angles of a triangle are in the ratio 2 : 5 : 8. Find the 
size of each of the angles. • 
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10. A photocopying machine is capable of making 50 copies 
each minute. 
a) If four identical copiers are used simultaneously how 

long would it take to make a total of 50 copies? 
b) How many copiers would be needed to make 6000 

copies in 15 minutes? 

11. It takes 16 hours for three bricklayers to build a wall. 
Calculate how long it would take for eight bricklayers to 
build a similar wall. 

12. A photocopier enlarges by a ratio of ? : 4. A picture 
meas ures 6 cm by 4 cm. How many consecutive 
e nlargements ca n be made so that the largest possible 
p icture will fit on a sheet measuring30 cm by 20cm? 

Student assessment 2 

I. A cyclist travels at an average speed of 20 km/h for 
1.5hours. 
a) Calculate the distance she travels in 1.5 hours. 
b) What average speed will the cyclist need to travel in 

order to cover the same distance in I hour? 

2. A piece of wood is cut in the ratio 3 : 7. 
a) What fraction of the whole is the longer piece? 
b) If the wood is 1.5 m long. how long is the shorter piece? 

3. A recipe for two people requires {- kg of rice to 150 g of 
meat. 
a) How much meat would be needed for five people? 
b) How much rice would there be in I kg of the final dish? 

4. The scale of a map is I : 10 OOO. 
a) Two rivers are 4.5 cm apart on the map. how far apart 

are they in real life? Give your answer in metres. 
b) Two towns are 8 km apart in real li fe . How far apart 

are they on the map? Give your answer in centimetres . 

5. a) A model train is a "is scale model. Express this as a 
ratio. 

b) If the length of the model engine is 7 cm. what is the 
true length of the engine? 

6. Divide 3 tonnes in the ratio 2 : 5 : 13. 

7. The ratio of the angles of a quadri lateral is 2 : 3 3 : 4. 
Calculate the size of each of the angles. 

8. The ratio of the interior angles of a pentagon is 
2 : 3 : 4: 4: 5. Calculate the size of the largest angle . 



N B: All diagrams are 
not drawn to scale. 

Ratio and proportion 

9. A large swimming pool takes 36 hours to fill using three 
identical pumps. 
a) How long would it take to fill using eight identical 

pumps? 
b) If the pool needs to be fill ed in 9 ho urs, how many 

pumps will be needed? 

10. The first triangle is an enlargement of the second. 
Calculate the size of the missing sides and angles. 

11. A tap issuing water at a rate of 1.2 litres per minute fills a 
containerin 4 minutes. 
a) How long would it take to fi11 the same container if the 

rate was decreased to I litre per minut e? Give yo ur 
answer in minutes and seconds. 

b) If the container is to be fill ed in 3 minutes,calculate 
the rate at which the water sho uld fl ow . 

12. A map meru; uring 60cm by 25 cm is reduced twice in the 
ratio 3 : 5. Calculate the final dimensions of the map . 

• 

I 



0 Indices and standard form 

• 

The index refers to the power to which a number is raised. In 
the example 51 the number 5 is raised to the power 3. The 3 is 
known as the index. Indices is the plural of index . 

Worked e.ramples a) 51 = 5 X 5 x 5 
= 125 

c) 31 = 3 

• Laws of indices 

b) 74 = 7 X 7 X 7 X 7 
= 2401 

When working with numbers involving indices there are three 
basic laws which can be applied. These are: 

(1) a'" X a•= a'"+n 

(2) a'"+a•or7=a"'-• 

(3) (d")"=a-

• Positive indices 

Worked e.ramplu a) Simplify 4J x 42. 

41 X42 :::4(H2) 

= 4' 

c) Evaluate31 x 34. 

31 X34 :)(H4) 

=Y 
=-2187 

b) Simplify 23 + 21 . 

23 + 21 = 2(3- l) 

= 22 

d) Evaluate(42)3. 

(42)1= 4(2xJ) 

= 46 
= 4096 

Exercise 7.1 1. Using indices. simplify the following expressions: 

a) 3 X 3X 3 
c) 4 X 4 
e) 8X8X8X8X8X8 

b) 2X2X2X2X2 
d) 6 X 6 X 6 X 6 
f) 5 

2. Simplify the following using indices : 

a) 2 X 2 X 2 X 3 X 3 
b) 4 X4X 4 X4X 4 X S XS 
c) 3X3X4X4X4X5X5 
d) 2X7X7X7X7 
e) IX l X 6 X 6 
f ) 3X3X3X4X4X6X6X6X6X6 



Exercise 7.2 

Indices and standard form 

3. Write out the following in full: 

a) 42 

c) 33 

e) 72 X 27 

b) ,, 
d) 41 X 61 

f ) 32 X 41 X 24 

4. Without a calculator work out the value oft he following: 

I. 

2. 

3. 

4. 

a) 23 

c) 82 

e) let 
g) 21 X 32 

b) 34 

d) 61 

f ) 44 

h) ID1 X51 

Simplify the followin g using indices: 

a) 32 x 34 b) 83 X 82 

c) S2X 54 X 51 d) 41 X 43 X 42 

,) 21 X 21 f ) 62X 32 X 31 X 64 

g) 43 X41 X 5' X54 X62 h) 24 X 51 x51 x62 x 66 

Simplify the following: 

a) 46 + 42 b) 57 +54 

c) 23 + 24 d) 6' +62 

6' 
f ) 

B' 
e) 7J B' 

4' 
h) 

3' 
g) ~ 3' 

Simplify the following: 

a) (52)2 b) (4')' 
c) (102)' d) (3')' 
,) (6')' f ) (8')' 

Simplify the following: 
22 X 24 

b) 34 x 31 
a) - 2,-

3' 

c) 
5° x57 

d) ~ 
~ 4' 

44 X 23 X 42 
f ) 61 

X 61 X 83 
X 86 

e) ~ 86 X 62 

(53)2 X (44)1 h) (61)4 X 61 X 49 

g) 58 X 49 6s x41 

• 
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• The zero index 
The zero index indicates that a number is raised to the power 
0. A number raised to the power O is eq ual to I. This can be 
explained by applying the laws of indices. 

d" + «" = a"'-~ therefore ~ = a"'-"' 

However. 

therefore d' = 1 

• Negative indices 
A negative index indicates that a number is being raised to a 
negative power: e.g. 4-J. 

Another law of indices states that a-'" = 7. This can be 

proved as follows. 

=;,; (from the second law of indices) 

_I_ 
a• 

therefore a-"'=~ 

Exercise 7.3 Without using a calculator, evaluate the following: 

I. a) 2J X 2° b) 52 + 60 
c) s2 xs-2 d) 63 X 6- 1 

e) (40)2 f) 40+22 

2. a) 4- i b) ,-, 
c) 6 X 10-2 d) 5 X 10-3 

e) 100 X 10-2 f) 10-1 

3. a) 9 X 3-2 b) 16X 2-3 

c) 64 X 2- 4 d) 4 X 2-3 

e) 36 X 6- 1 f) 100 X 10- 1 

4. a)f b) 
4 
r 

c)? d) 
_5_ 
4> 

T' 
f) 

s" 
e)---p s" 
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• Exponential equations 
Equations that involve indices as unknowns are known as 
exponential equations. 

Worked example~· a) Find the value ofx if 2' = 32. 

32 can be expressed as a power of 2. 
32 = 2'1. 

ll1erefore 2' = 2~ 

x =5 

b) Findthevalueofm if 3("' 1l=8l . 

81 can be expressed as a power of 3. 
81 = 34. 

Therefore3(m - l) = 34 

m - 1 =4 
m=5 

Exercise 7.4 I. Find the value ofx in each of the following: 

a) 2' = 4 
c) 4' = 64 
e) Y = 625 

b) 2' = 16 
d) !()' = 1000 
f) 3' = 1 

2. Find the value of z in each of the following: 

a) 2(• - 1) = 8 
c) 4-a = 64 
e) 3' = 9<• - 1> 

b) 3<<+ 2) = 27 
d) JO(<+l) = 1 

f) 5' = 125' 

3. Find the value of n in each of the following: 

a) a-r = 8 b) c}r = 81 

c) (}t=32 d) c}r=4(n+l) 
e) c}r +l)=2 f) (ftl=4 

4. Find the value of x in each of the following: 

a) 3-• = 27 
c) 2(-• +3) = 64 
e) 2-•= ~ 

• Standard form 
Standard form is also known as standard index form or 
sometimes as scientific notation. It involves writing large 
numbers or very small numbers in terms of powers of 10 . 

• 
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• Positive indices and large numbers 
100 = Ix W' 

1000 = I X 1D1 
10000=1XH)4 

3000 = 3 X ID1 

For a number to be in standard form it must take the form 
A X HY' where the index n is a positive or negative int eger and 
A must lie in the range I .,,; A < 10. 

e.g. 3100 can be written in many different ways: 

3.1 x ID1 31 x ia2 0.31 x 10"1 etc. 

However. only 3.1 X ID1 satisfi es the above conditions and 
therefore is the only one which is written in s tandard form. 

Worked examples a) Write 72 OOO in standard form. 

7 .2 X 10"1 

b) Write 4 X Ia4 as an ordinary number. 

4X ID4 = 4X 10000 
= 40000 

c) Multiply the following and write your answer in standard 
form: 

600 X 4000 
=2400000 
= 2.4 X 106 

d) Multiply the following and write your answer in standard 
form: 

(2.4 X 10"1) X (5 X 107
) 

= 12 X 1011 

= 1.2 x 1012 when written in standard form 

c) Divide the following and write your answer in standard 
form: 

(6.4 X 107
) + (1.6 X 101) 

= 4 X JO' 

0 Add the following and write your answer in standard form: 

(3.8 X la6) + (8.7 X !a4) 

Changing the indices to the same value gives the sum: 

(380 X !a4) + (8.7 X Ja4) 
= 388.7 X la4 
= 3.887 X 1()6 when written in standard form 
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g) Subtract the following and write your answer in standard form: 

(6.5 X 107)-(9.2 X JQ'l) 

Changing the indices to the same value gives 
(650 X !Oci) - (9.2 X lo'l) 
= 640.8 X JQ'l 
= 6.408 X 107 when written in standard form 

Exercise 7.5 1. Which of the following are not in standard form? 
a) 6.2 X JQ'l b) 7.834 X 1016 

c)8.0XIQ'l d)0.46Xl07 

e) 82.3 X J()"i f ) 6.75 X 101 

2. Write the following numbers in standard form: 
a) 600 OOO b) 48 OOO OOO 
c) 784 OOO OOO OOO d) 534 OOO 
e) 7 million f) 8.5 mi11ion 

3. Write the following in standard form: 
a) 68 X JQ'l b) 720 X 106 

c) 8X JQ'l d) 0.75 X JQ8 
e) 0.4 X 1010 f ) 50 X J()"i 

4. Write the following as ordinary numbers: 
a) 3.8 X J(r b) 4.25 X J()"i 
c) 9.003 X ]07 d) 1.01 X lQ'l 

5. Multiply the following and write your answers in standard 
form: 
a) 200X3000 b) 6000X4000 
c) 7 million X 20 d) 500 X 6 million 
e) 3 million X 4 million f) 4500 X 4000 

6. Light from the Sun takes approximately 8 minutes to reach 
Earth. If light travels at a speed of 3 X J(f mls, calculate to 
three significant figures (s.f.) the distance from the Sun to 
the Earth. 

7. Find the value of the following and write yo ur answers in 
standard form: 
a) (4.4 X UY) X (2 X JQ'l) b) (6.8 X 107

) X (3 X JQl) 
c) (4 X JQ'l) X (8.3 X JQ'l) d) (5 X 109

) X (8.4 X ]012
) 

e) (8.5 X \Q"i) X (6 X 1()1'1) f) (5 .0 X 1012)2 

8. Find the value of the following and write your answers in 
standard form: 
a) (3.8 X 108

) + (1.9 X Jct) b) (6.75 X Hf) + (2.25 X 10"1) 

c) (9.6 X JO!!)+ (2.4 X JO'!) d) (1.8 X 1012) + (9.0 X 101) 
e) (2.3 X 1011

) + (9.2 X 104
) f) (2.4 X ia8) + (6.0 X 103

) 

• 
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9. Find the value of the fo llowing and write your answers in 
standard form: 
a) (3.8 X JQ'l) + (4.6 X 104

) b) (7.9 X !Cf) + (5.8 X 108
) 

c) (6.3 X 107
) + (8.8 X W) d) (3.15 X 109

) + (7.0 X !D6) 
e) (5.3 X Hf) - (8.0 X 107) f) (6.5 X 107 ) - (4.9 X 106) 

g) (8.93 X 1010
) - (7.8 X lef) h) (4.07 X 107

) - (5.1 X lif) 

• Negative indices and small numbers 
A negative index is used when writing a number between O and 
1 in standard form. 

e.g. 100 = I X 102 

10 = IX 101 

= IX 10° 
0.1 = 1 X 10- 1 

0.01 c:: IX 10- 2 

0.001 = IX 10- 3 

0.0001 = I X 10- 4 

Note that A must still lie within the range 1 ,.,;;; A < 10. 

Worked e.rnmp fel" a) Write 0.0032 in standard fonn. 

3.2 X 10-3 

b) Write 1.8 X 10- 4 as an ordinary number. 

1.8X 10-4 = 1.8+ 101 

-= 1.8 + 10000 

= 0.00018 

c) Write the fo llowing numbers in order of magnitude. starting 
with the largest: 

3.6 X 10- 3 5.2 X 10-3 1 X 10- 2 8.35 X 10-2 6.08 X 10- 8 

8.35 X 10- 2 I X 10-2 3.6 X 10-1 5.2 X 10- 3 6.08 X 10- s 

Exercise 7.6 l. Write the fo llowing numbers in standard form: 
a) 0.0006 b) 0.000 053 
c) 0.000 864 d) 0.000 000 088 
e) 0.0000007 f) 0.0004145 

2. Write the following numbers in standard form: 
a) 68 X 10- 3 b) 750 X 10-9 

c) 42 X 10- 11 d) 0.08 X 10-7 

e) 0.057 X 10- 9 f) 0.4 X 10- io 

3. Write the following as ordinary numbers: 
a) 8 X 10-1 b) 4.2 X 10- 4 

c) 9.03 X 10- 2 d) 1.01 X 10-3 
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4. Deduce the value of n in each of the following cases: I 
a) 0.00025 = 2.5 x 1cr b) 0.00357 = 3.57 x 1cr 
c) 0.00000006 = 6 X 10' d) 0.0042 = 1.6 X ICY' 
e) 0.000652 ::c 4.225 X J(r f) 0.0002n = 8 X 10- 12 

5. Write these numbers in order of magnitude, starting with 
the largest: 

3.2 X 10- 4 6.8 X IQ'! 5.57 X 10- 9 6.2 X 101 

5.8 X 10- 7 6.741 X 10- 4 8.414 X JCJ2 

• Fractional indices 
16J;can be written as (4'i . 

(4')i = 4<2xh 

= 4' 

=4 

Therefore J6i= 4 

but \1'16 = 4 

therefore 161 = \1'16 

Similarly: 

27i can be written as (31}1 
(31)i = 3(lxf) 

= 3' 

=3 

Therefore27f= 3 

but VTf =3 

therefore 27! = VTf 

=~1 

a"i = \!(a"') or (Va)"' 

Worked e.rample~· a) Evaluate J6lwithout the use of a calculator. 

161 = VJ6 Alternatively: 161= (24)1 

= V(2') =i 
=2 =2 

b) Evaluate 2slwithout the use of a calculat or. 
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25 1: ~~)
1 

Alternatively: 25 1: t)! 
= 5' : 125 
= 125 

c) Solve 32' = 2 

32 is23 soV32 = 2 
or 32l =2 
thereforex =i 

d) Solve 125' = 5 

125 is53 soVU5 = 5 
or 125!= 5 
thereforex =! 

Exercise 7. 7 Evaluate the following without the use of a calculator: 

I. a) 16! b) 25i c) 100! 
d) 27! e) 81! f ) l()(X)! 

2. a) 161 b) 811 c) 32l 
d) 64* e) 216! f) 2561 

3. a) 41 b) 41 c) 91 

d) 161 e) 11 f) 271 

4. a) 1251 b) 321 c) 641 
d) 1000! e) 161 f) s1i 

5. a) solve 16' = 4 
c) solve9' = 3 
e) solve 100' = 10 

6. a) solve 1000'-= 10 
c) solve8P = 3 

b) solve 8' = 2 
d) solve27' = 3 
I) solve 64' = 2 

e) solvelOOOOOO'= 10 

b) solve49' = 7 
d) solve 343' = 7 
I) solve216' = 6 

Exercise 7.8 Evaluate the following without the use of a calculator: 

I. ,) 27t 
b) 

7/ 
c) 

4l 
y T, 4' 

d) 
1,1 

c) 
271 

f) 
,, 

y To ,i 

2. a) 5lx5l b) 4lx 41 c) 8 X 2- 2 

d) 3lx 3l e) r' x 16 f) dx 8---; 
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,. 2tx 2-i 4} X 4~ 
c) 

21 X gt 
a) - 2 - b)----:;, Is 
d) (32)tx 3--+ st + 1 

f) 
9t x3r 

31 
e)zp Tx? 

Student assessment I 

1. Using indices, simplify the following: 
a) 2 X2 X2X S XS b) 2 X2 X 3 X3 X 3 X3X 3 

2. Write the following out in full: 
a) 4J b) 64 

3. Work out the value of the following without using a 
calculator: 
a) 21 X J(f b) J4 X Y 

4. Simplify the following using indices: 
a) 34 X3J b) 61 X62 X34 Xl1 

4' 
d) 

(6')' 
c) ~ 6' 

3'! x42 

f) 
4---2 x26 

e)~ - 2, -

5. Without using a calculator, evaluate the following: 
3' 

a) 24 X 2- 2 b) 
3

1 

5> 
c)? 

6. Find the value ofx in each of the following: 

a) 2<• - 2> = 32 b) f = 16 

c) s<->+ 2) = 125 d) g-• =-} 

Student assessment 2 

l. Using indices, simplify the following: 
a) 3 X 2 X 2 X 3 X 27 
b) 2X2X4X4X4X2X32 

2. Write the following out in full: 
a) 6'! b) 2- '! 

3. Work out the value of the following without using a 
calculator: 
a) Y x 101 b) 1-4 x51 

• 
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4. Simplify the following usin g indices: 
a) 24 X 2J b) 73 X 72 X 34 X 38 

4" 
d) _(3')' 

c) z10 27' 

76 x41 

f) 
8---2 X 26 

e)~ 2" 

5. Without using a calculator, evaluate the following: 

a) 52 x5- 1 b) 
4' 
4' 

c) 
T' 

d) 
3-3 

X 41 

? ,,----
6. Find the value of x in each of the following: 

a) 2(2> +2> = 128 b) ~=-k 
c) 3(->+ 4) = 81 d) g-1> =-} 

Student assessment 3 

L Write the following numbers in standard form: 
a) 8 million b) 0.00072 
c) 75 OOO OOO OOO d) 0.0004 
e) 4.75 billion f) 0.000 OOO 64 

2. Write the following as ordinary numbers: 
a) 2.07 X 104 b) 1.45 X 10- 3 

c) 5.23 X 10-1 

3. Write the following numbers in order of magnitude. starting 
with the smallest: 

6.2 X 107 5.5 X 10- 1 4.21 X 107 4.9 X 108 3.6 X 10- 3 

7.41 X 10- 9 

4. Write the following numbers: 
a) in standard form, 
b) in order of magnitude. starting with the largest. 

6 million 820 OOO 0.0044 0.8 52 OOO 

5. Deduce the value of n in each of the following: 
a) 620=6.2Xl0" b) 555000000=5.S5Xl0" 
c) 0.00045-= 4.5 X JO" d) 5oo2 = 2.5 X 10" 
e) 0.003S2 = 1.225 X 10" f) 0.CW = 6.4 X HY' 

6. Write the answers to the fo llowing calculations in standard 
form: 
a) 4000X30000 b) (2.8XJQ'l)X(2.0XJ01) 
c) (3.2 X 109

) + (1.6 X JO') d) (2.4 X la8) + (9.6 X !02) 
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7. l11e speed oflight is3 X la8 m/s. Venus is 108 million km 
from the Sun. Calculate the number of minutes it takes for 
sunlight to reach Venus. 

8. A star system is 500 light years away from Earth. The speed 
of light is3 X 101 km/s. Calculate the distance the star 
system is from Earth. Give your answer in kilometres and 
written in standard form. 

Student assessment 4 

1. Write the following numbers in standard form: 
a) 6 million b) 0.0045 
c) 3 800 OOO OOO d) 0.000 OOO 361 
e) 460 million f) 3 

2. Write the following as ordinary numbers: 
a) 8.112 X l(f b) 4.4 X lQ'l 
c) 3.05 X 10- 4 

3. Write the following numbers in order of magnitude, starting 
with the largest: 

3.6 X 1CJ2 2.1 X 10- 3 9 X 101 4.05 X lef 1.5 X 10- 2 

7.2 X 10- 3 

4. Write the following numbers: 
a) in standard form, 
b) in order of magnitude, starting with the smallest. 

15 million 430 OOO 0.000 435 4.8 0.0085 

5. Deduce the value of n in each of the following: 
a) 4750 =-4.75 X 10" b) 6440000000: 6.44 X 10" 
c) 0.0040 = 4.0 X 10' d) looo2-= 1 X 10" 
e) 0.93 = 7.29 X 10" f) 8003 = 5.1 2 X 10" 

6. Write the answers to the following calculations in standard 
form: 
a) 50000 X 2400 b) (3.7 X Jct) X (4.0 X la4) 
c) (S.8 X 107) + (9.3 X 1a6) d) (4.7 X Jct) - (8.2 X lQ'l) 

7. l11e speed ofli ght is3 X la8 m/s. Jupiter is 778 million km 
from the Sun. Calculate the number of minutes it takes for 
sunlight to reach Jupiter. 

8. A star is 300 light years away from Earth. The speed of 
light is 3 X J(f km/s. Calculate the distance fr om the star 
to Earth. Give your answer in kilometres and written in 
standard form. 
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Student assessment 5 

I. Evaluate the following without the use of a calculator: 
a) 81! b) 27i c) 9f d) 6251 

e) 3431 f) 16--i g) ~---t h) 
1

:---t 

2. Evaluate the following without the use of a calculator: 

16} 9f 
a) l2 b) 31 

c) gt 
B' 

d) s i x 51 

e) 4lx 2- 2 f) 27t x3--i 

~ 

g) (4
1
):

4
x 21 h) (tid 

3" 

3. Draw a pair of axes with x from -4 to 4 and y from O to 10. 
a) Plot a graph of y = J!. 
b) Use your graph to est imate when J!= 5. 

Student assessment 6 

I. Evaluate the following without the use of a calculator: 
a) 64l b) 271 c) 9-f d) 5121 

e) vrf f) vi6 g) 
3

~---t h) ~ 

2. Evaluate the following without the use of a calculator: 

a) 25t b) 41 

0 2' 

271 
c)y d) 2slx s' 

e) 4lx 4-! f) 
27t X 3--J 

---,er 
W)-tx9t 

h) (5~\ X 5/ 

g) (±)' ~ 

3. Draw a pair of axes withx from -4 to 4 andy from Oto 18. 

a) Plot a graph of y = 4--i. 

b) Use your graph to estimate when 4---i- = 6 . 

• 



0 Money and finance 

• Currency conve rsions 
In 2012. I euro could be exchanged for 1.25 Australian dollars 
(A$) . 

Worked e.rumplei· a) How many Australian dollars can be bought for €400? 
€1 buvsA$1.25. 
€400 buys 1.25 X 400 = A$500. 

b) How much does it cost to buv A$940? 
A$1.25costs€1. · 

A$940 costs 1 t:o = €752. 

Exercise 8.1 The table shows the exchange rate for €1 into various 
currencies. 

Australia 1.25 Australian dollars (A$) 

India 70rupees 

Zimbabwe 470 Zimbabwe dollars (ZIM$) 

South Africa II rand 

Turkey 2.3Turkishlira(L) 

Japan 103yen 

Kuwait 0.4 dinar 

USA 1.3 US dollars (US$) 

1. Convert the following: 
a) €25 into Australian dollars 
b) €50 into rupees 
c) €20 into Zimbabwe dollars 
d) €300 into rand 
e) €BO into Turkish lira 
f) €40 into ye n 
g) €400 into dinar 
h) €150 into US dollars 

2. How many e uro does it cost to buy the following: 
a) A$500 b) 200 rupees 
c) Z IM$1000 d) 500 rand 
e) 750 Turkish lira I) 1200 yen 
g) 50 dinar h) US$150 
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• Earnings 
Net pay is what is left after deductions such as tax, insurance 
and pension contributions are taken fr om gross ea rnings. 
That is. Net pay= Gross pay - Ded uctions 

A bo1111s is an extra payme nt sometimes added to an 
employee's basic pay. 

In many companies there is a fixed number of hours that 
an employee is expected to work. Any work done in excess of 
this basic neek is paid at a higher rate. referred to as o,·ertime. 
Overtime may be 1.5 times basic pay, called time and a half. or 
twice bruic pay, called double time. 

Piece 11·ork is another method of payment. Employees are 
paid for the number of articles made, not for the time taken. 

Exercise 8.2 I. Mr Ahmet's gross pay is $188.25. Deductions amount to 
$33.43. What is his ne t pay? 

2. Miss Said's basic pay is $128. She earns $36 for overtime and 
receives a bonus of$J8. What is her gross pay? 

3. Mrs Hafar's gross pay is $203. She pays $54 in tax and $18 
towards her pension. What is her ne t pay? 

4. Mr Wong works35 hours for an hourly rate of $8.30. What 
is his basic pay? 

5. a) Miss Martinez works 38 hours for an hourly rate of 
$4.1 5. In addition she works 6 hours of overtime at time 
and a half. What is her to tal gross pay? 

b) Deductions amount to 32% of her total gross pay. What 
is her ne t pay? 

6. Pepe is paid $5.50 for each basket of grapes he picks. One 
week he picks 25 baskets. How much is he paid? 

7. Maria is paid €5 for every 12 plates that she makes. This is 
her record for one week. 

Moo 240 

Tues 360 

Wed 288 

Thurs 192 

Fri 180 

How much is she paid? 
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8. Neo works at home making clothes. TI1e patterns and 
materials are provided by the company. The table shows the 
rates she is paid and the number of items she makes in one 
week: 

Item Rate Numbe r made 

Jacket 25rand 

Trousers II rand 12 

Shirt 13rand 

Dress 12rand 

a) Whatarehergrossearnings? 
b) Deductions amount to 15% of gross earnings . What is 

her net pay? 

• Profit and loss 
Foodstuffs and manufactured goods are produced at a cost. 
known as the cost price, and sold at the selling price. If the 
selling price is greate r than the cost price, a profit is made. 

Worked example A market trader buys oranges in boxes of 12 dozen for $14.40 
per box. He buys three boxes and sells all the oranges for 12c 
each. What is his profit or loss? 

Cost price: 3 X $14.40 = $43.20 
Sellingprice : 3 X 144 X 12c = $51 .84 
In this case he makes a profit of $51 .84 - $43.20 
His profit is $8.64. 

A second way of solving this problem would be: 
$14.40 for a box of 144 oranges is IOc each. 
So cost pr ice of each orange is IOc, and selling price of each 
orange is 12c. The profit is 2c per orange . 
So 3 boxes would give a profit of 3 X 144 X 2c. 
That is,$8.64. 

Sometimes, particularly during sales or promotions, the sellin g 
price is reduced, this is known as a discount. 

Worked example In a sale a skirt usually costing $35 is sold at a 15% discount. 
What is the discount? 
15% of $35 = 0.15 X $35 = $5.25 
The discount is $5 .25. 

Exercise 8.3 l. A market trader buys peaches in boxes of 120. He buys 
4 boxes at a cost price of $13.20 per box. He sells 
425 peaches at 12c each - the rest are ruined . How much 
profit or loss does he make? 
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2. A shopkeeper buys 72 bars of chocolate for $5 .76. What is 
his profit if he sells them for 12c each? 

3. A holiday company charters an aircraft to fly to Malta at 
a cost of $22 OCXJ. It then sells 150 seats at $185 each and a 
futher 35 seats at a 20% discount. Calculate the profit made 
per seat if the plane has 200 seats. 

4. A car is priced at $7200. The car dealer allows a customer to 
pay a one-third deposit and 12 payments of $420 per month. 
How much extra does it cost the customer? 

5. At an auction a company sells 150 television sets for an 
average of $65 each. The product ion cost was $ I O OOO. 
How much loss did the company make? 

• Percentage profit and loss 
Most profits or losses are expressed as a percentage. 
Profit or loss, divided by cost price. multiplied by 100 
= % profit or loss. 

Worked e..mmple A woman buys a car for $7500 and sells it two years later for 
$4500. Calculate her loss over two years as a percentage of the 
cost price. 

cost price = $7500 selling price = $4500 loss = $3000 

Loss% = ~: X 100 = 40 

Her loss is 40% . 

When something becomes worth less over a period of time. it is 
said to depreciate. 

Exercise 8.4 1. Find the depreciation of the follow ing cars as a percentage 
of the cost price. (C.P. = cost price, S.P. = selling price) 
a) VW C. P. $4500 S.P. $4005 
b) Rover C. P. $9200 S.P. $6900 

2. A company manufact ures electrical items for the kitchen. 
Find the percentage profit on each of the following: 
a) Fridge C.P. $SO S.P. $65 
b) Freezer C. P. $80 S.P. $96 

3. A developer builds a number of different types of house. 
Which type gives the developer the largest percentage profit? 
Type A C.P. $40000 S.P. $52000 
Type 8 C. P. $65000 S.P. $75000 
Type C C. P. $81 OOO S.P. $108000 



Money and finance 

4. Students in a school organise a disco. The disco company 
charges $350 hire charge. The students sell 280 tickets at 
$2.25. What is the percentage profit? 

• Interest 

Interest can be defined as money added by a bank to sums 
deposited by customers. ll1e money deposited is called the 
principal. The percentage interest is the given rate and the 
money is left for a fixed period of time . 

A formula can be obtained for simple interest: 

SI=[£-

where SI= simple interest, i.e. the interest paid 
P = the principal 
t = time in years 
r = rate percent 

Worked e.rumplei· a) Find the simple interest earned on $250 deposited for 
6yearsat 8% p.a. 

SI=[£ 

SI=250;~x8 

SI= 120 

So the interest paid is $120. 

b) How long will it take for a sum of $250 invested at 8% to 
earn interest of $80? 

SI=[£ 

80 = 250
1
~x8 

80 = 20t 
4 = t 

It will take4years. 

c) What rate per year must be paid for a principal of$750 to 
earn interest of$180 in4years? 

SI=[£ 

180 = 750;~x r 

180 = 30r 
6 =r 

TI1e rate must be 6% per year. 
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d) Find the principal which will earn interest of$120 in 6 years 
at4%. 

SI={£-

120 = P ~~x 4 

120 = ~: 

12000 = 24P 
500 = P 

So the principal is $500. 

Exercise 8.5 All rates of interest give n here are annual rates. 

I. Find the simple interest paid in the following cases: 
a) Principal $300 rate 6% time 4 years 
b) Principal $750 rate 8% time 7 years 

2. Calculate how long it will take for the following amounts of 
interest to be earned at the given rate. 
a) P =$500 r =6% SI=$150 
b) P= $400 r= 9% SI=$252 

3. Calculate the rate of interest per year which will earn the 
given amount of interes t: 
a) Principal $400 time 4 years 
b) Principal $800 time 7 years 

interest $112 
interest $224 

4. Calculate the principal which will earn the interest below in 
the given number of years at the give n rate: 
a) SI= $36 time= 3 years rate = 6% 
b) SI : $340 time : 5 years rate = 8% 

5. What rate of interest is paid on a deposit of $2000 which 
earns $400 interest in 5 years? 

6. How long will it take a principal of $350 to earn $56 interest 
at 8% per year? 

7. A principal of $480 earns $108 interest in 5 years. What rate 
of interest was being paid? 

8. A principal of $750 becomes a total of $1320 in 8 years. 
What rate of interest was being paid? 

9. $1500 is invested for 6yearsat 3.5% per year. What is the 
interest earned? 

10. $500 is invested for 11 years and becomes $830 in total. 
What rate of interest was being paid? 



Money and finance 

• Compound interest 
Compound interest means inte rest is paid not only on 
the principal amount, but also on the inte rest itse lf: it is 
compo unded (or added to). 

This sounds complicated but the example below will make it 
clear. 

e.g. A builder is going to build six houses on a plot of land in 
Spain. He borrows €50000'J at 10% interest and will pay off 
the loan in full after three years. 

At the end of the first year he will owe : 
€500000 + 10% of €500000 i.e. €50000'J X 1.10 = €550000 

At the end of the second year he will owe: 
€550000 + 10% of €550000 i.e. €55000'J X 1.10 = €605000 

At the end of the third year he will owe: 
€605000 + 10% of €605000 i.e. €605D0'J X 1.10 = €665500 

The compound inte rest he has to pay is €665500 - €500000 
i.e . €165500 

The time take n for a debt to grow at compound inte rest can be 
calculated as shown in the example below: 

Worked example How long will it take for a debt to double at a compound 
interest rate of 27% p.a.? 

An inte rest rate of27% implies a multiplie r of 1.27 . 

ITime(years) IOI I I 2 I 3 I 
_ Debt P 1.27P 1.27'-P = 1.61P l.27'P = 2.0SP 

\._J' '-..____/ '-..____/ 
Xl.27 Xl.27 Xl.27 

The debt will have more than do ubled after 3 years. 
Using the example above of the builder's loan, if P 

represents the principal he borrows, then after 1 year his 
debt (D) will be given by the formula: 

D = P( 1 + fc"x5) where r is the rate of inte rest. 

A ft e r 2 years: D = P(l + T5o)(1 + T5o) 
After3years: D = P(I + T5o)(1 + T5o)(1 +IIxJ) 
After n years: D ::c P(l + Tijjf 

• 
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This fommla for the debt includes the original loan. 
By subtracting P, the compound interest is calculated: 

l=P(1+TIMJ)"- P 
Compound interest is an example of a geometric sequence and 
therefore of exponential growth. 

The interest is usually calculated annually, but there can be 
ot her time periods. Compound interest can be charged yearly, 
half-yearly. quarterly, monthly or daily. ( In theory any time 
period can be chosen.) 

Worked examples a) Find the compound interest paid on a loan of$600 for 
3 years at an annual percentage rate (A PR) ofS% . 

When the rate is 5%. 1 + 1iiJ = I.OS. 

D =600X 1.0S3 =694.S8(to2d.p.) 

The total payment is $694.58 so the interest due is 
$694.58 - $600 = $94.58. 

b) Find the compound interest when $3000 is invested for 
18 months at an APR of8.5%. The interest is calculated 
every six months. 

Note: The interest for each time period of 6 months is 

~ = 4.25%. ll1ere will therefore be 3 time periods of 6 
months each. 

Whentherateis4.25%,1 + ~: = 1.0425. 

D = 3000 X 1.04253 = 3398.986 .. 

The final sum is $3399, so the interest is $3399 - $3000 
= $399. 

Exercise 8.6 1. A shipping company borrows $70 million at 5% p.a. 
compound interest to build a new cruise ship. If it repays 
the debt after 3 years. how much interest will the company 
pay? 

2. A woman borrows $100000 for home improvements. The 
compo und interest rate is 15% p.a. and she repays it in full 
after 3 years. How much interest will she pay? 

3. A man owes $5000on his credit cards. ll1e APR is20% . 
If he doesn't repay any of the debt, how much will he owe 
after4years? 

4. A school increases its intake by 10% each year. If it starts 
with 1000 students, how many will it have at the beginning 
of the fourth year of expansion ? 



Money and finance 

5. 8 million tonnes of fish were caught in the North Sea in I 
2005. If the catch is reduced by 20% each year for 4 years. 
what weight is caught at the end of this time? 

6. How many years will it take for a debt to double at 42% p.a. 
compo und interest? 

7. How many years will it take for a debt to double at 15% p.a. 
compo und interest? 

8. A car loses value at a rate of 27% each year. How Jong will 
it take for its value to halve? 

Student assessment I 

I. A visitor from Hong Kong receives 12 Pakistan rupees for 
each Hong Kong dollar. 
a) How many Pakista n rupees would he get fo r H K$240? 
b) How many Hong Kong dollars does it cost for 

1 thousand rupees? 

2. Below is a currency conversion table showing the amount of 
foreign currency received for 1 euro. 

New Zealand 1.6 do llars (NZ$) 

Brazil 2.6 rea ls 

a) How many e uro does it cost for NZSlOCKl? 
b) How many e uro does it cost for 500 Brazilian reals? 

3. A girl works in a shop on Saturdays for 8.5 hours. She is paid 
$3.60 per ho ur. What is her gross pay for 4 weeks' work? 

4. A potter makes cups and saucers in a factory. He is paid 
$1 .44 per batch of cups and $1.20 per batch of saucers. What 
is his gross pay if he makes 9 batches of cups and 11 batches 
of sa ucers in one day? 

5. Calculate the missing numbers from the simple interes t 
table below: 

Principal($) Rate (%) Time (years) Inte rest($) 

300 6 4 (a) 

250 (b) 3 60 

480 5 (c) 96 

650 (d) 8 390 

l•I 3.75 4 187.50 
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6. A family ho use was bought for $48 000 twelve years ago. 
It is now valued at $120 ()(XJ. What is the average annual 
increase in the value of the house? 

7. An electrician bought five broken washing machines for 
$550. He repaired them and sold them for $143 each. What 
was his percentage profit? 

Student assessment 2 

I. Find the simple interest paid on the fo llowing principal 
sums P, deposited in a savings acco unt fort years at a fixed 
rateofinterestofr%: 
a) P c:: $550 
b) P = $8000 
c) P = $12500 

fc::5vears 
t= 10years 
t= 7ycars 

r=3% 
r=6% 
r=2.5% 

2. A sum of $25000 is deposited in a bank. After 8 years, the 
simple interest gained was $7000. Ca lculate the annual rate 
of interest on the account assuming it remained constant 
over the 8 years. 

3. A bank le nds a business $250000. The annual rate of 
interest is 8.4%. When paying back the loan, the business 
pays an amount of$105000 in simple interest. Calculate the 
number of years the business took out the loan for. 

4. Find the compound interest paid on the following principal 
sums P. deposited in a savings account for n years at a fixed 
rateofinterestof r% : 
a) P = $400 n = 2 years r = 3% 
b) P = $5000 n = 8 vears r = 6% 
c) P = $18000 n = 10 years r = 4.5% 

5. A car is bought for $12500. Its value depreciates by 15% 
per year. 
a) Calculate its value after: 

i) l year ii) 2years 
b) After how many years will the car be worth less than 

$1000? 



(!) Time 

Times may be given in terms of the 12-hour clock. We tend 
to say, ' I get up at seven o'clock in the morning, play football 
at half past two in the afternoon, and go to bed before e leve n 
o'clock' . 

These times can be written as 7 a.m .. 2.30 p.m. and 11 p.m. 
In order to save confusion, most timetables are written using 

the 24-ho ur clock. 

7 a.m. is written as 0700 
2.30p.m. is written as 1430 
11.00 p.m. is written as 2300 

Worked example A train covers the 480 km journey fr om Paris to Lyon at an 
average speed of 100 km/h. If the train leaves Paris at 0835, 
when does it arrive in Lyon? 

Time taken = d!~:;~e 

Paris to Lyon =~ hours. that is, 4.8 hours. 

4.8 hours is 4 hours and (0.8 X 60 minutes), that is, 
4 hours and 48 minutes. 

Departure 0835: arrival 0835 + 0448 

Arrival time is 1323. 

Exercise 9.1 I. A journey to work takes a woman three quarters ofan ho ur. 
If she catches the bus at 0755, when does she arrive? 

2. TI1e same woman catches a bus home each evening. TI1e 
journey takes 55 minutes. If she catches the bus at 1750. 
when does she arrive? 

3. A boy cycles to school each day. His journey takes 
70 minutes. When will he arrive ifhe leaves home at 0715? 

4. Find the time in ho urs and minutes for the following 
journeys of the given distance at the average speed stated: 
a) 230 km at 100 km/h b) 70 km a t 50 km/h 

5. Grand Prix racing cars cover a 120 km race at the following 
average speeds . How long do the first five cars take to 
comple te the race? Answer in minutes and seconds. 

First 240 km/h Second 220 km/h Third 210 km/h 
Fo urth 205 km/h Fifth 200 km/h 

• 
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6. A train covers the 1500 km distance from Amsterdam 
to Barcelona at an average speed of 90 km/h. If the train 
leaves Amsterdam at 9.30 a.m. on Tuesday, when does it 
arrive in Barcelona? 

7. A plane takes off at 1625 for the 3200 km journey from 
Moscow to Athens. If the p lane fli es at an average speed of 
600 km/h, when wi ll it land in Athens? 

8. A p lane leaves London for Bos ton. a distance of 5200 km, 
at 0945. The plane travels at an average speed of 800 km/h. 
If Boston time is five hours behind British time. what is the 
time in Boston when the aircraft lands? 

Student assessment I 

1. A journey to school takes a girl 25 minutes. What time does 
she arrive if she leaves home at 0838? 

2. A car travels 295 km at 50 km/h. How long does the jo urney 
take? Give your answer in ho urs and minutes. 

3. A bus leaves Deltaville at 1132. It travels at an average 
speed of 42 km/h. If it arrives in Eastwich at 1242, what is 
the distance between the two towns? 

4. A plane leaves Betatow n at 1758 and arrives at Fleckley 
at 0503 the following morning. How long does the journey 
take? Give your answer in ho urs and minutes. 

Student assessment 2 

1. A journey to school takes a boy 22 minutes . What is the 
latest time he can leave home ifhe must be at school at 
0840? 

2. A plane travels 270 km at 120km/h. How long does the 
journey take? Give your answer in hours and minutes. 

3. A train leaves Alphaville at 1327. It travels at an average 
speed of56km/h. !fit arrives in Eastwich at 1612, what is 
the distance between the two towns? 

4. A car leaves Gramton at 1639. It travels a dis tance of 
315 km and arrives at Halfield at 2009. 

a) How long does the jo urney take? 
b) What is the car's average speed? 



Set notation and Venn 
diagrams 

• Sets 
A set is a well defined gro up of objects or symbols. The objects 
or symbols are called the e lements of the set. I f an e lement e 
belongs to a set S. this is represented as e ES. If e does not 
belong to set S this is represented as e (£. S. 

Worked e.rumplei· 11) A particular set consists of the fo llowing elements: 

[South Africa. Namibia, Egypt , Angola . ... ] 

Describe the set. 

ll1e eleme nts of the set are co untries of Africa. 

ii) Add another two elements to the set. 

e.g. Zimbabwe, Ghana 

iii) ls the set finit e or infinite? 

Finite . There is a finit e number of countries in Africa. 

b) Consider the set A =- \x: x is a natural number! 

Describe the set. 

The eleme nts of the set are the natural numbers. 

ii) Write down two e lements of the set. 

e.g. 3 and 15 

c) Consider the set B = /(x,y) : y = 2x - 4] 

Describe the set. 

ll1e elements of the set are the coordina tes of points 
found on the strai ght line with equation y = 2x - 4. 

ii ) Write down two e lements of the set. 

e.g. (0. -4) and (10, 16) 

d) Consider the set C = {x: 2 ~ x ~ 8/ 

Describe the set. 

ll1e elements of the set include any number be tween 2 
and 8 inclusive . 

ii ) Write down two e lements of the set. 

e.g. 5 and6.3 

• 
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Exercise I 0. 1 1. In the following questions: 

i) describe the set in words, 
ii ) write down another two elements of the set. 

a) [Asia, Africa, Europe, ... ] 
b) [2, 4, 6, 8, ,, ,[ 
c) [Sunday, Monday, Tuesday, ... } 
d) [January, March, July, ... f 
e) [L 3, 6, 10. ... ] 
f) [Mehmet, Michael. Mustapha, Matthew, ... f 
g) [11, 13, 17, 19, ... ] 
h) [a, e, i, ... ] 
i) [Earth, Mars, Venus, ... ] 
i) A = [x: 3,,,;;;x,,,;;; 12] 
k) S=\y:-5,,,;;;y,,,;;;5f 

2. The number of elements in a set A is written asn(A). 
Give the value of n(A) for the finite sets in questions 1a-k 
above. 

• Subsets 
If all the elements of one set X are also e lements of another set 
Y, then X is said to be a subset of Y. 

This is written as X i;;; Y. 
If a set A is empty (i.e . it has no elements in it), then this 

is called the empty set and it is represented by the symbol 0 . 
Therefore A = 0 . The empty set is a subset of all sets. 

e.g. Three girls, Winnie, Natalie and Emma form a set A 

A = \Winnie, Natalie, Emma] 
All the possible subsets of A are given below: 
B = {Winnie, Natalie, Emma] 
C=\Winnie,Natalie] 
D = \Winnie, Emma] 
E = \Natalie, Emma] 
F =\Winnie] 
G = \Natalie] 
H = \Emma] 
/ =0 

Note that the sets Band I above are considered as subse ts of A. 

i.e.Bi;;;Aandli;;;A 

However, sets C, D , E , F, G and Hare considered proper subsets 
of A. This distinction of subset is shown in the notation below. 

C CA and DCA etc. 

Similarly G rt. H implies that G is not a subset of H 

G rt. H implies that G is not a proper subset of H 
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Workede.rumpfe A = [l,2,3.4,5,6, 7,8,9, !OJ 
i) List subset B [even numbers]. 

B = [2,4,6,8,10] 

ii) List subset C [prime numbersf . 

C = [2,3,5, 7] 

Exercise I 0.2 I. P = [whole numbers less than 301 
a) List the subset Q jeven numbers] . 
b) List the subse t R jodd numbersf . 
c) List the subset S jprime numbers/ . 
d) List the subse t T jsquare numbers) . 
e) List the subse t U !triangle numbers] . 

2. A = [whole nwnbers between 50 and 70} 
a) List the subse t B !multiples of 5/ . 
b) List the subse t C !multiples of3f . 
c) List the subset D jsq uare numbers] . 

3. J = jp,q, r f 
a) List all the subsets of J. 
b) List all the proper subsets of J. 

4. State whether each of the following statements is true or 
false: 
a) !Algeria, Mozambique] i;;; [countries in Africaf 
b) {mango, banana\ i;;; /fruit ] 
c) jl,2,3,4] i;;; [1,2,3,4} 
d) /1,2,3,4] C [1,2,3,4/ 
e) jvolleyball, basketball] rt. \team sport ] 
f ) {4,6,8, 10} rt. {4,6,8, !Of 
g) jpotatoes, carrots] i;;; [vegetables! 
h) jl2, 13, 14,151 rt. !whole numbers\ 

• T he universal set 
The universal set(~) for any particular problem is the set which 
cont ains all the possible elements for that problem. 

The complement of a se t A is the set of elements which are in 
'I, but not in A. The complement of A is identified as A '. Notice 
that 'i,'= 0 and 0' = i . 

Worked e.rnmpfe1· a) If i = ll, 2, 3,4, 5, 6, 7, 8, 9, 10\ and A = [1,2,3, 4, 5f what 
set is represented by A '? 

A'consists of those elements in i which arc not in A. 

Therefore A'= [6, 7,8,9, 10) . 

b) If i = /all 3D shapes] and P = [prisms\ what set is 
represented by P'? 

P' = [al1 3D shapes except prisms]. 

• 
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• Set notation and Venn diagrams 
Venn diagrams are the principal way of showing sets 
diagrammatically. The method consists primarily of e ntering the 
elements of a set into a circle or circles. 

Some examples of the uses of Venn diagrams are shown. 

A = /2, 4, 6, 8, 10) can be represented as: 

AO'' 10 

6 

Elements which are in more than one set can also be 
represe nt ed using a Venn diagram. 

P = j3,6,9, 12, 15,18] and Q = j2,4,6,8, 10,121 can be 
represe nt ed as: 

In the diagram above it can be seen that those elements which 
belong to both sets are placed in the region of overlap of the 
two circles. 

When two sets P and Q overlap as they do above, the 
notation P n Q is used to denote the set of elements in the 
intersection, i.e. P n Q = /6, 12]. 

Note that 6E P n Q:8 r£. P n Q. 
J = \ I 0, 20, 30, 40, 50, 60, 70, 80, 90, 1001 and 
K = /60, 70, 80]: as discussed earlier, Kc J can be 

represe nted as shown below: 
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X = [1,3. 6. 7, 14] and Y = [3. 9, 13, 14, 18] are represented as: 

The 1111i o 11 of two sets is everything which belongs to either or 
both sets and is represented by the symbol U. 

Therefore in the example above XU Y = p, 3, 6, 7, 9, 13, 
14, 18]. 

Exercise 10.3 1. Using the Venn diagram (left ). indicatewhetherthe 
following statements are true or false. E means 'is an 
element of' and(£ means 'is not an element of'. 
a) SEA b) 20 EB c) 20fl: A 
d) SOE A e) 50fl_ B f) AnB =[I0,20] 

2. Complete the statement A n B = [ .. f for each of the Venn 
diagrams below. 

3. Complete the statement A U B = [ ... f for each of the Venn 
diagrams in question 2 above. 

4. ' rn 
Copy and complete the following statements: 
a) ~ = [ ... [ b) A' =[ ... [ 

• 
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OD
1 B 

2 8 

, 3 4 

6 

Copy and complete the following statements: 
,) • = { ... f b) A'={ ... f c) An B = I .. f 
d) Au B = { ... f c) (An B)' = { ... f f ) An B' = I .. f 
a) Describe in words the elements of: 

i) set A ii ) setB iii) setC 
b) Copy and complete the following statements : 

i) An B = l-.. ] ii ) An C = l-.. ] 
iii) B n C = l- .. f iv) A n B n C = [ .. f 
v) A U B = j ... ] vi) CU B = j ... f 

a) Copy and complete the following statements : 
i) A = j ... J ii ) B = j ... J 

iii) C' = [ ... ] iv) An B = j ... ] 
v) Au B = { ... ] vi) (An B)' = [ ... f 

b) State, using set notation, the relationship between C 
and A. 

a) Copy and complete the following statements : 
i) W = [ ... ] ii ) X =j ... J 

iii) z· = [ ... f iv) w n z = j ... ] 
v) WnX =j ... J vi) YnZ ={ ... f 

b) Which of the named sets is a subset of X? 
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Exercise I 0.4 1. A = [Egypt, Libya, Morocco, Chad/ 
B = [Iran, Iraq, Turkey, Egypt] 

Worked example 

rnJ . 

m 

a) Draw a Venn diagram to illustrate the above 
information. 

b) Copy and complete the following statements: 
i) An B = [ .. -1 ii) AU B = [ ... / 

2. P = [2,3,5, 7, 11, 13, 17] 
Q= [II, 13,15, 17,191 
a) Draw a Venn diagram to illustrate the above information. 
b) Copy and complete the following statements: 

i) P n Q = [ ... 1 ii ) Pu Q = [ ... 1 
3. B = [2,4,6,8, 10] 

AU B = jL2,3,4,6,8. IOJ 
AnB =\2.4/ 
Represent the above information on a Venn diagram. 

4. X-= [a,c,d,e, L g, 11 
Y = [b,c, d, e, h , i , k, I, m\ 
Z = [c,f, i, j,m] 
Represent the above information on a Venn diagram. 

5. P = [IA,7,9,11,15] 
Q= [5,10.151 
R = [1,4,91 
Represent the above information on a Venn diagram. 

• Problems involving sets 

In a class of31 students, some study Physics and some study 
Chemistry. If 22 study Physics, 20 study Chemistry and 5 
study neither, calculate the number of students who take both 
subjects. 

The information give n above can be e ntered in a Venn 
diagram in stages. 

The st udents taking neither Physics nor Chemistry can be put 
infirst(asshown left ). 

This leaves 26 students to be entered into the set circles. 
If x students take both subjects then 

n(P) = 22 - X + X 

n(C) = 20- X + X 

PUC=31-5=26 

Therefore 22 - x +x + 20-x = 26 
42-x =26 

X = 16 

• 
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Substituting the value ofx into the Venn diagram gives: . 

00 
Therefore the number of students taking both Physics and 
Chemis try is 16. 

Exercise I 0.5 1. In a classof35 students, 19 take Spanish, 18 take French 
and 3 take neither. Calculate how many take: 
a) both Fre nch and Spanish, 
b) just Spanish, 
c) just French. 

2. In a year group of 108 students, 60 liked football, 53 liked 
tennis and 10 liked neither. Calculate the number of 
stude nts who liked football but not tennis. 

3. In a year group of 113 students, 60 liked hockey, 45 liked 
rugby and 18 liked neither. Calculate the number of 
stude nts who: 
a) liked both hockey and rugby, 
b) liked only hockey . 

4. One year 37 st udents sat an examination in Physics, 48 sat 
Chemistry and 45 sat Biology . IS students sat Physics and 
Chemistry, 13 sat Chemistry and Biology, 7 sat Physics and 
Biology and 5 students sat all three . 
a) Draw a Venn diagram to represent this information. 
b) Calculate n (PUC U B). 

Student assessment I 

1. Describe the following sets in words: 
a) !2.4, 6, Sf 
b) \2.4. 6,8 .... J 

c) p,4, 9, 16, 25, ... f 
d) {A rctic, Atlantic, In dian, Pacific] 

2. Calculate the value ofn(A ) for each of the sets show n 
below: 
a) A = \days of the weekf 
b) A = \prime numbers between 50and 60] 
c) A =\x:xisanintegerand 5..;;x..;;10J 
d) A = \days in a leap year] 
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3. Copy out the Venn diagram (left) twice. 
a) On one copy shade and label the region which 

represents A n B. 
b) On the other copy shade and label the region which 

represents A U B. 

4. If A = [a, bf list all the subsets of A. 

5. If 't = [m, a, t, h,s/ and A =- [a, s], what se t is represented 
by A '? 

Student assessment 2 

I. Describe the following sets in words: 
a) lJ , 3,5.7] 
b) /1.3, 5, 7, ... / 
c) jl , 3,6,10, 15 .... ] 
d) !Brazil, Chile, Argentina, Bolivia, ... } 

2. Calculate the value of n(A) for each of the sets shown 
below: 
a) A = [months of the year] 
b) A = [square numbers between 99 and 1491 
c) A =[x:xisanintegerand -9,.;;; x ,i;::;-3] 
d) A= [s tude nts in yourdass] 

3. Copy out the Venn diagram (left) twice. 
a) On one copy shade and label the region which 

represents i . 
b) On the other copy shade and label the region which 

represents (A n B)'. 

4. If A = [w. o, r, k] list all the subsets of A with at least three 
eleme nts. 

5. 1f t: = [1 , 2. 3,4,5. 6. 7, 8] and P = j2, 4, 6, 8], what set is 
represented by P'? 

Student assessment 3 

1. If A = [2, 4. 6, 8] write all the proper subsets of A with two 
or more eleme nts. 

2. J = !London, Paris, Rome. Washington, Canberra, Ankara, 
Cairof 
K: [Cairo, Nairobi, Pretoria, Ankaraf 
a) Draw a Venn diagram to represent the above 

information. 
b) Copy and complete the s tatement Jn K = \ ... ]. 
c) Copy and complete the statement J' n K = \ ... ] . 

• 
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3. M = \x: x is an integer and 2 ,i;::; x ,i;::; 20] 
N = [prime numbers less than 30] 
a) Draw a Venn diagram to illustrate the information 

above. 
b) Copy and complete the statement Mn N =[ ... f. 
c) Copy and complete the statement (Mn N)' =[ ... f. 

4. '-,; = [natural numbers!, M = /even numbers\ and 
N = [multiples of 5]. 
a) Draw a Venn diagram and place the numbers 1,2,3,4, 

5, 6, 7, 8. 9, 10 in the appropriate places in it. 
b) If X = Mn N, describe set Xin words. 

5. In a region of mixed farming, farms keep goats, cattle or 
sheep. There are 77 farms altogether. 19 farms keep only 
goats, 8 keep only cattle and 13 keep only sheep. 13 keep 
both goats and cattle, 28 keep both cattle and sheep and 
8 keep both goats and sheep. 
a) Draw a Venn diagram to show the above information. 
b) Calculate n(G n C n S). 

Student assessment 4 

I. M = /a,e, i,o, uf 
a) How many subsets are there of M? 
b) List the subsets of Mwith four or more elements. 

2. X = [li on, tiger, cheetah, leopard, puma,jaguar,catf 
Y = [elephant, lion, zebra, cheetah, gazc l1cf 
Z = [anaconda, jaguar, tarantula, mosquito! 
a) Draw a Venn diagram to represent the above infonnation. 
b) Copy and complete the statement Xn Y = [ ... \. 
c) Copy and complete the statement Y n Z =[ ... f. 
d) Copy and complete the statement Xn Y n Z = / ... ]. 

3. A group of 40 people were asked whether they like cricket 
(C) and footbal1 (F).The number liking both cricket and 
football wru; three times the number liking only cricket. 
Adding 3 to the number liking only cricket and doubling 
the answer eq uals the number of people liking only football. 
Four said they did not like sport at all. 
a) Draw a Venn diagram to represent this information. 
b) Calculate n(C n F ). 
c) Calculate n( C n F } 
d) Calculate n( C' n F) . 



10 Set notation and Venn d iag rams 

4. l11e Ve nn diagram below shows the number of elements in 
threesetsP, QandR. 

If n(P U Q UR) = 93 calculat e: 
a) x b) n (P) 
d) n(R ) c) n(P n Q) 
g) n(P n R) h) n(R u Q) 

c) n(Q) 
f ) n(QnR) 
i) n(Pn Q)' 

• 
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Mathematical investigations 
and ICT 

Investigations are an important part of mathematical learning. 
All mathematical discoveries stem fr om an idea that a 
mathematician has and then inves tigates. 

Sometimes when faced with a mathematical investigation, 
it can seem difficult to know how to start. The structure and 
example below may he lp you. 

1. Read the question carefully and start with simple cases. 
2. Draw simple diagrams to help. 
3. Put the results from simple cases in a table. 
4. Look for a pattern in your results. 
5. Try to find a general rule in words. 
6. Express your rule algebraically. 
7. Test the rule for a new example . 
8. Check that the original question has been answered. 

Worked example A mystic rose is created by placing a number of points eve nly 
spaced on the circum fe rence of a circle. Straight lines are then 
drawn from each point to every o ther point. ll1e diagram (left) 
shows a mystic rose with 20 points. 

i) How many straight lines are there? 
ii ) How many straight lines would there be on a mystic rose 

with 100 points? 

To answer these questions, you are not expected to draw either 
of the shapes and count the number of lines. 

In. Try simple cases: 
By drawing some simple cases and counting the lines. some 
results can be found: 
Mystic rose with 2 points Mystic rose with 3 points 
Number of lines= I Number of lines= 3 
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Mystic rose with 4 points Mystic rose with 5 points 
Number of lines= 6 Nwnber of lines= 10 

3. Enter the results in an ordered table: 

I N"mbo,ofpo;o<, I' I JI' I' I 
Number of Imes I 3 6 10 

415. Look for a pattern in the results: 
There are two patterns. 
The first shows how the values change . 

I 3 6 10 

~ 
+2 +3 +4 

It can be see n that the difference between successive terms 
is increasingbyoneeach time. 

The problem with this pattern is that to find the 20th and 
100th terms. it would be necessary to continue this pattern 
and find all the terms leading up to the 20th and 100th term. 

l11e second is the relationship between the number of 
points and the number of lines. 

I N"mbo,ofpo;o<, I' I JI' I' I 
Numberof lmes I 3 6 10 

It is important to find a relationship that works for all values, 
for example subtracting I from the munber of points gives 
the number of lines in the first example only, so is not useful. 
However, halving the number of points and multiplying this 
by I less than the number of points works each time, 

i.e. Number of lines= (half the number of points) X (one 
less than the number of points). 

6. Express the rule algebraically: 
The rule expressed in words above can be written more 
elegantly using algebra. Let the number of lines be I and the 
number of points be p. 

I= {p(p - !) 

• 



Number 

Note: Any letters can be used to represent the number of 
lines and the number of points, not just I andp. 

Test the rule: 
The rule was derived fr om the original results. It can be 
tested by generating a further res ult. 

If the number of points p = 6, then the number of lines I is: 

l=ix6(6-1) 
=3X5 
= 15 

From the diagram to the left, the number oflines can also 
be counted as 15. 

8. Check thut the original questions ha,·e bee111111swered: 
Using the formula, the number of lines in a mystic rose with 
20pointsis: 

l=-}X20(20-l) 
= 10 X 19 
= 190 

The number of lines in a mystic rose with 100 points is: 

I=-} X 100(100 - I) 
= 50 X 99 
= 4950 

• Primes and squares 
13.41 and 73 are prime numbers. 

Two different sq uare numbers can be added together to 
make these prime numbers, e.g. )2 + 82 = 73. 

1. Find the two square numbers that can be added to make 
13and41. 

2. List the prime numbers less than 100. 
3. Which of the prime numbers less than 100 can be shown to 

be the sum of two different sq uare numbers? 
4. ls there a rule to the numbers in question 3? 
5. Your rule is a predictive rule not a formula. Discuss the 

difference. 

• Football leagues 
There are 18 teams in a football league. 

l. If each team plays the other teams twice. once at home and 
once away, then how many matches are played in a season? 

2. If there arc t teams in a league, how many matches are 
played in a season? 



Topic l Mathematical investigations and ICT 

e ICT activity I 
In this activity you will be using a spreadsheet to track the price 
of a company's shares over a period of time. 

1. a) Using the interne t or a newspaper as a resource, find the 
value of a particular company's shares. 

b) Over a period ofa month (or week), record the value of 
the company's shares. 1l1is should be carried o ut on a 
daily basis. 

2. When you have collected all the results. enter them into a 
spreadsheet similar to the one shown on the left. 

3. In column Center formulae that will calculate the value of 
the shares as a percentage of their value on day I. 

4. When the spreadsheet is complete. produce a graph 
showing how the percentage value of the share price 
changed over time. 

5. Write a short report explaining the performance of the 
company's shares during that time. 

e ICT activity 2 
The following activity refers to the graphing package 
Autograph; however, a similar package may be used. 

The velocity of a st udent at different parts of a 100m sprint 
will be analysed. 

A racecourse is set o ut as shown below: 

A 
Start 

1. A student must stand at each of points A-F. The student 
at A runs the 100m and is timed as he/she runs past each 
of the points B - F by the students at these points who each 
have a stopwatch. 

2. In Autograph, plot a distance-time graph of the results by 
entering the data as pairs of coordinates, i.e. (time, distance). 

3. Ensure that all the points are selected and draw a curve of 
best fit through them. 

4. Select the curve and plot a coordinate of your choice on 
it. This point can now be moved along the curve using the 
cursor keys on the keyboard. 

5. Draw a tangent to the curve through the point. 
6. What does the gradient of the tange nt represent? 
7. At what point of the race was the student running fastest? 

How did you reach this answer? 
8. Collect similar data for other st udents. Compare their 

graphs and running speeds. 
9. Carefully analyse one of the graphs and write a brief report 

to the runner in which you should ide ntify, giving reasons, 
the parts of the race he/she needs to improve on. 
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Syllabus 
£2.1 

Use leners lo express generalised numbers ond 
express bosic arithmetic processes olgebroicol!y. 

I 
Subst ilule numbers for words and letters in more 
complicoredlormvloe. 
Construct a nd transform more compl icated 
formulae and equations . 

E2.2 
Monipulore directed numbers. 
Use brackets and extract common foaors. 

I 
Expand products of algebraic expressions 
Fodorise where possible expreuions of the form: 
01( + bx +kay + kby 
a2x1-b1y1 

o1 + 2ab + b2 

01(2 + bK +c 

E2.J 

E2.4 

Use and interpret positive, negative ond zero 
indices. 

e Use and in terpret frodional indices. 
Usetherulesofindices. 

E2.s 
Solve simple li near equations in one unknown. 
Solve simultaneous linear equations in two 

unknowns. 

I Solve quadratic equations by foctorisotion , 
completing the square orb~ use of the formula. 
Solve simple lineor inequalities. 

E2.6 

I 
Represent inequolities graphically end use th is 
representation in the soli.rtion of simple linear 
progromming problems. 

E2.7 

I 
Continue o given number sequence. 
Recognise patterns in sequences ond 
relationships between different sequences. 
Findthenthtermof sequences. 

E2.8 

I 
Express direct and inverse variation in olgebraic 
terms and use this form of expression to find 
unkna,,mquantities. , 

E2.9 

I Interpret and use graphs in practicol situotions I, 

including travel graphs and conversion graphs, I \/ 
drow graphs from given data. ! f1 

I 
Apply the idea of rote of chonge to eosy 
kinematics involving distance-time ond 
speed- time graphs, acceleration and 
deceleration. 
Calculote distonce travelledosoreoundero 
linear speed - time graph. 

E2.10 

Construct tables of values and drew grophs for 
functions of the form elf' whe re a is o rotionol 
constant and n ... - 2, - 1, 0, 1, 2, 3 ond simple 
sums of not more then three of these and for 
fu nctions of the form a' where o is a positive 
integer. 
Drow end interpret graphs representing 
exponentiol growth and decoy problems. 
Solve ossocioted equations approximately by 
grophicol methods. 

1iC A ,, 



J 
-n 
4 

= c1 
• 

. g(x\) 

E2.11 

I Estimate gradients of curves by drowing tangents. 

E2.12 

I 
Use function notation, e.g. f(x) = 3x - 5, 
f:x f-)3x - 5todescribesimplefunctions. 
Findinversefunctionsf- '(x). 

Form composite functions os defined by g~x) = g(~x)). 

Q Contents 
Chapter 11 
Chapter 12 
Chapter 13 
Chapter 14 
Chapter 15 
Chapter 16 
Chapter 17 
Chapter 18 
Chapter 19 

Algebraic representation ond manipulation (E2.1, E2.2, E2.3) 
Algebroicindices(E2.4) 
Equotionsondinequolities(E2.l, E2.5) 
Lineorprogromming(E2.6) 
Sequences(E2.7) 
Voriotion(E2.8) 
Graphs in procticol situations (E2. 9) 
Grophsoffunctions(E2.10,E2.11) 
Functions(E2.12) 

X 

0 The Persians 
Abu Jo'for Muhammad lbn Musa ol-Khwarizmi is coiled the 'father 

of algebra'. He wos born in Baghdad in AD790. He wrote the book 
Hi sob ol-iobr w'ol-muqobo/o in AD830 when Baghdad hod the 
greatest university in the world and the greatest mathematicians 
studied there. He gave us the word 'algebra' and worked on 
quadratic equations. He also introduced the decimal system from 
India. 

Muhammad ol-Koroji was born in North Africa in what is now 
Morocco. He lived in the eleventh century and worked on the theory 
of indices. He also worked on on algebraic method of calculating 
square and cube roots. He may also hove travelled to the University in 
Granado (then port of the Moorish Empire) where works of his con be L...~---'"'-"• 
found in the University library. 

The poet Omar Khoyyom is known for his long poem The Rubaiyat. 
He was also o fine mothemoticion working on the binomial theorem. 
He introduced the symbol 'shoy', which become our 'x'. 



@ Algebraic representation 
and manipulation 

• Expanding a bracket 
When removing brackets, every tenn inside the bracket must be 
multiplied by whatever is outside the bracket. 

Worked examples a) 3(x + 4) 
= 3x + 12 

c) 2a(3a + 2b - Jc) 
= 6a2+4ab-6ac 

e) -2x\x + 3y -±) 
-2x] - 6x2y + 2x 

Exercise 11. I Expand the following: 

I. a) 4(x - 3) 
c) -6(7x - 4y) 
e) -7(2111 - Jn) 

2. a) 3x(x - 3y) 
c) 4111(2111 - n) 
e) -4x(-x + y) 

3. a) -(2.r - 3y2
) 

c) -(-7p + '4) 

e) {(4x - 2y) 

4. a) 3r(4r2 - 5s + 2t) 
c) 3a2(2a- 3b) 
e) m2(m - n + nm) 

b) 5x(2y + 3) 
= IOxy + 15x 

d) -4p(2p - q + r 2) 

= -Bp2 + 4pq - 4pr2 

f) 1(-x+4y+±) 
= 2-~-7 

b) 5(2p-4) 
d) 3(2a - 3b - 4c) 
f ) -2(8' - 3y) 

b) a(a+b+c) 
d) -5a(3a-4b) 
f) -8p(-3p+q) 

b) -(-a+ b) 

d) h6x - By + 4;:) 

f) }x(lOx - !Sy) 

b) a2(a+b+c) 
d) pq(p + q - pq) 
f) lr(a3 + a2b) 

Exercise 11.2 Expand and simplify the following: 

I. a) 3a - 2(2a + 4) 
c) 3(p - 4)- 4 
e) 6x - 3(2x - !) 

b) 8x-4(x+5) 
d) 7(3m - 2n) + 8n 
f) 5p-3p(p + 2) 

2. a) 7m(m + 4) + m2 + 2 b) 3(x - 4) + 2(4 - x) 
c) 6(p + 3)-4(p-1) d) 5(m - 8)-4(m -7) 
e) 3a(a + 2) - 2(a2 - !) f) 7a(b - 2c) - c(2a - 3) 

3. a) {(6x + 4) + !(3x + 6) 

b) {-(2x + 6y) + f(6x - 4y) 

c) {-(6x - 12y) + t(3x - 2y) 

d) i(ISx + IOy) + f<j-(5x - Sy) 

e) j(6x - 9y) + !(9x + 6y) 

f ) f(14x - 21y) -1(4x - 6y) 
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• Expanding a pair of brackets 
When multiplying together expressions in brackets, it is 
necessary to multiply all the te rms in one bracket by all the 
te rms in the o ther bracket. 

Worked e.rnmples Expand the following: 

a) (x + 3)(x + 5) b) (x + 2)(x + 1) 

{~EJ .s rn {TI .,rn 
= x2 + 5x + 3x + 15 
= .t2 +8x+15 

= x2 +x+2x+2 
= x1 +3x+2 

Exercise 11.3 Expand the following and simplify your answer: 

I. a) (x + 2)(x + 3) b) (x + 3)(x + 4) 
c) (x + 5)(x + 2) d) (x + 6)(x + I) 
,) (x - 2)(x + 3) f ) (x + 8)(x - 3) 

2. a) (x - 4)(x + 6) b) (x - 7)(x + 4) 
c) (x + S)(x - 7) d) (x + 3)(x - 5) 
,) (x + l)(x - 3) f) (x - 7)(x + 9) 

3. a) (x - 2)(x - 3) b) (x - S)(x - 2) 
c) (x - 4)(x - 8) d) (x + 3)(x + 3) 
,) (x - 3)(x - 3) f ) (x - 7)(x - 5) 

4. a) (x + 3)(x - 3) b) (x + 7)(x - 7) 
c) (x - B)(x + 8) d) (x + y)(x -y) 
,) (a+ b)(a - b) f ) (p - q)(p + q) 

• Simple factorising 
When factorising, the largest possible factor is removed from 
each of the terms and placed outside the brackets. 

Worked e.rnmples Factorise the following expressions: 

a) IQ\"+ 15 b) 8p - 6q + !Or 
= 5(2x + 3) = 2(4p-3q +5r) 

c) -2q - 6p + 12 d) 2a2 + 3ab - Sac 
= 2(-q-3p+6) = a(2a + 3b - 5c) 

,) 6/Z.\" - 12ay - 1Ba2 f) 3b + 9ba - 6bd 
= 6a(x - 2y - 3a) = 3b(I + 3a - 2d) 

• 
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Exercise 11.4 Factorise the following: 

L ,) 4x - 6 b) 18 - 12p 
c) 6y - 3 d)4a+6b 
,) Jp - Jq f) 8111 + 12n + 16r 

2. ,) Jab + 4ac - Sad b) 8pq + 6pr - 4ps 
c) a2- ab d) 4x2 - 6xy 
,) abc + abd + jab f) 3m2 +9m 

3. ,) 3pqr - 9pqs b) 5m2 
- lOmn 

c) 8x2y - 4xy2 d) 2a2b2- 3b2c2 
,) 12p-36 f) 42x - 54 

4. ,) 18 + 12y b) 14a - 21b 
c) llx + llxy d) 4s - 16t + 20r 
,) 5pq - IOqr + 15qs f) 4xy + 8y2 

5. ,) m2 +11m b) 3p2 
- 6pq 

c) pqr + qrs d) ab + a2b + ab2 

,) 3p3 - 4p4 f) ?b3c + b2c2 

6. ,) mJ - m2n + mn1 b) 4rJ - 6,2 + 8r2s 

c) 56x'y- 2R<y' d) 72m2n + 36mn2 
- 18ni2n2 

• Substitution 

Worked e.rumpfe1· Evaluate the expressions below if a= 3, b = 4, c = -5: 

•) 2a+3b-c b) 3a-4b+2c 
= 6 + 12 + 5 = 9-16 - 10 
= 23 = -17 

c) -2a + 2b - 3c d) a2 + b2 + c2 

= -6 + 8 + 15 = 9 + 16 + 25 
= 17 = 50 

e) 3a(2b - 3c) f) -2c(-a + 2h) 

= 9(8 + 15) = 10(-3 + 8) 

= 9 X 23 = 10 xs 
= 2ITT = 50 

Exercise 11.5 Evaluate the following expressions ifp = 4, q = -2, r = 3 and 
s= -5: 

I. ,) "'+ 4q 
b) Sr - 3s 

c) 3q - 4s d) 6p-&,+4s 
,) 3r - 3p + Sq f) -p-q+r+s 

2. ,) 2p-3q-4r+s b) 3s-4p+ r+q 
c) p2 + q2 d) r2-s2 
,) p(q - r + s) f) r(2p - 3q) 
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3. ,) 2s(3p - 2q) b) pq + rs 
c) 2pr - 3rq d) q1 _ r2 

,) SJ - pl f ) r4 - q:i 

4. ,) -2pqr b) -2p(q + r) 
c) -2rq + r d) (p + q)(r - s) 
c) (p + s)(r - q) f ) (r + q)(p - s) 

5. ,) (2p + 3q)(p - q) b) (q + r)(q - r) 
c) q2 _ ,2 d) pi _,i 
,) (p + r)(p-r) f ) (-s + p)qi 

• Transformation of formulae 
In the formula a= 2b + c. 'a' is the subject. In order to make 
e ither b or c the subject, the formu la has to be rearranged. 

Worked examples Rearrange the following formulae to make the bold le tter the 
subject: 

a)a=2b+c 
a-2b=c 

c) ab = cd 

,b 
7=C 

b) 2r+p=q 
p =q-2r 

d) ~ ~ 
ad = cb 

d=~ 

Exercise 11.6 In the following questions. make the le tter in bold the subject 
of the formula: 

[. a) m+11=r b) 111 + n = p c) 2m + 11 = 3p 
d) 3x=2p+ q e) llb = cd f) ab = cd 

2. a) 3.ry = 4111 b) ?pq-= Sr c) 3.r= C 

d) 3.r + 7 = y e) Sy- 9 = 3r f) 5y - 9 = 3.t· 

3. a) 6b = 2a - 5 b) 6b = 2a - 5 c) 3x - 7y = 4z 
d) 3.r - 7y = 4z e) 3x-1y=4z f) 2pr -q=8 

4. ,) " b) ± = 3r c) in =2p 4 = r 
I' 

d) in=2p e) p(q + r) = 2t f) p(q + r) =- 2t 

5. a) 3111 - n = rt(p + q) 
c) 3m - n = rt(p + q) 
e) 3111 -n = rt(p +q) 

b) 3111 - n = rt(p + q) 
J) 3111 - II = rt(p + q) 
f) 3111 - n = rt(p + q) 

6. a) ~=de 

d) a;b =d 

b) ~ = de c) ~ = de 

e) ~+b=d f) ~+b=d 
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• Further expansion 
You will have seen earlier in this chapter how to expand a pair 
of brackets of the form (x - 3)(x + 4). A similar method can be 
used to expand a pair of brackets of the fonn (2x - 3)(3x - 6) . 

Worked example Expand (2x - 3)(3x - 6) . 

,. ~ 
- 6 - 12x 18 

=6x2 -9x-12x+18 
= 6x2 

- 21x + 18 

Exercise I I. 7 I. a) (y + 2)(2y + 3) b) 
c) (2y + l)(y + 8) d) 
e) (3y + 4)(2y + 5) f ) 

2. a) (2p-3)(p + 8) b) 
c) (3p - 4)(2p + 3) d) 
e) (6p + 2)(3p - I) f ) 

3. a) (2x - 1)(2, - I) b) 
c) (4x - 2)2 d) 
c) (2x + 6)2 f) 

4. a) (3 + 2x)(3 - 2x) b) 
c) (3 + 4x)(3 - 4x) d) 
e) (3 + 2y)(4y - 6) f ) 

• Further factorisation 

Factorisation by grouping 

Worked example~· Factorise the following expressions: 

a) 6x+3+2xy+y 
= 3(2x + I)+ y(2x + I) 
= (3 + y)(2x + 1) 

(y + 7)(3y + 4) 
(2y + 1)(2y + 2) 
(6y + 3)(3y + I) 

(4p - 5)(p + 7) 
(4p - 5)(3p + 7) 
(7p - 3)(4p + 8) 

(3x + 1)2 
(5x - 4)2 

(2x + 3)(2x - 3) 

(4x - 3)(4x + 3) 
(7 - 5y)(7 + Sy) 
(7 - 5y)2 

Note that (2x + I) was a common factor of both terms. 

b) ax + ay - b.t - by 
= a(x + y) - b(x + y) 
= (a-b)(x+y) 

c) 2x2 - 3x + hy - 3y 
= x(2t - 3) + y(2x - 3) 
= (x + y)(2x - 3) 
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Exercise 11.B 

Worked e.rumplei· 

Exercise I I. 9 

Algebraic representation and manipulation 

Factorise the following by grouping: 

I. a) ax+bx+ay+by b) ax+bx-ay-by 
c) 3111 + 3n + mx +nx d) 4m+mx+4n+nx 
e) 3m+mx-3n-nx f) 6x+xy+6z+zy 

2. a) pr-ps+qr-qs b) pq - 4p + 3q - 12 
c) pq + 3q - 4p - 12 d) rs+rt+2ts+2f 
e) rs - 2ts + rt- 2fl f ) ab-4cb+ac-4c2 

3. ,) xy + 4y + x1- + 4x b) x2 - xy - 2t + 2y 
c) ab + Ja - ?b - 21 d) ab-b-a+I 
e) pq - 4p - 4q + 16 f ) mn-5m-5n+25 

4. a) mn-2m-3n+6 b) mn-2mr-3rn+6r2 
c) pr - 4p - 4qr+ 16q d) ab-a-bc+c 
e) x2- 2tz - 2xy + 4yz f) 2a2 + 2ab+b2 +ab 

Difference of two squares 

On expanding (x + y)(x - y) 
= x2 -.ty +xy-y2 

= x2 -y2 

The reverse is that x 2 
- y2 factorises to (x + y)(x - y). 

x 2 and y2 are both sq uare and therefore x 2 - y 2 is known 
as the difference of two sq uares. 

a) pi_ q1 b) 4a2- 9b1 

= (p + q)(p - q) = (2")' - (3b)' 
= (2a + 3b)(2a - 3b) 

c) (mn)1-25k1 d) 4x2_ (9y)1 

= (mn)2 - (5k)1 = (2x)' - (9y)' 
= (111n + 5k)(111n - Sk) = (21: + 9y)(2i: - 9y) 

Factorise the following: 

I. a) a2- b2 b) 1112 -n2 c) x2- 25 
d) 1112 

- 49 e) 81 - x2 f) 100- y2 

2. a) 144 - y2 b) q2 
- 169 c) 1111 -1 

d) I - P e) 4x2 -y2 f) 25p' - 64,f 

3. a) 9x2- 4y2 b) 16p2 - 36q2 c) 64x'-y' 
d) x 2 

- 100y2 e) (qr)2 
- 4p2 f) (ab)2- (cd)2 

4. a) 11171 2 -9y2 b) !r -if c) (2x)' - (3y)' 

d) p' -,t e) 41114 
- 36y4 f) !6x'4-81y4 
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• Evaluation 
Once factorised, numerical expressio ns can be evaluated. 

Worked example~· Evaluate the following expressions: 

Exercise 11. 10 

a) 132 
- 72 

(13 + 7)(13 - 7) 
= 20 X 6 
= 120 

b) 6.252 
- 3.752 

= (6.25 + 3.75)(6.25 - 3.75) 
= JO X 2.5 
= 25 

By factorising, evaluate the following: 

I. a) 82- 22 b) 162 
- 42 c) 4~-1 

d) 1"72- 3' e) 882 - 122 f ) 962 - 42 

2. a) 49-25 b) 99'-1 c) 2"72- 23' 
d) 662- 342 e) 9992- 1 f) 225 - 82 

3. a) 8.42 - 1.6' b) 9.32 - 0."72 c) 42.82 - 7.22 

d) (8~-)2 - (1-})2 e) (7j)2 
- (2-})2 0 5.252 - 4.752 

4. a) 8.622 
- 1.382 b) 0.92 - 0.12 c) 34 -24 

d) 24
- 1 c) 1111 2 -1112 f) 28 - 25 

• Factorising quadratic expressions 
x2 + 5x + 6 is known as a quadratic expression as the highest 
power of any of its terms is sq uared - in this case x2• 

It can be factorised by writing it as a product of two brackets. 

Worked examples a) Factorise x2 + 5x + 6. 

ITT 
LJ 
ITT rn 

On setting up a 2 X 2 grid. some of the information can 
immediately be entered. 

As there is only one term in x2
• this can be entered, as can 

the constant +6. The only two values which multiply to give 
x1 arex and x. These too can be entered. 

We now need to find two values which multiply to give +6 
and which add to give +5x. 

The only two values which satisfy both these conditions are 
+3and + 2. 

Therefore x2 + 5x + 6 = (x + 3)(x + 2) 
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b) Factorise x1 + 2r - 24. 

·m ·ITT 
[E -4[:E] 

Therefore x2 + 2f - 24 = (x + 6)(x - 4) 

c) Factorise 2x2 + I Ix + 12. 

·ITT ·ITT rn .,rn 
Therefore 2f2 + I Ix + 12 = (2.f + 3)(x + 4) 

d) Factorise 3x2 + 7x - 6. 

,,, 

Therefore 3x2 + 7x - 6 = (3x - 2)(x + 3) 

Exercise 11 . 11 Fact o rise the following quadratic expressions: 

1. a) x 2 + ?x + 12 b) x2 + 8x + 12 c) x2 + 13x + 12 
d) x1 

- ?x + 12 e) x2 - 8x + 12 f) x2 - 13x + 12 

2. a) x 2 + 6x + 5 b) x2 + 6x + 8 c) x2 + 6.t + 9 
d) x1 + Ulr + 25 e) x2 + 22x + 121 f) x2 - 13x + 42 

3. a) x 2 + 14x + 24 
d) x1 + \5x + 36 

4. a) x 2 + 2x - 15 
d)x1 -x-12 

5. a) x 2 - 2x - 8 
d) x1 -x-42 

6. a) 2x2 + 2f + 1 
d) 2x2-7x + 6 
g) 4x2+ 121:+ 9 

b)x2+1lx+24 
e) x2 + 2lli + 36 

b) x2 - 2f - 15 
e) x2 + 4x - 12 

b ) x2 - X - 20 
e) x2-2f - 63 

b) 2f2 + 7x + 6 
e) 3x2 +8x+4 
h) 9x2 -6x + I 

c) x2 - !Qr+ 24 
f) x2- 12.f + 36 

c) x2 + X - 12 
f) x2- 15x + 36 

c) x2 + X - 30 
f) x2+3x-54 

c) 2f2 +x - 6 
f) 3x2 +llx-4 
i) 6x1 -x-l 

0 
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• Transformation of complex formulae 
Worked e.ramplu Make the letters in bold the subject of each formula: 

•) C = 211 r b) A = 11r2 

C 4=r' -=r 
2TI 

±#~r 
,) x 2 + y 2 = h2 

d) t~{f 
y 1 = h2 - x2 

f' =.:!. 
y = ~ k 

I Note:noty=h-x 
I 

/2k = x 

,) m = 3ai n A - y + x -JH7 
m' = 9a;p A (p +q~ = y + x 

m2X= 9a2p p +q2= y ! x 

x - 2!l__p_ 
- m' 

q2= Y!X - p 

tJ= ±.J7- p 

g) X a - b h) a b 
4 =3x bx+ l =x 

3x2 = 4(a - b) ax = b(bx + I) 

2 a - b ax = b2x + b 
X=~ 

ax - b2x = b 

~ x (a - b') ~ b x~ 

b X=-
a - b2 

Exercise 11.12 In the formulae below, makex the subject: 

I. a) P=2mx 
c) mx2 =y1 

e) m2 +x2:y2 -n1 

b) T=3x2 

d) x2 +y2=p1 -q2 
f) p2 -q2 =4x2-y1 

2. a) ~=rx b) ~ = rx
2 p x' 

c) o=r 
d) !f!-=7 p + q = _I:!'_ 

x' 
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3. a) E = rp b) !!!j!- = fx c) g~Jf 
d) r = 2rtH- e) p2 = 4: 2, 0 p = 2mH 

Exercise I I . I 3 In the following questions. make the letter in bold the subject of 
the fo rmula: 

I. a) V = U + at b) 1'2 = ,r + 2as c) v2:u2+2a.1· 
d) s= ut +-}at2 e) s = ut+ -}t1t2 f) s = ut+ -}at 2 

2. a) A=1t~ b) A=1tr~ 

c) 7=i+f d) _!_=_!_+_!_ 
f u ' 

e) f = 21tH f) f = 21tff-

3. a) E_=.E.±1_ b) Ja+z=r, 7 3x 

Exercise I 1. 14 1. The volume of a cylinder is given by the formula V = rrr2h, 
where his the height of the cylinder and r is the radius. 
a) Find the volume of a cylindrical post of le ngth 7.5 m and 

a diameter of 30 cm. 
b) Make rthe subject of the formula. 
c) A cylinder of height 75 cm has a volume of6000cm1

, 

find its radius correct to3s.f. 

2. The formula C = i(F- 32) can be used to convert 
temperatures in degrees Fahrenheit ( 0 F) into degrees 
Celsius (0 C). 
a) What temperature in °C is equivalent to 150 °F? 
b) What temperature in °C isequivalent to 12 °F? 
c) Make Fthe subject of the formula. 
d) Use your rearranged formula to find what temperature 

in °Fis equivalent to 160 °C. 

3. The height of Mo unt Kilamanjaro is given as 5900 m. 
ll1e formula for the time taken. Thours, to climb to a 
heightHmetres is: 

T = 1:00 + k 

where k is a constant. 
a) Calculate the time taken, to the nearest hour, to climb to 

the top of the mountain if k = 9.8. 
b) Make H the subject of the formula. 
c) How far up the mountain, to the nearest 100 m,could 

you expect to be after 14 hours? 
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4. The formula for the volume V ofa sphere is given as 
V =jrrr1 . 
a) Find Vifr = 5 cm. 
b) Make r the subject of the formula. 
c) Find the radius of a sphere of volume 2500 m1

. 

5. The cost $x of printing n newspapers is given by the formula 
X : I.SQ+ 0.05n . 
a) Calculate the cost of printing 5CXXl newspapers. 
b) Maken the subject of the formula. 
c) How many newspapers can be printed for $25? 

• Algebraic fractions 

Simplifying algebraic fractions 

The rules for frac tions involving algebraic tenns are the same as 
those for numeric fractions. However the actual calculations are 
oft en easier when using algebra. 

Workede..ramplu a) !x%=* 
c) Jxi=i 
e) ~xj=PJ-

d) ~X~=f 
f) $=-' xj:~:;xx x2 

Exercise 11. 15 Simplify the following algebraic fracti ons: 

I. a) fx; b ) 'ix~ c) f xf 
d) 1 x-£ 

2. a)! 

d)~ 

3. a)* 

d)~ 

4. a) J;x ~ 
d) 2ff-x¥-

e) 1x-1fc 
b) ~ 

e) a~:::4 
b)~ 

e)~ 

b) ~xf 
e) ~x_Z__ 

7 4x 

f ) } x~ 

c) ~ f)* 
c) J~:;2 

f)~ 

c) ~xi 

f ) ~x~ 
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Worked exampfei· 

5. a) ~x~ b) ?fi-x~ 
c) ~x1;J- d) 1x~x~ 

3x1 2x 3b1 4bi 
6. a) 3 +5 b) 2 +3 

Addition and subtraction of fractions 
In arithmetic it is easy to add or subtract fractions with the same 
denominator. It is the same process when dealing with algebraic 
fractions. 

•) Tf+ff b) Tf+ff e) ~ +~ 
7 a + b 7_ 
il 11 

If the denominators arc different, the fractions need to be 
changed to form fractions with the same denominator. 

Worked exampfei· 11) %+i 
=%+i 

b) %+i 
=%+~ 

,) s;+~ 

5 
9 

a + 3b 
- 9 -

=~ +~ 
15 

lOa 

3 

Similar ly, with subtraction. the denominators need to be the 

Worked e..rampfei· •) 
7 l b) ]'_ _ <J_ e) 5 8 
a 2a 3 15 3b 9b 

_!± _J_ = ~ - !L 15 8 

"' "' 15 15 w; -w; 
13 =~ _7_ 

"' 15 9b 

Exercise 11 . 16 Simplify the following fractions: 

I. a) t+t b) %+% ,) fJ+-& 
d) TI+-& e) i +f+j f) L !L 

5 + 5 

2. a) TI-TI b) IT-ff ,) 6 2 
a a 

d) ¥-~ e) T-¥ f) 3 5 
4x -4x 

0 
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3. a) %-i b) i -!i c) 2+_!_ 
Jc C 

d) ~+t- e) -k-i f) 1 3 
-;; - 2w 

4. a) 1-rr b) i --f c) m n 
3 - 9 

d) t}-f e) fr+-ffi- f ) ' ' 3 - 15 

5. a) -¥-ii b) -¥--1f c) ~ +fi 
d)~ - i 

e) *-* f ) ~+~ 
7s 14s 

Often one denominator is not a multiple of the other. In these 
cases the lowest common multiple of both denominators has to 
be found. 

Worked e..ramplu a) i+1 b) i + i 

=i +IT 
2_ 
12 

c) j+% 
=*+t% 

4a + 3b 
- 12-

d) 

Exercise 11. 17 Simplify the following fractions: 

I. a) 1+% b) 1+~ 
d) ¥+% e) {+¥ 

2. a) 1-1 b) 1-~ 
d) ¥+1 e) {+-?f 

3. a) ~ -f b) ¥-fr 
d) ¥+-¥ e) 1¥--¥ 

=ft+* 
13 
15 

¥+~ 
=lff+tf 

10a + 9b 
- 1-, -

c) f+~ 
f) ¥+¥ 
c) f+f 
f) ¥+¥-
c) 

Sx 3x 
4 - 2 

f ) ±E_ _ p_ 
3 2 
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4. a) p- f b) c-1 c) x-{ 

d) m - ~ e) q - ~ f) w - ~ 

5. a) 2m -!!f b) 3m-, c) 2m - ~ 

d) 4m - ~ e) 2p-¥- f) 6q-¥ 
6. a) p-7 b) f+x c) m+~ 

d) %+a e) 2x -f f) 2p - ~ 
q 

7. a) 1+ai4 b) ¥-+b;4 
c) c!2 _ 2~c d)~- ~ 

• Simplifying complex algebraic fractions 
With more complex algebraic fracti ons, the method of getting a 
common denominator is still req uired. 

Worked example~· a) 

b) 

__1_+__1_ 
x + I x + 2 

= (x!(:)t2l 2) + (x!(:)t1l 2) 
_ 2(x + 2) + 3(x+ 1) 
- (x + l)(x + 2) 

2x + 4+ 3x + 3 
(x+l )(x+ 2) 

5x + 7 
(x+l )(x + 2) 

S 3 
p + 3 p - 5 

_ ---5JLc5)__~ 
- (p + 3)(p - 5) (p + 3)(p - 5) 

5(p - 5) - 3(p + 3) 
(p + 3)(p - 5) 

_ 5p - 25 - 3p - 9 
- (p + 3)(p - 5) 

-~ 
- (p + 3)(p - 5) 
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,) 
x1 - 2x 

d) x 2 - 3x 
x 2 + x - 6 x 2 + 2x - lS 

= ~ x(,-a) 
(x + 3)~ (;,--3J(x + 5) 

X X 

x + 3 x + 5 

Exercise 11. 18 Simplify the fo llowing algebraic fra ctions: 

I. ,) _!_+_L b) 
3 2 

x + I x + 2 m + 2 m - 1 

c) ___1_ +_!_ d) 
3 2 

p - 3 p - 2 w - 1 w + 3 

,) 
4 4 

f) 
2 3 

y+4 y+I m - 2 m + 3 

2. ,) ~ b) ---11L::_3L 
(x - 4)(x + 2) (y + 3)(y - 3) 

c) (m + 2)(m - 2) d) ____Ejp_±_5L 
(m-2)(m-3) (p - 5)(p + 5) 

,) m(2m + 3) f) (m + l)(m - 1) 
(m + 4)(2m+ 3) (m + 2)(m - l) 

3. ,) 
x1- Sx 

b) 
x1 _ 3x 

(x + 3)(x - S) (x + 4)(x - 3) 

c) ~ d) ~ (y - 7)(y - 3) x2 + 2x - 3 

c) ~ f) ~ 
x 2 + 4x+ 4 x2 + sx+ 4 

4. ,) 
x' - x 

b) 
x2 + 2x 

7-=T x + sx + 6 

c) 
x1+ 4x 

d) 
x 2 - Sx 

x1+ x - 12 x2 - 3x - 10 

,) x 2 + 3x 
f) 

x2 - 7x 
~ 7=49 
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Student assessment I 

I. Expand the following and simplify where possible: 
a) 5(2a - 6b + Jc) b) 3x(5.t - 9) 
c) -5y(3xy + y1) d) 3x2(5xy + Jy2 

- x1
) 

e) 5p-3(2p-4) 
f) 4m(2m - 3) + 2(3m2 

- m) 

g) i(6x - 9) + {-(8x + 24) 

h) f(6m - 8) + f(IOm - 2) 

2. Factorise the following: 
a) 12a - 4b b) x2 -4xy 
c) 8p1 - 4p2q d) 24xy - 16x2y + 8xy2 

3. If x = 2, y = -3 and z = 4, evaluate the following: 
a) 2x+3y-4z b) 1Qr+2y2-3z 
c) z1-y1 d) (x+y)(y-z) 
e) z1 -x2 f) (z+x)(z-x) 

4. Rearrange the following formulae to make the bold le tter 
the subject: 

a) X = Jp + tJ b) 3m - 511 = Sr c) 2m = ¥ 
d) x(w + y) =2y e) ¥,;=!/- f) ~=m+n 

Student assessment 2 

I. Expand the following and simplify where possible: 
a) 3(2.f - 3y + 5;:) b) 4p(2m - 7) 
c) -4m(211m - n1) d) 4p2(5pq - 2q2 

- 2p) 
e) 4x - 2(3x + 1) f) 4x(3x - 2) + 2(5x2 - Jx) 
g) i(15x - 10) - {(9x - 12) h) i(4x - 6) + {(2f + 8) 

2. Factorise the following: 
a) .16p -8q 
C) 5p1q - 10pq1 

b) p' - 6pq 
d) 9pq - 6p1q + 12q1p 

3. If a= 4, b =- 3 and c = -2, evaluate the following: 
a) 3a - 2b + 3c b) 5a - 3b2 

c) a1+b2 +c1 d) (a+b)(a-b) 
e) a2- b2 f) b1 - c1 

4. Rearrange the following formulae to make the bold le tter 
the subject: 
a) p = 4111 + 11 b) 4x - 3y = 5z 

c) 2f = ~ d) m(x + y) = 3w 

e) ¥r =~ f)p;q=m-n 



Algebra and graphs 

Student assessment 3 

I. Factorise the following fully: 
a) mx - 5m - Snx + 25n b) 4x2 

- 8\y2 

c) 882 -122 d) x4 -y4 

2. Expand the following and s implify where possible: 
a) (x + 3)(x + 5) b) (x - 7)(x - 7) 
c) (x+5)2 d) (x -7)(x+2) 
e) (h - 1)(3x + 8) f) (7 - 5y)2 

3. Factorise the following: 
a) x2 

- !Rt + 32 
c) x2 

- 9x + 18 
e) 2.r+Sx-3 

b) x2 - h - 24 
d) x2 -h+ I 
I) 9x2

- lh+4 

4. Make the letter in bold the subject of the formula: 
a) v2 = u2 + 2as b) r2 + h2 = p2 

c) !f!-=7 d) t=21rff 
e) 3x - 2y = 5x - 7 I) w;x =x- 2w 

5. Simplify the following algebraic fractions: 

a) ~x~ b) ~ 

c) J~:~2 

d) Jt/-x~ 
e) f+f, 

6. Simplify the following algebraic fracti ons: 

a) lp-+* b) ~-t 
c) ¥x+¥x-~ d) ¥-¥ 
e) r - ~ 

7. Simplify the following: 

a) m~2 + m~3 

c) x2:;\"3~21 

- (x - 2) 3x + 2 _ 6 ___ 2 _ 

b) (y13)~i3) 
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Student assessment 4 

I. Factorise the following fully: 
a) pq-3rq+pr-3r2 b) 1-t4 

c) 8752 
- 1252 d) 7.52 

- 2.52 

2. Expand the following and simplify where possible: 
a) (x-4)(x+2) b) (x-8)2 

c) (x + y)2 d) (x - 1 l)(x + 11) 
e) (3x - 2)(2.f - 3) f ) (5 - 3x)2 

3. Factorise the following: 
a) x1 -4x-77 
c) x1 

- 144 
e) 2x2 + 5x - 12 

b) x2 -6x+9 
d) 3x2 + 3x - 18 
f) 4.i:2 - 20x + 25 

4. Make the le tte r in bold the subject of the formula: 
a) mf2=p b) m=St1 

c) A= r.r/p+q d) i+f=} 
e) p~)q= p~q f) r(s -1) = 2t + r 

5. Simplify the following algebraic fractions: 

b) ~x1;!-
d) 273;;2 

7b1 4b1 

r) c +3c1 

6. Simplify the following algebraic fractions: 

a) ff +-yf--yf b) ¥-ft 
c) *-tTi d) ~+~-~ 
e) l(yj 4) _ (y - 2) f) 3(y+ 2) - ¥ 

7. Simplify the following: 

a) - •-+-'- b) 
a1 - b2 

(x - 5) (x - 2) (a +b)1 

c) 
x - 2 

x 2 + x - 6 
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Student assessment 5 

I. The volume Vof a cylinder is given by the formula 
V = nr2h, where h is the height of the cylinder and r is the 
radius. 
a) Find the volume of a cylindrica l post 6.5 m long and 

with a diameter of 20 cm. 
b) Make r the subject of the formula. 
c) A cylinder of height 60cm has a volume of 5500cmJ: 

find its radius correct to3s.f. 

2. The formula for the surface area of a closed cylinder is 
A c:: 2nr(r + h ), where r is the radius of the cylinder and h is 
its height. 
a) Find the surface area of a cylinder of radius 12 cm and 

height 20 cm, giving your answer to 3 s.f. 
b) Rearrange the formula to make h the subject. 
c) What is the height ofa cylinder of surface area500cm2 

and radius 5 cm? Give your answer to 3 s.f. 

3. The formula for findin g the length d of the body diagonal of 
a cuboid whose dimensions are x. y and z is: 

d=Jx2 + y2 +l 

a) Findd whenx =2,y=3and z::c4. 
b) How long is the body diagonal of a block of concrete in 

the shape of a rectangular prism of dimensions 2 m. 3 m 
and75cm? 

c) Rearrange the formula to make x the subject. 
d) Find x when d = 0.86. y = 0.25 and z = 0.41. 

4. A pendulum oflength I metres takes T seconds to comple te 
one full oscillation. The formula for Tis: 

where g m/s2 is the acceleration due to gravity. 
a) Find Tif/ = 5 andg = 10. 
b) Rearrange the formula to make /the subject of the 

formula. 
c) How long is a pendulum which takes 3 seconds for one 

oscillation, if g = 10? 



@ Algebraic indices 

In Chapter 7 you saw how numbers can be expressed using 
indices. For example. 5 X 5 X 5 = 125, therefore 125 = 51

. The 
3 is called the index. Indices is the plural of index . 

Three laws of indices were introduced: 

(1) a"'Xa"=a"'H 

(2) a"'+ a"or~ = a'"-n 

(3) (a'")"=a-

• Positive indices 

Worked e.rample1· a) Simplify <PX d'. b) Simplify y,'J' ,. 
p X p 

Exercise I 2.1 

<Px d'=cf+4 
(p~' p 

=d' p2xp4 = P'44 

p ' 

7 
= p8--6 

= p2 

L Simplify the following: 

a) <:I xc1 b) 1114+,n2 

c) (b')' +b' d) 
m4n9 

-;;;;;r 
&i6b4 

f ) 11£i 
e) 3<i2b1 4x2

/ 

g) :~~: h) ~ 
9x4y1z 

2. Simplify the following: 
a) 4a2 X 3«3 b) 2a2b X 4/rb2 

c) (2p2)1 d) (4ni2n1)2 
e) (5p2)2x (2p1

)
1 f ) ( 4m2n2

) X (2nm1
)

1 

(6x2l{ X (2x,d 
g) 12x"/ h) (abl X (ab)' 

• The zero index 
As shown in Chapter 7. the zero index indicates that a number 
or algebraic term is raised to the power of zero. A te rm raised 
to the power of zero is a lways equal to I. This is shown below. 
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d" +a"= a'"-~ 
a• 

therefore-;;; : d" -"' 

= d' 

However, 
a• 
a• = I 

therefore d' = I 

• Negative indices 
A negative index indicates that a number or an algebraic term is 
being raised to a negative power e.g. a-4. 

As shown in Chapter 7, one law of indices states that 

a-"' = f.;. This is proved as follows. 

a-"'=~"' 

=~(fr om the second law of indices) 

_I_ 
= a'" 

I 
therefore a-"'=;;; 

Exercise 12.2 1. Simplify the following: 

a) ~ Xc° 
c) (p")'(q'J-' 

2. Simplify the following: 

a-1 xa3 

a) ----rff 

c) (f + r')2 

• Fractional indices 

b) 

d) 

IT 
(p")' 

m 0 --;-m--<> 

(m-i)1 

It was shown in Chapter 7 that 16"!- = ./16 and that 2-P =efn. 
This can be applied to algebraic indices too. 

In general: 

a{ = ef:i 

a~ =if;;; or (ef;;)'" 

The last rule can be proved as show n below: 

u; ing the laws of indice5; 

a• can be written as (a}" which in turn can be written as if;;;. 
S~milarly: 

1 

a• can be written as (a")'" which in turn ca n be written as (ef°:i)'". 
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Worketl examples a) Express (!,/;;)4 in the form a~-

(ra) = at 
Therefore crat = (a~4 = at 

b) Express bf in the form (efir . 

bt can be expressed as (b1}2 

bl ~ !Ji, 

Therefore bi = (b!)1 = ($)2 

ixpt 
c) Simplify - p -. 

Using the laws of indices, the numerator ix i can 

be simplified to p<t+\l = i. 
ll1ereforep:___can now be written asp} x p-1

• 
p 

Using the laws of indices again. this can be simplified 

asp(i-l)= p --t . 

Therefore ix pt = p--! 
p 

Other possible simplifications are (efiit or (J;). 
Exercise 12.3 1. Rewrite the following in the form a-;: 

b) (if;)' c) (~)' d) (le)' 

2. Rewrite the following in the form (efi)'" : 

c) b-i 

3. Simplify the following algebraic expressions, giving your 

answer in the fonn a-;: 

b) afx a--t 

d) Yi .,r,, 
4. Simplify the following algebraic expressions, giving your 

answerintheform(efi)'": 

Ji xbl 
a) -----;;r-

b3 xb-t 
c)~ 

b) b-t X ifj; 
bi xb 

d b--1 X ifi 
) # X (efbt' 
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I 
5. Simplify the following: 

a) ixi"+4x-2 

Student assessment I 

b) 1)xsy-f 

d) 3x-f+ix-! 

1. Simplify the following using indices: 
a) a X a X a X b X b 
b) d X d X e X e X e X e X e 

2. Write the following o ut in full: 

a) m1 b) ~ 

3. Simplify the following using indices: 

a) a4 X «3 

b' 
c) fl 

4. Simplify the following: 

a) r4 xf' b) c:r 
5. Simplify the following: 

a) (p' :r~)2 
Student assessment 2 

c) c:2l 

(h--'1. X h~t1 
b) ho 

1. Rewrite the following in the for m a--;: 

a) (:{,;)' 

2. Rewrite the following in the form (F) : 

b) b~ 

3. Simplify the followin~ algebraic expressions. giving your 

answer in the form a--;: 

b) ra X a1 

7f 
4. Simplify the following algebraic expressions. giving your 

a nswer in the form cfi)"' : 
Ji xtt 

a) ----;=r-
!f, 

b)~ 



@ Equations and inequalities 

An eq uation is formed when the value of an unknown quantity 
is needed. 

• Simple linear equations 
Worked example~· Solve the following linear equations: 

,) 3x + Sc:: 14 b) 

3x = 6 
x =2 

,) 3(p + 4) = 21 d) 
3p + 12 = 21 

3p = 9 
p =3 

Exercise 13.I Solve the following linear eq uations: 

I. a) Jx=h-4 b) 
c) 2y - 5 = 3y d) 
,) 3y-8=2y f ) 

2. a) 3x - 9 = 4 b) 
c) 6x - 15 = 3x + 3 d) 
,) By - 31 = 13 - 3y f ) 

3. a) 7111- l =Sm + I b) 
c) 12 - 2k =- 16 + 2k d) 
,) 8 - 3x = 18 - Bx f ) 

4. a) 1- =3 b 

c) 1= I d) 

,) 7 = .:!. 
5 

f ) 

5. a) f-1 =4 b) 

c) ix= 5 d) 

,) {x = ~ f) 

12 = 20 + 2f 
-8 = 2x 
-4 = X 

4(x - 5) = 7(2x - 5) 
4x - 20 = 14., - 35 
4x + 15 = 14x 

15 = HU 
1.5 =x 

5y = 3y + 10 
p - 8 = 3p 
7x + 11 = 5x 

4 = 3x - 11 
4y + 5 = 3y - 3 
4m+2=5m-S 

5p-3=3+3p 
6x+9=3x-54 
2-y=y-4 

!Y = 7 

!m = 3 

4 = iP 
f +2 = I 

fx = 6 

¥- = 4 
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NB: All diagrams 
are not to scale. 

6. ,) .:!±!= 3 
2 

b) 4 =x- 2 
3 

c) x -/0 = 4 d) 8 = 5x
3
- 1 

c) ~ = 2 
3 

f ) ~ = 4x - 8 
4 

7. ,) • ~ -2iL::_1)_ 
3 

b) 2(x + 1) = 3(x - S) 

c) 5(x - 4) = 3(x + 2) d) l±.1.=1'.±.! 
2 4 

e) 7+ 2x 
~ 

9x - l 
f) 

2x + 3 
~ 

4x - 2 -,- ----, -,- -.-
• Constructing equations 
In many cases. when dealing with the practical applications of 
mathematics, equations need to be constructed fir st before they 
ca n be solved. Often the information is either given within the 
context of a problem or in a diagram. 

Worked examples a) Find the si7..e of each of the angles in the triangle (left) by 
constructing an equation and solving it to find the value of x. 

The sum of the angles ofa triangle is 180°. 

(x +30) + (x - 30) +90 = 180 
2x+90= 180 

2x = 90 
X = 45 

The three angles are therefore: 90°, x + 30 = 75°. 
x - 30 = 15°. 

Check: 90° + 75° + 15° = 180°. 

b) Find the si7..e of each of the angles in the quadrilateral (left) 
by constructing an eq uation and solving it to find the value 
ofx. 

The sum of the angles of a quadrilateral is 360°. 

4x+30+3x+ 10+3x+2f+20=360 
12f + 60 = 360 

12.f = 300 

The angles are: 

4x + 30 = (4X 25) +30= 130° 
3x + 10 = (3 X 25) + 10 = 85° 
lf = 3X25 = 75° 
2f +20 = (2X 25) +20 = _lQ'.'. 

Total = 360° 

X = 25 
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c) Construct an eq uation and solve it to find the value ofx in 
the diagram (left). 

Area of rectan gle=- base X height 

2(x + 3) = 16 
21: + 6 = 16 

2x = 10 
x=5 

Exercise 13.2 In questions 1-3: 

i) construct an equation in te rms of x, 
ii) solve the eq uation, 
iii) calculate the size of each of the angles, 
iv) check yo ur answers. 
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b) c) 

d) e) 

4. By constructing an equation and solving it. find the value of x in each of these isosceles 
triangles: 

12x · 

,) A b) ~ 

~ V 
c) ;Q 

......__3x+28 -----> 

d) 

~ 100· 

') A 
Lb 

5. Using angle properties. calculate the value of x in each of these questions: 

a) b) 

c) 
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6. Calculate the value o f x: 

a) 

d) x + 0.4 

Equations and inequalities 

c) 

• Simultaneous equations 
When the values of two unknowns are needed. two eq uations 
need to be formed and solved. TI1e process of solving two 
eq uations and finding a common solution is known as solving 
eq uations simultaneously. 

The two most common ways of solving simulta neous 
eq uations algebraically are by e limination and by substitution. 

By elimination 

The aim of this method is to eliminate one of the unknowns by 
either adding or subtracting the two eq uations. 

Worked e.rample~· Solve the fo llowing s imultaneous eq uations by finding the 
values of x and y which satisfy both eq uations. 

a) 3x + y = 9 
5x - y = 7 

(l) 
(2) 

By adding eq uations (1) + (2) we eliminate the variable y: 

Sx c:: 16 
x=2 

T o find the value of y we substitute x = 2 into either 
eq uation (l) or (2). 
Substitutingx = 2 into eq uation (!) : 

3x + y = 9 
6+y=9 

y=3 

T o check that the solution is correct, the values of x and y 
are substituted int o eq uation (2) . If it is correct then the left 
hand side of the eq uation will eq ual the right-hand side. 

5.t - y = 7 
LHS= I0-3 =7 

= RHS.I 
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b) 4x + y = 23 
x+y=B 

(!) 
(2) 

By subtracting the eq uations, i.e . (1) - (2), we eliminate the 
variabley: 

lt = 15 
x=5 

By substitutingx = 5 int o eq uation (2),y can be calculated: 

x+y=B 
5+y=B 

y=3 

Check by substituting both values into equation (1): 

4.t + y = 23 
20 + 3 = 23 

23 = 23 

By substitution 

The same eq uations ca n also be solved by the method known as 
substitution. 

Worked examples a) l t + y = 9 
5x - y = 7 

(!) 
(2) 

Equation (2) can be rearranged to give: y = Sx - 7 
This can now be substituted into equation (1): 

3x + (5x - 7) = 9 
3x+Sx-7=9 

8.t - 7 = 9 
Bx= 16 
x=2 

To find the va lue of y, x = 2 is substituted into either 
equation (1) or (2) as before giving y = 3. 

b) 4x + y = 23 
X + y = 8 

Equation (2) can be rearranged to give y = 8 - x. 
This can be subst ituted into eq uation (1) : 

4x + (8-x) = 23 
4x+8-x=23 

3x+8=23 
3x = 15 
x=S 

y can be found as before, giving a result of y = 3. 

(!) 
(2) 
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Exercise 13.3 Solve the fo llowing simultaneous eq uations either by 
elimination or by substitution: 

I. a) X + y '=- 6 
X - y '=- 2 

d) 2f + y = 12 
2t -y=8 

2. a) 3x + 2y = 13 
4x = 2y + 8 

d) 9x +3y=24 
x -3y=-14 

3. a) 2t + y = 14 
x +y=9 

d) x +y=lO 
3x = -y + 22 

4. a) x - y = I 
2f - y = 6 

d) x=y+7 
3.f - y = 17 

5. a) X + y: -7 
X - y = -3 

c) 5.f - 3y = 9 
2f + 3y = 19 

e) 4.f - 4y = 0 
8.f + 4y = 12 

6. a) 2f + 3y = 13 
2f-4y+8=0 

c) X + y = 10 
3y=22- x 

e) 2f -8y=2 
2f - 3y = 7 

7. a) -4x = 4y 
4.f - Sy= 12 

c) 3.f + 2y = 12 
-3.f + 9y = -12 

e) -5x + 3y = 14 
5.f + 6y = 58 

b) x +y=l l 
x -y-1=0 

c) X + y = 5 
X - y = 7 

c) 3x + y = 17 
3x - y = 13 

f ) 5x+y::c29 
5x - y ::c II 

b) 6x + 5y = 62 
4x -5y=8 

c) X + 2y = 3 
Bx - 2y = 6 

e) 7x - y = -3 
4x + y = 14 

f ) 3x = 5y + 14 
6x + 5y = 58 

b) 5x + 3y = 29 
X + 3y = 13 

c) 4x + 2y = 50 
x+2y=20 

e) 2f+5y=28 
4x +5y=36 

f ) X + 6y = -2 
3x + 6y = 18 

b) 3.f - 2y = 8 
2f -2y=4 

c) 7x - 3y = 26 
2f-3y=l 

c) Bx - 2y = -2 
3x-2y=-7 

f ) 4x - y = -9 
7x - y = -18 

b) 2f+3y=-18 
2f = 3y + 6 

d) 7x + 4y = 42 
9x - 4y = -10 

f ) x -3y= -25 
5x -3y=-17 

b) 2f + 4y = 50 
l.f+y=-20 

d) 5x + 2y = 28 
5x + 4y = 36 

f ) X - 4y = 9 
x -7y= 18 

b) 3x= 19+2y 
-3x +5y=5 

d) 3x + 5y = 29 
3x + y =- 13 

f ) -2f + 8y=6 
2.\'=3-y 



Algebra and graphs 

• Further simultaneous equations 

If ne ither x nor y can be eliminated by simply adding or 
subtracting the two eq uations then it is necessary to multiply 
one or both of the eq uations. The equations are multiplied 
by a number in order to make the coefficients of x (or y) 
numerically eq ual. 

Worked examples a) 3x + 2y = 22 
X + y = 9 

(1) 
(2) 

To eliminate y, eq uation (2) is multiplied by 2: 

3x + 2y = 22 
2t + 2y = 18 

By subtracting (3) from (!). the variable y is eliminated: 

x=4 

Substituting x = 4 into equation (2). we have: 

x+ y=9 
4+y=9 

y=5 

Check by substituting both values into equation (!): 

3x+ 2y=22 
LHS = 12 + 10 = 22 

b) 5x - 3y = 1 
3x+4y=18 

= RHS.I 

(1) 
(3) 

(1) 
(2) 

To eliminate the variable y, eq uation (!) is multiplied by 4, 
and equation (2) is multiplied by 3. 

20x - 12y = 4 
9x + 12y = 54 

(3) 
(4) 

By adding equations (3) and (4) the variable y is eliminated: 

29x-= 58 
x=2 

Substituting x = 2 into equation (2) gives: 

3x + 4y = 18 
6 + 4y = 18 

4y = 12 
y=3 

Check by substituting both values into eq uation (1): 

5x-3y=l 
LHS = 10 - 9 = 1 

= RHS,/ 
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Exercise 13.4 Solve the fo llowing: 

I. a) 2x + y = 7 
3x + 2y = 12 

d) 2x-3y= -3 
3x + 2y = 15 

b) 5x + 4y = 21 
X + 2y = 9 

e) 4x=4y+8 
X + 3y = 10 

c) X + y = 7 
3x + 4y = 23 

f ) X + 5y ::c JJ 
2x-2y= 10 

2. a) x + y = 5 b) 2x - 2y = 6 c) 2x + 3y = 15 
3x - 2y + 5 = 0 X - 5y = -5 2y = 15 - 3x 

d) x -6y=O e) 2r -5y=-11 f ) x +y=5 
3x - 3y = 15 3x + 4y = 18 2f - 2y = -2 

3. a) 3y = 9 + 2x b) x + 4y = 13 c) 2x = 3y - 19 
3x+2y=6 3x-3y=9 3x+2y= 17 

d) 2x-5y= -8 e) 5x -2y=O f ) 8y=3- x 
-3x - 2y = -26 2x + 5y = 29 3x - 2y = 9 

4. a) 4x + 2y = 5 b) 4x + y = 14 c) !Ox - y = -2 
3x +6y=6 6x -3y=3 -15x+3y=9 

d) -2y = 0.5 - 2x e) X + 3y = 6 f ) 5x - 3y = -0.5 
6x + 3y = 6 2x - 9y = 7 3x + 2y = 3.5 

Exercise 13.5 1. The sum of two numbers is 17 and their difference is 3. Find 
the two numbers by forming two equatio ns and solving 
them simultaneo usly. 

2. ll1e difference between two numbers is 7. If their sum is 25, 
find the two numbers by forming two equations and solving 
them simultaneously. 

3. Find the values of x and y . 

...___ x+ 3y-------

+CJ! ..___ 13 ______.. 

4. Find the values of x and y. 
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Worked examples 

----x+3 -------.. 

perimeter=54cm 1 
_J( 
1~ 
8 

I 

5. A man's age is three times his son's age. Ten years ago he 
was five times his son's age. By forming two eq uations and 
solving them simultaneously, find both of their ages. 

6. A grandfather is ten times older than his granddaughter. He 
is also 54 years older than her. How old is each of them? 

• Constructing further equations 
Earlie r in this chapter we looked at some simple examples 
of constructing and solving eq uations when we were given 
geometrical diagrams. This section exte nds this work with more 
complicated formulae and equations. 

Construct and solve the eq uations below. 

a) Using the shape (left), construct an eq uation for the 
perimeter in terms of x. Find the value of x by solving the 
equation. 

x+3+x+x-5+8+8+x+8=~ 
4x+22=54 

4x = 32 
x=8 

b) A number is doubled, 5 is subtracted fr om it , and the total is 
17. Find the number. 

Let x be the unknown number. 

2f - 5 = 17 
2K = 22 

X = 11 

c) 3 is added to a number. The res ult is multiplied by 8. If the 
answer is 64 calculate the value of t he original number. 

Let x be the unknown number. 

B(x + 3) = 64 
&.t + 24 c:: 64 
Bx = 40 

= 5 

8(x + 3) = 64 
X + 3 = 8 

= 5 

The original number= 5 
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Exercise 13.6 1. Calculate the value of x: 

perimeter • 44 

c) 

perimeter = 68 perimeter • 108 

2. a) A number is trebled and then 7 is added to it. If the total 
is 28. find the number. 

b) Multiply a number by 4 and then add 5 to it. If the total 
is29.fi nd the number. 

c) If31 is the result of adding 1 to 5 times a number, find 
the number. 

d) Double a number and then subtract 9. If the answer is 
11 , what is the number? 

e) If9 is the res ult of subtracting 12 fr om 7 times a number, 
find the number. 

3. a) Add 3 to a number and then double the result. If the 
total is 22. find the number. 

b) 27 is the answer when you add 4 to a number and then 
treble it. What is the number? 

c) Subtract I fr om a number and multiply the res ult by 5. 
If the answer is 35, what is the number? 

d) Add 3 to a number. lfthe result of multiplying this total 
by 7 is 63, find the number. 

e) Add 3 to a number. Quadruple the result. If the answer 
is36.whatis the number? 
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4. a) Gabriella is x years old. Her brother is 8 years older and 
her sister is 12 years younger than she is. If their total 
age is 50 years, how old are they? 

b) A series of mathematics textbooks consists of four 
volumes. l11e fir st volume hasx pages, the second 
54 pages more. The third and fourth volume each have 
32 pages more than the second. If the total number 
of pages in all four volumes is 866. calculate the 
number of pages in each of the volumes. 

c) The five interior angles (in °) of a pentagon are x, 
x + 30, 2x, 2x + 40 and 3x + 20. The sum of the interior 
angles of a pentagon is 540°. Calculate the size of each 
of the angles. 

d) A hexagon consists of three interior angles of eq ual size 
and a further three which are double this size. The sum 
of all six angles is 720°. Calculate the size of each of the 
angles. 

e) Four of the exterior angles of an octagon are the same 
size. The other four are twice as big. If the sum of the 
exterior angles is 360°, calculate the size of the interior 
angles. 

• Solving quadratic equations by factorising 
Students will need to be familiar with the work covered in 
Chapter 11 on the factorising of quadratics. 

x2 - 3x - 10 = 0 is a quadratic eq uation, which when factoris ed 
ca n be written as (x - 5)(x + 2) = 0. 

Therefore e ither x - 5 = 0 or x + 2 = 0 since, if two things 
multiply to make zero, then one or both of them must be zero. 

x-5=0 
=5 

x+2=0 
= -2 

Worked examples Solve the following eq uations to give two solutions for x: 

u) x1 -x-12=0 
(x - 4)(x + 3) = 0 

so either x-4=0 
=4 

b) x 2 + 2x = 24 
This becomes x1 + 2x - 24 = 0 

(x + 6)(x - 4) = 0 
so either x+6=0 

= -6 

x+ 3=0 
= -3 

x-4=0 
=4 
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Exercise 13. 7 

Exercise 13.8 

,) 

so e ither 

d) 

so e ither 

Equations and inequalities 

x2-6.t = 0 
x(x - 6) = 0 
x=O 

x2- 4 = 0 
(x - 2)(x + 2) = 0 
x -2=0 

=2 

x-6=0 
=6 

x+2=0 
= -2 

Solve the following quadratic eq uations by factorising: 

[. a) x1- + 7x + 12 = 0 b) x1 +8x+ 12=0 
c) x2 + 13x + 12 = 0 d) x1 -7x+ 10=0 
,) x2- 5.t + 6 = 0 f ) x2 -6x+S:0 

2. a) x2+3x-lO=O b) x2 -3x-lO=O 
c) x2 + 5x - 14 = 0 d) x2 

- 5x - 14 = 0 
,) x2+2t-15=0 f ) x2 -2t-15=0 

3. a) x2 + 5x = -6 b) x2 + 6x = -9 
c) x2 + llx = -24 d) x2 

- Hlf = -24 
,) x2 + X = 12 f ) x1 -4x=l2 

4. a) x2- 2t = 8 b) x1 -x=20 
c) x2 + X = 30 d) x1 - x =42 
,) x2-2t = 63 f ) x2 +3x=54 

Solve the following quadratic eq uations: 

[. a) x2- 9 = 0 b) x2 
- 16 = 0 

c) x2 = 25 d) x2 = 121 
,) x2 - 144 = 0 f ) x2 

- 220 = 5 

2. a) 4x2 -25=0 b) 9x2 
- 36 = 0 

c) 25x2 = 64 d) x1= { 
,) x2- i = 0 f ) 16.r-"k=o 

3. a) x2+5x+4=0 b) x1 + 7x + 10 = 0 
c) x2+6x+8=0 d) x2 -6x+8=0 
,) x2- 7x + 10 = 0 f ) x2 +2x-8=0 

4. a) x2-3x-lO=O b) x2 +3x-lO=O 
c) x2 - 3x - 18 = 0 d) x2 + 3x - 18 = 0 
,) x2-2t-24=0 f ) x2 -2t-48=0 

5. a) x2 + X = \2 b) x2 +8x=-12 
c) x2+5x=36 d) x1 +2x=-I 
,) x2 + 4.t = -4 f ) x1 + l?x = -72 

6. a) x2- Rt= 0 b) x1 -1x=O 
c) x2 + 3x = 0 d) x1 +4x=O 
,) x2- 9x = 0 f ) 4x1 

- 16.t = 0 
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7. a) 2l"2 + 5x + 3 = 0 
c) 3x2 +2l"-1=0 
e) 2\"2 

- 13x + 15 = 0 

8. a) x2 + 12\" = 0 
c) x2 +4x=32 
e) 2\"2 = 72 

b) 21:2-3x-5=0 
d) 2r+llx+5=0 
f ) 12\"2 + !Ox - 8 = 0 

b) x2 +12l"+27=0 
d) x2 + 5x = 14 
f ) 3x2 - 12 = 288 

Exercise 13. 9 In the fo llowing questions construct eq uations from the 
information given and then solve to find the unknown. 

I. When a number x is added to its sq uare, the total is 12. 
Find two possible values for x. 

2. A number x is equal to its own square minus 42. Find two 
possible values for x . 

3. If the area of the rectangle (below) is 10cm 2
, calculate the 

only possible value fo r x. 

4. If the area of the rectangle (below) is 52 cm2
, calculate the 

only possible value for x. 

5. A triangle has a base le ngth ofl\" cm and a height of 
(x - 3) cm. If its area is 18 cm2

, calculate its height and 
base le ngth. 

6. A triangle has a base le ngth of (x - 8) cm and a height of 
2l" cm. If its area is 20 cm2 calculate its height and base length. 

7. A right-angled triangle has a base length of x cm and a height 
of(x - !) cm. If its area is 15 cm2 calculate the base length 
and he ight. 

8. A rectangular garden has a sq uare flower bed of side length 
x m in one of its corners. The remainder of t he garden 
consists of lawn and has dimensions as shown (left ). If the 
total area of the lawn is 50 m2

: 

a) form an equation in terms of x 
b) solve the eq uation 
c) calculate the length and width of the whole garden. 
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• The quadratic formula 
In general a quadratic eq uation takes the form ax2 +bx+ c = 0 
where a, band care integers. Quadratic eq uations can be solved 
by the use of the quadratic formula which states that: 

X= --b±~ 
2, 

Worked e.rum11le1· a) Solve the quadratic eq uation x 2 + ?x + 3 c:: 0. 

a=l.b=7andc=3. 

Substituting these values into the quadratic formula gives: 

x - 1 ± ~ 
2 X I 

X=-1 ± ~ 

x = -7±/37 

Therefore 
- 7 + 6.083 

x=--2-

x = -0.459 (3s.f.) 

X = - 7 - ; .083 

X = -6.54(3s.f.) 

b) Solve the quadratic eq uation x1 
- 4.t - 2 = 0. 

a= l,b = -4and c = -2. 

Substituting these values into the quadratic formula gives: 

_ -{--4) ± )(--4)1- (4 X IX - 2) 
X - 2 X I 

X= 4±./i6"+s 
2 

X= 4±.J24 
2 

Therefore 
4 + 4.899 

x= - 2-

X = 4.45 (3s.f.) 

4 - 4.899 
x= - 2-

X = -0.449 (3 s.f.) 
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• Completing the square 
Quadratics can also be solved by expressing them in terms 
of a perfect square. We look once again at the quadratic 
x2 -4x-2=0. 

The perfect sq uare (x - 2)2 can be expanded to give 
x2 

- 4x + 4. Notice that the x2 and x terms are the same as those 
in the original quadratic. 

Therefore (x - 2)2 
- 6 c:: x2 - 4x - 2 and can be used to 

solve the quadratic. 

(x-2)2 -6=0 
(x - 2)2 = 6 
x-2 =±\1'6 
X =2±\1'6 
x : 4.45 (3 s.f.) or x = -0.449 (3 s.f.) 

Exercise 13.10 Solve the following quadratic eq uations using either the 
quadratic formula or by completing the sq uare . Give your 
answersto2d.p. 

I. ,) x2 -x-13=0 b) x2 +4x-ll=O 
c) x2 +5x-7=0 d) x2 +6x+6=0 
e) x1 + 5x - 13 = 0 f) x2 -9x+l9=0 

2. ,) x2 + 7x + 9=0 b) x2 
- 35 = 0 

c) x1 +3x-3=0 d) x2 -5x-7=0 
e) x2 +x- lS=O f) x1 

- 8 = 0 

3. ,) x1 -2x-2=0 b) x2 -4x-ll=O 
c) x1 -x-5=0 d) x2 +2x-7=0 
e) x2 -3x+l=O f) x1 -8x+3=0 

4. ,) 2l"2 -3x-4=0 b) 4x2 + 2\" - 5 = 0 
c) 5x1 -8x+l=O d) -2x2 

- 5x - 2 = 0 
e) 3x1 -4x-2=0 f) -7x2 -x + 15 = 0 
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• Linear inequalities 
The stateme nt 

6 is lessthan 8 

can be written as: 

6<8 

Equations and inequalities 

This ineq uality can be manipulated in the following ways: 

adding2toeach,ide: 

,ubtracting2fromeach , ide: 

multiplyingbothsidesby2: 

dividingbothsidesby2: 

multiplyingbothsidesby - 2: 

dividingboth sidesby-2: 

thisinequalityi.sstilltrue 

thi,inequalityi.sstilltrue 

this inequalityi.sstilltrue 

this inequalityi.sstilltrue 

thisinequalityi.snottruc 

thisinequalityisnottrue 

As can be seen. when both sides of an ineq uality are e ither 
multiplied or divided by a negative number, the ineq uality is 
no longer true. For it to be true the ineq uality sign needs to be 
changed around. 

i.e. -12>-16 and -3>-4 

When solving linear ineq ualities, the procedure is very similar 
to that of solving linear eq uations. 

Worked e.rample~· Remember: -- implies that the number is not included in the 
solution. It is associated with > and <. 
implies that the number is included in the 
solution. It is associated with"" and"°"· 

Solve the following inequalities and represent the solution on a 
number line : 

a) 15 + 3x<6 
3x < -9 

X < -3 

b) 17 ,,.,-;7x + 3 
14 ,,.,-;7x 
2 ,,.,-; x that is x ""2 
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c) 9-4x ;.17 
-4x ;.B 

x ,i;;; -2 Note the inequality sign has changed 
direction. 

Exercise 13. 11 Solve the following ineq ualities and illustrate your solution on a 
number line: 

I. ,) X + 3<7 b) 5+x>6 
c) 4 +2\-,i;;; 10 d) B,i;;;x + 1 
c) 5>3+x f) 7<3 + 2\-

2. ,) X - 3<4 b) X - 6 ;,o -8 
c) 8+3x>-1 d) 5;. -x - 7 
,) 12 > -x - 12 f) 4,i;;:2r + 10 

3. ,) 1 < I b) 4;.1 

c) 1,i;;:1 d) 9x;. -18 

c) -4x+ 1<3 f) I;. -3x + 7 

Worked e.rnmple Find the range of values for which 7 < 3x + 1 ,i;;; 13 and illustrate 
the solutions on a number line . 

This is in fact two ineq ualities which can therefore be solved 
separately. 

7<3.r +l and 3x+l,i;;:13 
(-1)----) 6<3x (-1)----) 3x ,i;;:12 
(+3)----) 2< x thatis x >2 (+3) ----) x ,i,;;4 

Exercise 13. 12 Find the range of values for which the following ineq ualities are 
satisfied. Illustrate each solution on a number line: 

I. a) 4<2\-,i;;:8 
c) 7,i;;:2\-<10 

2. a) 5<3x + 2 ,i;;; 17 
c) 12 <8x-4<20 

b) 3 ,i;;;)x< 15 
d) 1Q,i;;:5x <21 

b) 3,i;;:2\-+5<7 
d) J5,i;;:3(x-2) <9 
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Student assessment I 

Solve the following eq uations: 
[. a) X + 7 = 16 b) h-9= 13 

c) 8-4.i:=24 d) 5-3x=-13 

2. a) 7-m=4+m b) 5m-3=3m+II 
c) 6m - I= 9111 - 13 d) 18 - 3p = 6 + p 

3. a) 1- = 2 b) 4 = {-x 

c) x12 = 4 d) 
2x - 5 S 
~ =2 

4. a) j(x-4)=8 b) 4(x - 3) = 7(x + 2) 

c) 4=4(3x+8) d) {(x -1) = i(2t - 4) 

Solve the following simultaneo us eq uations: 
5. a) 2f + 3y = 16 b) 4.l" + 2y = 22 

2f - 3y = 4 -2.f + 2y = 2 
c) x+y=9 d) 2x-3y=7 

2x+~=U -3x+~=-11 

Student assessment 2 

Solve the following eq uations: 
I. a) y + 9: 3 

c) 12 - Sp = -8 

2. a) 5 - p = 4 + p 
c) llp-4=9p+l5 

3. a) 1=-3 
c) m;? =3 

4. a) {(t- 1) = 3 
c) 5 = i°(x - I) 

b) 3x - 5 = 13 
d) 2.5y + 1.5 = 7.5 

b) 8m-9=5m+3 
d) 27 - Sr= r - 3 

b) 6 = }x 

d) 4t;3 =7 

b) 5(3 - m) = 4(m - 6) 
d) ;(t- 2) = -}(2t + 8) 

Solve the fo llowing simultaneo us eq uations: 
5. a) x+y=II b) 5p-3q=-I 

X -y: 3 -2p- Jq = -8 
c) 3x +Sy= 26 d) 2m - Jn= -9 

x-y=6 3m+2n=l9 
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Student assessment 3 

I. The angles of a triangle are x, 2t and (x + 40) degrees. 
a) Construct an eq uation in terms of x. 
b) Solve the eq uation. 
c) Calculate the size of each of the three angles. 

2. Seven is added to three times a number. The res ult is then 
doubled. If the answer is 68, calculate the number. 

3. A decagon has six equal exterior angles. Each of the 
remaining four is fift een degrees larger than these six 
angles. Construct an eq uation and then solve it to find the 
sizes of the angles. 

4. Solve the following quadratic eq uation by factorisation: 

x1 + 6x = -5 

5. Solve the following quadratic eq uation by using the 
quadratic formula: 

x1 +6=8x 

6. Solve the inequality below and illustrate your answer on a 
number line : 

12 ,.,-; 3(x - 2) < 15 

7. For what values of p is the following ineq uality true? 

-4 ,.,, -1 
p 

Student assessment 4 

I. The angles of a quadrilateral are x, 3x, (2x - 40) and 
(3x - SO)degrees. 
a) Construct an equation in terms o f x. 
b) Solve the eq uation. 
c) Calculate the size of the four angles. 

2. Three is subtracted from seven times a nwuber. The result 
is multiplied by 5. If the answer is 55, calc ulate the value of 
the number by constructing an eq uatio n and solving it. 

3. The interior angles of a pentagon are 9x, 5x + 10, 6x + 5, 
Bx - 25 and llli - 20 degrees. If the sum of the interior 
angles of a pentagon is 540°, find the size of each of the 
angles. 

4. Solve the fo11owing quadratic eq uation by factorisation: 

x1 -x=20 
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5. Solve the following quadratic eq uation by using the 
quadratic formula: 

2\"2 -7 =3.t 

6. Solve the ineq uality below and illustrate your answer o n a 
number line 

6<2.t.;::; 10 

7. For what values of m is the following ineq uality true? 

-;;1 >0 

Student assessment S 

1. A rectangle is x cm long. The length is 3 cm more than the 
width. The perimeter of the rectangle is 54 cm. 
a) Draw a diagram to i11ustrate the above information. 
b) Construct an eq uation in te rms of x. 
c) Solve the eq uation and hence calculate the length and 

width of the rectangle. 

2. At the end of a football season the leading goal scorer in a 
league has scored e ight more goals than the second leading 
goal scorer. The second has scored fift een more than the 
third. The to tal number of goals scored by all three players 
is 134. 
a) Write an expression for each of the three scores. 
b) Form an equation and then solve it to find the number 

of goals scored by each player. 

3. a) Showthatx=l+x~Scanbcwrittenru; 

x2 -6x-2=0. 

b) Use the quadratic formula to solve the eq uation 

x = I + x~5. 

4. The angles of a quadrilateral are x 0
, y 0

, 70° and 40°. The 
difference between the two unknowns is 18°. 
a) Write two eq uations from the information give n above. 
b) Solve the eq uations to find x andy. 

5. A right-angled triangle has sides of length x, x - I and 
X - 8. 
a) Illustrate this information on a diagram. 
b) Show from the information given that x2 - !Sx + 65 = 0. 
c) Solve the quadratic eq uation and calculate the length of 

each of the three sides. 
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Student assessment 6 

I. The angles of a triangle are x 0
, y0 and 40°. The difference 

between the two unkn own angles is 30°. 
a) Write down two eq uations fr om the information give n 

above. 
b) What is the size of the two unknown angles? 

2. The interior angles of a pentagon increase by 10° as you 
progress clockwise. 
a) Illustrate this information in a diagram. 
b) Write an expression for the sum of the interior angles. 
c) The sum of the interior angles of a pentagon is 540°. 

Use this to calculate the largest exterior angle of the 
pentagon. 

d) Illustrate on your diagram the size of each of the five 
exterior angles. 

e) Show that the sum of the exterior angles is 360°. 

3. A flat shee t of card measures 12 cm by 10 cm. It is made 
into an open box by cutting a sq uare of side x cm fr om each 
corner and then folding up the sides. 
a) Illustrate the box and its dimensions on a simple 30 

sketch. 
b) Write an expression for the surface area of the outside 

of the box. 
c) If the surface area is 56 cm2, form and solve a quadratic 

equation to find the value of x. 

4. a) Show that x - 2 = x~
3 

can be written as 

.t2 -5x+2=0. 

b) Use the quadratic formula tosolvex - 2 = x~
3 

5. A right-angled triangle ABC has s ide lengths as fo llows: 
AB = x cm , AC is2 cm shorter than AB,and BC is 2 cm 
shorter than AC. 
a) Illustrate this information on a diagram. 
b) Using this information show that x2 

- 12\- + 20 = 0. 
c) Solve the above quadratic and hence find the length of 

each of the three s ides of the triangle. 
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• Revision 
An understanding oft he following symbols is necessary: 

> means 'is greate r than' 
;;. means ' is greater than or equal to' 
< means'is less than' 
:,;;; means ' is less than or eq ual to' 

Exercise 14.1 I. Solve each of the following inequalities: 
a) 15+3x<21 b) J8,o;::;7y+4 

c) 19-4x;,,.27 d) 2a-f 

e) -4t+l<l f) J;;.3p+IO 

2. Solve each of the following ineq ualities: 
a) 7<3y+ I:,;;; 13 b) 3:,;;;3p< 15 

c) 9:,;;; 3(m - 2) < 15 d) 20<8x-4<28 

• Graphing an inequality 
The solution to an inequality ca n also be illustrated on a graph. 

Worked e.rample~· a) On a pair of axes, shade the region which satisfies the 
inequalityx ;,.3_ 

To do this the line x = 3 is drawn. 
ll1e region to the right of x = 3 represents the ineq uality 
x;,,. 3 and therefore is shaded as shown below. 
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b) On a pair o f axes, shade the region which satisfi es the 
ineq uality y <5 . 

The line y = 5 is drawn first (in this case it is drawn as a 
broken line). 
The region below the line y = 5 represents the 
ineq uality y < 5 and therefore is shaded as shown (left ). 

Note that a broken (dashed) line shows< or > whilst a solid 
line shows ,o;;; or ;i. _ 

c) On a pair of axes, shade the region which satisfies the 
ineq uality y ,o;;; x + 2. 

The line y = x + 2 is drawn first (s ince it is included, this 
line is solid). 
T o know which region satisfies the ineq uality, and hence 
to know which side of the line to shade, the following 
steps are taken. 

• Choose a point at random which docs not lie on the line 
e.g. (3. I) . 

• Substitute those values of x and y into the inequality 
i.e. I ,o;.3 + 2 

• If the ineq uality holds true, then the region in which 
the point lies satisfies the inequality and ca n therefore 
be shaded. 

Note that in some questions the region which satisfies the 
ineq uality is left unshaded whilst in others it is shaded. You 
will therefore need to read the question carefully to see 
which is required. 

Exercise 14.2 I. By drawing appropriate axes, shade the region which 
satisfies each of the following inequalities : 
a) y>2 b) x<3 c) yo;;;4 
d) x;:i.-J e) y>h + l f ) yo;;;x-3 

2. By drawing appropriate axes, leave unshaded the region 
which satisfi es each of the following ineq ualities: 
a)y;;i.-x b)y,o;.2-x c)xo;;;y-3 
d) x+y;;i.4 e) h-y;;i.3 f) 2y-x<4 
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Linear programming 

• Graphing more than one inequality 

Several ineq ualities can be graphed on the same set of axes. If 
the regions which satisfy each ineq uality are left unshaded then 
a solution can be found which satisfies all the ineq ualities, i.e . 
the region left unshaded by all the ineq ualities. 

Worked example On the same pair of axes leave unshaded the regions which 
satisfy the following ineq ualities simultaneously: 

x,.,.-; 2 

LI-i ~ 
~ - k: 

---+_; z~: 
/ 

I/ 

X 

x,,,;;2 y>-1 y,.,;;3 y::5ox+2 

Hence find the region which satisfi es all four ineq ualities. 

If the four ineq ualities are graphed on separate axes the 
solutions are as shown below: 

y > -1 

- 1:_ 1 
tH - +++-"'-l -1' 

y 

/ 
~~ 6 I/ 

I/ 
/ 

I/ 
/ 

/ 
I/ 

1/ ~ i l 

-H=: - _, 

y 
8 

y "' 

I 

Combining all four on 
one pair of axes gives this 
diagram. 

The unshaded region 
therefore gives a solution 
which satisfi es all four 
ineq ualities. 
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Exercise 14.3 On the same pair of axes plot the following ineq ualities 
and leave unshaded the region which satisfi es all of them 
simultaneously. 

I. y .ax y>I x,,,;; 5 

2. X + y ,,,;;6 y<x y;;o.1 

3. y ;,o3x y.a 5 x+y > 4 

4. 2y;;o. x + 4 y,,,;; 2t + 2 y<4 X .a) 

• Linear program ming 
Linear programming is a way of findin g a number of possible 
solutions to a problem give n a number of cons traints. But it 
is more than this - it is also a method for minimising a linear 
function in two (or more) variables. 

Worked example The number of fi elds a farmer plants with wheat is wand the 
number of fields he plants with corn is c. There are, however, 
ce rtain restrictions which govern how many fields he can plant 
of each. These are as follows. 

• There must be at least two fields of corn. 
• There must be at least two fields of wheat. 
• Not more than 10 fields are to be sown with wheat or corn. 

i) Construct three inequalities from the information given above. 

c;;o.2 w;;o.2 c+w,,,;;IO 

w ii) On one pair of axes, graph 
the three ineq ualities and 
leave unshaded the region 
which satisfi es all three 
simultaneously. ~" 

H 

6 

f-.4 
,--, 

f-t 
.1 

' " I"-. 
' I, 

I"-. 

' 
.1 .! .. , .I .J ., 

iii) Give one possible arrangement as to how the farmer should 
plant his fields. 

Four fields of corn and four fi e lds ofwhcat. 
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Exercise 14.4 In the following questions draw both axes numbered from Oto 
12. For each question: 
a) write an ineq uality for each statement, 
b) graph the inequalities, leaving the region which sat isfies the 

inequalities unshaded, 
c) using your graph, state one solution which satisfies 

all the ineq ualities simultaneously. 

I. A taxi firm has at its disposal one morning a car and a 
minibus for hire. During the morning it makesx car trips 
and y minibus trips. 
• It makes at least five car trips. 
• It makes between two and eight minibus trips. 
• The total number of car and minibus trips does not 

exceed 12. 

2. A woman is baking bread and cakes. She makes p loaves 
and q cakes. She bakes at least five loaves and at least two 
cakes but no more than ten loaves and cakes altogether. 

3. A couple are buying curtains for their house. ll1ey buy m 
long curtains and n short curtains. ll1ey buy at least two 
long curtains. They also buy at least twice as many short 
curtains as long curtains. A maximum of 11 curtains are 
bought altogether. 

4. A shop sells large and small oranges . A girl buys L large 
oranges and S small oranges. She buys at least three but 
fewer than nine large oranges. She also buys fewer than six 
small oranges. The maximum number of oranges she needs 
to buy is 10. 

Student assessment I 

I. Solve the following ineq ualities: 
a) 17+5x,,..;42 b) 3;,.f+2 

2. Find the range of values for which: 
a) 7<4y-J,,..;J5 b) 18<3(p+2),,..;3Q 

3. A garage stocks two kinds of e ngine oil. They haver cases 
of regular oil and s cases of super oil. 
ll1ey have fewer than ten cases of regular oil in stock and 
between three and nine cases of super oil in stock. ll1ey 
also have fewe r than 12 cases in stock altogether. 
a) Express the three constraints described above as 

ineq ualities. 
b) Draw an appropriate pair of axes and identify the 

region which satisfies all the inequalities by shading the 
unwanted regions. 

c) State two possible solutions for the number of each case 
in stock. 
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4. Students fr om Argentina and students from England are 
meeting on a cultural exchange. 
In total there will be between 12 and 20 stude nts. There are 
fewer than 10 students from Argentina, whilst the number 
fr om England cannot be more than three greater than the 
number from Argentina. 
a) Write inequalities for the number (A ) of st udents fr om 

Argentina and the number (E) of students from England. 
b) On an appropriate pair of axes, graph the inequalities, 

leaving unshaded the region which satisfies all of them. 
c) State two of the possible combinations of A and E 

which satisfy the given conditions. 

Student assessment 2 

I. Solve the following inequalities: 

a) 5 + 6., ,i;;:47 b) 4;,. Y;
3 

2. Find the range of values for which: 
a) ),i;;:3p <12 b) 24<8(x- J),i;;:48 

3. A breeder of horses has x stallions and y mares . She has 
fewer than four stallions and more than two mares. She has 
eno ugh room for a maximum of eight animals in total. 
a) Express the three conditions above as ineq ualities. 
b) Draw an appropriate pair of axes and leave unshaded 

the region which satisfi es all the inequalities. 
c) State two of the possible combinations of stallions and 

mares which she can have. 

4. Antonio is employed by a company to do two jobs . He 
mends cars and also repairs electrical goods. His terms of 
employment are lis ted below. 

• He is employed for a maximum of 40 hours. 
• He must spend at least J6 hours mending cars. 
• He must spend at least S hours repairing electrical goods. 
• He must spe nd more than twice as much time mending 

cars as repairing e lectrical goods . 

a) Express the conditions above as ineq ualities, using c 
to represent the number of hours spent me nding cars. 
and e to represent the number of ho urs spent mending 
electrical goods. 

b) On an appropriate pair of axes, graph the inequalities. 
leaving unshaded the region which satisfies all four. 

c) State two of the possible combinations which satisfy the 
above conditions. 



@ sequences 

A sequence is a collection of terms arranged in a specific order, 
where each te rm is obtained according to a rule. Examples of 
some simple seq uences are given below : 

2.4, 6,8, 10 
I, 1,2,3,5,8 

1, 4,9, 16,25 1,2, 4,8, 16 
1,8,27, 64, 125 10,S,i,i,i 

You could discuss with another student the rules involved in 
producing the seq uences above. 

The terms of a seq uence can be expressed as u1, u2, uJ, 

where: 

u1 isthefirstterm 
u2 is the second term 
u0 is the nth te rm 

Therefore in the seq uence 2, 4, 6, 8, 10, u1 = 2, u2 = 4, e tc. 

• Arithmetic sequences 
In an arithmetic sequence there is a common difference (d) 
between successive te rms. Examples of some arithmetic 
sequences are given below: 

3 6 9 12 15 

~ 
+ 3 + 3 + 3 + 3 d=3 

7 2 -3 -8 -13 

~ 
-s -5 -5 -5 d = -5 

Formulae for the terms of an arithmetic sequence 

There are two main ways of describing a seq uence. 

l. A term-to-term rule 
In the following seq uence, 

7 12 17 22 27 
~ 

+ 5 +5 + 5 + 5 

the tenn-to-term rule is +5, i.e . Ui. = u1 + 5. u1 = u2 + 5. etc. 
The general form is therefore written as liui = un + 5, u1 ::c 

7, where u. is the nth te rm and Uu1 the te rm after the nth 

Note: It is important to give one of the te rms, e.g. u1, so 
tha t the exact seq uence can be ge nerated . 
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2. A formula for the nth term of a seq ue nce 
This type of rule links each tenn to its position in the 
scq uence.e.g. 

Position 

Term 12 17 22 27 

We can deduce from the figures above that each term can 
be ca lculated by multiplying its position number by 5 and 
adding 2. Algebraically this can be written as the formula 
for the nth term: 

Un= 5n + 2 

This textbook focuses on the generation and use of the rule for 
the nth term. 

With an arithmetic sequence, the rule for the nth term can 
easily be deduced by looking at the common difference, e .g. 

Position 
Term 1 5 9 13 17 

~ 
+4 +4 +4 +4 

Position 1 
Term 7 9 11 13 15 

~ 
+2 +2 +2 +2 

Position 1 
Term 12 

~ 
-3 -3 -3 -3 

Un= -3n + 15 

The common difference is the coefficient of n (i.e. the number 
by which n is multiplied) . The constant is then worked out by 
calculating the number needed to make the term. 

Worked e.rample Find the rule for the nth term of the seq uence 
12, 7,2. -3, -8, .. 

Position 
Term 12 7 2 -3 -8 un = - 5n + 17 

~ 
-5 -5 -5 -5 
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Exercise 15. I 1. For each of the following seq uences: 
i) deduce the formula for the nth term 
ii) calculate the !Othterm. 

a) 5.8. lL 14,17 
c) {, 1{,2{,3{, 4{ 
e) -7,-4,-1,2,5 

b) 0, 4,8.12,16 
d) 6,3,0,-3.-6 
f) -9, -13. -17, -21, -25 

2. Copy and complete each of the following tables of 
arithmetic seq uences· 

a) I Po,;,;o" 50 I,,", Term 45 

b) I Position 

Term 59 +19 I 6n~ I 

c) I Po,;,;o" 

Term - 5 -47 
100 I n 

- n + 3 

d) I Po,;,;o" 

Term - ) -24 _,,. I 
e) I Po,;,;o" 

Term IO 16 25 145 1 

f) I Position 2 

I 
5 50 

Term -5.5 - 7 - 34 

3. For each of the followmg arithme 1c sequences: 
i) deduce the common difference d 
ii ) give the formula for the nth term 
iii)calculate the50thterm. 

a) 5.9, 13, 17,21 
c) -10, ... , ...... 2 
e) u1 = -50, u2()= 18 

b) 0,. .. ,2 . .. ,4 
d) U1 = 6.U9-= JO 
f) U3 = 60, U12 = 39 

• Sequences with quadrat ic and cub ic rules 
So far all the seq uences we have looked at have been 
arithmetic, i.e. the rule for the nth tennis linear and takes 
the form Un = an + b. The rule for the nth term can be found 
algebraically using the method of differences and this method is 
particularly useful for more complex sequences. 
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Worked examples a) Ded uce the rule for the nth te rm for the seq uence 
4,7,10,13, 16, .. 

Firstly, produce a table of the terms and their positions 
in the seq uence : 

Exte nd the table to look at the differences: 

Position 

l stdifference 

As the row of 1st differences is constant , the rule fo r the 
nth te rm is linear and takes the form Un = an + b. 

By substituting the values of II into the rule, each term can 
be expressed in terms of a and b: 

Position 

Ja+ b 4a + b Sa + b 

l stdifference 

Compare the two tables in order to deduce the values of 
aandb: 

a=3 
a+b=4 thereforeb = I 

The rule for the nth te rm un = an + b can be written as 
Un= 3n + 1. 

For a linear rule, this method is perhaps overcomplicated. 
However it is very efficient for quadratic and cubic rules. 

b) Ded uce the rule for the nth te rm for the seq uence 
0, 7, 18, 33,52, .. 

Entering the sequence in a table gives: 

Exte nding the table to look at the differences gives: 

Position 

l stdifference 



15 

Position 

Sequences 

The row of 1st differences is not constant , and so the rule 
for the nth term is not linear. Extend the table again to look 
at the row of 2nd differences: 

Position 

Term 

l stdifference 

2nd d iffe rence 

The row of 2nd differences is constant. a nd so the rule for 
the nth te rm is therefore a quadratic which takes the form 
un = an2 + bn + c. 

By substituting the values of n into the rule, each te rm can 
be expressed in te rms of a, band c as show n: 

Te rm a+b+c 4a+lb+c 9a+3b+ c 16a+4b+ c 25a+Sb+ c 

l stdifference 

2nddifference 

3a+b Sa+ b 7a+ b 9a + b 

2, 2, 2, 

Comparing the two tables, the values of a, band c ca n be 
deduced: 

2a = 4 therefore a = 2 
3a+b=1 therefore 6+b=7 giving b= I 
a+ b + c = 0 therefore 2 + l + c = 0 giving c = -3 

The rule for the nth te rm un = an2 + bn + c can be written 
asun=2n2 +n-3. 

c) Ded uce the rule for the nth te rm fo r the sequence -6, -8. 
-6,6,34, .. 

Entering the seq uence in a table gives: 

I Po,;<ion 

Term I ~.12

• I ', I : I :. I 
Extending the table to look at the differences: 

Position 

Term 

l stdiffere nce 
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Position 

The row of 1st differences is not constant. and so the rule 
for the nth term is not linear. Extend the table again to look 
at the row of 2nd differences: 

Position 

Torm 

I st diffe re nce 

lnddiffe re nce 

The row of 2nd differences is not constant e ither. and so the 
rule for the nth term is not quadratic. Extend the table by a 
further row to look at the row of 3rd differences: 

Position 

Torm 

l stdifference 

lnd d iffere nce 

Jrddiffe rence 

The row of 3rd differences is constant. and so the rule for 
the nth te rm is therefore a cubic which takes the form 
un =an3 + bn2 +cn +d. 

By substituting the values of II into the rule, each term can 
be expressed in terms of a, b, c, and d as shown: 

Te rm a+b+c+d 8a+ '4b+2c 27a+9b+3c 6'4a+ l6b+'4c 12Sa +2Sb+ 

l stdifference 

lnddiffe re nce 

Jrddiffe rence 

+ d + d + d Sc+ d 

7a + 3b + c 19a + Sb + c 37a + 7b + c 6 1a + 9b + c 

12a +2b 18a+2b 2'4a+2b ,, 
By comparing the two tables, eq uations can be formed and 
the values of a, b, c, and d can be found: 

6a = 6 
therefore a= I 

12a+2b"'4 
therefore 12+2b=4 givingb = -4 

?a + 3b + C "°' -2 
therefore 7 - 12 + C = -2 givingc = 3 

a+ b + C + d = -6 
therefore I - 4 + 3 + d = -6 giving d = -6 

Therefore the equation for the nth term is 
un =n3 -4n2 + 3n - 6. 
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Exercise 15.2 By using a table if necessary. find the formula for the nth te rm 
of each of the following sequences: 

I. 2,5,10,17,26 

2. 0,3.8.15.24 

3. 6,9, 14,21,30 

4. 9, 12, 17.24,33 

5. -2, L 6. 13, 22 

6. 4, 10,20,34,52 

7. 0, 6, 16, 30,48 

8. 5, 14,29.50, 77 

9. 0, 12, 32, 60, 96 

10. 1, 16.41. 76,121 

Exercise 15.3 Use a table to find the formula for the nth te rm of the following 
seque nces: 

I. 11, 18.37, 74,135 

2. 0, 6, 24, 60, 120 

3. -4, 3, 22, 59, 120 

4. 2. 12,36,80, 150 

5. 7.22,51, 100,175 

6. 7,28,67, 130,223 

7. L 10, 33, 76, 145 

8. 13, 25,49, 91, 157 
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• Geometric sequences 
So far we have looked at seq uences where there is a common 
difference between successive terms. There are, however, o ther 
types of seq uences, e .g. 2, 4, 8, 16. 32. There is clearly a pattern 
to the way the numbers are generated as each tem1 is double 
the previous term, but there is no common difference. 

A sequence where there is a common ratio (r) between 
successive terms is known as a geometric sequence. 
e.g. 

2 4 8 16 32 

~ 
X2 X2 X2 X2 r=2 

27 9 3 I } 

~ 
xj xj xj xj ,= ! 

As with an arithmetic seq uence, there are two main ways of 
describing a geometric sequence. 

1. The term-t o-term rule 

For example. for the following seq uence. 

3 6 12 24 48 

~ 
X2 X2 X2 X2 

the general rule is un+i = 2un; u1 = 3. 

2. The formula for the nth term of a geometric seq uence 

As with an arithmetic seq uence, this rule links each te rm to 
its position in the seq uence, 

Position I 2 
Term 3 6 12 24 48 

~ 
X2 X2 X2 X2 

to reach the second term the calculation is 3 X 2 or 3 X 21 

to reach the third term. the calculation is 3 X 2 X 2 or 3 X 22 

to reach the fourth te rm. the calculation is 3 X 2 X 2 X 2 or 
3 X 21 

In general therefore 

where a is the first term and r is the common ratio. 
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• Applications of geometric sequences 
In Chapter 8 simple and compound interest were shown as 
different ways that interest could be earned on money left in a 
bank account for a period of time . Here we look at compound 
interest as an example of a geometric sequence. 

Compound inte rest 
e.g. $100 is deposited in a bank account and left unto uched. 

After I year the amount has increased to $110 as a res ult 
of interest payments. To work out the inte res t rate. 
calculate the multiplier from $100-4 $110: 

1 fr I ::::~ .... This corresponds to a 10% 
increase. Therefore the 
simple inte rest rateisl0% in 

Start lyear the first year. 

Assume the money is left in the account and that the interest 
rate remains unchanged. Calculate the amount in the account 
after5years. 

This is an example of a geometric sequence. 

Number 
of years 

Amount JOO.DO 110.00 121.00 133.10 146.41 161.05 

~ 
X l.1 Xl. l X l.l X l.1 Xl.1 

A lte rnatively the amount after 5 years can be calculated using 
a variation of un = ar"- 1

, i.e . u, = 100 X I.I'= 161.05. Note: As 
the number of years starts at 0, X 1.1 is applied 5 times to get to 
the fifth year. 

This is an example of compound inte rest as the previous 
year 's inte rest is added to the total and included in the following 
year 's calculation. 
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Worked examples a) A lex deposits $1500 in his savings account. The interest ra te 
offered by the savings account is 6% each year fo r a 10-year 
period. Ass uming A lex leaves the money in the account , 
calculate how much interest he has gained aft er the 
lO years. 

A n interest rat e of 6% implies a common ratio of 1.06 

Therefore u10 = 1500 X 1.0610 = 2686.27 

The amount of interest gained is 2686.27 - 1500 = $1186.27 

b) Adrienne deposits $2000 in her savings account. The 
interest rate offered by the bank for this acco unt is 8% 
compo und interest per year. Calculate the number of years 
Adrienne needs to leave the money in her account for it to 
double in value . 

An interest rat e of 8% implies a common ratio of 1.08 

The amount each year can be fo und using the term-to-term 
rule llui = 1.08 X un 

u1 = 2000 X 1.08 = 2160 

u2 = 2160 X 1.08 = 2332.80 

UJ = 2332.80 X 1.08::: 2519.42 

!19 = 3998.01 

!110 = 4317 .85 

Adrienne needs to leave the money in the account for 
10 years in order fo r it to double in value. 

Exercise 15.4 I. Identify which of the following are geometric sequences and 
which are not. 
a)2,6,18,54 b)25,5,I , ! c)l,4,9,16, 

d) -3,9,-27,81 e) -},},{, } f) -},f,{,-& 
2. For the sequences in question I that are geometric, 

calculate: 
i) the common ratio r 
ii ) the nex t two terms 
iii) a formul aforthe nthterm. 

3. The nth term of a geometric sequence is given by the 
formula u. = -6 x 2•- 1• 

a) Calculate 111,112 and 113. 

b) What is the value of n, if Un= -768? 
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4. Part o f a geometric sequence is given below: 

... . -1, ... , ... ,64, .. whereu2 = -1 and uj = 64. 

Calculate: 
a) the common ratio r 
b) the value of u1 

c) thevalueofu 10• 

5. A homebuyer takes out a loan with a mortgage company 
for $2000CO. The inte rest rate is 6% per year. If she is 
unable to repay any of the loan during the first 3 years, 
calculate the extra amount she will have to pay by the end 
of the third year, due to interest. 

6. A car is bought for $10COO. It loses value at a rate of20% 
each vear. 
a) E~plain why the car is not worthless after 5 years. 
b) Calculate its value after 5 years. 
c) Explain why a depreciation of20% per year means, in 

theory, that the car will neve r be worthless. 

Student assessment I 

1. For each of the seq uences given below: 
i) calculate the nex t two te rms, 
ii) explain the pattern in words. 

a) 9, 18, 27, 36, b) 54, 48. 42, 36, 
c) 18. 9, 4.S. d) 12. 6, 0, -6, 
e) 216. 125, 64, f) I. 3. 9, 27, 

2. For each of the seq uences shown below give an expression 
for the nth te rm: 
a) 6. 10, 14, 18. 22 .... b) 13. 19, 25, 31. 
c) 3, 9, 15, 21. 27, d) 4, 7. 12, 19. 28, 
e) 0, 10. 20, 30, 40, ... f ) 0, 7, 26. 63. 124, 

3. For each of the fo11owing arithmetic sequences: 
i) write down a formula for the nth term 
ii ) calculate the lOthterm. 
a) 1,5. 9, 13, .. b) I. -2. -5, -8, .. 

4. For both of the following, calculate u, and u100 : 

a) Un : 6n - 3 b) U0 : -"¥1 + 4 
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I 
5. Copy and comple te both of the foll ow ing tables of 

arithmetic sequences: 

a) I~:::·· I ,', I ,: I J I " I ~ss I " I 
bt :::·· I ', I ~, I " I JS I , I 

Student assessme nt 2 

I. A girl deposits $300 in a bank account. The bank offers 
7% inte rest per year. 
A ss uming the girl does not take any money o ut of the 
account calculate : 
a) the amount of money in the account after 8 years 
b) the minimum number of years the money must be left in 

the account, for the amount to be greate r than $350. 

2. A computer loses 35% of its value each year. If the 
computer cost $600 new, calculate : 
a) its value afte r 2years 
b) its value afte r lOyears. 

3. Part of a geometric seq uence is given below: 

....... 27, ..... , -1 

whcreuJ=27andu6 = -1 . 
Calculate : 
a) the common ratio r 
b) the value 111 

c) the value of n if un = -if. 
4. Using a table of diffe rences if necessary, calculate the rule 

for the nth te rm of the sequence 8. 24, 58. 116. 204 . .. 

5. Using a table of diffe rences, calculate the rule for the nth 
te rm of the sequence 10, 23. 50. 97, 170 ... 
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y 

• Direct variation 
Consider the tables below· 

, I ' I' 
, I ' I' 
, I,', I' 7.5 

5 

I IO 

5 

I 15 

,:, 1 

IO 

20 
y = 2x 

IO 

JO 
y = 3x 

IO 

25 
y = 2 .Sx 

n eac case y is directly p opor 10nal to x. This is written y oc x. 
If any of these three tables is shown on a graph. the graph will 
be a straight line passing through the origin. 

30 30 

20 20 20 

y~ - ,~ -"l4::. -" .:;,_, " °""'" 
Q 2 4 6 810 X Q 2 4 6 8 10 X Q 2 4 6 810 X 

For any statement where y oc x, 

y=k.t 

where k is a constant eq ual to the gradient of the graph and is 
called the constunt of proportionality or constant of variation. 

Consider the tables below: 

1 · 1 ' I ' I ,', I,: I:, 1,a2r 
13f 32 62{ Y = fx1 
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I · I ' I ~ I ~ 1 • I ~ I y~J; ~ , l 

In the cases above, y is directly proportional to xn, where n > 0. 
This can be written as y oc xn. 

The graphs of each of t he three eq uations are shown below: 

The graphs above, with (x, y) plotted, are not linear. However if 
the graph of y = 2.t2 is plotted as (x2

, y), then the graph is linear 
and passes through the origin demonstrating that y oc x 2 as 
shown in the graph below. 

x1 16 25 

18 32 50 

,~ • . 40 

30 

20 

10 

0 10 20 30x2 
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Similarly, the graph of y = ixJ is curved when plotted as (x, y), 
but is linear and passes thro ugh the origin if it is plotted as 
(x\ y) as shown: 

27 64 125 

y 

0 
V 

I/ 
V 

0 v 0 ,,v 
0 

V 
0 

1./ 
50 100 i' 

The graph of y = .Jx is also linear if plotted as ( .Jx. y) . 

• Inverse variation 
If y is inversely proportional to.t, then y oc _!_ and y = !.. 

If a graph of y against i is plo tted, this ,;o will be a~traight 

line passing through the origin. 

Worked examples a) y oc x. If y = 7 when x = 2, find y when x = 5. 

y = kx 
7 = k X 2 so k = 3.5 

Whenx = 5, 
y = 3.5 X 5 = 17.5 

b) yoci.Ify=5whenx =3, find ywhen.r =30. 

y=~ 

5 = 1 so k = 15 

Whenx =30, 

y = ¥o- = 0.5 
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Exercise 16. I 1. y is directly proportional to x. If y = 6 when x = 2, find: 
a) the constant of proportionality 
b) the value of y whe n x = 7 
c) the value of y whe n x = 9 
d) the value of x when y = 9 
e) the value of x whe n y = 30. 

2. y is directly proportional to x2
• If y = 18 when x = 6, find: 

a) the constant of proportionality 
b) the value of y when x = 4 
c) the value of y when x = 7 
d) the value of x when y = 32 
e) thevalueofxwhen y=l28. 

3. y is inversely proportional tox3
. If y = 3 when x = 2, find: 

a) the constant of proportionality 
b) the value of y when x = 4 
c) the value of y when x = 6 
d) the value of x when y = 24. 

4. y is inversely proportional tox2
• if y = 1 whenx = 0.5, find: 

a) the constant of proportionality 
b) thevalueofywhenx =0.1 
c) the value of y when x = 0.25 
d) the value of x when y = 64. 

Exercise 16.2 1. Write each of the following in the form: 

i) yoc x 
ii) y = kx. 

a) y is directly proportional to x3 

b) y is inversely proportional to x3 

c) t is directly proportional to P 
d) s is inversely proportional tot 
e) A is directly proportional to ,2 
!) Tis inversely proportional to the sq uare root of g 

2. If y oc x and y = 6 when x = 2, find y when x = 3.5. 

3. If yocfand y=4whenx =2.5 find: 

a) ywhenx =20 
b) xwheny = 5. 

4. Ifp oc r 2 andp = 2 when r = 2, findp when r = 8. 

5. Ifm oc~andm = 1 whenr= 2, find: 

a) mwhenr:4 
b) r when m = 125. 

6. Ifyoc x2 andy = 12 whenx = 2, find y when x = 5. 
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Exercise 16.3 1. If a stone is dropped off the edge of a cliff, the height 
(h metres) of the cliff is proportional to the sq uare of the 
time (t seconds) taken for the stone to reach the ground. 

A stone takes 5 seconds to reach the ground when 
dropped off a cliff 125m high. 

a) Write down a re lationship between hand t, using k as the 
constant of variation. 

b) Calculate the constant of variation. 
c) Find the height of a cliff if a stone takes 3 seconds to 

reach the gro und. 
d) Find the time taken for a stone to fall fr om a cliff 180m 

high. 

2. The velocity (v metres per second) of a body is known to be 
proportional to the sq uare root of its kinetic energy 
(e joules). When the velocit y of a body is 120m/s, its kinetic 
energy is 16001. 
a) Write down a relationship between v and e, using k as the 

constant of variation. 
b) Calculate the value of k. 
c) Ifv = 21, calculate the kinetic energy of the body in joules. 

3. The length (/ cm) of an edge of a cube is proportional to the 
cube root of its mass (m grams). It is known that if I= 15 , 
then m = 125. Let k be the constant of variation. 
a) Write down the relationship between I. m and k . 
b) Calculate the value of k. 
c) Calculate the value of /when m = 8. 

4. The power (P) generated in an electrical circuit is 
proportional to the sq uare of the current (! amps). 
When the power is 108 watts, the curre nt is 6amps. 
a) Write down a re lationship between P, I and the constant 

ofvariation. k. 
b) Calculate the value of /when P = 75 watts. 
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Student assessment I 

I. y = kx. Wheny = 12.x = 8. 
a) Calculate the value of k. 
b) Calculateywhenx = 10. 
c) Calculate y when x = 2. 
d) Calculatexwheny = 18. 

2. y = f. When y = 2. x = 5. 

a) Calculate the value of k. 
b) Calculate y when x = 4. 
c) Calculatexwheny = 10. 
d) Calculate x when y = 0.5. 

3. p = kqJ. When p = 9, q = 3. 
a) Calculate the value of k. 
b) Calculate p when q-= 6. 
c) Calculate p when q = 1. 
d) Calculate q whenp = 576. 

4. m-=--j;.Whenm=l,n=25. 

a) Calculate the value of k. 
b) Calculate m when n = 16. 
c) Calculate m when n = 100. 
d) Calculate n when m = 5. 

5. y=~.Wheny =3,x={ . 

a) Calculate the value of k. 
b) Calculate y when x = O.S. 

c) Calculate both values of x when y = i'f-
d) Calculate both values of x when y = !-
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Student assessm ent 2 

I. y is inversely proportional to x. 
a) Copy and complete the table below: 

1 · 1 ' I ' I ' I ' I" I" I 
b) Whatisthevalueofxwheny=20? 

2. Copy and comple te the tables below: 
a) yocx 

I ; I ' I ,', I · I , I " I 
b) yocf 

I · I ~, I , I · I , I " I 
c) yoc ,Jx 

Variation 

3. The pressure (P) of a given mass of gas is inversely 
proportional to its volume (V) at a constant temperature. 
If P = 4 when V = 6. calculate: 
a) Pwhen V= 30 
b) Vwhen P = 30. 

4. The gravitational force (F) between two masses is inversely 
proportional to the sq uare of the distance (d) between 
them. If F = 4 when d = S, calculate: 
a) Fwhen d = 8 
b) dwhen F = 25. 



@ Graphs in practical situations 

• Conversion graphs 
A straight-line graph can be used to convert one set of units 
to another. Examples include converting from one currency to 
another, converting distance in miles to kilometres and converting 
temperature from degrees Celsius to degrees Fahrenheit. 

Worked example The graph below converts South African rand int o euros based 
on an exchange rate of €1 = 8.80 rand. 

/ 

I/ 
V 

£ 50+-I-+-__ +-_---,_ -__ +_v~,1--/ ---+-+-+----, 

i) Using the graph estimate the number of rand equivalent to €5. 
A line is drawn up fr om €5 until it reaches the plotted line, 
then across to the vertical axis. 
From the graph it can be seen that €5 - 44 rand. 
(- is the symbol for 'is approximately equal to') 

ii) Using the graph, what would be the cost in e uros of a drink 
costing 25 rand? 
A line is drawn across from 25 rand until it reaches the 
plo tted line , then down to the horizontal axis. 
From the graph it can be seen that the cost of the 
drink - €2.80. 

iii) If a meal costs 200 rand, use the graph to estimate its cost in 
e uros. 
The graph does not go up to 200 rand, therefore a factor of 
200 needs to be used e .g. 50 rand. 
From the graph 50 rand - €5.70, therefore it can be deduced 
that 200 rand - €22.80 (i.e. 4 X €5 .70) . 
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Exercise 17. I 1. Given that 80 km = 50 miles, draw a conversion graph up to 
100 km. Using your graph estimate: 
a) how many miles is 50 km. 
b) how many kilometres is 80 miles. 
c) the speed in miles per ho ur (mph) eq uivalent to 

JOO km/h, 
d) the speed in km/h eq uivalent to 40 mph. 

2. You can roughly convert temperature in degrees Celsius 
to degrees Fahrenheit by doubling the degrees Celsius and 
adding 30. 

Draw a conversion graph up to 50 °C. Use your graph to 
estimate the following: 
a) the temperature in °F eq uivale nt to 25 °C, 
b) the temperature in °Ceq uivalcnt to J00 °F. 
c) the tem perat ure in °F eq uivale nt to 0 °C, 
d) the temperature in °C eq uivalent to 200 °F. 

3. Given that 0 °C = 32°Fand 50 °C = 122 °F.on the same 
graph as in question 2, draw a true conversio n graph. 
i) Use the true graph to calculate the conversions in 

question 2. 
ii) Where would you say the rough conversion is most 

useful? 

4. Long-distance calls from New York to Harare arc priced at 
85 cents/ruin off peak and $1.20/min at peak times. 
a) Draw. on the same axes. conversion graphs for the two 

different rates. 
b) From yo ur graph estimate the cost of an 8 minute call 

made off peak. 
c) Estimate the cost of the same call made at peak rate. 
d) A call is to be made from a telephone box. If the caller has 

only $4 to spend, estimate how much more time he can 
talk for if he rings at off peak instead of at peak times. 

5. A maths exam is marked out of 120. Draw a conversion 
graph to change the following marks to percentages. 
a)80 b)IIO c)54 d)72 

• Speed, distance and time 
You may already be aware of the following formula: 

distance = speed X time 

Rearranging the formula gives: 

distance 
spced=-.-

t1me 

Where the speed is not constant: 

total distance 
average speed=--.

total time 
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Exercise 17.2 1. Find the average speed of an object moving: 

~ . 
Time(s) 

Worked example 

I:• : • 50 

~ 40 

~ 30 
20 
10 

0 1234 5 6 7 8 
Time(s) 

a) 30 min 5s b) 48min12s 
c) 78kmin 2 h d) 50kmin 2.5 h 
e) 400kmin2h30min f) 110kmin2h12min 

2. How far will an object travel during: 
a) \Osat40m/s b) 7sa t 26 m/s 
c) 3 hoursat 70km/h d) 4 h 15 minat 60 km/h 
e) 10 min at 60 km/h f) 1 h 6 min at 20 m/s? 

3. How long will it take to travel: 
a) SO m at lOm/s b) I kmat 20 m/s 
c) 2 km at 30 km/h d) 5 km at 70 m/s 
e) 200cmat 0.4 m/s f) I kmat IS km/h? 

• Travel graphs 
The graph of an object travelling at a constant speed is a straight 
line as shown (left ). 

Gradient= 1 
The units of the gradient are m/s, hence the gradient of a 
distance-time graph represents the speed at which the object 
is travelling. 

The graph (left) represents an object travelling at constant speed. 

i) From the graph calculate how long it took to cover a distance 
of 30 m. 
The time taken to trave l 30 m is 3 seconds . 

ii) Calculate the gradient of the graph. 

Taking two points on the line, gradient=~= 10. 

iii) Calculate the speed at which the object was travelling. 

Gradient of a distance-time graph = speed. 
Therefore the speed is 10 m/s. 

Exercise 17.3 1. Draw a distance-time graph for the first 10 seconds of an 
object travelling at 6 m/s. 

2. Draw a distance-time graph for the first 10 seconds of an 
object travelling at 5 m/s . Use your graph to estimate: 
a) the time taken to travel 25 m. 
b) how far the object trave ls in 3.5 seconds. 
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f?,· 8· m '° a 20 

10 

0 1234567 8 
Time(s) ,. sc. c 1 

;;' 6 

8 5 
-;; 4 

" 3 J~ 2 
C 1 

0 123 4 5 6 7 8 
Time(s) 

Graphs in practical situations 

3. Two objects A and B set off from the same point and move 
in the same straight line. 8 sets off fir st. whilst A sets off2 
seconds later. Using the distance- time graph (left) estimate: 
a) the speed of each of the objects, 
b) how far apart the objects would be 20 seconds after the 

4. lluee objects A, B and C move in the same straight line 
away from a point X. Both A and C change their speed 
during the journey, whilst 8 trave ls at the same constant 
speed throughout. From the distance-time graph (left) 
estimate: 
a) the speed of object B, 
b) the two speeds of object A, 
c) the average speed of object C, 
d) how far object C is from X 3 seconds fr om the start. 
e) how far apart objects A and C are 4 seconds from the 

The graphs of two or more journeys can be shown on the 
same axes. The shape of the graph gives a clear picture of the 
movement of each of the objects. 

Worked example The journeys of two cars, X and Y, travelling between A and 
E • Bare represented on the distance-time graph (left ) . Car X and J1: Carl\; 

8 
CarYboth reach point B 100km from A at 1100. 

! 60 Calculate the speed of Car X between 0700 and 080(1 

;i 40 CarY distance 
~ 20 speed=~ 

i 8100 0800 0900 1000 1100 

=!![!km/h = 60 km/h 

ii) Calculate the speed of Car Y between 0900 and 1100. 

speed = T km/h : 50 km/h 

iii) Explain what is happening to Car X between 0800 and 0900. 

No distance has been trave lled. therefore Car X is 
stationary. 
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Exercise 17.4 E- ,,,,. 
10 

au 

0 
11 00 1120 11401200 

:-150 
100 

50 
0 
0900 09301000 1030 1100 

1. Two fri ends Paul and Helena arrange to mee t for lunch at 
noon. They live 50 km apart and the restaurant is 30 km 
from Paul's home. The travel graph (left ) illustrates their 
journeys. 
a) What is Paul's average speed between 1100 and 1140? 
b) What is Hele na's average speed between 1100 and 

1200? 
c) What does the line XY represe nt? 

2. A car travels at a speed of60 km/h for 1 hour. It then stops 
for 30 minutes and then continues at a constant speed of 
80 km/h for a furth er 1.5 ho urs. Draw a distance-time graph 
for this jo urney. 

3. A girl cycles for 1.5 hours at 10 km/h. She then stops for an 
hour and then travels for a furth er 15 km in 1 hour. Draw a 
distance-time graph of the girl's journey. 

4. Two frie nds leave their ho uses at 1600. The houses are 4 km 
apart and the friends travel towards each other on the same 
road. Fyodor walks at 7 km/h and Yin walks at 5 km/h. 
a) On the same axes, draw a distance-time graph of their 

journeys. 
b) From your graph estimate the time at which they meet. 
c) Estimate the distance from Fyodor's house to the point 

where they meet. 

5. A train leaves a station Pat 1800 and travels to station 
Q 150 km away. It travels at a steady speed of 75 km/h. 
At 1810 another train leaves Q for P at a steady speed of 
lOOkm/h. 
a) On the same axes draw a distance-time graph to show 

both journeys. 
b) From the graph estimate the time at which both trains 

pass each other. 
c) At what distance from station Q do both trains pass 

each other? 
d) Which train arrives at its destination first? 

6. A train sets off from town Pat 0915 and heads towards 
town Q 250 km away. Its journey is split int o the three 
stages a, band c. At 0900asecond train leaves town Q 
heading for tow n P. Its journey is split into the two stages d 
and e. Using the graph (left) calculate the following: 
a) the speed of the first train during stages a, band c, 
b) the speed of the second train during stages d and e. 
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Graphs in practical situations 

• Speed-time graphs, acce leration and 
decelerat ion 

So far the graphs that have been dealt with have been similar to 
the one shown (left ) i.e . distance- time graphs. 

If the graph were of a girl walking it would indicate that 
initially she was walking at a constant speed of 1.5 m/s for 
10 seconds, then she stopped for 20 seconds and finally she 
walked at a constant speed of 0.5 m/s for 20 seconds. 

For a distance- time graph the following is true: 
• a s traight line represents constant speed, 
• a horizontal line indicates no movement. 
• the gradient of a line gives the speed. 

This section also deals with the interpretation of travel graphs. 
but where the vertical axis represents the object's speed. 

Worked example The graph shows the speed of a car over a period of 
16seconds. 20. 18 

16 
f 14 
- 12 1110 
~ 8 
~ 6 

4 
2 

0 2468101214161820 

Time(s) 

Explain the shape of the graph. 

For the first 8 seconds the speed of the car is increasing 
uniformly with time. ll1is means it is accelerating at a 
constant rate. Between 8 and 14 seconds the car is travelling 
at a constant speed of 16 m/s. Between 14 and 16 seconds 
the speed of the car decreases uniformly. This means that it 
is decelerating at a constant rate. 

ii) Calculate the rate of acceleration during the first 8 seconds. 

From a speed - time graph, the acceleration is found by 
calculating the gradient of the line . Therefore : 

acceleration = 11 = 2 m/s2 

iii) Calculate the rate of deceleration between 14 and 16 seconds: 
16 

deceleration = - = 8 rnls2 

2 
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Exercise 17.5 Using the graphs below. calculate the acceleration/deceleration 
in each case. 

1.7· 2·7· !: I! 
:;4 -o 4 

l; l; 
1 1 

O 24 68101214161820 O 2 4 68101214161820 
Time (s) Time (s) '- ~~11 . i~ 

~10 
5 

0 1 2 3 4 5 

•• • 70 
""' E 50 
:;40 
$ 30 
<%20 

10 

0 0.5 1 
Time(s) Time(min) 

5.7 • • 
- 6 
~ 5 
;;4 

! ~ 
1 

0 2 4 68101214161820 
Time(s) 

6. 70 • . ~60 
E 50 
:;40 
$ 30 
~20 

10 

0 0.5 1 
Time(min) 

7. Sketch a graph to show a n aeroplane accelerating fr om rest 
at a constant rate of 5 m/s2 for 10 seconds. 

8. A train travelling at 30 m/s starts to decelerate a t a constant 
rate of 3 m/s2. Sketch a speed-time graph showing the 
train 's motion until it stops. 

l. The graph (left) shows the speed-time graph of a boy 
running for 20 seconds . Calculate : 
a) the acceleration during the first fo ur seconds, 
b) the acceleration during the second period of fo ur 

seconds. 
c) the deceleration during the final twelve seconds. 

024 68101214161820 
Time(s) 
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•
• 

35 
• 30 
c 25 
02() 
[ 15 
w 10 

5 

24 68101214161820 

llie speed- time graph (left) represents a cheetah chasing a 
gazelle. 
a) Does the top graph represent the cheetah or the 

gazc l1e? 
b) Calculate the cheetah's acceleration in the initial stages 

of the chase. 
c) Calculate the gazelle"s acceleration in the initial stages 

of the chase. 
d) Calculate the cheetah 's deceleration at the e nd. 

Time (s) 3 The speed- t1mc graph (left) represents a tram travelling 
from one stat10n to another 

35 
a) Calculate the accelerat10n dunng stage a i: b) Calculate thedecelerat10ndunngstagec 

:; 20 c) Calculate the dccelerat10n dunngstage f. 
[ 15 d) Descnbe the tram s mot10n durmg stage b. 
VI 1~ e) Descnbe the tram's mot10n 10 mmutes from the start. 

0 
2 4 6 ~

1
! ;~1~~ 161820 • Area under a speed-time graph 

The area under a speed- time graph gives the distance travelled. 

Worked example The table below shows the speed of a train over a 30 second 
period. 

Time(s) 10 15 20 25 30 

Speed (mls) 20 20 20 22.5 25 27.5 30 

Plo t a speed- time graph for the first 30 seconds. 

,otH---J--t--t-H---J----r-t-H-t-t :l=H I ,5 1--1--+--++--+-+--+--+c±--1---t""F=+--+-1--1 

l ~ t-,-t--t--t-H-t--t--t-t-t-t--t--+-H 

2 4 6 81012141618202224262830 
Time(s) 

ii) Calculate the train 's acceleration after the first 10 seconds. 

Acceleration = ~ = i m/s2 

iii) Calculate the distance travelled during the 30 seconds. 

ll1is is ca lculated by working out the area under the 
graph. The graph can be split into two regions as 
shown overleaf. 
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8 1012141618202224262830 
Time(s) 

Distance represented by region A = (20 X 30) m 
= 600 m 

Distance represented by region 8 = (! X 20 X 10) m 
= 100m 

T otal distance travelled = (600 + 100) m 
= 700 m 

Exercise 17. 7 1. The table below gives the speed of a boat over a 10 second 
period. 

a) Plo t a speed- time graph for the 10 second period. 
b) Calculate the acceleration of the boat. 
c) Calculate the total distance travelled during the 

JO seconds. 

2. A cyclist travelling at 6 m/s applies the brakes and 
decelerates at a cons tant rate of 2 m/rl- . 

70. : ~60 
.§.so 3. 

1: 
0020 

10 

0 10 20 30 40 50 60 
Time(s) 

a) Copy and comple te the table below. 

b) Plo t a speed- time graph for the 3 seconds shown in the 
table above. 

c) Calculate the distance trave lled during the 3 seconds of 
deceleration. 

A car accelerates as shown in the graph (left). 
a) Calculate the rate of acceleration in the first 40 seconds. 
b) Calculate the distance travelled over the 60 seconds 

shown. 
c) After what time had the motorist travelled half the 

distance? 
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35 • •• 
i: 
i~ 5 ~ 10 

5 8101214161820 

Is the cheetah and gazelle chase 
l11e graph (lef~ ;:i;;:::~se 17 6 h cheetah dunng the from quest10n e distance run bv t e 

a) Calculate th bv the gazelle dunng the b)~:~:latethed1stanccrun . 
chase. 

The graph (right). - ! b 
represents the train §. 25 

0 2 4 6 T1me(s) 
= •~m ¥•a 1 ;"'";~: ;;: ~ :: 

~:;:::,1e. ;. ~~a'~:,;ng 50 2 4 6 8 to"''. 1618m 
distance _1r:~:s shown. Time (min 

1hc20 mm from1es1atam1e of 

]crates umformly k off Calculate the 6 An a!fcraftacce dsbcforell ta es 

. 10 ml,''°: ,;!;~o:long 1hc rnnway h molmn oflwo 
d»1ance1 below dcp,cls 1 c d 

7. TI1e speed-~menr;r~~er a 15 second perto motorbikes a 

raph motorbike A ~:~::~~;l~n the At the star~~~~~~ite B. Assume they 1 

::~:;~~::et ion. otorbike A's acceleration over the 

a) ~5a~:~~~~~n m/s2_. B's acceleration over the fir st 

b) Calculate ~ oto;~1ke A during the 

9 seconds ine :ist~ncc travelled ~le neares t metre). 

c) ~5''.~~~:~:~g;v, yoe, ~;:::1;:~ be B de,;,~ ,::,,~1e) 
d) Calculate th(e-~:s~:n; answer to th~i~::r:t the end of the 

15 seconds g1 re the two motor 
e) How far apart.:ie? 

15secondpcn . G 
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Student assessment I 

I. 1 e uro had an exchange rate of 8 Chinese yuan and 
200 Pakis tani rupees. 
a) Draw a conversion graph for yuan to rupees up to 

80yuan. 
b) Estimate from your graph how many rupees you would 

get forSOyuan. 
c) Estimate from your graph how manyyuan you would 

get for 1600 rupees. 

2. A South African taxi driver has a fixed charge of 20 rand 
and then charges 6 rand per km. 
a) Draw a conversion graph to enable you to estimate the 

cost of the following taxi rides: 
i) 5km 
ii) 8.5km 

b) If a trip cost 80 rand, estimate from your graph the 
distance travelled. 

3. An electricity account can work in two ways: 
• account A which involves a fixed charge of $5 and then 

a rate of7cper unit , 
• account 8 which involves no fixed charge but a rate of 

9.5cper unit. 
a) On the same axes draw a graph up to 400 units for each 

type of account, converting units used to cost. 
b) Use your graph to advise a customer on which account 

4. A car travels at 60 km/h for I ho ur. The driver then takes a 
30 minute break. After her break, she continues at 80 km/h 
for90minutes. 
a) Draw a distance-time graph for her journey. 
b) Calculate the total distance travelled. 

5. Two trains depart at the same time from cities Mand N, 
which are 200 km apart. One train travels from M to N, the 
other from N to M. The train departing from M travels a 
distance of60 km in the fir st hour, 120 km in the next 
1.5 hours and then the rest of the journey at 40 km/h. The 
train departing from N travels the whole distance at a speed 
of 100 km/h. Assuming al1 speeds are constant: 
a) draw a travel graph to show both journeys, 
b) estimate how far from city M the trains are when they 

pass each other, 
c) estimate how long after the start of the journey it is 

when the trains pass each other. 



17 Graphs in practical situations 

Student assessment 2 

I. Absolute zero (O K) is equi valent to - 273 °C and O °C is 
eq uivalent to 273 K. Draw a conversion graph which will 
convert K int o 0 C. Use yo ur graph to estimate: 
a) the temperature in K eq uivalent to -40 °C, 
b) the temperature in °Cequivalent to IOOK. 

2. A Canadian plumber has a call-out charge of70 Canadian 
dollars and then charges a rate of $50 per hour. 
a) Draw a conversion graph and estimate the cost of the 

following: 
i) a job lasting4l ho urs, 
ii) a job lasting6¥ ho urs. 

b) If a job cost $245, estimate from your graph how long it 
took to complete. 

3. A boy lives 3.5 km fro m his school. He walks home at a 
constant speed of9 km/h for the first 10 minutes. He the n 
stops and talks to his fri ends for 5 minutes. He finally runs 
the rest of his journey home at a constant speed of 12 km/h. 
a) IJ1ustrate this information on a distance-time graph. 
b) Use your graph to estimate the total time it took the boy 

to get home that day. 

4. Below are four dis tance-time graphs A, 8 , C and D. Two of 
them are not possible. 
a) Which two graphs are impossible? 
b) Explain why the two you have chosen are not possible. 
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Student assessment 3 

I. The graph below is a speed-time graph for a car 
accelerating from rest. 

I 
J 1s f-l--+-+-+-f-lv-,J,-"'f".+-f-l--+-+-+-f-l 

Time(s) 

a) Calculate the car's acceleration in m/s2
• 

b) Calculate, in metres, the distance the car travels in 
IS seconds. 

c) How long did it take the car to travel half the distance? 

2. The speed- time graph below represents a JOO m sprinter 
during a race. 

I'\ 

I \ 
I/ I'\ 

\ 

Time{s) 

a) Calculate the sprinter's acceleration during the first two 
seconds of the race . 

b) Calculate the sprinter 's deceleration at the end of the 
race. 

c) Calculate the distance the sprinter ran in the first 
JO seconds. 

d) Calculate the sprinter 's time for the 100 m race. Give 
your answer to 3 s.f. 
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3. A motorcyclist accelerates unifonnly from rest to 50 km/h 
in 8 seconds. He then accelerates to 110 km/h in a furth er 
6seconds. 
a) Draw a speed-time graph for the first 14 seconds. 
b) Use your graph to find the to tal distance the 

motorcyclist travels. Give your answer in metres . 

4. ll1e graph shows the speed of a car over a period of 50 
seconds. ill. X;: 

~ 10 
5 

0 5 101520253035404550 
Time(s) 

a) Calculate the car's acceleration in the first 15 seconds. 
b) Calculate the distance trave l1ed whilst the car moved at 

constant speed. 
c) Calculate the total distance travelled. 

Student assessment 4 

I. ll1e graph below is a speed-time graph for a car 
decelerating to rest. 

I ~..__ 
J 1s 

~ 

~ "-. 

Time(s) 

a) Calculate the car's deceleration in m/s2
• 

b) Calculate, in metres, the distance the car travels in 
12seconds. 

c) How long did it take the car to travel half the distance? 
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2. The graph below shows the speeds of two cars A and B 
over a 15 second period. 

V 
~ rt--i--i---t-rt---J--tr't"-i-t--J--t,-..t 

j2s f-l-l-+--.J-f-llL,l<e-~ s--f-4-=J=-+--f--1~1 
;; 20 H--+t CF--b'f"T-+t-H--++t--1 
~ 15 f.4==l--l-.J.Ll-+--l--l-.J-l-+--l-+--.J--I 
~ 1o e-i.--+/~l"-+/ -+-+--+-1--+-+-+--+-1--+-+-, 

0 1 5 6 7 8 9 101112131415 

Time(s) 

a) Calcul ate the acceleration of car A in m/s2
. 

b) Calculate the distance travelled in metres during the 
15 seco nds by car A. 

c) Calculate the distance travelled in metres during the 
15secondsbycar B. 

3. A motor cycle accelerates uniformly fr om rest to 30 km/h in 
3 seconds. It then accelerates to 150 km/h in a further 
6seconds. 
a) Draw a speed- time graph for the first 9 seconds. 
b) Use your graph to find the total distance the motor cycle 

travels. Give your answer in metres. 

4. Two cars X and Y are travelling in the same direction. 
The speed- time graph (be low) shows their speeds over 
12seconds. 

:~ • .;;-35 
~ 30 X 

H 1i y 

0 123456789101112 
Time(s) 

a) Calculate the deceleration of Y during the 12 seconds. 
b) Calculate the distance travelled by Yin the 12 seconds. 
c) Calculate the total distance travelled by X in the 

12seconds. 



@ Graphs of functions 

You sho uld be familiar with the work covered in Chapter 28 on 
straight-line graphs before embarking on this chapter. 

• Quadratic functions 
The general expression for a quadratic function takes the form 
ax2 + bx + c where a, band care constants. Some examples of 
quadratic functions are given below . 

y = 2r + 3.t - 12 y = x2 
- 5x + 6 y: 3x2 + 2x - 3 

If a graph o f a quadratic function is plotted. the smoot h curve 
produced is called a parabola, e.g. 

y = x2 

I ~: I ~: I ~: I ~,, I ' I ' I ' I ' I ,: I 
y = -x1 
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Worked examples a) Plot a graph of the function y = r - 5.t + 6 for O ,;:;x,;:; 5. 

A table of values for x and y is given below: 

These can then be plotted to give the graph: 

• b) Plot a graph of the function y = - x2 + x + 2 for -3 ,;:;x,;:; 4. 

Drawing up a table of values gives: 

I ; I ~~ : I =: I ~: I : I ; I : I ~: I ~,: I 
The graph of the function is given below: 

Exercise 18.1 For each of the following quadratic functions, construct a table 
of values and then draw the graph. 

I. y=:il+x-2, -4,;:;x,;:;3 

2. y=-x2 +h+3, -3,;:;x,;:;5 

3. y=:il-4x+4. -J,;:;x,;:;5 

4. y = -x2 -2.f- l. -4,;:; .t ,;:;2 

5. y = ;il - 2f - 15. -4,;:; X ,;:; 6 
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Worked e.rnmple 

6. y=1x2-h-3. -2,s;; x ,s:;;3 

7. y=-h2 +x+6. -3,s;; x ,s:;;3 

8. y=3x2-3x-6, -2,s;; x ,s:;;3 

9. y = 4x2 - 7x - 4, -1 ,s;; X ,s;; 3 

10. y=-4x2 +4x -l , -2,s;; x ,s:;;3 

• G raphical solution of a quadratic equation 

Draw a graph of y = x2- 4x + 3for -2,s;; x ,,;;;5_ 

x I ~: I ~, I O I ' I ~: I J I 4 I S 

y 

" I/ 
2 1 X 

ii) Use the graph to solve the eq uation x1 
- 4.t + 3 = 0. 

To solve the equation it is necessary to find the values of x 
when y = 0, i.e. where the graph crosses the x-axis . 
These points occur when x = I and x = 3 and are therefore 
the solutions. 

Exercise 18.2 Solve each of the quadratic functi ons below by plotting a graph 
for the ranges ofx stated. 

1. x2 - x -6=0. -4,s;;x,,;;;4 

2. -x2+ I =O, -4,s;; x ,,;;;4 

3. x2 -6x+9=0. O,s;;x,,;;;6 

4. -x2- x +l2=0, -5,s;; x ,,;;;4 

5. x2 -4x+4=0. -2,s;;x,,;;;6 

6. 2x2-7x +3=0, -1,s;; x ,s:;;5 

7. -2f2 + 4x - 2 = Q -2 ,s;; X ,s;; 4 

8. 3x2-5x-2=0, -1,s;; x ,s:;;3 
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In the previous worked example. as y = x2 
- 4x + 3, a solution 

could be found to the eq uation x2 - 4., + 3 = 0 by reading off 
where the graph crossed the x-axis. The graph can. however. 
also be used to solve othe r quadratic eq uations. 

Worked e..rnmpfe Use the graph of y = x2 - 4x + 3 to solve the eq uation 
x2 -4x+l=O. 

x2 
- 4x + I = 0 can be rearra nged to give : 

x2 -4x+3=2 

Using the graph of y = .r - 4.t + 3 and plotting the line y = 2 
on the same graph gives the graph shown on the left. 

\ I Where the curve and the line cross gives the solution to 
= ~ x2 - 4x + 3 = 2and he ncealsox2 

- 4x +I= 0. 
f-+----h2-l'l:\...+-+-hA--+-4--a Therefore the solutions to x2 - 4x + I = 0 are 

.\" - 0.3 and x - 3.7. 

Exercise 18.3 Using the graphs which you drew in Exercise 18.2. solve the 
following quadratic equations. Show your method clearly. 

I. x1 - x -4=0 

3 .. t 2 -6x+8=0 

5 •. t 2 -4x+l=O 

7. -2x2 + 4x = -1 

2. -x2- I= 0 

4. -x2- x +9=0 

6. 2x2 
- 7x = 0 

8. 3x2 =2+5x 

• The reciprocal function 

Worked e..rnmpfe Draw the graph of y = i for -4 ,s, x ,s, 4. 

I · I~~:, I~:, I =: I =: I ~ I ' I ' I ,', I :, I 
I 

r 

This is a reciprocal function giving a hyperbola. 
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Exercise 18.4 I. Plot the graph of the fun ction y =} for -4,,;;; x,,;;; 4. 

2. Plot the graph of the function y =~for -4,,;;; x,,;;; 4. 

3. Plot the graph of the functiony = Ii for -4 ,,;;; x ,,;;;4_ 

• Types of graph 
Graphs of fun ctions of the form axn take different fo rms 
depending on the values of a and n. The different types of line 
produced also have different names, as described below . 

••• 
. 
0 

4 3 2 X 

' 

4 3 2 1 X 

!f a= I andn = 0, then !f a= I andn = L the n !f a= l andn = 2. then 
f(.t) = x0. TI1is isa linear f(x) = x1• This is a linear f(x) = x2. This is a quadratic 
fun ction giving a straight line . function giving a straight line. function giving a parabola. 

I 

L/ 

!f a= I andn = 3. then 
f(x) = x3

. This is a cubic 
fun ction givinga cubiccurw. 

I 

!fa = I andn = -I. then 

f(x) = x - 1 or f(x) =}. This 

is a reciprocal function giving 
a hyperbola. 

/ \ 

4 3 2 ,0 

!f a= I andn = -2, then 

f(x) = x- 1 or f(x) : ?· 
This is a reciprocal function. 
shown on the graph above. 
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Worked e.rnmpfe Draw a graph of the function y = 2.\'1 fo r -3 ,,s;: x ,,s;: 3. 

18 ' I ' I ' I ,', I -3 -2 -I 

y 

I I 

I 

3 2 ,0 X 

Exercise 18.5 For each of the functions given below: 
i) draw up a table of values for x and f(x), 

ii) plot the graph of the fun ction. 

I. f(x )=3x +2. -3,s;x,,s;:3 

2. f(x)={x +4, -3,s; x ,,s;:3 

3. f(x)= -2.f-3, -4,...-;x,,s;:2 

4. f(x)=2x2-1, -3,s; x ,,s;:3 

5. f(x) = 0.5.i:2 + X - 2, -5 ,,s;: X ,,s;: 3 

6. f(x)=3x2-2f+l, -2,s; x ,,s;:2 

7. f(x)=2.r, -2,s;x,,s;:2 

8. f(x)={x1 -2f+3. -3,s; x ,,s;:3 

9. f(x)=3x- 1, -3,s;x,,s;:3 

10. f(x )=2x- 1• -3,s; x ,,s;:3 

II. f(x )= fi +3x -3,s;x,,s;:3 
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Graphs of functions 

• Exponential functions 
Functions of the fom1 y = a' are known as exponential 
functions. Plotting an exponential fun ction is done in the same 
way as for o ther functions. 

Worked example Plot the graph of the function y = 2' for -3 ,,,;;x ,,s, 3. 

I o.~ I o~~ -I 

0.5 

y 

I 

I 
/ 

3 2 1 

Exercise 18.6 For each of the functions below: 

I 
I 
I 
I..Y 
: (4,4) 1-

I 
I 

i) draw up a table of values of x and f(x) , 
ii) plot a graph of the fun ction. 

1. f(x)=3', -3,,.;x.,;:3 

2. f(x) = I'. -3,,S, x ..;;; 3 

3. f(x)=2'+3, -3,o;::;x,,.,;:3 

4. f(x)=2'+x, -3,s;x,s:;;3 

5. f(x)=2'-x, -3,,,;;; x ,,,;;3 

6. f(x)=3' -x2, -3,,,,:;x,.,;3 

• Gradients of curves 
The gradient of a straight line is constant and is calcula ted by 
considering the coordinates of two of the points on the line and 

then carrying o ut the calculation Yi - Yi as shown below: 
x

2
- x

1 

Gradient =: =~ 
I 
2 
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The gradient of a curve, however, is not constant: its slope 
changes. To calculate the gradient of a curve at a specific point. 
the following steps need to be taken: 

• draw a tangent to the curve at that point . 
• calculate the gradient of the tangent. 

Worked example For the function y = 2f2
, calculate the gradient of the curve at 

the point where x = I. 
On a graph of the fun ction y = 2¥2, ide ntify the point on the 

curve where x = I and then draw a tangent to that point. This 
gives: 

·'"· 

I I 
' " V 

\ 

3 2 1 ' 
7 

Two points on the tange nt are identified in order to calc ulate its 
gradient. y - ~ - e ~~H 

I 

3 2 

Gradient = !0
3
-5~2) 

l2 
3 

=4 

I ~ 

1~, 1 

\ 

1 ' 
7 (0.- 2) 

10) 

Therefore the gradient of the function y = 2f2 when x = I is 4. 
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Exercise 18. 7 For each of the functions below: 
i) plot a graph, 

[. 

2. 

3. 

4. 

5. 

6. 

ii) calculate the gradient of the function at the specified 
point. 

y = x2, -4 ,.,;;x ,.,;;4, gradie ntwherex = I 
y = -}x1. -4 ,.,;;x ,.,;;4, gradient wherex = -2 

y = x1, -3 ,.,;; x ,e;;;J, gradientwherex = I 
y=x1-3x2, -4 ,.,;;x ,.,;;4, gradient where x = -2 

y = 4x- 1, -4 ,.,;; x ,.,;;4, gradient where x = -1 

y = 2', -3 ,.,;;x ,,,;;J, gradicntwhcre.t = 0 

• Solving equations by graphical methods 
As shown earlier in this chapter, ifa graph of a function is 
plotted, then it can be used to solve eq uations. 

Worked examples a) i) Plot a graph of y = 3x1 - x - 2 for - 3 ,.,;; x ,.,;; 3. 

• 

ii) Use the graph to solve the equation 3x2 - x - 2 = 0. 

To solve the equation, y = 0. Therefore where the curve 
intersects the x-axis gives the solution to the equation. 

i.c.3x2 
- x - 2 = Owhenx = -0.7 and I 

iii) Use the graph to solve the equation 3.t2 - 7 = 0 

To be able to use the original graph, this eq uation 
needs to be manipulated in such a way that one side of 
the eq uation becomes: 

3x2 -x-2. 

Manipulating 3x2 - 7 = 0 gives: 

3x2 -x - 2 = -x + 5 (subtractingx fr om both 
sides, and adding 5 to both sides) 

Hence findin g where the curve y = 3x2 - x - 2 
intersects the line y = -x + 5 gives the solution to the 
eq uation 3x2 

- 7 = O. 

ll1ercfore the solutions to 3x2 
- 7 = 0 arc 

x - -1.5and 1.5. 
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b) i) Plota graphofy =±+xfor -4,,,;;x,,,;;4. 

ii ) Use the graph to explain why±+ x = 0 has no 
solution. 

For± + x = 0, the graph will need to intersect the 

x-ax is. From the plot opposite, it can be seen that 
the graph does not intersect the x-axis and hence the 
eq uation 

± + x = 0 has no solution. 

iii) Use the graph to find the solution to x2 
- x = I. 

This equation needs to be manipulated in such a way 

that one side becomes± + x. 

Manipulating .t2 
- x = I gives: 

x - I = ± (dividing both sides by x) 

h-l=±+x (adding xtobot h sides) 

He nce finding where the curve y = ±+ x intersects the 

line y = 2l" - I will give the solution to the eq uatio n 
x2 -x = I. 
Therefore the solutions to the equation x2 

- x = I are 
x - -0.6 and 1.6. 

Exercise 18.8 1. a) 
b) 

Plot the function y = -}x2 + I for -4,,,;; x ,,,;; 4. 
Showing your method clearly, use the graph to solve 
the eq uation {x2 = 4. 

2. a) 
b) 

3. a) 
b) 

Plot the function y = x3 + x - 2 for -3,,,;; x ,,,;; 3. 
Showing your method clearly, use the graph to solve 
the eq uation x 3 = 7 - x. 

Plot the fun ction y = 2\"1 - x2 + 3 for -2,,,;; x ,,,;; 2. 
Showing your method clearly, use the graph to solve 
the eq uation 2x3 

- 7 = 0. 
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4. a) Plot the fun ction y = 7 -x for -4,,;;; x ,,;;; 4. 

b) Showing your method clearly, use the graph to solve the 
equation 4x3 

- Jlli2 + 2 = O. 

5. a) Plo t the functi on y = 2' - x for -2,,;;; x,,,;;; 5. 
b) Showing your me thod clearly, use the graph to solve 

the equation 2' = 2f + 2. 

6. A tap is dripping at a constant rate int o a container. l11e 
level (/ cm) of the water in the container, is given by the 
eq uation I= 2'-1 where t hours is the time take n. 
a) Calculate the level of the water after 3 ho urs. 
b) Calculate the level of the water in the container at the start. 
c) Calculate the time taken for the level of the water to 

reach 31cm. 
d) Plot a graph showing the level of the water over the 

first 6 hours. 
e) From your graph, estimate the time taken for the water 

to reach a level of 45 cm. 

7. Draw a graph of y = 4' for values of x between -1 and 
3. Use your graph to find approximate solutions to the 
following eq uations: 

~~ :::io 
8. Draw a graph of y = 2' for values of x between -2 and 

5. Use your graph to find approximate solutions to the 
following eq uations: 
a) 2' = 20 
b) 2(>+ 2): 40 
c) 2-• = 0.2 

9. During an experiment it is found that harmful bacteria 
grow at an exponential rate with respect to time. The 
approximate population of the bacteria P is modelled by the 
eq uation P = 4' + 100, where tis the time in ho urs. 

a) Calculate the approximate number of harmful bacteria 
at the start of the experiment. 

b) Calculate the number of harmful bacteria after 5 ho urs. 
Give your answer to 3 significant fi gures. 

c) Draw a graph of P = 4' + 100, forvaluesoft from Oto 
6. 

d) Estimate fr om your graph the time taken for the 
bacteria population to reach 600. 
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10. The population of a type of insect is falling at an 
exponential rate . The popula tion P is known to be modelled 
by the equation P = 1000 X (-})'. where t is the time in 
weeks. 

a) Copy and comple te the following table of results. givin g 
each value of P to the nearest whole number. 

b) Plo t a graph for the table of results above. 

c) ;f~~~
3
at:;~::.yo ur graph the population of insects 

Student assessment I 

1. Sketch the graphs of the fo llowing fun ctions: 
a) y = x1 b ) y = - x2 

2. a) Copy and comple te the table below for the function 
y= x1 +Bx + 15 

I ; I~, 1 ~:I~, 1 ~· 1 ~,I~: I~, I ' I ' I ' I 
b) Plo t a graph of the fun ction. 

3. Plo t a graph of each of the fun ctions below betwee n the 
given limits of x. 
a) y=-x2-2f-1, -3,.,;x,.,;3 
b) y= x2 +2t -7. -5,.,; x ,.,;2 

4. a) Plo t the graph of the quadratic fun ction 
y = x1 + 9.t +20for -7,.,; x ,.,; -2. 

b) Showing your method clearly. use yo ur graph to solve 
the equation x2 = -9x - 14. 

5. a) Plotthegraph of y= i for -4,.,;:x..;;;4. 

b) Showing your method clearly, use yo ur graph to solve 
the equation I = -.t 2 + 3x. 
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Student assessment 2 

1. Sketch the graph of the fun ction y = ±-
2. a) Copy and complete the table below for the fun ction 

y = -x1 -1x -12. 

I ; I~, 1 =:I~, 1 ~,I~, I=: I~, I ' I ' I ' I 
b) Plot a graph of the function. 

3. Plo t a graph of each of the functions below be tween the 
given limits ofx. 
a) y=x2-3x-lO, -3,s;.t,,;;;;6 
b) y = -x1 -4x -4, -5,,,;;x,.;;; I 

4. a) Plot the graph of the quadratic equation 
y = - x1 - x + 15 for -6.,;: x ,,,;; 4. 

b) Showing your method clearly, use your graph to solve 
the following eq uations: 
i) JO= x1 + X ii) .\"2 = X + 5 

5. a) Plo tthegraph ofy=ifor-4'5.x,i;;:4. 

b) Showing your method clearly, use your graph to solve 
the eq uation x 2 + x = 2. 

Student assessment 3 

1. a) Name the types o f graph shown below: 

~ ·/ft 
b) Give a possible equation for each of the graphs drawn. 

2. For each o f the fun ctions below: 
i) draw up a table of values, 
ii ) plot a graph of the function. 

a) f(x) = x2 + 3x. -5 ,.,,-:; .f ,.,,-:; 2 

b) f(x)= f+3x, -3,.,,-:;x,.,,-:;3 
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3. a) Plot the function y = -}x1 + 21:2 for -5 '5o.t,.,;; 2. 
b) Calculate the gradient of the curve when: 

i)x=l ii)x=-1 

4. a) Plot a graph of the fun ction y = 2\"2 
- 5x - 5 for 

-2'5ox'5o 5. 
b) Use the graph to solve the eq uatio n 2\"2 

- 5x - 5 = 0. 
c) Showing your method clearly, use the graph to solve the 

equation 21:2 - 3x = 10. 

Student assessment 4 

b) Give a possible eq uation for each of the graphs drawn. 

2. For each of the functions below: 
i) draw up a table of values, 
ii) plot a graph of the fun ction. 

a) f(x)=2'+x. -3'5ox'5o3 
b) f(x)=3'-x2• -3'5ox'5o3 

3. a) Plot the function y = -x3 - 4x 2 + 5 for -5 ,.,;; x,.,;; 2. 
b) Calculate the gradient of the curve when: 

i) X = 0 ii ) X = -2 

4. a) Copy and complete the table below for the fun ction 

y=?-5. 

b) Plot a graph of the fun ction. 

c) Use the graph to solve the eq uation 7 = 5. 

d) Showing your method clearly, use your graph to solve 

the eq uation 7 + r = 7. 
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A n expression such as 4x - 9, in which the variable is x , is 
called 'a function of x' . Its numerical value depends on the 
value of x. We sometimes write f (x) = 4x - 9, or f: .\" f--t 4x - 9. 

Worked e.rnmple~· a) For the function f(x) = 3x - 5, evalua te : 
i) f(2) ii ) f(O) 

f(2) = 3 X 2 - 5 
=6-5 
= I 

iii) f(-2) 

f(-2)=3X(-2)-5 
= -6-5 
= -11 

f(O) = 3 X 0- S 
= 0- 5 
= -5 

b) For the function f: x r-t 2xj 6 , evalua te: 

i) f(3) ii) f(l.5) 

f())=2x; + 6 

=4 

iii) f(-1) 

f(-l) = 2x (~1) + 6 

- 2 + 6 -,-
4 
3 

f(I.S) = 2x 1)5 + 6 

3+ 6 
~ 

=3 

c) For the function f(x) = x1 + 4, evaluate: 
i) f (2) ii ) f(6) 

f(2) = 22 + 4 
=4+4 
=8 

iii) f(-1) 

f(-1) = -1 2 + 4 
=1+4 
=5 

f(6) = 62 + 4 
= 36 + 4 
= 40 
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Exercise 19. 1 [. If f(x) = 2x + 2, calculate : 
,) f(2) b) f(4) c) f(0.5) d) f(l.5) 
,) f(O) f) f(-2) g) f(-6) h) f(-0.5) 

2. Iff(x) = 4.t - 6,calculate: 
,) f(4) b) f(7) c) f(3.5) d) f(0.5) 
,) f(0.25) f) f(-3) g) f(-4.25) h) f(O) 

3. If g(x) = -5x + 2, calculate: 
,) g(O) b) g(6) c) g(4.5) d) g(3.2) 
,) g(0.1) f) g(-2) g) g(-6.5) h) g(-2.3) 

4. Ifh(x) = -3x - ?,calculate: 
,) h(4) b) h(6.5) c) h(O) d) h(0.4) 
,) h(-9) f) h(-5) g) h(-2) h) h(-3.5) 

Exercise 19.2 [. Iff(x) = 3x:2
, calculate: 

,) f(2) b) f(S) c) f(2.5) d) f(O) 
,) f(-0.5) f) f(-6) g) f(-4) h) f(-1.6) 

2. If g(x) = 
5
\ -

3
, calculate : 

,) g(3) b) g(6) c) g(O) d) g(-3) 
,) g(-1.5) f) g(-9) g) g(-0.2) h) g(-0.1) 

3. Ifh:x r-+ ---6x
4
+ B, calculate : 

,) h(l) b) h(O) c) h(4) d) h(l.5) 
,) h(-2) f) h(-0.5) g) h(-22) h) h(-1.5) 

4. Iff(x)= -~
7

,calc ulate: 

,) f(5) b) f(l) c) f(3) d) f(-1) 
,) f(-7) f) f(-i) g) f(-0.8) h) f(O) 

Exercise 19.3 [. If f(x) = x1 + 3, calculate: 
,) f(4) b) f(7) c) f(l) d) f(O) 
,) f(-1) f) f(0.5) g) f(-3) h) f(V2) 

2. If f(x) = 3x2 
- S, calculate: 

,) f(5) b) f(S) c) f(J) d) f(O) 
,) f(-2) f) f(V3) g) f(-i) h) f(4°) 

3. If g(x) = -2x2 + 4, calc ulate: 
a) g(3) b) g(i) c) g(O) d) g(l.5) 
,) g(-4) f) g(-1) g) g(VS) h) g(-6) 

• 
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-5x2 + 15 
4. If h(x) = -_-

2
-, calculate: 

a) h(l) b) h(4) c) h(V3) 

e) h(O) f) h(-3) g) {rz) 
5. If f(x) = -6x(x - 4), calculate: 

Functions 

d) h(0.5) 

h) h(-2.5) 

a) f(O) 

e) f(--}) 
b) f(2) c) f(4) d) f(0.5) 

f) f(-i) g) f(-2.5) h) f(V2) 

6. If g:x 1----, (x + z2;x - 4),calculate: 

a) g(l) b) g(4) c) g(B) 
e) g(-2) f) g(-10) g) g(-1) 

d) g(O) 
h) g(-8) 

Exercise 19.4 1. If f(x) = 2f + I, write the following in their simplest form: 
a) f(x + !) b) f(2t - 3) c) f(x2

) 

d) r(i) e) r({+1) f) f(x)-x 

2. If g(x) = 3x1 
- 4, write the following in their simplest form: 

a) g(2x) b) g(i) c) g(v'h) 

d) g(3x) + 4 e) g(x - 1) f) g(2x + 2) 

3. If f(x) = 4x2 + 3x - 2, write the following in their simplest 
form: 

a) f(x) + 4 b) f(2x) + 2 

d) f (x - I)+ I e) r(i) 
• Inverse functions 

c) f(x + 2) - 20 

f) f(3x + 2) 

The i11,·erse of a function is its reverse, i.e . it ·undoes' the 
function's effects. The inverse of the function f(x) is written as 
r-1(x). To find the inverse of a function: 
• rewrite the function replacing f(x) with y 
• interchange x and y 
• rearrange the eq uation to make y the subject. 

Worked example~· a) Find the inverse of each of the following functions: 

i) f (x) = x + 2 ii) g(x) = 2t - 3 

y =.\'. + 2 

X = y + 2 

y =x - 2 

So f-1(x) = x - 2 

y = 2t - 3 

x=2y-3 

x + 3 
y = ---y-

So g- 1(x) = x-;,J 
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b) If f(x) = x ; 3 calculate: 

i) 1 1(2) ii ) 1 1(-3) 

First calculate the inverse function 1 1(x): 

x - 3 
Y=--y 

X=-2:'...=..1 
3 

y=3x+3 

So r-1(x) = 3x + 3 

i) 1 1(2) =- 3(2) + 3 = 9 
ii ) 1 1(-3) = 3(-3) + 3 = -6 

Exercise 19.5 Find the inverse of each of the following functions: 

I. a) f(x) = x + 3 
c) f(x ) =x - 5 

e) h(x) =- 2x 

2. a) f(x) = 4x 

c) f(x)=3x-6 

e) g(x) = 3\-2 

3. a) f(x) = ¥ + 3 

c) h(x) = 4(3x - 6) 

e) q(x) = -2(-3x + 2) 

Exercise 19.6 I. If f(x) = x - 4, evaluate: 

b) f(x ) = X + 6 
d) g(x) =x 

f ) p(x) = 1 
b) f(x) = 2x + 5 

d) f(x) = xi4 

f ) g(x) = Sx: 7 

b) g(x) = ix - 2 

d) p(x) = 6(x + 3) 

I) f(x) = }(4x - 5) 

a) 1 1(2) b) f-1(0) c) f-1(-5) 

2. If f(x) = 2x + L evaluate: 
a) 1 1(5) b) f-1(0) c) f-1(-11) 

3. If g(x) = 6(x - !),evaluate: 
a) g- 1(12) b ) g- 1(3) 

4. If g(x) = 2x;-4 ,evaluate: 

a) g- 1(4) b) g- 1(0) 

5. If h(x) = ¥ - 2, evaluate: 

a) h- 1(-{-) b) h- 1(0) 

6. Iff(x) = 4\ -
2

,evaluate: 

a) r- 1(6) b) f - 1(-2) c) f-1(0) 
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• Composite functions 

Worked example~· a) If f(x) = x + 2 and g(x) = x + 3, find fg(x). 

fg(x) = f(x + 3) 
= (x + 3) + 2 
=.f + 5 

b) If f(x) = 2t - I and g(x) = x - 2, find fg(x). 

fg(x) = f(x - 2) 
= 2(x - 2) -1 
=2.f-4-1 
= h- 5 

c) If f(x) = 2, + 3 and g(x) = 2.t, evaluate fg(3). 

fg(x) = f(2') 
= 2(21:) + 3 
= 4x + 3 

fg(3) = 4 X 3 + 3 
= 15 

Exercise 19. 7 1. Write a formula for fg(x) in each of the fo11owing: 
a) f(x ) = x - 3 g(x) = x + 5 
b) f(x) = x + 4 g(x) = x - I 
c) f(x) = x g(x) = 2f 

d) f(x) = 1 g(x) = 2x 

2. Write a formula for pq(x) in each of the following: 
a) p(x) = 2x q(x) = x + 4 
b) p(x)c::3x+ I q(x)=h 
c) p(x)=4x+6 q(x)=h-1 
d) p(x) = -.f + 4 q(x) = x + 2 

3. Write a formula for jk(x) in each of the following: 

a) j(x) ::c x;l k(x) = 4x 

b) j(x) = 3x + 2 k(x) = x;
3 

c) j(x) = 2x:s k(x) = ¥ + I 

d) j(x) =i(x - 3) k(x) = Sx: l 

4. Evaluate fg(2) in each of the following: 

a) f(x) = x - 4 g(x) = x + 3 
b) f(x) = h g(x) = -x + 6 
c) f(x) = 3x g(x) = 6x + I 

d) f(x) = 1 g(x) = -2t 

Functions 
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5. Evaluate gh(-4) in each of the following: 

a) g(x) = 3x + 2 h(x) = -4x 

b) g(x) = t(3x - I) h(x) = ¥-
c) g(x) = 4(-x + 2) h(x) = 2x:6 

d) g(x) = 
4xt 4 

h(x) = -i(-x + 5) 

Student assessment I 
I. For the functi on f(x) = 5x - I, evaluate : 

,) f(2) b) f(O) c) f(-3) 

2. For the function g: x f-lo 
3\ - 2 , evaluate : 

,) g(4) b) g(O) c) g(-3) 

3. For the function f(x) = (x + 31(x - 4),evaluate: 

,) f(O) b) f(-3) c) f(-6) 

4. Find the inverse of each of the following fun ctio ns: 

a) f(x) = -x+ 4 b) g(x) =¥ 

5. Ifh(x)=i°(-x+ 3),evaluate: 

a) h- 1(-3) b) h- 1(-t) 
6. If f(x) = 4.t + 2 and g(x) = -x + 3, find fg(x). 

Student assessment 2 

I. For the function f(x) = 3x + I, evaluate : 
,) f(4) b) f(-1) c) f(O) 

2. For the function g: x f-lo - x
3
- 2 _ evaluate : 

,) g(4) b) g(-5) c) g(J) 

3. For the fun ction f(.t) = x2 
- 3x, evaluate: 

,) f(l) b) f(3) c) f(-3) 

4. Find the inverse of the following functions: 

a) f(x) = -3x + 9 b) g(x) = (x~ 2
) 

5. If h(x) = -5(-2x + 4), evaluate: 
a) 11- 1(-10) b) h-1(0) 

6. If f(x) = 8x + 2 and g(x) = 4x - I, find fg(x). 



Mathematical investigations 
and ICT 

• House of cards 
The drawing shows a ho use of cards 3 layers high. 15 cards are 
needed to co nstruct it. 

1. How many cards are needed to construct a ho use 10 layers 
high? 

2. The world record is for a house 75 layers high. How many 
cards are needed to construct this house of cards? 

3. Show that the general formula for a ho use n layers high 
requiringccards is: 

c=°¥1(3n+l) 

• Cheque red boards 
A chessboard is an 8 X 8 sq uare grid consisting of alternating 
black and white squares as shown: 

There are 64 unit squares of which 32 are black and 32 are 
white. 
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Consider boards of different sizes. The examples below show 
rectangular boards, each consisting of alternating black and 
white unit sq uares. 

Total number of unit sq uares is 30 
Number of black sq uares is 15 
Number of white sq uares is 15 

Total number of unit sq uares is 21 
Number of black sq uares is 10 
Number of white sq uares is 11 

1. Invest igate the number of black and white unit squares on 
different rectangular boards. Note: For consistency you may 
find it helpful to always keep the bottom right-hand sq uare 
the same colour. 

2. What are the numbers of black and white squares on a 
board m X n units? 

• Modelling: Stretching a spring 
A spring is attached to a clamp stand as shown below. 

Different weights are attached to the end of the spring. The 
mass (m) in grams is noted as is the amount by which the spring 
stretches (x) in centimet res as shown on the right. 
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The data collected is shown in the table below: 

Mass(g) 50 100 150 200 250 300 350 -400 -450 500 

Extension(cm) 3.1 6.3 9.5 12.8 15.-4 18.9 21.7 25.0 28.2 31.2 

l. Plot a graph of mass against ex tension. 
2. Describe the approximate relationship between the mass 

and the extension. 
3. Draw a line of best fit through the data. 
4. Calculate the eq uation of the line of best fit. 
5. Use your equation to predict what the length of the spring 

would be for a mass of275g. 
6. Explain why it is unlikely that the eq uation would be 

useful to find the ex tension if a mass of 5 kg was added to 
the spring. 

e ICT activity I 
For each question, use a graphing package to plot the 
ineq ualities on the same pair of axes. Leave unshaded the 
region which satisfi es all of them simultaneously. 

I. y :5.x 

2. X + y> 3 
3. 2y + X :5.5 

e ICT activity 2 

y>O 
Y" 4 
y-3x-6<0 

X 'a) 

y- x >2 
2y - X > 3 

You have seen that it is possible to solve some exponential 
eq uations by applying the laws of indices. 

Use a graphics ca lculator and appropriate graphs to solve the 
following exponential eq uations: 

[. 4' = 40 
2. Y= 17 
3. 5• - 1 = 6 
4. 3-, = 0.5 



Syllabus 

I 
Use and interpre t the geometrical terms: point, 

line, porollel , bearing, right angle, acute, obtuse 
ondrellexongles,perpendiculor,similorityond 
congruence. 

Use ond interpret vocabulary of triangles, 
quadrilaterals, circles, polygons and simple sol id 

figuresindudingn ets. 

MecsurelinesondongJes. 
Construct o triangle given the three sides using 

ruler and pair of compasses only 
Construct other simple geometricol figures 

from given data using ruler and protractor as 

necessory. 
Construct ongle bisectors and perpendicular 

bisect0f$ using straight edge and pair of 
compo$$es only. 

I Read and make sco1e drawings. 

I Cokulote lengths of similar figures. 

I 
Use the relationships between areas of similar 
triangles, with corresponding results for similar 

figures and e!(lension to volumes and surface 
areasofsimilorsolids. 

I Recognise rototionol ond line symmetry 

(includi'.'9 ordef of rototioool symmetry) in two 
dimensions. 

Recognise symmetry properties of the prism 

(including cylinder) ond the pyramid (including 
,-). 
Use rhe following symmetry properties of circles: 

• equal chords are equidistant from the centre 
• the perpendicular bisector of a chord posses 

through the centre 
• tangents from an external point ore equal in 

length. 

Calculate unknown angles using the following 
geometrical properties: 

• angles at a point 

• angles at a point on o stroighl line and 
in tersecting s!roigh l lines 

• angles formed within parallel lines 
• angle properties of triongles ond 

quodrilaterols 

• angle properties of regular pofygoos 
• angle in o semi.circle 

• angle between tangent ond radius of o circle 

I 
• angle p!'operties of irregular pofygom 

• angle ot the centre of o circle is twice the 

angle ot the circumference 
• angles in the some segment ore equal 

• angles in opposite segments ore 
supplementory;cy<:licquodriloterols. 

I 
Use the following loci ond the method of 

intersecting loci for sets of points in two 
dimensions which ore: 

• at o given distance from o given point 

• at a given distance from o given straight line 
• equidistontlromtwogivenpoints 

• equidistant from two given intersecting 
stroightlines. 
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Q Contents 
Geometrical vocabulary (E3. 1) 
Geometrical constructions and scale drawings (E3.2 end E3.3) 

Similority(E3.4) 
Symmetry{E3.5) 

Angle properties (E3.6) 
Loci(E3.7) 
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Q The Greeks 
Many of the great Greek mothemoticions come from the 
Greek Islands, from cities such os Ephesus or Miletus (which 
ore in present doy Turkey) or from Alexandria in Egypt. This 

section briefly mentions some of the Greek mothemoticions of 
'The Golden Age'. You moy wish to find out more oboutthem. 

Thales of Alexandria invented the 365 doy calendar ond 

predicted the dotes of eclipses of the Sun ond the moon. 
Pythagoras of Somes founded o school of mothemoticions 

ond worked with geometry. His successor os leader wos 
Theo no, the first woman to hold o major role in mathematics. 

Eudoxus of Asia Minor (Turkey) worked with irrational 

numbers like pi ond discovered the formula for the volume of 
ocone. 

Euclid of Alexondrio formed what would now be col led o 
university deportment. His book become the set text in schools 

onduniversitiesfor2000yeors. 

Apollonius of Per go (Turkey) worked on, end gave no mes 
to, the porobolo, the hyperbole ond the ellipse. 

Archimedesisocceptedtodoyosthegreotest 
mothemoticion of all time. However he wos so far ahead of his time that his influence on his 
contemporaries was limited by their lock of understanding. 

\ I \ " fi 

~) 



@ Geometrical vocabulary 

• Angles and lines 
Different types of angle have different names: 

acute angles lie between 0° and 90° 
right angles are exactly 90° 
obtuse angles lie between 90° and 180° 
reflex angles lie between 180° and 360° 

To find the shortest distance between two points, yo u meas ure 
the length of the straight line which joins them. 

Two lines which mee t at right angles are perpendicular to 
each other. 

So in the diagram below CD is perpendicular to AB, and AB 
is perpendicular to CD. 

If the lines AD and BO are drawn to fonn a triangle, the line 
CD can be called the height or altitude of the triangle A BO. 

Parallel lines are straight lines which can be continued to 
infinity in e ither direction without meeting. 

Railway lines are an example of paral1el lines . Parnlle l lines 
are marked with arrows as shown: 
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• Triangles 
Triangles can be described in terms of their sides or their angles, 
or both. 

An acute-angled triangle has 
all its angles less than 90°. 

A right-angled triangle 
has an angle of 90°. 

An obt11se-m1gled triangle has 
one angle greate r than 90°. 

A n isosceles triangle has two sides 6 
of eq ual length, and the angles opposite 
the eq ual sides are equal. 

An equilaternltriangle has three sides 
of eq ual length and three equal angles. 

A scalene triangle has three sides of 
different lengt hs and all three angles 
are different. 

• Congruent triangles 

Congruent triangles are identical. ll1ey have corresponding 
sides of the same length, and corresponding angles which are 
eq ual. 

Triangles are congruent if any of the following can be proved: 
• Three corresponding sides are eq ual (S S S): 
• Two corresponding sides and the included angle are equal 

(SAS); 
• Two angles and the corresponding side are equal (A S A); 
• Each trian gle has a right angle, and the hypotenuse and a 

corresponding side arc cq ual in length. 



Geometr• 

NB: All diagrams are 
not drawn to scale. 

• Similar triangles 
If the angles of two triangles are the same. then their 
corresponding sides will also be in proportion to each other. 
When this is the case. the triangles are said to be similar. 

In the diagram below, triangle ABCis similar to triangle 
XYZ. Similar shapes are covered in more detail in Chapter 22. 

z 

~ ~ A 8 X Y 

Exercise 20. I I. In the diagrams below, identify pairs o f congruent triangles. 
Give reasons for your answers. 

,) ~ b) 

~ ,, ~ T ~ 'o~ 'f ~ i' 

d) ~ 
,) f-o----10cm-------i '\ 

p' 
-~ ~ 12_0· ___ ~ "'.9, 

f-o----10cm-------------, 

rJ ~~T 
g) 

T~ 
h) f-o---Scm---------, 

·""'---,,Jr T ,,,~ ~ * fo--Bcm--------, 
o,~ 1 

• Circles 
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• Quadrilaterals 
A quadrilateral is a plane shape consisting of four angles and 
fo ur sides. There are several types of quadrilateral. The main 
ones, and their properties, are described below. 

Two pairs of parallel sides. 
All sides are eq ual. 
All angles are eq ual. 
Diagonals inte rsect at right 
angles. 

Two pairs of parallel s ides. 
Opposite sides are eq ual. 
All angles are eq ual. 

Twopairsofparallel s ides. <> 
All sides are eq ual. 
Opposite angles are eq ual. Rhombus 
Diagonals intersect at right angles. 

Two pairs of parallel s ides. 
Opposite sides are equal. 
Opposite angles are eq ual. 

One pair of parallel sides. 
An isosceles trapezium has 
one pair of paral1el sides and Trapezium 
the o ther pair of sides are 
eq ual in length. 

Twopairsofeq ual sides. <> 
One pair of eq ual angles. Kite 
Diagonals intersect at right 
angles. 
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Opposite 

Exercise 20.2 1. Copy and complete the fo11owing table . The first line has 
been started for yo u. 

Rectangle Square Paralle logram Kite Rho mbus Equilate ral 
triangle 

sides equal in Yes Yes 
length 

All sides 
equal in 
length 

All angles 
right angles 

Both pairs 
of opposite 

sides parallel 

Diagonals 
equal in 
length 

Diagonals 
intersect at 
right angles 

Al l angles 
equal 

• Polygons 
Any closed fi gure made up of straight lines is called a polygon. 

If the sides are the same length and the interior angles are 
eq ual, the fi gure is called a regular polygon. 

The names of the common polygons are: 

3sides triangle 
4sides c111adrilateral 
Ssides pentagon 
6sides hexagon 
?sides heptagon 
8sides octagon 

JO sides decagon 
l2sides dodecagon 
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Two polygons are said to be similar if 

a) their angles are the same 
b) corresponding sides are in proportion. 

e Nets 
The diagram below is the net of a cube . It shows the faces of 
the cube opened out int o a two-dimensional plan. The ne t of a 
three-dimensional shape can be folded up to make that shape. 

Exercise 20.3 Draw the following on sq uared paper: 

l. Two other possible nets of a cube 

2. The ne t of a cuboid (rectangular prism) 

3. The ne t of a triangular prism 

4. The ne t of a cylinder 

5. The ne t of a sq uare-based pyramid 

6. The ne t of a te trahedron 

0 



Geometry 

Student assessment I 
I. Are the angles below acute. obtuse. refl ex or right angles? z_L<d)L 
2. Draw and label two pairs of intersecting parallel lines. 

3. Identify the types of triangles below in two ways (for ;:;:-,,;~ 
4. Draw a circle of radius 3 cm. Mark on it: 

a) a diameter b) a chord c) a sector. 

5. Draw a rhombus and write down three of its properties. 

6. On sq uared paper, draw the net of a trianglular prism. 

• 



Geometrical constructions 
and scale drawings 

• Constructing triangles 
Triangles can be drawn accurately by using a ruler and a pair of 
compasses. This is called co11structi11g a triangle. 

Worked example The sketch shows the triangle ABC. 

C 

Ll A B 
Bern 

Construct the triangle ABC given that: 

AB = 8cm, BC: 6cm and AC= 7 cm 

• Draw the line AB using a ruler: 

• Open up a pair of compasses to 6 cm. Place the compass 
point on B and draw an arc: 

Note that every point on the arc is 6 cm away from B . 

• 
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• Open up the pair of compasses to 7 cm. Place the compass 
point on A and draw another arc, with centre A and radius 
7 cm, ensuring that it intersects with the first arc. Every 
point on the second arc is 7 cm from A. Where the two arcs 
intersect is point C, as it is both 6 cm from B and 7 cm from A 

• JoinCtoAandCtoB: 

Exercise 21 . I Using only a ruler and a pair of compasses, construct the 
following triangles: 

I. .6..ABC where AB = 10 cm. AC= 7 cm and BC = 9 cm 

2. .6..LMN where LM = 4 cm. LN = 8 cm and MN = S cm 

3. .6..PQR, an eq uilateral triangle of side le ngth 7 cm 

4. a) .6..A BC where AB = 8 cm, AC: 4 cm and BC = 3 cm 
b) ls this triangle possible? Explain your answer. 

• Constructing simple geometric figures 

Worked e..rnmpfe Using a ruler and a protractor only, construct the parallelogram 
ABCD in which AB = 6cm, AD = 3cm and angle DAB= 40°. 

• Draw a line 6cm long and label it AB. 
• Place the protractor on A and mark an angle of 40°. 
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Exercise 21 . 2 

G9oms!riccl constructions cmd 50Jle drawings 

• Draw a line from A through the marked point. 

/ 
A 

• Place the protractor on B and mark an angle of 40° reading 
from the inner scale. Draw a line from B through the 
marked point. 

• Meas ure 3cm from A and mark the point D. 
• Meas ure 3cm from 8 and mark the point C. 
• JoinDtoC. 

I. Using only a rule r and a protractor. cons truct the triangle 
PQR in which PO= 4cm. angle RPO= 115° and angle 
RQP= 30°. 

2. Using only a ruler and a protractor. construct the trapezium 
ABCD in which AB = 8cm. AD = 4cm.angle DAB= 60° 
and angle ABC = 90°. 

• Bisecting lines and angles 
The word bisect means ' to divide in half . Therefore. to bisect 
an angle means to divide an angle in half. Similarly. to bisect 
a line means to divide a line in half. A pe11>e11dic11lur bisector 
to a line is another line which divides it in half and meets the 
origi nal line at right angles. T o bisect e ither a line or an angle 
involves the use of a pair of compasses. 
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• 

Worked examples a) A line AB is drawn below. Co nstruct the perpendicular 
bisector to AB. 

A~ 

B 

• Open a pair of compasses to more than half the distance 
AB. 

• Place the compass point on A and draw arcs above a nd 
below AB. 

• With the same radius, place the compass point on 8 and 
draw arcs above and below AB. Note that the two pairs 
of arcs sho uld intersect (see diagram below). 

• Draw a line through the two points where the arcs 
intersect: 

The line drawn is known as the perpendicular bisector of 
AB, as it divides A B in half and also meets it a t right angles . 
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b) Using a pair o f compasses, bisect the angle ABC below: 

• Open a pair of compasses and place the point on B. Draw 
two arcs such that they inte rsect the arms of the angle: 

• Place the compasses in turn on the points of intersection. 
and draw another pair of arcs of the same radius. Ensure 
that they intersect. 

• Draw a line through 8 and the point of intersection of 
the two arcs. This line bisects angle ABC. 

B 
e 

• 



Geometr• 

Exercise 21.3 1. Draw a triangle s imilar to the one shown below: 

'~ 
y 

Construct the perpendicular bisector of each of the sides of 
your triangle. 

Use a pair of compasses to draw a circle using the point 
where the three perpendicular bisectors cross as the centre 
and passing through the points X, Y and Z. 

This is cal1ed the circmncircle of the triangle. 

2. Draw a triangle similar to the one shown below: 

Q~ 
A 

By construction, draw a circle to pass through points P, Q 

and R. 
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• Scale drawings 
Scale drawings are used when an accurate diagram, drawn 
in proportion, is needed. Common uses of scale drawings 
include maps and plans. The use of scale drawings involves 
understanding how to scale meas urements. 

Worked exampfei· 11) A map is drawn to a scale of I : 10 (XXl If two objects are 
I cm apart on the map. how far apart are they in real life? 
Give your answer in metres. 

A scale of I : 10 OOO means that I cm on the map represents 
10000cm in real li fe . 
Therefore the distance = JO(X)()cm 

= 100m 

b) A model boat is built to a scale of I : 50. If the length of 
the real boat is 12 m, calculate the length of the model boat 
in cm. 

A scale of I : 50 means that 50 cm on the real boat is I cm on 
the mode l boat. 

12 m = 1200cm 

Therefore the le ngth of the model boat = 1200 + 50 cm 
= 24cm 

c) i) Construct. to a scale of I: I. a triangle ABCsuch that 
AB = 6cm.AC = Scmand BC = 4cm. 

Li\ 
A 6cm B 

ii ) Measure the perpendicular length of C fr om AB. 
Perpendicular length is 3.3 cm. 

iii ) Calculate the area of the triangle . 

base le ngth X perpendicular height 
Area= 

2 

Area= 
6 

X
2 

3
·
3 

cm = 9.9 cm2 
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Exercise 21.4 1. In the following questions, both the scale to which a map is 
drawn and the distance between two objects on the map are 
given. 

Find the real distance between the two objects, giving 
your answer in metres. 
a) I: 10000 3cm b) I: lOOCXJ 2.5cm 
c) I : 20000 1.5cm d) 1 : SOCX) 5.2cm 

2. In the following questions, both the scale to which a map is 
drawn and the true distance between two objects are given. 

Find the distance between the two objects on the map, 
giving your answer in cm. 
a) I: 15000 1.5km b) I :500CXJ 4km 
c) I: 10000 600 m d) I : 250CXJ 1.7km 

3. A rectangular pool meas ures 20 m by 36 mas show n below: 

i 
' ::===========~<e::::===========:: 

20m 

1~~ 
a) Construct a scale drawing of the pool, using I cm for 

every4 m. 
b) A boy swims across the pool in such a way that his 

path is the perpendicular bisector of BO. Show, by 
construction. the path that he takes. 

c) Work o ut the distance the boy swam. 

4. A triangular enclosure is shown in the diagram below: 

a) Using a scale of I cm for each metre, construct a scale 
drawing of the enclosure. 

b) Calculate the true area of the enclosure. 
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5. lliree radar stations A, Band C pick up a distress signal 
from a boat at sea. 

{ 

C is 24 km due East of A. AB = 12 km and BC= 18 km. 
ll1e signal indicates that the boat is equidistant fr om all 
three radar stations. 
a) By construction and using a scale of I cm for every 

3 km. locate the position of the boat. 
b) What is the boat's true distance from each radar station? 

6. A plan view of a fi e ld is shown below: 

a) Using a scale of I cm for every 5 m, construct a scale 
drawing of the fie ld. 

b) A farmer divides the field by running a fence fr om X in 
such a way that it bisects angle WXY. By construction, 
show the position of the fence on yo ur diagram. 

c) Work out the length of fe ncing used. 

Student assessment I 
I. Construct .6..ABC such that AB = 8 cm, AC: 6 cm and 

BC= 12cm. 
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2. Three players, P, Q and R. are approaching a football. 
Their positions relative to each other are shown below: 

Q o 

The ball is equidistant from all three players. Copy the 
diagram and show, by construction, the position of the ball. 

3. A plan of a living room is show n below: 

a) Using a pair of compasses, construct a scale drawing of 
the room using I cm for every metre . 

b) Using a se t sq uare if necessary, calculate the total area 
of the actual living room. 

Student assessment 2 
L a) Draw an angle of 320°. 

b) Using a pair of compasses, bisect the angle. 

2. In the following questions, both the scale to which a map is 
drawn and the true distance between two objects are given. 
Find the distance between the two objects on the map, 
giving your answer in cm. 
a)l:20000 4.4 km b)l : 50000 12.2 km 

3. a) Construct a regular hexagon with sides of length 3 cm. 
b) Calculate its area, showing your method clearly. 
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NB: All diagrams are 
not drawn to scale. 

I A 
h c~ p 

I ~ 
B C 

' q t ~ 1yas 
Q R 

Exercise 22. I 

. •= 6,~ ~ m 

60 10cm cm 

• Similar shapes 
Two polygons are said to be similar if a) they are equi-angular 
and b) corresponding sides are in proportion. 

For triangles, being cq ui-angular implies that corresponding 
sides are in proportion. The converse is also true . 

In the diagrams (left) L:..A BC and L:..PQR are similar. 
For similar figures the ratios of the lengths of the sides are 

the same and represent the scule factor, i.e . 

% = j; = f = k (where k is the scale factor of enlargement ) 

The heights of similar triangles are proportional also: 

z-~-i-~-k 
The ratio of the areas of similar triangles (the area factor) is 
eq ual to the sq uare of the scale factor. 

AreaofL:..PQR ~= tf xE=k X k =k2 
Areaof.6.ABC !hxa h a 

1. a) Explain why the two triangles (left) are similar. 
b) Calculate the scale factor which reduces the larger 

triangle to the smaller one. 
c) Calculate the value of x and the value of y. 

2. Which of the triangles below are similar? 

V~. ~-115· 
105· 

B C 

~ v,s· E 

so· 
. 
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3. The triangles below are similar. 

' ~ 
0 ~ 

~ X 10cm 

a) Ca lculate the length XY. 
b) Calculate the length YZ. 

4. In the triangle (right) 
calculate the lengths 
of sides p, q and r. 

5. In the trapezium (right ) 
ca lculate the le ngths o f 
thesideseandf. 

M 

f 6cm ~ 
2r \_ 
,18 4om 

~ e------, 
6. The triangles PQR and LMN are similar. 

~ !'\ 
M 8cm N 

Calculate : 
a) the area of ..6.PQR 
b) the scale factor of e nlargement 
c) the area of ..6.LMN. 
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A 

7. The triangles ABC and XYZ below are similar. 

a) Using Pythagoras' theorem calculate the 
length of AC. 

b) Calculate the scale factor of enlargement. 
c) Calculate the area of li,.XYZ. 

Similarity 

~ ' ,ffi c 9. The parnllclog<ams below"" similaL 

8. The triangle ADE shown (left) has an area of 12cm2
. 

a) Calculate the area of l!..A BC. 
b) Calculate the length BC. 

·o ·O 
6= 

Calculate the length of the side marked x. 

LO. The diagram below shows two rhombuses. 

/ ·-O 
Explain, giving reasons, whether the two rhombuses are 
definitely similar. 
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II. The diagram (right ) 
shows a trapezium 
within a trapezium. 
Explain . giving reasons. 
whether the two trapezia 
are definit ely similar. 

E? "\ 
tocm 

Exercise 22.2 I. In the hexagons below. hexagon Bis an enlargeme nt of 
hexagon A by a scale factor of 2.5. 

If the area of A is 8cm'. calculate the area of B. 

2. P and Q are two regular pentagons. Q is an e nlargement of 
P by a scale factor of 3. If the area of pentagon Q is 90 cm 2, 
calculate the area of P. 

3. The diagram below shows fo ur triangles A, B, C and D. 
Each is an enlargement of the previo us one by a scale fa ctor 
of 1.5 

a) If the area of C is 202 .Scm2
, calculate the area of: 

i) triangle D ii) triangle B iii) triangle A. 
b) If the triangles were to continue in this sequence. which 

letter triangle would be the first to have an area greater 
than ISOOOcm2? 

4. A square is enlarged by increasing the length of its sides by 
10% . If the length of its sides was originally 6cm. calculate 
the area of the enlarged square . 

5. A square of side length 4 cm is enlarged by increasing the 
lengths of its sides by 25% and then increas ing them by a 
further SO% . Calculate the area of the final square . 

6. An equilateral trian gle has an area of 25cm2
• If the lengths 

of its sides arc reduced by 15%, calculate the area of the 
reduced triangle . 
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• Area and volume of similar shapes 
Earlier in the chapter we found the following relationship 
between the scale factor and the area factor of enlargement: 

Area factor = (scale factor)2 

A similar relationship can be stated for volumes of similar 
shapes: 

i.e . Volume factor= (scale factor) 1 

Exercise 22.3 I. The diagram (left) shows a scale model ofa garage. Its width 
is5cm, its length 10cm and the height of its walls 6cm. 
a) If the width of the real garage is 4 m, calculate: 

i) the length of the real garage 
ii) the real height of the garage wall. 

b) If the apex o f the roof of the real garage is 2 m above the 
top of the walls. use Pythagoras' theorem to find the real 
slant length/. 

c) What is the area of the roof section A on the model? 

2. A cuboid has dimensions as shown in the diagram (left ) : 
If the cuboid is enlarged by a scale factor of 2.5. calculate : 
a) the total surface area of the original cuboid 
b) the total surface area of the enlarged cuboid 
c) the volume of the original cuboid 
d) the volume of the enlarged cuboid. 

3. A cube has side length 3cm. 
a) Calculate its total surface area. 
b) If the cube is enlarged and has a total surface area of 

486cm 2
, calculate the scale factor of enlargement. 

c) Calculate the volume of the enlarged cube . 

4. Two cubes P and Qare of different sizes. ifn is the ratio of 
their corresponding sides, express in te rms of n: 
a) the ratio of their surface areas 
b) the ratio of their volumes. 

5. The cuboids A and B shown below are similar. 

/ 71 
'---I ~~_=·""' ____._I~ E:i),om 

Calculate the volume of cuboid B. 
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6. Two similar troughs X and Y are show n below. 

25cm 

& _/ 
y 

X 

If the capacity of X is 10 litres, calculate the capacity of Y. 

Exercise 22.4 l. The two cylinders Land M shown below are similar. 

~ 10cm 

If the height of cylinder M is 10cm, calculate the height of 
cylinder L. 

2. A square-based pyramid (below) is cut into two shapes by a 
cut running parallel to the base and made half-way up. 

a) Calculate the ratio of the volume of the smaller pyramid 
to that of the original one . 

b) Calculate the ratio of the volume of the sma11 pyramid to 
that of the truncated base. 

3. The two cones A and 8 (left ) are similar. Cone Bis an 
enlargeme nt of A by a scale factor of 4. 

If the volume of cone 8 is 1024cm1, calculate the volume of 
cone A. 
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(r~i~ 15cm~ 
p 

~ 

15cm X 

Similarity 

4. a) Stating your reasons clearly, decide whether the two 
cylinders shown (left) are similar or not. 

b) What is the ratio of the curved surface area of the 
shaded cylinder to that of the unshaded cylinder? 

5. The diagram (left ) shows a triangle. 
a) Calculate the area of .6.RSV. 
b) Calculat e the area of .6.QSU. 
c) Calculate the area of .6.PST. 

6. The area of an island on a map is 30cm2
. The scale used on 

the map is I: 100000. 
a) Calculate the area in square kilometres of the real 

island. 
b) An airport on the island is on a rectangular piece of 

land meas uring 3 km by 2 km. Calculate the area of the 
airport on the map in cm2

• 

7. The two packs of cheese X and Y (left) are similar. 

The total surface area of pack Y is four times that of 
pack X. 

Calculate: 

a) the dimensions of pack Y 
b) the mass of pack X if pack Y has a mass of800g. 

Student assessment I 

1. Which of the triangles below are similar? 
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6cm~ 

C Q B 

2. Triangles P and Q (below) are similar. Express the ratio of 
their areas in the for m, area of P: area of Q. 

3. Using the triangle (left), 
a) explain whet her ..6.A BC and ..6.PBQ are similar, 
b) calculate the length QB, 
c) calculate the length BC, 
d) calculate the length A P. 

4. The vertical height of the large sq uare-based solid pyramid 
(below) is 30 m. Its mass is 16000 tonnes. If the mass of 
the smaller (shaded) pyramid is 2000 tonnes, calculate its 
vertical height. 

5. The cuboid (left) undergoes a reduction by a scale factor 
of 0.6. 
a) Draw a sketch of the reduced cuboid labelling its 

dimensionsclearlv. 
b) What is the volun'ie of the new cuboid? 
c) What is the total surface area of the new cuboid? 

6. Cuboids V and W (below) are similar. 

~ 2cm 

If the volume of cuboid V is 1600 cm1
, calculate: 

a) the volume of cuboid W, 
b) the total surface area of cuboid V, 
c) the total surface area of cuboid W. 

7. An island has an area of 50 km2. What would be its area on 
a map of scale l : 20 OOO? 
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~ LJ 
a2@ 

B= y 
X 

I 
10cm 

+ 

Similarity 

8. A box in the shape of a cube has a surface area o f 2400 cm 2. 

What would be the volume of a similar box enlarged by a 
scale factor of 1.5? 

Student assessment 2 

l. The two triangles (below) are similar. 

a) Using Pythagoras' theorem, calculate the value ofp. 
b) Calculate the values of x and y. 

2. Cones Mand N (left ) are similar. 
a) Express the ratio of their surface areas in the form, 

areaofM: area ofN . 
b) Express the ratio of their volumes in the form, 

volwne of M: volume of N. 

3. Calculate the values of x. y and z in the triangle below . 

. ~ cm 

~ 
......___xcm-----..--ycm ---.. 

4. The tins A and 8 (left ) are similar. The capacity of tin Bis 
three times that of tin A . If the label on tin A has an area of 
75 cm2

• calculate the area of the label on tin B. 

5. A cube of side 4 cm is enlarged by a scale factor of 2.5. 
a) Calculate the volume of the enlarged cube. 
b) Calculate the surface area of the enlarged cube. 

6. The two troughs X and Y (left) are similar. ll1e scale factor 
of enlargement from Y to X is 4. If the capacity of trough X 
is 1200 cm3, calculate the capacity of trough Y. 

7. The rectangular fl oor plan of a house measures 8 cm by 
6 cm. If the scale of the plan is I : 50, calculate: 
a) the dimensions of the actual floor, 
b) the area of the actual fl oor in m2

. 

8. The volume of the cylinder (left) is 400 cm1
. 

Calculate the volume of a similar cylinder formed 
by enlarging the one shown by a scale factor 2. 



@ symmetry 

NB: All diagrams are 
not drawn to scale. 

• 

• Symmetry and three-dimensional shapes 
A line of symmetry divides a two-dimensional (flat) shape into 
two congruent (identical) shapes. 

'·•· w· 8 : ·EtIJ. I .·· -- -----------~---------- -- ··-... : .,.-·· 
: -- ·····:,!",:··--- --
; ... / i ···· ... 

i ' .· ' . 
1 line of symmetry 2 lioos of symmetry 41iriesofsymmetry 

A plane of symmetry divides a three-dimensional (solid) shape 
into two congruent solid shapes. 

c/: ::5 :J ::3 8 l ... ···· ··1 .,~ l ................. .. t0 
A cuboid has at least three planes of symmetry, two of which 
are shown above. 

A shape has retlecti,·e symmetry if it has one or more lines or 
planes of symmetry. 

A two-dimensional shape has rotational symmetry if, when 
rotated about a central point , it fits its outline. The number of 
times it fit s its outline during a complete revolution is called the 
orderofrohltionul symmetry. 
e.g. 

rotational symmetry 
oforder2 

rotational symmetry 
oforder 4 

A three-dimensional shape has rotutional symmetry if, when 
rotated about a central axis, it looks the same at certain intervals. 
e.g. - c> ........ -t~}0 __ ... -· 

This cuboid hru; rotational symmetry of order 2 about the axis 
shown . 
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Exercise 23. I 1. Draw each of the solid shapes below twice. then: 
i) on each drawing of the shape, draw a different plane of 

symmetry. 
ii) state how many planes of symmetry the shape has in total. 

a) , b) c) d) A 

o:r ~/i, ' 52), LS) 
,) 

cylinder 

•••• ••• • • •••••• - --· -· equilateraltriangular square-basedpyramid 

• • • ••• prism 

tw 
sphere 

2. For each of the solid shapes show n below determine the 
order of rotational symmetry about the axis shown. 

a) ~ b c) d) 'f' 

«11 /H-L ~ ~ & ............ ---~q"""''"'"'""'"'"' : 
cut>cid prism prism square -based pyramid 

·:;Ji - ~ 
cylinder sphere cube 

• 
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• Circle properties 
Equal chords and perpendicular bisectors 
If chords AB and XY are of eq ual length, then, since OA 
08, OX and OY are radii, the triangles OAB and OXY are 
congruent isosceles triangles. It follows that: 
• the sect ion of a line of symmetry OM through .6..0A B is the 

smne length as the section of a line of symmetry ON through 
.6..0XY. 

• OM and ON are perpendicular bisectors of AB and XY 
respectively. 

Exercise 23.2 I. In the diagram (left) 0 is the centre of the circle, PO po~ s 

• o 
·" 
0 

C ,Q9,0

8 

R D 

B 

•a 

and RS are chords of eq ual le ngth and Mand N are their 
respective midpoints. 
a) What kind of triangle is .6..POQ? 
b) Describe the line ON in re lation to RS. 
c) If L POQ is80°.calculateLOQP. 
d) Calculate LORS. 
e) If PO is 6cm calculate the length OM. 
f) Ca lculate the diameter of the circle. 

2. In the diagram (left) 0 is the centre of the circle. AB and 
C D are eq ual chords and the points Rand Sare their 
midpoin ts respectively. 

State whether the statements below are true or false, giv
ing reasons for your answers. 
a) LCOD = 2 X LAOR 
b) OR= OS 
c) If LROB is 60° then .6..AOB is eq uilateral. 
d) OR and OS are perpendicular bisectors of AB and C D 

respectively. 

3. Using the diagram (left) state whether the following 
statements are true or false , giving reasons for your 
answer. 
a) If .6.. VOW and .6..TOU are isosceles triangles, then T, U, 

V and W would all lie on the circumference of a circle 
withitscentreatO. 

b) If .6..VOW and .6..TOU are congrue nt isosceles triangles, 
then T, U, Vand W would all lie on the circumference 
of a circle with its centre at 0. 
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Exercise 23.3 

$ymme1ry 

Tangents from an external point 
Triangles OAC and OBC are congruent since LOAC and 
LOBC are right angles, OA = 08 because they are both radii, 
and OC is common to both triangles. Hence AC= BC. 

In general, therefore, tangents being drawn to the same circle 
fr om an exte rnal point are eq ual in lengt h. 

l. Copy each of the diagrams below and calculate the size of 
the angle marked x 0 in each case . Assume that the lines 
drawn fr om points on the circum fe rence are tangents. 

b) 

~ ' ' ~ 0 x" 

S L 

2~ CD> r c) 0 47 M 

0 R ~ 

2. Copy each of the diagrams below and calc ulate the length 
of the side markedy cm in each case . Assume that the lines 
drawn from points on the circumference are tangents. 

'CD>) cm fl)'' ,._ ~ m 

~&" • ycm~ 

8.8 cm 

Student assessment I 

1. Draw a shape with exactly: 
a) one lineofsymmetry. 
b) two lines of symmetry. 
c) three lines of symmetry. 

2. Draw and name a shape with: 
a) twoplanesofsymmetry, 
b) four planes of symmetry. 
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A8 -XN -•--
M .-

y 

B 

~ 
N 20cm M 

fthecircleand the 
h diagram (left) 0 is th:t:r::eothat .6..AOB and 

3. ::,~t~, AB ~i,~,;:;';cequ, . both tange"1s 

L'>XOY ate below) that PQ and Q~g;;'ma,ked x' . 
4. In the diagram\ late the size of the a ,,~-'@>. 

C"lculatcthcdia::~";.~he ~ o 
5

· eitcle (tight ):~: tangen" to 8mm 

~:: c~~/'~ is i" centtc and M 1'mm N 
OM= 18mm. 

Student assessment 2 with exactly: 

I Draw a two-dimensi~~1:;1;~Jer 2, 
· a) rotat(onal s~::: try of order 4. 

b) rntattonal '· nmctty of otdct 6. "th the 

c) rntat io::'~: •a thteedimensi:~'.::~;p~;;~ the po,itio, 

~~~~v:: orders of :~::~~t:~::.y 
of the axis ofsymm . 
a) Order2 

b) Otdct 

3 

diculat 
c) Otdct8 m left),OMandON;tc6:p~~N. 

3. In the dmgra B (and XY respective ;·equal length. 
bisectors of A d XY are chords 
ProvethatABan ~ X 

. ri ht),XY 4
, I, the dmgn;;::t[, t!ngea" Scm ' y 

and YZ_ a~e vith centre 0. 0 2 
to the ClfC e \ LOZX. 

a) Calculate e le ngthXZ. 

b) Calculate th z e "1sto th, 

LN and MN are bot~~=~frcumference 5. In the diagra~ (:;~i..No is35o, calculate 

:1;~: :~;~r: · 



§ Angle properties 

NB: All diagrams are 
not drawn to scale. 

• Angles at a point and on a line 
One comple te revolution is eq uivale nt to a rotation of 360° 
about a point. Similarly, half a comple te revolution is eq uivalent 
to a rotation of !80° about a point. These facts can be seen 
clearly by looking at e ither a circular angle measurer or a semi
circular protractor. 

Worked e.rnmple~· a) Calculate the size of the anglex in the diagram below: 

The sum of all the angles around a point is 360°. Therefore: 

120+ 170 +x = 360 
x =360-120-170 
X = 70 

Therefore angle x is 70°. 
Note that the s ize of the angle x is calculated and not 
measured. 

b) Calculate the size of angle a in the diagram below: 

The sum of all the angles at a point on a straight line is 180°. 
Therefore : 

40 + 88 + a + 25 = 180 
a= 180-40-88-25 
a= 27 

Therefore angle a is 27°. 

• 
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• Angles formed within parallel lines 
When two straight lines cross, it is found that the angles 
opposite each other are the same size . They are known as 
,·erlicully opposite angles. By using the fact that angles at a 
point on a straight line add up to 180°, it can be shown why 
vertically opposite angles must always be eq ual in size. 

a+ b = 180° 
C + b = 180° 

Therefore, a is eq ual to c. 

When a line intersects two paral1el lines, as in the diagram 
below, it is found that certain angles are the same size. 

The angles a and bare equal and are known as corresponding 
angles. Corresponding angles can be found by looking for an ' F 
formation in a diagram. 

A line intersecting two parallel lines also produces another pair 
of eq ual angles, known as alternate angles. These ca n be shown 
to be eq ual by using the fa ct that both vertically opposite and 
corresponding angles are eq ual. 

In the diagram above, a = b (corresponding angles). But b = c 
(vertically opposite) . It ca n therefore be deduced that a= c. 

Angles a and care alternate angles. These can be fo und by 
looking for a 'Z' formation in a diagram. 
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Exercise 24. I 

'7( q• p• 

q• 126° 

3. 

;. 

Angle propertiti 

In each of t he following questions. some of the angles are given. 
Ded uce, giving your reasons, the size of the o ther labelled 
angles. 

2-x. 

. . 

4. 

6. 



Geometry 

7. 

Worked example 

Exercise 24.2 

• 

8. 

e Angles in a triangle 
The sum of the angles in a triangle is 180°. 

Calculate the size of the angle x in the triangle below: 

37 + 64 + X = 180 
x = 180-37-64 

Therefore angle.f is 79°. 

I. For each of the triangles below. use the information given 
to calculate the size ofangle x . 
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d) 

~ 

"~ 
C 

Angle propertifi 

c) 0 
_J 

~ 
?> 

2. In each of the diagrams below,calculatc the size of the 
labe lled angles. 

a) ~ ) ~ c~ 

a• b0 X 1()()• 70° q" 

Y° 

30• 50" p• 
350 

60° 45° z • 30° , . 

d)L:·d· ,)~· ,. 0 ~-

,,,. 
e• b" a• ,·s· 

, . ..-c:b-
q• 

• Angles in a quadrilateral 
In the quadrilaterals below, a straight line is drawn from one 
of the corners (vertices) to the opposite corner. TI1e result is to 
split the quadrilaterals into two triangles. 

• 



Geometry 

The sum of the angles of a triangle is 180°. Therefore, as a 
quadrilateral can be drawn as two triangles, the sum of the four 
angles of any quadrilateral must be 360°. 

Worked example Calculate the size of angle pin the quadrilateral below: 

D O" 

. 

~+80+60+p:360 
p:360-90-80-60 

Therefore anglep is 130°. 

Exercise 24.3 In each of the diagrams below, calculate the size of the labelled 
angles. 

2. 

~ ~ s: (,o. ~ 3. <) .. D. ". 
85° 125° 

,. 

n• s• 

'L ;; ·-~ 
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• Polygons 
A regu lar polygon is distinctive in that all its sides are of equal 
length and all its angles are of equal size. Below are some 
examples of regular polygons. 

• The sum of the inte ri or ang les of a po lygon 
In the polygons below a straight line is drawn from each vertex 
to vertex A. 

A s can be seen. the number of triangles is always two less than 
the number of sides the polygon has, i.e . if there are n sides, 
there will be (n - 2) triangles. 

Since the angles of a triangle add up to 180°, the sum of the 
interior angles of a polygon is therefore IBO(n - 2) degrees. 
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Worked e.rnmpfe Find the sum of the interior angles of a regular pentagon and 
hence the size of each interior angle. 

For a pentagon, n = 5. 

Therefore the sum of the interior angles= 180(5 - 2) 0 

= 180 X 3° 
= 540° 

For a regular pentagon the interior angles are of equal size. 

540° 
Therefore each angle = ~ = 108°. 

• The sum of the exterior angles of a polygon 
The angles marked a. b, c. d. e and f in the diagram below 
represe nt the ex te rior angles of a regular hexagon. 

a .. , 
f 

ij ·- ••• 

····-!1 
' 

.. ?-· i 
For any convex polygon the sum of the exterior angles is 360°. 

If the polygon is regular and has n sides, then each exterior 

angle=
3

~ . 

Worked examples a) Find the s ize of an exterior angle of a regular nonagon. 

3~0" = 400 

b) Calculate the number of sides a regular polygon has if each 
exte rior angle is 15°. 

360 
n=~ 

=24 

The polygon has 24 sides. 
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Exercise 24.4 1. Find the sum of the interior angles of the following polygons: 
a) a hexagon b) a nonagon c) a heptagon 

2. Find the value of each interi or angle of the following 
regular polygons: 
a) an octagon b) a sq uare 
c) a decagon d) a dodecagon 

3. Find the size of each exterior angle of the following regular 
polygons: 
a) a pe ntagon b) a dodecagon c) a heptagon 

4. ll1e exterior angles of regular polygons are given below. In 
each case calculate the number of sides the polygon has. 
a) 20° b) 36° c) 10° 
d) 45° e) 18° f) 3° 

5. The interior angles of regular polygons are given below. In 
each case calculate the number of sides the polygon has. 
a) 108° b) 150° c) 162° 
d) 156° e) 171 ° f) 179° 

6. Calculate the number of sides a regular polygon has if an 
interior angle is five times the size of an exterior angle. 

• The angle in a semi-circle 
In the diagram below, if AB represents the diameter of the 
circle, then the angle at C is 90°. 



Geometr• 

Exercise 24.5 In each of the following diagrams, 0 marks the centre o f the 
circle. Calculate the value of x in each case. 

(J) 'B '·B Q 30" Q X Q X" 

4 
110 

,. 

4. 

/\ .a \ 

\ /,: 

fs· 8 ·0 
• The angle between a tangent and a radius of a 

circle 
The angle between a tange nt at a point and the radius to the 
same point on the circle is a right angle. 

In the diagram below, triangles OAC and OBC arc 
congruent as LOAC and LOBC are right angles, OA = 08 
because they are both radii and OC is common to both 
triangles. 
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4. 

Exercise 24.6 In each of the following diagrams, 0 marks the ce ntre of the 
circle . Calcul ate the value of.tin each case . 

0 

• 5:) 

7~ 5 = 

0 

12cm 

•= 
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• Angle properties of irregular polygons 
As explained earlier in this chapter, the sum of the interior 
angles of a polygon is given by 180(n - 2) 0

• where n represents 
the number of sides of the polygon. The sum of the exterior 
angles of any polygon is 360°. 

Both of these rules also apply to irregular polygons, i.e . 
those where the lengths of the sides and the sizes of the interior 
angles are not all eq ual. 

Exercise 24. 7 I. 

2. Find the size of each angle in the octagon (below). 

3. Calculate the value of x for the pentagon shown. 

4. Calculate the size of 
each of the angles 
a,b,c , dandein 
the hexagon (right). 
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• Angle at the centre of a circle 
ll1e angle subtended at the centre of a circle by an arc is twice the 
size of the angle on the circumference subtended by the same arc. 

Both diagrams below illustrate this theorem. 

Exercise 24.B In each of the following diagrams, 0 marks the ce ntre of the 
circle . Calculate the size of the marked angles: 

@o ~ - ,. J. ~ \ 
4

3~ 
110· 0 ~ 0 

14 

) 

Goo ·e~w 7®®: 
X Q" 0 Q 

x" 40° 

@ 
• Angles in the same segment 
Angles in the same segment of a circle are eq ual. 

This can be explained simply by using the theorem that 
the angle subtended at the centre is twice the angle on the 
circumference . Looking at the diagram (left), if the angle at the 
centre is 2x0

, then each of the angles at the circumference must 
be eq ual tox0

• 
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Exercise 24. 9 Calculate the marked angles in the following diagrams: 

[.~ '·@) '· ({j. 2 C 8° 

0 •• 
33' 

o' 

4. 

·-~ 40° 

"' 

,, 

5. 

'"} 

• Angles in opposite segments 
Points P, Q, Rand Sall lie on the circumfe rence of the circle 
(below). They are called concyclic points. Joining the points P. 
Q, Rand S produces a cyclic quadrilalernl. 

The opposite angles are supplementary, i.e. they add up 
to 180°. Since p 0 + r" = 180° (s upplementary angles) and 
r 0 + f 0 = 180° (angles on astrnight line) it follows thatp 0 = t 0

• 

Therefore the exterior angle of a cycl ic quadrilateral is eq ual 
to the inte rior opposite angle. 



24 Angle propertiti 

Exercise 24. 10 Calculate the size of the marked angles in each of the following: I.G 2Q 3. ~ c' d' 

0° 115 

~ g' 

11s oo• a,• ,,,:· • 

f 1050 

4 ( '.'j I 5.o m• 6. 600 ,· y . as• 

'l~ "' •• 

I' n• 

Student assessment I 
1. For the diagrams below, calculate the size of the labelled 

angles. 



Geometry 

2. For the di agrams below, calculate the size of the labelled 
angles. 

3. Find the size of each interior angle of a twenty-sided regular 
polygon. 

4. What is the sum of the interior angles of a nonagon? 

5. What is the sum of the exterior angles of a polygon? 

6. What is the size of each exterior angle of a regular 
pentagon? 

7. If A B is the diameter of the circle (left) and AC: 5 cm and 
BC: 12cm,calculate : 
a) the size of angle ACB, 
b) the length of the radius of the circle. 

In questions 8-IL O marks the centre of the circle . 
Calculate the size o f the angle marked x in each case. 
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Student assessment 2 

I. For the diagrams below, calculate the size of the labelled 
angles. 

a) b) 

#.,.,. 
a• 

d 0 c• 
0 

2. For the diagrams below, calculate the size of the labelled 
angles. 

a) b) ~ 
p• q• y• 

.,. ~ --~ V ,. 
c) d) 

. 

Cl° 

3. Find the value of each interior angle of a regular polygon 
with 24 sides. 

4. What is the sum of the inte rior angles of a regular 
dodccagon? 

5. What is the size of an exte rior angle of a regular 
dodccagon? 

0 
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8. 9. 

6. AB and BC are both tangents to the circle centre O (left). 
If OA = 5 cm and AB = 12 cm calculate : 
a) the size of angle OAB. 
b) the lengthOB. 

7. If OA is a radius of the circle (below) and PB the tangent to 
the circle at A, calculate angle ABO. 

~ B 

p 

In question 8-11. 0 marks the centre of the circle. Calculate 
the size of the angle marked x in each case . 

10. 

Student assessment 3 

I. In the following diagrams, 0 marks the centre of the circle. 
Identify which angles are: 
i) supplementaryangles. 
ii ) right angles, 
iii) eq ual. 

'G A b(jA B c)~ B deA 
0 B • O • 0 C B 

0 

D D 

C C C 
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2. If LPOQ = 84° and O marks the centre of the circle in the 
diagram (left), calculate the following: 
a) LPRQ b) LOQR 

3. Calculate LDAB and 
LABC in the diagram 
below. 

4. If D C is a diameter, and 
0 marks the centre of the 
circlc,calcula teangles 
BO C and DA B. 

5. Calculate as many angles as possible in the diagram below. 
0 marks the centre of the circle. 

6. Calculate the values of 
c.dand e. 

7. Calculate the values of 
f,g,h and i. 
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2. IfLAOCis72°, calculate 
LABC. 

\ 
) 

5. Calculatefandg. 

Student assessment 4 

I. In the following diagrams, 0 is the centre of the circle. 
Identify which angles are: 
i) supplementary angles. 
ii ) right angles, 
iii) eq ual. 

3. If LAOB = 130°, 4. Show that ABCD is a 
calculateLA BC, LOA B cyclic quadrilateral. 
and LCAO. 

8 ~1\ v ~ 
C B D 

6. If y = 22.5° calculate 
thevalueofx . 



@ Loci 

NB: All diagrams are 
not drawn to scale. 

0 
A locus (plural loci) refers to all the points which fit a particular 
descript ion. These points can belong to either a region or a line. 
or both. The principal types of loci are explained below. 

• The locus of the points which are at a given 
distance from a given point 

In the diagram (left ) it can be seen that the locus of all the 
points eq uidistant from a point A is the circumfe rence o f a 
circle centre A. 1l1is is due to the fact that all points on the 
circumference of a circle are eq uidistant from the centre. 

• The locus of the points which are at a given 
distance from a given straight line 

In the diagram (left ) it can be seen that the locus of the points 
--~-~--B eq uidistant from a straight line AB runs parallel to that straight 

line. It is important to note that the distance of the loc us fr om 
the straight line is meas ured at right angles to the line. This 
diagram, however, excludes the ends of the line. If these two 

(A--~~--s' points are taken int o consideration then the locus takes the 
. ) form shown in the next diagram (left ). 

• The locus of the points which are equidistant 
from two given points 

The locus of the points eq uidistant from points X and Y lies on 
the perpendicular bisector of the line XY. 

• The locus of the points which are equidistant 
from two given intersecting straight lines 

The locus in this case lies on the bisectors of both pairs of 
opposite angles as shown left. 

The application of the above cases will e nable you to tackle 
problems involving loci at this level. 

• 
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Worked e.rnmpfe The diagram shows a trapezoidal garden. Three of its sides are 
enclosed by a fence, and the fourth is adjacent to a ho use . 

~ 16m __________... 

Grass is to be planted in the garden. However, it must be 
at least 2 m away fr om the house and at least I m away 
fr om the fe nce. Shade the region in which the grass can be 
planted. 

TI1e shaded region is therefore the locus of all the points 
which are both at least 2 m away from the house and at 
least I m away from the surrounding fence. Note that the 
boundary of the region also forms part of the locus of the 
points. 

ii) Using the same garden as before, grass must now be 
planted according to the following conditions: it must be 
more than 2 m away fr om the house and more than I m 
away from the fence . Shade the region in which the grass 
can be planted. 

TI1e shape of the region is the same as in the first case; 
however, in this instance the boundary is not included in the 
locus of the points as the grass cannot be exactly 2 m away 
fr om the house or exactly 1 m away from the fe nce. 

Note: If the boundary is included in the locus points, it is 
represe nt ed by a solid line . If it is not included then it is 
represe nt ed by a dashed (broken) line. 

Exercise 25. I Questions 1-4 are about a rectangular garden meas uring 8 m 
by 6 m. For each question draw a scale diagram of the garden 
and identify the locus of the points which fit the criteria. 

I. Draw the locus of all the points at least I m from the edge 
of the garden. 

2. Draw the locus of all the points at least 2 m from each 
corner of the garden. 

3. Draw the locus of all the points more than 3 m fr om the 
centre of the garden. 

4. Draw the locus of all the points equidistant from the 
longer sides of the garden. 
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Ayshe • 

. 
L, 

Exercise 25.2 
p 

\ 
a 

. 
Belinda 

loci 

5. A port has two radar statio ns at P and Q which are 20 km 
apart. The radar at P is set to a range of 20 km, whilst the 
radar at Q is set to a range of 15 km. 
a) Draw a scale diagram to show the above information. 
b) Shade the region in which a ship must be sailing if it is 

only picked up by radar P. Label this region 'a'. 
c) Shade the region in which a ship must be sailing if it is 

only picked up by radar Q. Label this region 'b'. 
d) Identify the region in which a ship must be sailing if it 

is picked up by both radars. Label this region 'c'. 

X and Y are two ship-to-shore radio receivers (left) . They 
are 25 km apart. 
A ship sends out a distress signal. The signal is picked up 
by both X and Y. The radio receiver at X indicates that 
the ship is within a 30 km radius of X, whilst the radio 
receiver at Y indicates that the ship is within 20 km of Y. 
Draw a scale diagram and identify the region in which the 
ship must lie. 

7. a) Mark three points L. Mand N not in a straight line . By 
construction find the point which is equidistant fr om L, 
MandN. 

b) What would happen ifL. Mand N were on the same 
straight line? 

8. Draw a line AB 8 cm long. What is the locus of a point C 
such that the angle ACB is always a right angle? 

9. Draw a circle by drawing round a circular object (do not 
use a pair of compasses) . By construction determine the 
position of the centre of the circle. 

10. Three lionesses Li , Li and L1 have surro unded a gazelle. 
The three lionesses are eq uidistant from the gazelle. Draw 
a diagram with the lionesses in similar positions to those 
show n (left) and by construction determine the position 
(g) of the gazelle . 

1. Three girls are playing hide and seek . Ayshe and Be linda 
are at the positions show n (left) and arc trying to find 
Cristina. Cristina is on the opposite side of a wall PQ to her 
two fri ends. 
Assuming Ayshc and Belinda cannot see over the wall 
identify, by copying the diagram, the locus of points where 
Cristina could be if: 
a) Cristina can only be seen by Ayshe, 
b) Cristina can only be seen by Belinda, 
c) Cristina ca n not be seen by e ither of her two fri ends, 
d) Cristina can be seen by both of her friends . 
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2. A security guard Sis inside a building in the position 
shown. llie building is inside a rectangular compound. 
If the building has three windows as shown. identify the 
locus of points in the compound which can be seen by the 
security guard. 

compound 

3. The circular cage shown (left ) houses a snake . Inside the 
cage are three obstacles. 
A rodent is placed inside the cage at R. From where it is 
lying, the snake can see the rodent. 
Trace the diagram and identify the regions in which the 
snake could be lying. 

Exercise 25.3 1. A coin is rolled in a straight line on a flat surface as shown 
below. 

~ 2. 

Draw the locus of the centre of the coin Oas the coin rolls 
along the surface. 

The diameter of the disc (left) is the same as the width and 
height of each of the steps shown. 
Copy the diagram and draw the locus of the centre of the 
disc as it rolls down the steps. 

3. A stone is thrown vertically upwards. Draw the locus of its 
trajectory from the moment it leaves the person's hand to 
the moment it is caught again. 

4. A stone is thrown at an angle of elevation of 45°. Sketch the 
locus of its trajectory. 

5. X and Y are two fixed posts in the ground. The ends of a 
rope arc tied to X and Y. A goat is attached to the rope by 
a ring on its collar which enables it to move freely along the 
rope's length. 
Copy the diagram (left) and sketch the locus of points in 
which the goat is able to graze . 
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Student assessment I 

I. Pedro and Sara are on opposite sides of a building as shown 
( left). Their fri e nd Raul is standing in a place such that he 
cannot be seen by either Pedro or Sara. Copy the above 
diagram and identify the locus of points at which Ra ul could 
be standing. 

2. A rectangular garden measures 10 m by 6 m. A tree stands 
in the centre of the garden. Grass is to be planted according 
to the following conditions : 

• it must be at least Im fr om the edge of the garden, 
• it must be more than 2 m away from the centre of the 

a) Make a scale drawing of the garde n. 
b) Draw the locus of points in which the grass can be 

planted. 

3. A rectangular rose bed in a park measures 8 m by 5 mas 
shown (left ) . 
l11e park keeper puts a low fence around the rose bed. ll1e 
fence is at a constant distance of 2 m from the rose bed. 
a) Make a scale drawing of the rose bed. 
b) Draw the position of the fe nce. 

4. A and B (left) are two radio beacons 80 km apart, e ither 
side of a shipping channel. A ship sails in such a way that it 
is always eq uidistant fr om A and B. 
Showing your method of construction clearly, draw the path 
of the ship. 

L 
5 A ladder !Orn long is propped up against a wall as shown 

(le ft) . A point P on the ladder is 2 m from the top. 
Make a scale draw ing to show the locus of point P if the 
ladder were to slide down the wall. Note: several positions 
of the ladder will need to be shown. 

6 TI1e eq uilateral triangle PQR is rolled along the line shown. 
At first. corner Q acts as the pivot point until Preaches the 
line, then P acts as the pivot point until R reaches the line, 
and soon. 

p 

I\ 
R Q 

Showing your method clearly, draw the locus o f point P 
as the triangle makes one full rotation, assuming there is 
no slipping. 

• 
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D 
Student assessment 2 

I. J ose, Katrina and Luis are standing at different points 
around a building ru; shown (left). 
Trace the diagram and show whether any of the three 
fri ends can see each other or not. 

• K 2. A rectangular courtyard meas ures 20 m by l2 m. A horse is 
te thered in the centre with a rope 7 m long. Another horse 
is te thered, by a rope 5 m long, to a rail which runs along 
the whole of the left -hand (shorter) side of the courtyard. 
This rope is able to run freely along the length of the rail. 
Draw a scale diagram of the courtyard and draw the locus 
of points which can be reached by both horses . 

3. The view in the diagram (left) is of two walls which form 
part of an obstacle course. A girl decides to ride her bicycle 
in between the two walls in such a way that she is always 
eq uidistant from them. 
Copy the diagram and, showing your construction dearly. 
draw the loc us of her path. 

4. A ball is rolling along the line shown in the diagram (below). 
Copy the diagram and draw the locus of the centre, 0, of 
the ball as it rolls. 

5. A square ABCD is ·rolled' along the flat surface shown 
below. Initially corner C acts as a pivot point until 8 
to uches the surface, then 8 acts as a pivot point until A 
to uches the surface. and so on. 

Assuming there is no slipping, draw the locus of point A 
as the square makes one complete rotation. Show your 
method dearly. 



~ Mathematical investigations 
\.V and ICT 

• Fountain borders 
The Alhambra Palace in Granada, Spain has many fountains 
which pour water into pools. Many of the pools are surrounded 
by beautiful ceramic tiles. This investigation looks at the 
number of sq uare tiles needed to surround a particular shape of 
pool. 

' ' ' ' ' ' ' ' 
!,.------11 units~ 

The diagram above shows a rectangular pool 11 X 6 units. in 
which a sq uare of dimension 2 X 2 units is take n fr om 
each corner. 

The to tal number of unit sq uare tiles needed to surround the 
pool is 38. 

The shape of the pools can be generalised as show n below: 

1. Inves tigate the number of unit sq uare tiles needed for 
different sized pools. Record your results in an ordered 
table . 

2. From yo ur results write an algebraic rule in te rms of m. 
n and x (if necessary) fo r the number of tiles Tneeded to 
surround a pool. 

3. Justify. in words and us ing diagrams. why yo ur rule works. 
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• Tiled walls 
Many cultures have used tiles to decorate buildings. Putting 
tiles on a wall takes skill. These days, to make sure that each tile 
is in the correct position, 'spacers' are used between the tiles. 

You can sec from the diagrams that the re arc + shaped spacers 
(used where fo ur tiles meet) and T shaped spacers (used at the 
edges of a pattern). 

I. Draw other sized sq uares and rectangles, and investigate 
the relationship between the dimensions of the shape 
(length and width) and the number of + shaped and 
T shaped spacers. 

2. Record your results in an ordered table. 

3. Write an algebraic rule for the number of + shaped spacers 
c in a rectangle l tiles long by w tiles wide. 

4. Write an algebraic rule for the number of T shaped spacers 
tin a rectangle l tiles lo ng by w tiles wide. 

e ICT activity I 
In this activity you will be using a dynamic geometry package 
such as Cabri or Geogcbra to demonstrate that for the triangle 
(below) : 

~ =AC= ~ 
ED EC DC 

l. a) Using the geometry package construct the triangle ABC 
b) Construct the line segment ED such that it is parallel to 

AB. (You will need to construct a line paralle l toA B 
first and then attach the line segment ED to it.) 

c) Using a 'meas urement ' tool, meas ure each of the le ngths 
AB, AC BC, ED, EC and DC. AB AC 

d) Using a 'calculator' tool, calculate the ratios rn, EC' 
_ll<_:_ 

2. Comment on your answers to question J(d). 
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3. a) Grab vertex Band move it to a new position. What 
happens to the ratios you calculated in question l(d)? 

b) Grab the vertices A and C in turn and move them to 
new positions. What happens to the ratios? Explain why 
this happe ns. 

4. Grab point D and move it to a new position along the side 
BC. Explain, giving reasons, what happens to the ratios. 

e ICT activity 2 
Using a geometry package, such as Cabri or Geogebra, 
demonstrate the following angle properties of a circle : 

1. The angle subtended at the centre of a circle by an arc is 
twice the size of the angle on the circumference subtended 
by the same arc. 

The diagram below demonstrates the construction that 
needs to be formed: 

2. The angles in the same segment of a circle are eq ual. 

3. The ex terior angle of a cyclic quadrilateral is equal to the 
interior opposite angle. 



Syllabus 

Use current units of moss, length, oreo, volume 
andcopacityinprocticolsituotionsondexpress 
quantities in terms of larger or smaller units. 

Corry out colcvlotions involving the perimeter 
and area of o rectangle, triangle, parallelogram 
and trapezium ond compound shapes derived 
from these. 

Corry out colcvlotions involving the 
circumferenceondoreoofocircle. 

I Solve problems involving the ore length and 
sector oreo os fractions of the circumference and 
oreoofocircle. 

Contents 
26 Meosures(E4.l) 

E4.4 

Ch Perimeter, oreo ond volume (E4.2, E4.3, E4.4, E4.5) 



0 The Egyptians 
The Egyptians must hove been very talented architects and surveyors to hove planned the many large 
buildings and monuments built in that country thousands of years ogo. 

Evidence of the use of mathematics in Egypt in the Old Kingdom (about 2500sn) is found on o woll 
near Meidum (south of Coiro) which gives guidelines for the slope of the stepped pyramid built there. 
The lines in the diagram ore spaced at a distance of one cubit . A cubit is the distance from the tip of the 
finger to the elbow (about 50 cm). They show the use of that unit of measurement. 

The earliest true mothemoticol documents dote from about l 800ea. The Mos,:.ow Mathematical 
Papyrus, the Egyptian Mothemoticol Leather Roll, the Kohun 
Papyri and the Berlin Papyrus all dote to this period. 

The Rhind Mathematical Papyrus, which wos written in 
about l 650BCE, is said to be based on on older mothemoticol 
text. The Mose.ow Mothemoticol Papyrus ond Rhind 
Mothemoticol Papyrus ore so-coiled mothemoticol problem 
texts. They consist of o collection of mainly mensuration 
problems with solutions. These could hove been written by o 
teacher for students lo solve similar problems to the ones you 
will work on in this topic. 

During the New Kingdom (about 1500- l OOocE) papyri 
record lond measurements. In the worker's village of Deir 
el-Medino several records hove been found thot record 
volumes of dirt removed while digging the underground 

~) 



@) Measures 

• M etric units 
The metric system uses a variety of units for length, mass and 
capacity. 

• The common units of length are: kilometre (km), metre (m), 
centimetre (cm) and millimetre (mm). 

• The common units of mass are: tonne (t), kilogram (kg). 
gram (g) and milligram (mg) . 

• The commo n units of capacity are: litre (L or I) and millilitre 
(ml). 

Note: 'centi ' comes from the Latin centum meaning hundred 
(a centimetre is one hundredth ofa metre): 
'milli ' comes from the Latin mille meaning thousand 
(a millimetre is one thousandth ofa metre) : 
·kilo' comes from the Greek khilloi meaning thousand 
(a kilometre is o ne thousand metres) . 

It may be useful to have some practical experience of estimating 
lengths, volumes and capacities before starting 
the following exercises. 

Exercise 26. I Copy and complete the sentences below: 

I. a) There are .. centimetres in one metre. 
b) There are ... millimetres in one metre. 
c) One metre is one ... ofa kilometre. 
d) One milligram is one ... of a gram. 
e) One tho usandth of a litre is one . 

2. Which of the units below would be used to measure 
the following? 

mm, cm, m, km, mg, g, kg, t, ml, litres 

a) your height 
b) the length of yo ur fin ger 
c) the mass of a shoe 
d) the amount of liquid in a cup 
e) the height of a van 
f) the mass of a ship 
g) the capacity of a swimming pool 
h) the length of a highway 
i) the mass ofan elephant 
j) the capacity of the petrol tank of a car 
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• Converting from one unit to another 
Length 

I km = 1000 m 

Therefore I m = 
1
~ km 

I m = 1000 mm 

Therefore I mm = 
1

~ m 

I m = 100cm 

Therefore I cm = T&J m 

!cm = 10 mm 

Therefore l mm = To cm 

Worked e.rample~· a) Change 5.8 km into m. 
Since I km = 1000 m, 
5.8 km is S.8 X 1000 m 

5.8 km = 5800 m 

b) Change 4700 mm to m. 
Since I m is 1000 mm. 
4700 mm is 4700 + 1000 m 

4700 mm = 4.7 m 

c) Convert 2.3 km into cm. 
2.3 km is 2.3 X 1000 m = 2300 m 
2300 m is 2300 X 100 cm 

2.3 km = 230 OOO cm 

Exercise 26.2 1. Put in the missing unit to make the fo llowing statements 
correct: 
a) 300 ... =30cm 
c) 3.2 m =3200 .. 
e) 2.5 km =2500 .. 

b ) 6000 mm =6 .. 
d) 4.2 ... = 4200 mm 

2. Convert the following to millimetres: 
a) 8.5 cm b) 23 cm c) 0.83 m 
d) 0.05 m e) 0.004 m 

3. Convert the fo llowing to metres: 
a) 560cm b) 6.4 km c) 96cm 
d) 0.004 km e) 12 mm 

4. Convert the fo llowing to kilometres: 
a) 1150 m b) 250000 m c) 500 m 
d) 70 m e) 8 m 
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Mass 

1 tonne is 1000 kg 

Therefore 1 kg= 
1

~ tonne 

1 kilogram is 1000 g 

Therefore 1 g = 
1 
~ kg 

1 g is 1000mg 

Therefore 1 mg= 
1
~ g 

Worked examples a) Convert 8300 kg to tonnes. 
Since 1000 kg= 1 tonne, 8300 kg is 8300 + 1000 tonnes 

8300 kg = 8.3 tonnes 

b) Convert 2.5 g to mg. 

Since 1 g is 1000 mg, 2.5 g is 2.5 X 1000 mg 

2.5 g = 2500 mg 

Exercise 26.3 1. Convert the following: 
a) 3.8g to mg 
c) 4.28 tonnes to kg 
e) O.S tonnes to kg 

Capacity 

I litre is !OOO millilitres 

Therefore I ml = 
1

cJoo litre 

b) 28 SOO kg to tonnes 
d) 320 mg tog 

Exercise 26.4 1. Calculate the following and give the to tals in ml: 
a) 3 litres+ !SOO ml b) 0.88 litre+ 650 ml 
c) 0.75 litre+ 6300 ml d) 450 ml + 0.55 litre 

2. Calculate the following and give the total in litres : 
a) 0.75 litre + 450 ml b) 850 ml + 490 ml 
c) 0.6 \itre +0.8 1itre d) 80 ml +620ml +0.7 litre 

• Area and volume conversions 
Converting between units for area and volume is not as 
straightforward as converting be tween units for length. 

The diagram below shows a square of side length 1 m. 
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Area of the square = I m2 

However, if the lengths of the sides are written in cm, each of 
the sides are 100 cm. 

Area of the square = 100 X 100 = 10 CXX) cm2 

Therefore an area of I m2 = 10 CXX) cm2
• 

Similarly a square of side length l cm is the same as a sq uare 
of side length 10 mm. Therefore an area of l cm 2 is eq uivalent 
to an area o f 100 mm2

. 

The diagram below shows a cube of side length I m. 

1mf=?l 
L___U 1m 

Volume of the cube = I m1 

Once again, if the le ngths of the sides are written in cm, each 
of the sides are 100 cm. 

100omL1L 
100cm 

Volume of the cube = 100 X 100 X 100 = 1 CXXl OOO cm1 

Therefore a volume of I m1 = I OOO CXX) cm1
. 

Similarly a cube of side le ngth l cm is the same as a cube of 
side length 10 mm. 

Therefore a volume of I cm1 is equi valent to a volume of 
1000 mm1

. 

Exercise 26.5 1. Convert the following areas: 
a) 10 m2 tocm2 b) 2 m2 to mm2 

c) 5 km 2 to m2 d) 3.2 km2 to m2 

e) 8.3 cm2 to mm2 

2. Convert the following areas: 
a) 500cm2 to m2 b) 15000mm2 tocm2 

c) 1000 m2 tokm2 d) 40000 mm2 to m2 

e) 2 500 OOO cm2 to km2 
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3. Convert the following volumes: 
a) 2.5 m1 to cm1 b) 3.4 cm1 to mm1 

c) 2 km1 to m1 d) 0.2m1 tocm1 

e) 0.03 m1 to mm1 

4. Convert the following volumes : 
a) 150000 cm1 to m1 b) 24000 mm1 tocm1 

c) 850 OOO m1 to km1 d) 300 mm1 to cm1 

e) 15cm1 tom1 

Student assessment I 

L Convert the following lengths into the units indicated : 
a) 2.6 cmt o mm b) 0.88 mtocm 
c) 6800 m to km d) 0.875 km to m 

2. Convert the following masses into the units indicated : 
a) 4.2g to mg b) 3940g to kg 
c) 4.1 kg tog d) 0.72 tonnes to kg 

3. Convert the following liquid measures into the units 
indicated: 
a) 1800 ml to litres b) 3.2 litres to ml 
c) 0.083 litre to ml d) 250000 mlto litres 

4. Convert the following areas: 
a) 56 cm2 to mm2 b) 2.05 m1 to cm1 

5. Convert the following volumes: 
a) 8670 cm1 to m1 b) 444 000cm1 to m1 

Student assessment 2 

I. Convert the following lengths into the units indicated : 
a) 3100 mm to cm b) 6.4 km to m 
c) 0.4cmt o mm d) 460 mmtocm 

2. Convert the following masses into the units indicated : 
a) 3.6mg tog b) 550 mg tog 
c) 6500 g to kg d) 1510 kg to tonnes 

3. Convert the following meas ures of capacity to the 
units indicated : 
a) 3400 ml to litres b) 6.7 litres to ml 
c) 0.73 litre to ml d) 300000 mlto litres. 

4. Convert the following areas: 
a) 0.03 m2 to mm2 b) 0.005 km2 to m2 

5. Convert the following volumes: 
a) 100400cm 1 to m1 b) 5005 m1 to km1 



@ Perimeter, area and volume 

NB: All diagrams are 
not drawn to scale. 

• The perimeter and area of a rectangle 
The perimeter of a shape is the distance around the outside of 
the shape . Perimeter can be meas ured in mm, cm, m, km, e tc. 

bi~ ------,----_I· 
The perimeter of the rectangle above of length I and breadth b 
is therefore: 

Perimeter =I+ b +I+ b 

This can be rearranged to give: 

Perimeter = 21 + 2h 

This in turn can be factorised to give : 

Perimeter = 2(/ + b) 

The area of a shape is the amount of surface that it covers. 
Area is meas ured in mm2

, cm2, m2. km2, e tc. 
The area A of the rectangle above is given by the formula: 

A = lb 

Worked example Calculate the breadth of a rectangle of area 200 cm2 and length 
25cm. 

A =lb 
200 = 25b 

b = 8 

So the breadth is 8 cm. 

• The area of a triangle 
Rectangle ABCD has a triangle COE drawn inside it. 

A E B 

CZISJ 
D F C 
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Point E is said to be a ,·ertex of the triangle. 
EF is the height or altitude of the triangle. 
CD is the length of the rectangle, but is called the base of the 
triangle . 

It can be seen from the diagram that triangle DEF is half the 
area of the rectangle AEFD. 

Also triangle CFE is half the area of rectangle EB CF. 
It follows that t riangle CD[ is half the a rea of rectangle 

ARCO. 

I 
height(h) 

,_________,_ _ _____,. l 
f--l------- base (b) ~ 

Area of a triangle A = {-bh, where bis the base and his the 
height. 

Note: it does not matter which side is cal1ed the base. but the 
height must be measured at right angles from the base to the 
opposite vertex . 

Exercise 27. I 1. Calculate the areas of the triangles below: 

c) 

r 
_J_ 

f-Bcm--------t 
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2. Calculate the areas of the shapes below: 

,~b) :: I [ye----32mm------<\ 2m 2i,,m 
4c 8cm 4 32mm j_ 

1 
•= 

• The area of a parallelogram and a trapezium 
A parallelogram can be rearranged to form a rectangle as 
shown below: 

JJ 7~!0 
--b---------.. ----b---------.. 

Therefore: area of parallelogram 
= base length X perpendicular height. 
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+I 
Worked example~· 

I 

A tra11ezi11111 can be visualised as being split into two triangles 
as shown on the left: 

Area of triangle A = { X a X h 

Area of triangle B = { X b X h 

Area of the trapezium 
= area of triangle A + area of triangle B 

={ah+ {bh 

={h(a+b) 

a) Calculate the area of the parallelogram (left): 

Area= base length X perpendicular height 
=8X6 
=48cm2 

b) Calculate the shaded area in the shape (left): 

Area of rectangle = 12 X 8 
= 96cm2 

Area of trapezium = { X 5(3 + 5) 

= 2.5 X 8 

Shaded area 

= 20cm2 

=96-20 
= 76cm2 

Exercise 2 7.2 Find the area of each of the following shapes: 
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Exercise 27.3 1. Calculate a. 

2. If the areas of this trapezium and parallelogram are eq ual, 
calculatex. 

3. ll1e end view of a house is as shown in the diagram (below). 
If the door has a width and height of 0.75 m and 2 m 
respectively. Calculate the area of brickwork. 

Lt 
j 

4. A garden in the shape of a trapezium is split into three 
parts: fl ower beds in the shape of a triangle and a 
parallelogram; and a section of grass in the shape of a 
trapezium, as shown below. The area of the grass is two and 
a half times the total area of fl ower beds. Calculate: 
a) the area of each fl ower bed, 
b) theareaofgrass, 
c) the value ofx. 
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• The circumference and area of a circle 

C3 G 
The circumference is 2rrr. The area is 11:r2. 

C:2rrr A :11:,-2 

Worked e.rumpfe1· a) Calculate the circum fe rence 
of this circle. giving yo ur 
answerto3s.f. 

C :2rrr 
: 2rr X 3: 18.8 

Thecircumference is18.8cm. G 
G 

b) If the circumference of this circle is 12 cm, calculate the 
radius. giving your answer to 3 s.f. 

C: 211:r 

r=_f_ 
2, 

r=Q = 1.91 
2, 

The radius isl.91cm. 

c) Calculate the area of this 
circle,givingyouranswer 
to3 .d. 

A ::011:fl 

= 1t X 52 = 78.5 

Thearea is78.5cm2
• 

G 
d) The area of a circle is 34 cm2, calculate the radius, giving 

youranswerto3s.f. 

A =n:r2 

r= /i±=329 ./, . 

Theradius is3.29cm. 
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Exercise 27.4 1. Calculate the circumference of each circle. giving your 
answer to3s.f. 

GG88 
2. Calculate the area of each of the circles in question I. Give 

your a nswers to 3 s.f. 

3. Calculate the radius of a circle when the circumference is: 
a) 15cm b) 1tcm 
c) 4 m d) 8 mm 

4. Calculate the diameter of a circle when the area is: 
a) 16cm2 b) 9rrcm2 

c) 8.2 m2 d) 14.6 mm2 

Exercise 27.5 1. The wheel of a car has an outer radius of 25 cm. Calculate: 

0 

+er 1) 
---16m-----

a) how far the car has travelled after one complete turn of 
the wheel, 

b) how many times the wheel turns for a journey o f 1 km. 

2. If the wheel of a bicycle has a diameter of 60 cm, calculate 
how far a cyclist will have trave lled after the wheel has 
ro tated JOO times. 

3. A circular ring has a cross-section as shown (left ). If the 
outer radius is 22 mm and the inner radius 20 mm, calc ulate 
the cross-sectional area of the ring. 

4. 

Fo ur circles are drawn in a line and enclosed by a rectangle 
as shown. If the radius of each circle is 3 cm. calculate: 
a) the area of the rectangle, 
b) theareaofeach circle. 
c) the unshaded area within the rectangle. 

5. A garden is made up of a rectangular patch of grass and 
two semi-circular vegetable patches. lf the dimensions of 
the rectangular patch are 16 m (length) and 8 m (width) 
respectively,calculate: 
a) the perimeter of the garden, 
b) the total area of the garden. 
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i 
T 

Worked example~· 

• The surface area of a cuboid and a cylinder 
To calculate the surface area of a cuboid start by looking at its 
individual faces. ll1ese are e ither squares or rectangles. The 
surface area of a cuboid is the sum of the areas of its faces. 

Area of top = wl 
Areaoffront = lh 
Area of one side = wh 
T otal surface area 

= 2wl + 2/h + 2wh 
= 2(wl + lh + wh) 

Area of bottom = wl 
Area of back = lh 
Area of other side = wh 

For the surface area of a cylinder it is best to visualise the net of 
the solid: it is made up of one rectangular piece and two circular 
pieces. 

Area of circular pieces= 2 X rrr' 
Area of rectangular piece= 2rrr X h 
Total surface area= 2rrr" + 2rrrh 

= 2rrr(r + h) 

a) Calculate the surface area of the cuboid shown (left) . 

T otal area of top and bottom = 2 X 7 X 10 = 140 cm2 

Totalareaoffrontand back = 2 X 5 X 10-= 100cm2 

Total area of both sides =2X5X7 = 70cm2 

-=310cm2 Total surface area 

b) If the height of a cylinder is 7 cm and the radius of its 
circular top is 3 cm, calculate its surface area. 

T otal surface area= 2rrr(r + h) 
=2rrX3X(3+7) 
= 6rr X 10 
= 60rr 
= 188cm2 (3s.f.) 

The total surface area is 188 cm2
• 
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Exercise 27.6 1. Calculate the surface area of each of the following cuboids: 

Exercise 27.7 

D+ 

a) I= 12 cm. w =- 10 cm. h =- 5 cm 
b) /=4cm, w=6cm. h =Bcm 
c) l=4.2cm. w=7.lcm, h =3.9cm 
d) I= 5.2 cm. w: 2.1 cm. h : 0.8 cm 

2. Calculate the height of each of the following cuboids: 
a) I ::c 5 cm, w = 6 cm. surface area = 104 cm2 

b) I= 2cm, w = 8cm, surface area= 112cm2 

c) /=3.5cm, w=4cm. surfacearea=118cm2 

d) I= 4.2 cm, w = 10 cm. surface area = 226 cm2 

3. Calculate the surface area of each of the following 
cylinders: 
a) r =2cm,hc::6cm b) r =4cm.h =7cm 
c) r = 3.Scm, h = 9.2cm d) r=O.Bcm,h =4.3cm 

4. Calculate the height of each of the following cylinders. Give 
your answers to l d.p. 
a) r = 2.0 cm, surface area= 40 cm 2 

b) r = 3.5 cm, surface area = 88 cm2 

c) r = 5.S cm, surface area= 250 cm2 

d) r = 3.0 cm, surface area= 189 cm2 

1. Two cubes (left ) are placed next to each other. The length 
of each of the edges of the larger cube is 4 cm. If the ratio of 
their surface areas is I : 4,calculate: 
a) the surface area of the small cube, 
b) the length of an edge of the small cube . 

2. A cube and a cylinder have the same surface area. If the 
cube has an edge length of 6 cm and the cylinder a radius of 
2cm calculate : 
a) the surface area of the cube. 
b) the height of the cylinder. 

3. Two cylinders (left ) have the same surface area. 
The shorter of the two has a radius of 3 cm and a height of 
2 cm, and the taller cylinder has a radius of I cm. Calculate: 
a) the surface area of one of the cylinders, 
b) the height of the taller cylinder. 

4. Two cuboids have the same surface area. ll1e dimensions 
of one of them are: length = 3 cm, width = 4 cm and 
height = 2 cm. 

Calculate the height of the other cuboid if its length is 
I cm and its width is 4 cm. 



Mlmsurolion 

• The volume of a prism 
A prism is any three-dimensional object which has a constant 
cross-sectional area. 

Below are a few examples of some of the more common 
types of prism. 

Rectangular prism 
(cut>cid) 

Circular prism 
(cylinder) 

Triangular prism 

When each of the shapes is cut paral1el to the shaded face. the 
cross-section is constant and the shape is therefore classified as 
a prism. 

Volume of a prism = area of cross-section X length 

Worked examples a) Calculate the volume of the cylinder in the diagram (left ): 

~ ., 

Volume = cross-sectional area X length 
= 1t X 42 X 10 

Volume = 503 cm1 (3 s.f.) 

Calculate the volwne of the 'L" shaped prism shown in the 
diagram (below left): 
The cross-sectional area can be split into two rectangles: 

Area of rectangle A = 5 X 2 
= JOcm2 

Area of rectangle B c:: 5 X I 
=5cm2 

2cm 

1r:fl 1 

1~= 
~ --scm--- :;..--

Total cross-sectional area = (10 cm2 + 5 cm2
) = 15 cm2 

Volume of prism = 15 X 5 
=75cm1 

Exercise 27.8 I. Calculate the volume of each of the following cuboids, 
where w, I and h represent the width, length and height 
respectively. 
a) w = 2 cm, I= 3 cm. h = 4 cm 
b) w = 6 cm, I= I cm, h = 3 cm 
c) w:6cm. /=23mm. h =2cm 
d) w=42mm. l=3cm, h =0.007 m 

2. Calculate the volwne of each of the following cylinders , 
where r represents the radius o f the c ircular face and h the 
he ight of the cylinder. 
a) r = 4 cm, h = 9 cm 
b) r =3.5cm. h=7.2cm 
c) r=25mm. h=10cm 
d) r = 0.3cm , h = 17 mm 
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Exercise 27.9 

G 

Perimeter, area end volume 

3. Calculate the volume of each of the following triangular 
prisms, where b represents the base le ngth of the triangular 
face, h its perpendicular height and I the length of the prism. 
a) b = 6cm, h =3cm. I= 12cm 
b)b=4cm. h=?cm, l=IOcm 
c) b = 5 cm. h = 24 mm. I= 7 cm 
d) b c:: 62 mm. h = 2 cm, I= 0.01 m 

4. Calculate the volume of each of the following prisms. All 
dimensions are given in centimetres. 

d) 

7 l 
j 

b) 

1. The diagram shows a plan view of a cylinder inside a box 
the shape of a cube. If the radius of the cylinder is 8 cm, 
calculate: 
a) the height of the cube. 
b) the volume of the cube, 
c) the volume of the cylinder, 
d) the percentage volume of the cube not occupied by 

the cylinder. 

2. 

"-I~ 

A chocolate bar is made in the shape of a triangular prism. 
ll1e triangular face of the prism is eq uilateral and has an 
edge le ngth of 4 cm and a perpendicular height of 3.5 cm. 
The manufacturer also sells these in special packs of six 
bars arranged as a hexagonal prism. 
If the prisms are 20 cm long, calculate: 
a) the cross-sectional area of the pack, 
b) the volume of the pack. 

4cm 

• 
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I 
3 A cuboid and a cylinder have the same volume. The radius 

· and he ight of the cylinder a re 2.5 cm and 8 cm respectively. 
If the length and width of the cuboid are each 5 cm. 
calculate its height to I d.p. 

4. A section of steel pi pe is shown in the diagram. The inner 
· radius is35 cm and the outer radius 36cm. Calculate the 

volume of steel used in making the pipe if it has a length 
of 130 m. 

• Arc length 
An a rc. is part of the circumfe rence of a circle be tween two 
radii. 

Its length is proportional to the size of the angle cp between 
the two radii. The le ngth of the arc as a fr ac tion of the 
circumference of the whole circle is therefore equal to the 
fraction that cp is of 360°. 

Arc length = ~ X 2rrr 

Worked examples a) Find the le ngth of the minor 
arc in thecircle(right).Give 
your answerto3s.f. 

Arc length = f£- X 2 X rr X 6 

=8.38cm 

b) In the circle (left ). the length of the minor arc is 12.4 cm and 
the radius is 7 cm. 

Calcula te the angle cf,. 

Arc length = 4 X 2nr 

12.4=4X2XrrX7 

1~:;~;o = cp 

cp = 101.5° (! d.p. ) 

ii ) Calcula te the length of the maj or arc. 

C =2rrr 
= 2 X n X 7 = 44.0 cm (3s .f.) 

Major arc= circumference - minor arc 
= (44.0 - 12.4) = 31.6cm 
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,) /'\ 
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0 8= 

b) 

Perimeter, area end volume 

For each o f the following, give the length of the arc to 
3s.f.Ois thecentreofthecircle. 

c) d) 

~ 
~ 0- 5cm 

2. A sector is the region of a circle e nclosed by two radii and 
an arc. Calculate the angle 4> for each of the following 
sectors. l11e radius rand arc length a are given in each case. 
a) r = 14 cm, a= 8 cm 
b) r=4cm, a= 16cm 
c) r =7 .Scm, a=7.5cm 
d) r = 6.8cm, a= 13.6cm 

3. Calculate the radius r for each of the following sectors. 
ll1e angle cp and arc length a are given in each case . 
a) 4' =75°, a= 16cm 
b) 4'=300°, a=24cm 
c) 4' =20°, a=6.5cm 
d) 4'=243°, a= 17cm 

Exercise 27. 11 l. Calculate the perimeter of each of these shapes. 

,) 

2. A shape (left ) is made from two sectors arranged in such 
a way that they share the same centre . The radius of the 
smaller sector is 7 cm and the radius of the larger sector is 
10 cm. If the angle at the centre of the smalle r sector is 30° 
and the arc length of the larger sector is 12 cm. calculate : 
a) the arc length of the smaller sector. 
b) the to tal perimeter of the two sectors. 
c) the angle at the centre of the larger sector. 
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Worketl example~· 

f'\12,m 
~ 

0 

A o 
V 

3. For the diagram (right ), 
calc ulate: 
a) theradiusof the 

smaller sector, 
b) the perimeter of the 

shape, 
c) theangle(/,. 

~,mA 
l_~:{)(, .. 

0 
- 24cm -

• The area of a sector 
A sector is the region of a circle enclosed by two radii and an arc. 
Its area is proportional to the size of the angle 4' between the two 
radii. The area of the sector as a fraction of the area of the whole 
circle is therefore equal to the fraction that 4' is of 360°. 

Area of sector = 4 X rrr2 

a) Calcula te the area of the sector (left), giving your answer 
to3s.f. 

A rea =~Xrrr2 

=~ XrrX 122 

=56.5cm2 

b) Calculate the radius of the sector (left), giving your answer 
to3s.f. 

Area=~Xrrr2 

50=1£-xnxr 

50x360 _ 2 
30n - r 

r = 13.8 

The radius is 13.8cm. 

Exercise 2 7. 12 I. Calculate the area of each of the following sectors, using the 
values of the angles 4' and radius r in each case. 
a) 4'=60°, r=Bcm 
b) 4' = 120°, r = 14cm 
c)(/,=2°. r=IBcm 
d) 4'=320°. r=4cm 
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2. Calculate the radius for each of the following sectors, using 
the values of the angle cp and the area A in each case . 
a)(/,=40°. A =120cm2 

b) cp = 12°, A = 42cm2 

c) 4'= 150°. A =4cm2 

d) q, = 300°. A = 400 cm2 

3. Calculate the value of the angle cf,. to the nearest degree, for 
each of the following sectors, using the values of A and r in 
each case . 
a) r = 12cm, A = 60cm2 

b) r =26cm. A =0.02 m2 

c) r =0.32 m, A = 180cm2 

d)r=38mm, A=l6 cm2 

Exercise 27. 13 1. A rotating sprinkle r is placed in one corner ofa garden 
(below). If it has a reach of 8 m and rotates through an 
angle of 30°, calculate the area of garden not being watered. 

OBD 

\ \ 2. 

A ;.,\,m 
-----=,sc~-~ ~o 

IT,m 
~ 

Two sectors AOB and COD share the same centre 0. The 
area of AOB is three times the area of COD. Calculate: 
a) the area o f sector AOB, 

2~ 

b) the area of sector COD. 
c) the radius r cm of sector COD. 

3. A circular cake is cut. One of the slices is shown. Calculate: 
a) the length a cm of the arc, 
b) the to tal surface area of all the sides of the slice, 
c) the volume of the slice. 

4. The diagram shows a plan view of four tiles in the shape of 
sectors placed in the bottom of a box. C is the midpoint of 
the arc AB and inte rsects the chord AB at point D. If the 
length 08 is 10 cm, calculate: 
a) the length OD, 
b) the length CD , 
c) the area o f the sector AOB. 
d) the length and width of the box, 
e) the area of the base of the box not covered by the tiles . 

• 
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c~ 

~ 0 

5. The tiles in question 4 are repackaged and are now placed 
in a box, the base of which is a parallelogram. Given that C 
and Fare the midpoints of arcs AB and OG respectively. 
calc ulate: 
a) the angle OCF. 
b) the lengt h CE, 
c) the le ngth of the sides of the box, 
d) the area of the bru;e of the box not covered by the tiles . 

• The volume of a sphere 

Volume of sphere = f,rr 

Worked e.rumpfe1· a) Calculate the volume of the sphere (left), giving your answer 
to3s.f. 

Volume of sphere = {xr 

The volume is 113 cm1
. 

=jx rr x 31 

= 113.1 

b) Given that the volume ofa sphere is 150cm1,calculate its 
radiusto3s.f. 

V=frrr 
3V 

,1= ~ 
4rr 

,1=~ 
4xrr 

r =V35B = 3.30 

Theradius is3.30cm. 

Exercise 27. 14 l. Calculate the volume of each of the following spheres. The 
radius r is give n in each case. 
a) r=6cm b) r=9.5cm 
c) r=8.2cm d) r=0.7cm 

2. Calculate the radius of each of the following spheres. Give 
your answers in centimetres and to I d.p. The volume Vis 
given in each case . 
a) V =130cm1 b) V=720cm1 

c)V=0.2 m1 d)V=1000mm1 
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Exercise 27. 15 1. Given that sphere B has twice the volume of sphere A, 
calculate the radius of sphere B. Give yo ur answer to I d.p. 

--sc~ 

~ 
\8/ 

2. Calculate the volume of material used to make the 
hemispherical bowl on the left, if the inner radius of the 
bowl is 5 cm and its o uter radius 5.5 cm. 

3. The volume of the material used to make the sphere and 
hemispherical bowl (right) 
are the same. Given that 10cm 

theradiusofthesphereis 0 
7cm andtheinnerradius ~ 
of the bowl is 10cm, ',., ___ . . / 
calculate, to 1 d.p., the 
outer radius r cm of the bowl. 

4. A ball is placed inside a box into which it will fit tightly. If 
the radius of the ball is 10 cm, calculate: 
a) the volume of the balL 
b) thevolumeofthebox. 
c) the percentage volume of the box not occ upied by the 

ball. 

5. A steel ball is melted down to make e ight smaller ide ntical 
balls. If the radius of the original steel ball was 20 cm. 
calculate to the nearest millimetre the radius of each of the 
smaller balls. 

6. A steel ball of volume 600 cmJ is melted down and made 
into three smaller balls A.Band C. If the volumes of A. B 
and Care in the ratio 7 : 5 : 3, calculate to I d.p. the radius 
of each of A, B and C. 

7. llie cylinder and sphere shown (left) have the same radius 
and the same height. Calcula te the ratio of their volumes, 
giving yo ur answer in the form. 
volume of cylinder : volume of sphere . 

• The surface area of a sphere 

Surface area of sphere = 4nr2 

Exercise 27. 16 1. Calculate the surface area of each of the following spheres 
when: 
a) r =6cm 

c) r = 12.25 cm 

b) r =4.5cm 

d) r=--j;cm 
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2. Calculate the radius of each of the following spheres, given 
the surface area in each case . 
a) A =50cm2 b) A = 16.5cm2 

c) A =l20 mm2 d) A = rr cm2 

3. Sphere A has a radius of 8 cm and sphere B has a radius of 
16cm. Calculate the ratio of their surface areas in the fom1 
I :n. 

+CD ·· A hemisphere of diameter 10 cm is attached to a cylinder of 
eq ual diameter as shown. 
If the to tal length of the shape is 20 cm, calculate: 
a) the surface area of the hemisphere. 
b) the length of the cylinder, 
c) the surface area of the whole shape . 

D+ 

• 

5. A sphere and a cylinder both have the same surface area 
and the same height of 16 cm. 
Calculate: 
a) the surface area of the sphere, 
b) the radius of the cylinder. 

• The volume of a pyramid 
A pyramid is a three-dimensional shape in which each of its 
faces must be plane. A pyramid has a polygon for its base and 
the o ther faces arc triangles with a common vertex, known as the 
apex. Its individual name is taken from the shape of the base. 

Square -based pyramid Hexagonal-based pyramid 

Volume of any pyramid 

= j X area of base X perpe ndicular height 
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Worked e.rample1· 

~ 
~ 

3cm 

Exercise 17.17 

Perimeter, area end volume 

a) A rectangular-based pyramid has a perpendicular height of 
5 cm and base dimensions as shown. Calculate the volume of 
the pyramid. 

Volume= {- X base area X height 

={-X3X7X5 

= 35 

ll1e volume is 35 cm1
. 

b) ll1e pyramid shown has a volume of 60 cm1
. Calculate its 

perpendicular height h cm. 

Volume = {- X base area X height 

3 X volume 
Height = base area 

3 X 60 

h= ~X8X5 

h=9 

ll1e height is 9 cm. 

Find the volume of each of the following pyramids: I.D 2-r@·· 
6cm , ; m T .... ·· j -~\\_ . 

5cm 
Basearea = 50cm2 

3. b 4. , 7cm 

~

\ , 
8cm \ §! 

10cm '\\ 

6cm 

Calculate the.perpc ndicularheightfil 

~h~~it~~:h: ;~~:~~ir/i:~~'.ven / 
2. Calculate the le_ngth of the edge /~ i 

marked x cm. given that the • .c: L __________ _ 

~~]:;~ of the pyramid (left ) is _,, .. --·· ! 8 cm 

9cm 

• 



M<m,s,,u"''~ol~ion:_ ________ -:--=:=:::,mamid (left) is cut o:r~;:l~cr 
J. The top of a sq u~:~-~;'l:~ i:se. If th~ ~:::~:

1
::al height of cut is ~~'l~::::fde len~thtf3 cc:1:;late : 

;;;~~:acatcd py;:;:::~;fgin~~~yrnmidd 
a) the height o f the original pyram1 :d 
b) the volume o f the truncated pyram1 . 

c) thevol,meo i &· 
. ular-based 6cm i 

4. Theto_p of a ":::rn,) '""' off. I .. ··"···· ... pyramid (te tra arallel to the i / . 
Thecutis made_p lheight ofthe 5cm 

base. lfthe::;;:1:1e: ~ 
top is6cn_i.h of the truncated : 
a) the he tg t : 

b) r;:';~,_umc of the small x··)· ... , ...... . 
pyramid. of the original . .--· , c) the vol_wne • 
pyramid. 

rl e area of a pyrami_d plv by adding • The SU a~ of a pyran_1id is found s1m • 
The surface are fall of1ts faces. 

together the areas o ii) .... · . . .. 
Calc,latc the'"'~:';',~;'" Exercise 21. 19 1. ofa regulalr tet;: 2cm. 
with edge eng 

2cm 

"d shown (left ) has a sloping 2 
The rectangular-based6t~:~:e its surface area. . edge length of 12 cm. 

-based pyramids 
3. Two squ:~:gether as shown 

are glue . that all the 
(right). G1v;;es are identical. 

~r~~~~~::rt~e surface area of 
the whole shape . 
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9,m 

f3} 
18cm 

Worketl examples 

Perimeter, area end volume 

4. Calculate the surface area of the truncated square-based 
pyramid shown (left ). Assume that all the sloping faces are 
identical. 

5. The two pyramids shown below have the same surface area. 

Calculate: 
a) the surface area of the regular te trahedron, 
b) the area of one of the triangular faces on the sq uare

based pyramid, 
c) the value ofx. 

• The vo lume of a cone 
A cone is a pyramid with a 
circular base. The formula for its 
volumeisthereforethesameas 
for any o ther pyramid. 

Volume= i X base area X height 

=titr1i 

a) Calculate the volume of the cone (left) . 

Volume =-}nr2h 
=!X1tX42 X8 

= 134.0 (! d.p.) 

The volume is 134 cmJ (3 s.f.). 

b) llie sector below is assembled to form a cone as shown. 

"=A 
~ 
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~ cm 

hem ~ 

9.33cm 

Ca lculate the base circumference of the cone. 
The base circumference of the cone is eq ual to the 

arc length of the sector. 

Sector arc length = 4 X 2n:r 

= ~ X 2n: X 12 = 58.6 (3s.f.) 

So the base circumfe rence is 58.6 cm. 

ii ) Ca lculate the base radius of the cone. 
The base of a cone is circular. therefore: 

C = 2n:r 

r =f; = 5~~6 

= 9.33(3s.f.) 

So the radius is 9.33 cm. 

iii) Calculate the vertical height of the cone. 
The vertical height of the cone can be calculated 

using Pythagoras" theorem on the right-angled triangle 
encl osed by the base radius, vertical height and the 
sloping face , as shown below. 

Note that the le ngth of the sloping face is equal to 
theradiusof thesector. 

122 = h2 + 9.332 

h2 = 122 
- 9.332 

h2 = 56.9 
h = 7.54 (3s.f.) 

So the height is 7.54 cm. 

iv) Calculate the volume of the co ne. 

Volume = { X rrr2h 

=jXrrX9.332 X7.54 

= 688(3s.f.) 

So the volume is 688 cm 1. 

It is important to note that, although answers were given to 
3 s.f. in each case. where the answer was needed in a subsequent 
calculation the exact value was used and not the rounded one. 
By doing this we avoid introducing rounding errors into the 
calculations. 
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Exercise 27.20 1. Calculate the volume of each of the following cones. Use 
the values for the base radius rand the vertical he ight h 
given in each case . 
a) r=3cm, h =6cm 
b) r =6cm, h=7cm 
c) r =8 mm, h=2cm 
d) r::c6cm, h =44 mm 

2. Calculate the base radius of each of the following cones. 
Use the values for the volume V and the vertical height h 
given in each case . 
a) V=600cm1, h = 12cm 
b) V= 225cm3

, h=l8mm 
c) V= 1400mm1, h =2cm 
d) V=0.04mJ, h=145mm 

3. The base circumference C and the length of the sloping face 
I is given for each of the following cones. Calculate 
i) the base radius, 
ii) the vertical height, 
iii) the volume in each case. 
Give all answers to 3 s.f. 
a) C = 50cm, I= 15cm 
b) C=IOOcm, /=18cm 
c) C = 0.4 m, I c:: 75 mm 
d) C=240mm, l=6cm 

Exercise 27.21 1. The two cones A and B shown below have the same volume. 
Using the dimensions show n and given that the base 
circumfere nce of cone 8 is 60 cm, calculate the height h cm. 

2. The sector shown is assembled to form a cone. Calculate: 
a) the base circumference of the cone, 
b) the base radius of the cone, 
c) the vertical height of the cone, 
d) the volume of the co ne. 
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@16cm 

. 

= 

3. A cone is placed inside a cuboid as show n (left ). If the base 
diameter of the cone is 12 cm and the height of the cuboid is 
16cm.calculate: 
a) the volume of the cuboid. 
b) the volume of the cone, 
c) the volume of the cuboid not occupied by the cone. 

4. Two similar sectors are assembled into cones (below) . 
Calculate: 
a) the volume of the smaller cone. 
b) the volume of the larger cone, 
c) the ratio of their volumes. 

Q; (_~ 
Exercise 27.22 I. Anicecreamconsistsofa i 7 

hcmisphc,e and a con, (eight). 

1 

-"., .. .,.,_ T 

2. A cone is placed on top of a 
cylinder. Using the dimensions 
given (right), calculate the total 
volume of the shape. 

i 

T 
T 

f ~ cm : J. 
16cm ( 

I 4cm ', 

Two identical truncated cones are placed end to end as 
show n. 
Calculate the total volume of the shape. 

• 
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Worked example 

Perimeter, area end volume 

4. Two cones A and 8 are placed e ither e nd of a cylindrical 
tube as shown. 
Given that the volumes of A and 8 are in the ratio 2 : L 
calculate : 
a) the volume of cone A, 
b) the height of cone B. 
c) the volume of the cylinder. 

• The surface area of a cone 
The surface area of a cone comprises the area of the circular 
base and the area of the curved face. The area of the curved 
face is equal to the area of the sector fr om which it is formed. 

Calculate the to tal surface area of the cone shown (left). 

Surface area of base= rrr2 
=25rrcm2 

ll1e curved surface area ca n best be visualised if drawn as a 
sector as show n in the diagram below left: 

ll1e radius of the sector is equivalent to the slant height of 
the cone. The curved perimeter of the sector is eq uivalent 
to the base circumference o f the cone. 

IP 101r 
360 = 24,r 

Therefore 4, = 150° 

A rea of sector = ~ X 11 X 122 = 6011 cm2 

Total surface area = 6Dl1: + 251t 
= 85n 
= 267(3s.f.) 

ll1e total surface areais267cm2
• 

Exercise 21.23 1. Calculate the surface area of each of the following cones : "Ub)~ 20cm 
16cm 

......- 1scm ---

,. 6cm., 



Mlmsurolion 

I 
2. Two cones with the same base radius are stuck together as 

shown. Calculate the surface area of the shape . 

~ + 
~ 

Student assessment I 

I. Calculate the area of the shape below. 

1~ . 
l c=J'r 

~ 15cm_______., 

2. Calculate the circumference and area of each of the 
following circles. Give your answers to 3 s.f. ,) G b)~ 

3. A semi-circular shape is cut out of the side of a rectangle as 
show n. Calculate the shaded area to 3 s.f. 

4. For the diagram (right). 
calc ulate the area of: 
a) thesemi-circle, 
b) the trapezium, 
c) the whole shape. 
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_....---:::: 5 A cylindrical tube has an inner diameter of 6 cm, an outer 

' 

· diameter of? cm and a length of 15 cm. Calculate the 
followingto3s.f.: 
a) the surface area of the shaded end. 
b) the inside surface area of the tube. 
c) the to tal surface area of the tube . 

6. Calculate the volume of each of the following cylinders: 
a) 3mm b) ----2.5cm _______.. 

LJ+ LJ+ 
Student assessment 2 

I. Calculate the area of this shape: 

4cmj O I 
l T -4cm 

2. Calculate the circumfere nce and area of each of the 
following circles. Give your answers to 3 s.f. 

4.3cm 15mm 
a) G b)8 

3. A rectangle of length 32 cm and width 20 cm has a semi
circle cut o ut of two of its sides as shown (below). Calculate 
the shaded area to 3 s.f. 

y·c+ 



Mlmsurolion 

4. Calculate the area of: 
a) thesemi-circle. 
b) the parallelogram. 
c) the whole shape. a t 

'r 
6 cm 

i 
~ 18cm~ 

5. A prism in the shape of a hollowed-out cuboid has 
dimensions as shown. If the end is square, calculate the 
volwne of the prism. 

~ ~cm~ ::;:--- 22cm 

6. Calculate the surface area of each of the following cylinders: 

'' LJ+"' LJ+ 
Student assessment 3 

L Calculate the arc length of each of the following sectors. 
The angle cp and radius rare given in each case . 
a) cp = 45° b) cp = 150° 

r= 15cm r = 13.5cm 

2. Calculate the angle cp in each of the following sectors. The 
radius rand arc length a are given in each case . 
a) r=20mm b) r=9cm 

a=95mm a=9mm 

3. Calculate the area of the sector shown below: 

D= 

. 
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~ 
12 cm 

~ t 

~ 'T 

Perimeter, area end volume 

4. A sphere has a radius of 6.5 cm. Calculate to 3 s.f: 
a) its total surface area, 
b) its volume. 

5. A pyramid with a base the shape of a regular hexagon is 
shown (left ) . If the length of each of its sloping edges is 
24cm.calculate : 
a) its to tal surface area, 
b) its volume. 

Student assessment 4 

I. Calculate the arc length of the following sectors. 
ll1e angle cp and radius rare given in each case . 
a) cp = 255° b) cp = 240° 

r =40cm r = 16.3mm 

2. Calculate the angle cp in each of the following sectors. 
ll1e radius rand arc length a are given in each case . 
a) r =40cm b) r =20cm 

a=IOOcm a=!Omm 

3. Calculate the area of the sector shown below: 

~cm/7 
{_fol 

4. A hemisphere has a radius of 8 cm. Calculate to 1 d.p.: 
a) its to tal surface area, 
b) its volume. 

5. A cone has its top cut as shown (left). Calculate: 
a) the height of the large cone, 
b) the volume of the small cone, 
c) the volume of the truncated cone. 

Student assessment S 

ll1e prism ( left) has a cross-sectional area in the shape of a 
sector. 
Calculate: 
a) theradius rcm , 
b) the cross-sectional area of the prism, 
c) the to tal surface area of the prism, 
d) the volume of the prism. 
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2. The cone and sphere shown (below) have the same volume. 

If the radius of the sphere and the height of the cone are 
both 6 cm, calculate: 
a) the volume of the sphere, 
b) the base radius of the cone, 
c) theslantheightx cm, 
d) the surface area of the cone . 

3. The top of a cone is cut off and a cylindrical hole is drilled 
o ut of the remaining truncated cone as shown (left ). 
Calculate: 
a) the he ight of the original cone, 
b) the volume of the original cone, 
c) the volume of the solid truncated cone, 
d) the volume of the cylindrical hole, 
e) the volume of the remaining truncated cone. 

Student assessment 6 

I. A metal object (left) is made from a hemisphere and a 
cone, both of base radius 12 cm. The height of the object 
when upright is36cm. 
Calculate: 
a) the volume of the hemisphere, 
b) the volume of the cone, 
c) the curved surface area of the hemisphere, 
d) the total surface area of the object. 

2. A regular tetrahedron (right) has edges 
of length 5 cm. Calcula te: 
a) the surface area of the te trahedron, 
b) the surface area of a tetrahedron 

with edge lengths of 10 cm. 

3. A regular tetrahedron and a sphere have the same surface 
area. If the radius of the sphere is 10 cm, calculate : 
a) the area of one face of the tetrahedron, 
b) the length of each edge of the te trahedron. 

(Hint: Use the trigonometric formula for the area of a 
triangle.) 



~ Mathematical investigations 
\.V and ICT 

• Metal trays 
A rectangular sheet of metal meas ures 30cm by 40cm. 

-D 
The sheet has sq uares of eq ual size cut from each corner. It is 
then folded to form a metal tray as shown. 

c:::1 J ~ 1. .. ..:--------------------+ 
' 

1. a) Calculate the length, width and height of the tray if a 
sq uare of side length I cm is cut fr om each corner of the 
sheet of metal. 

b) Calculate the volume of this tray. 

2. a) Calculate the length, width and height of the tray if a 
sq uare of side le ngth 2cm is cut fr om each corner of the 
sheet of metal. 

b) Calculate the volume of this tray. 

3. Using a spreadsheet if necessary, investigate the 
re lationship between the volume of the tray and the size of 
the sq uare cut from each corner. Enter your res ults in an 
ordered table. 

4. Calculate. to I d.p. , the side length of the square that 
produces the tray with the greatest volume. 

5. State the greates t volume to the nearest whole number. 
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G 
• Tennis balls 
Tennis balls are spherical and have a radius of 3.3cm. 

A manufacturer wishes to make a cuboidal container with 
a lid that holds 12 te nnis balls. The container is to be made of 
cardboard. The manufacturer wishes to use as little cardboard 
as possible. 

1. Sketch some of the different containers that the 
manufacturer might consider. 

2. For each container. calculate the total area of cardboard 
used and therefore decide on the most economical design. 

The manufacturer now considers the possibility of using other 
flat -faced containers. 

3. Sketch some of the different containers that the 
manufacturer might consider. 

4. Investigate the different amounts of cardboard used for 
each design. 

5. Which type of container would you recommend to the 
manufacturer? 

e ICT activity 
In this topic you will have seen that it is possible to construct a 
cone from a sector. l11e dimensions of the cone are dependent 
on the dimensions of the sector. In this activity you will be using 
a spreadsheet to investigate the maximum possible volume of a 
cone constructed from a sector of fixed radius. 

Circles of radius 10cm are cut from paper and used to 
construct cones. Different sized sectors are cut from the circles 
and then arranged to form a cone. e.g. 
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I. Using a spreadsheet similar to the one below, calculate the 
maximum possible volume, for a cone constructed from one 
of these circles: 

.,.,.of Sector u c B,...,cru.,,lere oce e...., .. du, o/ Ven 1<ol he,g,I Vo..,..,. of 
, 0<:or1e1 leogth(<ml ofo0111(<m) <0111 (<m) ol'°""(<ml«ine(an') 

5 0.873 O.B7J 0.139 9.9911 0.202 

" 

Cort11uo to 

8 355' 

2. Plot a graph to show how the volume changes as O increases 
Comment on your graph. 
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Q Syllabus 
ES. 1 

Demonstrate fomiliority with Cartesian 
co-ordinates in two dimensions. 

S.2 
Findthegrodientofostroightline. 

I Cokulote the gradient of o straight line !Tom the 
co-ordinates of two points on it. 

ES.3 

I Calculate the length end the co-ordinates of the 
midpoint of o straight line from the co-ordinates 
of its endpoints. 
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ES.4 
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line graph in the form y = mx + c. ' 
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Cha pter 28 Straight-line graphs (ES. l, ES.2, ES.3, ES.4, ES.5, ES.6) 
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Q The French 
lnthemiddleoftheseventeenthcenturytherewerethree 
greotFrenchmothemoticions,ReneDescortes,BloisePoscol 
ondPierredeFermot. 

Rene Descartes wos o philosopher and o mothemoticion. 
His book The Meditations asks 'How and what do I know?' 
His work in mathematics mode o link between algebra and 
geometry. He thought that all nature could be explained in 
terms of mathematics. Although he wos not considered as 
talented o mothemoticion as Poscol ond Fermat, he hos hod 
greater influence on modern thought. The (x, y) coordinates 
we use ore coiled Cartesian coordinates after Descartes. 

Bloise Posco I ( 1623 - 1662) wos o genius who studied 
geometry as o child. When he wos 16 he stated ond proved 
Pascal's Theorem, which relates any six points on ony conic 
section. The Theorem is sometimes coiled the 'Cot's Crodle'. 
He founded probobilitytheoryond mode contributions to the Rene Descartes (1596 - 1650) 

invention of calculus. He is best known for Poscol's Triangle. 
Pierre de Fermo! ( 1601 - 1665) wos a brilliont molhemoticion and, along with Descortes, one 

of the most influential. Fermot invented number theory ond worked on colculus. He discovered 
probability theory with his friend Pasco I. It con be orgued thot Fermo I wos ot leost Newton's equol os o 
mothemotician. 

Fermat's most fomous discovery in number theory includes 'Fermat's Lost Theorem' . This theorem 
is derived from Pythogoros' theorem which stoles that loro right-ongled triangle, x2 = y2 + z2 wherex 
is the length of the hypotenuse. Fermot soid thot if the index (power) wos greeter thon two and x, y, z 
ore oll whole numbers, then the equation wos never true. (This theorem wos only proved in 1995 by the 
English mothematicion Andrew Wiles.) 

~) 
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/v 

/v 

1""-

• The grad ie nt of a straight line 
Lines are made of an infinite number of points. This chapter 
looks at those whose points form a straight line. 

The graph below shows three straight lines. 

y 

I / 

1""- I /v 

1""- f 

1""- /v I 
• 0 " / <V f"; ' I 1 , 

/v I, 
I l'-s 

I 1""-
The lines have some properties in common (i.e. they are 
straight). but also have differences. One of their differences is 
that they have different slopes. The slope of a line is called its 
gradient. 

The gradient of a straight line is constant, i.e. it does not 
change . The gradient of a s traight line can be calculated by 
considering the coordinates of any two points on the line. 

On the line below two points A and 8 have been chosen. 

y 

A I 

I 
V 

I 
~ ? i "V , 

o I 

I 
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The coordinates of the points are A(2, 3) and 8 (-1, -3). The 
gradient is calculated using the following formula: 

Gradient 
vertical distance between two points 

horizontal distance between two points 

Graphically this can be represented as follows: 

A I 

I 

V 
I Vet cal istance 

' ' ' 'I/ 

B /" 

/ Horizont~ df enc: 

Therefore gradient= rn= ! = 2 

In general therefore. if the two points chosen have coordinates 
(x 1, y 1) and (x2, y2) the gradient is calculated as: 

Gradient = Yi - Yi 
x2 - .r1 

Worked example Calculate the gradient of the line show n below. 
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Choose two points on the line, e.g. (-4, 3) and (8, -3) 
y 

"" (-4, 3) 

"1' 

"1' 

"1' 
~ ~ ~ p ~ I 1---- 1 , 

~----
........................ (8, ) 

~----
Let point l be (-4, 3) and point 2 be (8, -3) . 

Gradient=~: = ~: = 8-~~) 

--0 1 - u --2 

Note , the gradient is not affected by which point is chosen as 
point I and which is chosen as point 2. In the example above if 
point I was (8, - 3) and point 2 ( -4, 3), the gradient would be 
calculated as: 

Gradient=l'......=2'.i.=~ 
X 2 - X1 -4 - 8 

6 I 
=u=-2 

To check whether or not the sign of the gradient is correct, the 
following guideline is useful. 

A line sloping this way will A line sloping this way will 
have a positive gradient have a negative gradient 

A large value for the gradient implies that the line s teep. The 
line on the right below will have a greate r value for the gradient 
than the line on the left as it is steeper. 

~/ 
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e) 

Exercise 28. I 1. For each o f the fo llow ing lines, select two points on the line 

y 

I/ 
I/ 

I/ 
I ' p P/ 

I/ 
I/ 

I/ 

y 

\ 
I\ 

\ 
\ 

I I p \ 
I\ 

I\ 

and then calculate its gradient. 

y 

I/ / 

/ 
/ 

' 3 ' 
/ 

l 

' 

y 

' p i 0 ' 

2. From yo ur answers to question L what concl usion can you 
make about the gradient of any horizont al line? 
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3. From your answers to question 1, what conclusion can you 
make about the gradient of any vertical line? 

4. The graph below shows six straight lines labelled A-F. 

Six gradients are given below . Ded uce which line hru; which 
gradient. 

Gradient =-} Gradient is infinite Gradient = 2 

Gradient=- -3 Gradient= 0 Gradient=--} 

• The equation of a straight line 
The coordinates of every point on a strai ght line all have 
a common relationship. This re lationship when expressed 
algebraically as an eq uation in terms of x and/or y is known as 
the eq uation of the straight line. 

Worked examples a) By looking at the coordinates of some of the points on the 
line below, establish the eq uation of the straight line . [. _ 

O 1 2 3 4 5 6 7 ex 

Some of the points on the line have been ide ntified and 
their coordinates entered in a table above. By looking at the 
table it can be seen that the only rule all the points have in 
common is that y = 4. 

Hence the eq uation of the straight line is y = 4. 
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1. 
O 1 2 3 4 5 6 7 8x 

b) By looking a t the coordina tes of some of the points on the 
line (left ). establish the equation of the straight line. 

Once again. by looking at the table it can be seen that 

, ) 

d) 

the re lationship be tween the x- and y-coordinates is that 
each y coordinate is twice the corresponding x-coordinate. 

He nce the equation of the straight line is y = 2x. 

Exercise 28.2 I. In each of the following identify the coordinates of some of 
the points on the line and use these to find the equation of 
the straight line. 

b) c) 

~ • . ~~ 7 7 -+-+-+-4-+-+-+--< 
6 6 r+-+-+-l-+-t-+-1 

s s -+-+-+-4-+-+-+--< 
4 4-+-+-+-l-+-+-+--< 
3 3 f-+-t-+-l-+-t-+-1 

2 2 -+-+-+-4-+-+-+--< 
1 1 f-+-t-+-l-+-t-+-1 

O 1 2 3 4 5 6 7 Bx O 1 2 3 4 5 

\ • . 
O 1 2 3 4 5 6 7 B x 

c) f ) 

i• imi• 
Q 1 2 3 4 5 6 ] 8 X Q 1 2 3 4 5 6 ] 8 X Q 1 2 3 4 5 6 ] 8 X 
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, ) 

d) 

g) h) 

~ " ,_ - 4·1--+-+-+-+-< • - - ~ ~ '\+--i--+-+-+--i 

/ 

- -

1 2 3 4 5x -4 - 3 - 2 - 1 0 1 2 3 4 5 X 

Exercise 28.3 l. In each of the fo llowing identify the coordinates of some of 
the points on the line and use these to find the equation of 
the straight line . 

y b) y c) 

I/ 

v / 
/ / 

I/ I/. 
/ / 

/ / 
= ' 0 

_,,,, 
3 2 1 0 ' 

/ 
I/ 

I/ 

'e 

I 
I/ 

I/ 
1 0 - tt - 2 1 0 ' - - ~ j2 1 O V ·x 

I/ / " 
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2. In each of the following identify the coordinates of some o f the points on the line and use 
these to find the eq uation of the straight line. 

a) 
y 

I, 

" I, I, 
" I, 1, 

-,- ~ 1 0 

d) 

'" 
' 

b) c) 

I\ 
\ 

1, I\ 
\ 

- j4 - 12 1 0 

I, 
c) f) 

\ 
\ 

\ 
I 

3. a) For each o f the graphs in questions I and 2 calculate 
the gradient of the straight line. 

b) What do you notice about the gradient of each line and 
its eq uation? 

c) What do you notice about the eq uation of the straight 
line and where the line intersects the y-axis? 

4. Copy the diagrams in question I. Draw two lines on each 
diagram parallel to the given line. 
a) Write the eq uation of these new lines in the form 

y = 11/X + C. 

b) What do you notice about the eq uations of these new 
parallel lines? 
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5. In question 2 you have an equation for these lines in the 
formy = mx + c. Change the value of the intercept cand 
then draw the new line . 
What do you notice about this new line and the first line? 'C • The general equation of a straight lme 

In genera l the eq uat10n of anv straight hne can be wntten m the 
form 

Gmd,ea<m y=nu+c 

where m ' represents the gradient of the straight hne and c' the 

I 1nt:~c~!~~~~h ~thti:e :~:a~~s ~; : hs~;:~g~t t1~:e ~~:~;t:: 1~et~:~ 

form y = mx + c 11 is therefore possible to deduce the lme's 
o x gradient and mtercept with they aXJs without havmg to draw it 

Worketl e.rt1111plei· a) Calculat e the gradie nt and y-intercept of the fo llowing 
straight lines: 

y = 3x - 2 

ii ) y = -2x + 6 

gradient = 3 
y-intercept = -2 
gradient = -2 
y-intercept = 6 

b) Calculate the gradient and y-intercept of the following 
straight lines: 
i) 2y = 4x + 2 

ll1is needs to be rearranged int o gradient-intercept 
form (i.e. y = mx + c). 

y = 21: + I grad ient = 2 
y-intercept = I 

ii ) y - 21: = -4 

Rearranging into gradient -intercept fonn, we have : 

y=21:-4 

iii) -4y + 21: = 4 

gradient = 2 
y-intercept = -4 

Rearranging into gradient-intercept form, we have : 

y={x-1 gradient ={ 
y-intercept = -1 

iv) Y:3 = -x + 2 

Rearranging into gradient-intercept form, we have: 

y + 3 = -4x + 8 
y = -4.t + 5 gradient = -4 

y-intercept = 5 
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Exercise 28.4 For the following linear eq uations, calculate both the gradient 
and y-intercept in each case . 

I. a) y = 2f + I 

d)y=-}x+4 

g) y = -x 

2. a) y - 3x = I 
c) y + 3 = -2.f 

e) y--}x-6=0 

g)2+y=x 

b) y=3x +5 c) y= x -2 

e) y = -3x + 6 I) y = -jx + I 

h) y = - x - 2 i) y = -(2.f - 2) 

b)y+-}x-2=0 

d) y + 2f + 4 = 0 

f) -3.t +y =2 

h) 8x - 6 + y = 0 

i) -(3x+ I)+ y =O 

3. a) 2y = 4.t - 6 

c) -}y= x -2 

e) 3y-6x=O 

g) 6y-6= 12.f 

i) 2y-(4x -l)=O 

4. a) 2f - y = 4 

c) -2y c:: 6x + 2 

e) 5x --}y=I 

g) 9x-2=-y 

i) -(4x - 3) = -2y 

b)2y=x+8 

d) ty = -2.f + 3 

f)3y+x=I 

h) 4y - 8 + 2f = 0 

b) X - y + 6 = 0 

d) 12 - 3y = 3x 

I) -jy + I = 2t 

h) -3.t + 7 = --}y 

5. a) Y:2= fx 

d) 2y;3x = 6 

b)Y :
3

= 2 c)y;x = O 

e) 3y; 2 =-3 f) 1\-1 =-2 

g)V= 6 h) 6 -/y = 2 i) -{x~ 2Y) = I 

6. a) 3x; y = 2 b) - x;2y = y + I 

c) ; ~ ; = 2 d) i=i-
e) -{6x/y) = y + I f) 2x - i + 4 = 4 

7. a) y;1 + 3~2 =-1 b) y:1+ 2y ~ 2 = 3 

c) ~z~ ~;? = l d) - (x - ~1~~- ; - 2y) 
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• Parallel lines and their equations 
Lines that are paral1el, by their very definition must have the 
same gradie nt. Similarly, lines with the same gradient must be 
parallel. So a straight line with eq uation y = -3x + 4 must 
be parallel to a line with eq uation y = -3x - 2 as both have a 
gradient of-3. 

Worked example~· 11) A straight line bas eq uation 4x - 2y + 1 = 0. 

Another straight line has eq uation 2x - 4 = I. 
y 

Explain, giving reasons, whether the two lines are parallel to 
each other or not. 

Rearranging the eq uations into gradient-intercept form 
gives: 

4.t - 2y + 1 = 0 

2y = 4x + 1 

y=2x+-} 

y=2x-4 

With both eq uations written in gradient-intercept form it is 
possible to see that both lines have a gradient of 2 and are 
therefore parallel. 

b) A straight line A hasequation y = -3x + 6. A second line 
8 is parallel to line A and passes through the point with 
coordinates (-4, 10) . 
Calculate the eq uation ofline B. 

As line 8 is a straight line it must take the form y = mx + c. 
As it is parallel to line A, its gradient must be -3 . 
Because line 8 passes through the point (-4, 10) these 
values can be substituted into the ge neral eq uation of the 
straight line to give: 

10=-3X(-4)+c 

Rearranging to find c gives: c = -2 
The eq uation of line 8 is thereforey = -3x - 2. 
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Exercise 28.5 1. A straight line has eq uation 3y - 3x = 4. Write down the 
eq uation of another strai ght line parallel to it. 

2. A straight line has eq uation y = -x + 6. Which of the 
following lines is/are parallel to it ? 

a) 2(y +x) = -5 

c) 2y=-x+l2 

b) -3x-3y+7=0 

d) y+x="Jt 

3. Find the eq uation of the line parallel toy= 4.l" - I that 
passes through (0,0). 

4. Find the eq uations of lines parallel toy = -Jx + I that pass 
through each of the following points: 

,) (0,4) b) (-2,4) c) (-i,4) 

5. Find the equations of lines parallel to.\" - 2y = 6 that pass 
through each of the following points: 

a) (-4, I) b) (t,O) 

• Drawing straight-line graphs 
To draw a straight-line graph only two points need to be known. 
Once these have been plotted the line can be drawn between 
them and extended if necessary at both ends. 

Worked example~· a) Plot the line y = x + 3. 

T o ide ntify two points simply choose two values of x. 
Substitute these into the eq uation and calculate their 
corresponding y values. 

Whenx=O, y=3 
Whenx=4, y=7 

Therefore two of the points on the line are (0, 3) and (4, 7) . 

The straight line y = x + 3 is plotted below. 

!B 
Q 1 2 3 4 5 6 ] 8 X 
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b) Plot the line y = -2.f + 4. 

Whenx=2, y=O 
Whenx =-1, y=6 

The coordinates of two points on the line are (2, 0) and 
(-1.6) . 

I\ 

I\ . 

I\ 

- )I - 12 1 0 

y =-2x + 4 

Note that, in questions of this sort, it is often easier to 
rearrange the equation into gradient-intercept form first. 

Exercise 28.6 1. Plot the fo llowing straight lines. 
a) y=2K+3 b) y=.t-4 
d)y=-2.\- e)y=-x -1 
g) -y=3x-3 h) 2y=4x-2 

2. Plot the following straight lines: 

c) y=3x-2 
f ) -y=x+I 
i) y-4=3x 

a) -2.f + y = 4 b) -4x + 2y = 12 
c) 3y=6x-3 d) 2.\-=x+ I 
e) 3y-6x=9 f) 2y+x=8 
g) .\" + y + 2 = 0 h) 3x + 2y - 4 c:: 0 
i) 4=4y-2t 

3. Plot the following straight lines: 

a) x;y = l 

c) }+f=i 
e) f+i=O 
g) y - ~x- y) =-1 

i) -2(x + y) + 4 = -y 

b) x + f = I 

d) y + 1 = 3 

f) --(2x.+ y) ~ I 

h) 2.\-: 3 - 4- = 0 
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• Graphical solution of simultaneous equations 
When solving two eq uations simultaneo usly the aim is to find a 
solution which works for both equations. In Chapter 13 it was 
shown how to arrive at the solution algebraically. It is. however, 
possible to arrive at the same solution graphically. 

Worked example By plotting both of the following eq uations on the same 
axes. find a common solution. 

X + y = 4 
x-y=2 

~- +F4 
x - y - 2 

0 1 2 3 4 X 

When both lines are plotted, the point a t which they cross 
gives the common solution as it is the only point which lies 
on both lines. 

Therefore the common solution is the point (3, !). 

ii) Check the result obtained above by solving the equations 
algebraically. 

x+y=4 
x-y=2 

Addingeq uations(l) + (2)-----) 2t = 6 
x=3 

Substitutingx = 3 into eq ua tion (!) we have: 

3 + y = 4 
y=I 

Therefore the common solutio n occurs at (3, I) . 

(!) 
(2) 



Coordinate geometry 

Exercise 28. 7 Solve the simultaneous equations below: 
i) by graphical means. 
ii) by algebraic means. 

I. ,) x+y=5 b) X + y = 7 
x-y=I x-y=3 

c) 21:+y=S d) 21: + 2y = 6 
x-y=I 2i:-y=3 

,) x+3y=-I f ) X - y = 6 
X - 2y = -6 x +y=2 

2. ,) 3x - 2y = 13 b) 4x - Sy= I 
2i:+y=4 21: + y = -3 

c) x+S=y d) X ::c y 
2i:+3y-5=0 x+y+6-=0 

,) 2i:+y=4 f ) y - 3x = I 
4x+2y=8 y=3x-3 

• Calculating the length of a line segment 
A line segment is formed when two points are joined by a 
straight line . To calculate the distance between two points, and 
therefore the length of the line segment, their coordinates need 
to be given. Once these are known, Pythagoras' theorem can be 
used to calc ulate the distance. 

Worked example The coordinates of two points are (I. 3) and (5, 6) . Draw a pair 
of axes, plot the given points and calculate the distance between 
them. 

(5 ~ 

/ 
0 3 

/ 
(13) 4 

By dropping a vertical line from the point (5, 6) and drawing 
a horizontal line fr om (1, 3). a right -angled triangle is formed. 
The le ngth of the hypotenuse of the triangle is the length we 
wish to find. 

Using Pythagoras' theorem, we have: 

a2=J2+42 =25 
a= ~=5 

The length of the line segme nt is 5 units. 



28 Straight-line graphs 

To find the distance between two points directly from their 
coordinates, use the following fonnula: 

d= -../(x 1 - x2)1 + (y1 - y,J2 

Worked example Without plotting the points, calculate the distance be tween the 
points(l ,3) and (5,6). 

d= '1/(1 - 5)2 +(3 - 6)2 

= v(~J' + (~3J' 
='/25=5 

The distance between the two points is 5 units. 

• The midpoint of a line segment 
To find the midpoint of a line segment, use the coordinates of 
its e nd points. To find thex-coordinate of the midpoint. find 
the mean of the x-coordinates of the end points. Similarly, to 
find they-coordinate of the midpoint, find the mean of the 
y-coordinates of the end points. 

Worked examples 11) Find the coordinates of the midpoint of the line segment 
AB where A is (I, 3) and 8 is (5. 6) . 

ll1e x-coordinate of the midpoint will be 115 = 3 

They-coordinate of the midpoint will be 316 = 4.5 

So the coordinates of the midpoint are (3. 4.5) 

b) Find the coordinates of the midpoint of a line segment PQ 
where P is (- 2, - 5) and Q is (4. 7) . 

TI1ex-coordinate of the midpoint will be - 2: 4 
= I 

ll1e y-coordinate of the midpoint will be - 5 i 7 
= 1 

So the coordinates of the midpoint are (I, 1). 

Exercise 28.8 1. i) Plot each of the fo llowing pairs of points. 
ii ) Calculate the distance between each pair of points. 
iii) Find the coordinates of the midpoint of the line segment 

joining the two points. 

,) (5,6)(1.2) 
c) (1,4) (5,8) 
,) (2, l) (4, 7) 
g) (- 3, - 3) (- 1,5) 
i) (- 3,5) (4,S) 
k) (- 4, 3) (4,5) 

b) (6,4) (3, l) 
d) (0,0) (4,8) 
0 (0, 7) (- 3, l) 
h) (4, 2) (- 4, - 2) 
j) (2,0) (2,6) 
l) (3,6) (- 3, - 3) 



Coordinate geometry 

2. Witho ut plotting the poin ts: 
i) calculate the distance between each of the fo llowing 

pairs of points 
ii ) find the coordinates of the midpoint of the line segment 

joining the two points. 

a) (1,4) (4, 1) 
c) (2,6) (6, - 2) 
c) (0,3) (- 3,6) 
g) (- 2, 6)(2,0) 
i) (6, 1) (- 6,4) 
k) (- 5, - 3) (6, - 3) 

b) (3,6) (7,2) 
d) (1,2) (9, - 2) 
Q (- 3, - 5)(- 5, - 1) 
h) (2,-3) (8, 1) 
i) (- 2,2)(4, - 4) 
1) (3,6) (5, - 2) 

• The equation of a line through two points 
The equation of a straight line can be deduced once the 
coordinates of two points on the line are known. 

Worked example Calculate the equation of the straight line passing through the 
points (-3, 3) and (5, 5). 

The equation of any straight line can be written in the general 
form y = mx + c. Here we have: 

gradient= 5~(~3) =i 
gradient= -} 

The equation of the line now takes the fonn y = -}x + c. 
Since the line passes through the two given points, their 
coordinates must satisfy the equation. So to calculate the value 
of 'c' the x and y coordinates of one of the points are substituted 
into the equation. Substituting (5. 5) int o the equation gives: 

5={x5+c 

5 :i" + C 

Therefore c = 5 - 1-} = 31 
The equation of the straight-line passing thro ugh (-3, 3) and 
(5,5) is: 

y=-}x+31 



28 Straight-line graphs 

Exercise 28. 9 Find the eq uation of the straight-line which passes through each 
of the following pairs of points: 

I. a) (I. l) (4, 7) b) (l , 4)(3.10) 
c) (L5)(2, 7) d) (0, -4) (3, -1) 
,) (1,6) (2, 10) f ) (0,4) (1,3) 
g) (3, -4)(10, -18) h) (0, -l)(l, -4) 
i) (0.0) (10,5) 

2. a) (-5, 3)(2.4) b) (-3, -2) (4,4) 

1"-c,,, 

' ' 

c) (-7, -3) (-1,6) d) (2,5)(1.-4) 
,) (-3,4)(5.0) f) (6,4) (-7, 7) 
g) (-5,2)(6.2) h) (l , -3) (-2,6) 
i) (6, -4) (6.6) 

• Perpendicular lines 
The two lines shown below arc perpendicular to each other. 

y 

1"-c,,, 

["-.c,,, B 

1"-c,,, 

' ' ' ' ~" 

Line A has a gradient of 2. 
Line B has a gradie nt of-} 

I/ 

I/ 
/ A 

I/ 
J 

I 

"" 1"-c,,, 

1"-c,,, 

The diagram below also shows two lines perpendicular to each 
other. 

y 

I"- I/ 
~ ; c 

I"-

I'--- I 
~ ~ ~ ~ ' I I"- j 

I'---
I/ I"-

I I'---

X 

X 



Coordinate geometry 

Line C has a gradient of-}. 

Line D has a gradient of -j"-
Notice that in both cases, the product of the two gradients is 
eq ual to -1. 

In the first example 2 X (-!) = -1 . 

In the second example! X (-j°) = -1. 

This is in fact the case for the gradients of any two 
perpendicular lines. 

If two lines L 1 and L 2 are perpendicular to each ot her. the 
product of their gradie nts 1111 and 1112 is -1. 

i.e.mi1112 = -1 

Therefore the gradient of one line is the negative reciprocal of 
the other line. 
. I 
1.e.1111=- 

m, 

Worked example~· 11) i) Calculate the gradient of the line joining the two points 
(3,6) and(!, -6) . 

Gradient =~ =¥=6 
ii) Calculate the gradient of a line perpendicular to the 

one in part i) above. 

1111 = _ _!_, therefore the gradient of the perpendicular 
m, 

line is -i. 
iii) The perpendicular line also passes thro ugh the point 

(-1. 6). Calculate the eq uation of the perpendicular 
line. 
The eq uation of the perpendicular line will take the 
form y = mx + c. 
As its gradient is -i and it passes though the point 
(-1, 6), this can be substituted into the eq uation to 
give: 

6= -ix(-l)+c 

Thereforec=¥-

The eq uation of the perpendicular line is y = -ix + 1g-. 



28 Straight-line graphs 

b) i) ! h:,~±~1~,~~ point (-4, -1) lies on the line 

If the point (-4, -1) lies on the line, its values of x and 
y will satisfy the equation. Substituting the values of x 
and y into the eq uation gives: 

-1=-!x(-4)-2 
-1 = -1 

Therefore the point lies on the line. 
ii) Deduce the gradient of a line perpendicular to the one 

given in part i) above. 

111 1 = -~ therefore m 1 = --=1 = 4 

Therefore the gradient of the perpendicular line is 4. 
iii) l11e perpendicular line also passes through the point 

(-4. -1) . Calculate its eq uation. 
ll1c eq uation of the perpendicular line takes the 
general form y = mx + c. 
Substituting in the values of x, y and m gives: 

- I =4X(-4)+c 

ll1ereforec= 15. 
The eq uation of t he perpendicular line is y = 4x + 15. 

Exercise 28. 10 1. Calculate: 
i) the gradient of the line joining the following pairs of 

points 
ii ) the gradient of a line perpendicular to this line 
iii) the eq uation of the perpendicular line if it passes 

through the second point each time. 

,) (l,4) (4, l) 
b) (3,6) (7,2) 
c) (2,6)(6. - 2) 
d) (l,2) (9, - 2) 
e) (0,3) (- 3,6) 
f) (- 3, - 5) (- 5, - l) 
g) (- 2,6) (2,0) 
h) (2. - 3) (8, l) 
i) (6, l) (- 6,4) 
j) (- 2,2) (4, - 4) 
k) (- 5, - 3) (6, - 3) 
I) (3,6)(5. - 2) 



Coordinate geometry 

2. The diagram below show a sq uare ABCD. The coordinates 
of A and 8 are given. 

A(4.3) 

Calculate : 
a) the gradient of the line AB 
b) the eq uation of the line passing through A and 8 
c) the gradient of the line AD 
d) the eq uation of the line passing through A and D 
e) the eq uation of the line passing through 8 and C 
I) the coordinates of C 
g) the coordinates of D 
h) the eq uation of the line passing through C and D 
i) the length of the s ides of the sq uare to I d.p. 
j) the coordinates of the midpoint of the line segment AC. 

3. The diagram below shows a right-angled isosceles triangle 
ABC, where AB = AC. 

The coordinates of A and 8 are given. 

8(9,2) 

A(- 1, -2) 

Calculate: 
a) the equation of the line passing through the points A 

and 8 
b) the equation of the line passing tluo ugh A and C 
c) the le ngth of the line segment BC to I d.p. 
d) the coordinates of the midpoints of all three sides of the 

triangle. 
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Straight-line graphs 

Student assessm ent I 

I. For each of the following lines, select two points on the line 
and then calculate its gradient. 

b) y 

===' :.=:== 
-f--f- \' -f- --

I 

I 

2. Find the eq uation of the straight line for each of the 
following: 

b) 

3. Calculate the gradient and y-intercept for each of the 
following linear eq uations: 
a) y=-3x+4 

b) !y-x=-2 

c) 2f + 4y - 6 = 0 

4. Write down the eq uation of the line parallel to the line 
y = --}x + 4 which passes through the point (6. 2). 



Coordinate geometry 

I 
5. Plot the following graphs on the same pair of axes. 

labelling each clearly. 
a) X = -2 b) y = 3 

c) y=2x d) y=-f 

6. Solve the following pairs of simultaneous equations 
graphically: 
a) .t + y = 4 

x-y=O 
c) y+4.t+4=0 

x+y=2 

b) 3x + y c:: 2 
x -y=2 

d) X - y = -2 
3x + 2y + 6 = 0 

7. The coordinates of the end points of two line segments are 
given below. 
For each line segment calculate: 
i) the length 
ii ) the midpoint. 
a) (-6. -1) (6.4) b) (1.2)(7.10) 

8. Find the equation of the straight line which passes through 
each of the following pairs of points: 
a) (1.-1) (4,8) b) (0, 7) (3.1) 

9. A line L 1 passes through the points (-2. 5) and (5. 3) . 
a) Write down the eq uation of the line L 1• 

Another line L i is perpendicular to L 1 and also passes 
through the point (-2, 5). 
b) Write down the eq uation of the line Li . 

10. The diagram below show a rhombus A BCD. 
The coordinates of A, Band Dare given. 

D(O. 6) k----C 

A(4.3) 8(9.3) 

a) Calculate : 
i) the coordinate of the point C 
ii ) the equation of the line passing tluo ugh A and C 
iii ) the equation of the line passing through 8 and D. 

b) Are the diagonals of the rhombus perpendicular to each 
other? Justify your answer. 
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a) I 

,) 

5 - r- -

-1--1- 4/+- --

v: 
- - - v- 0 

I 

I 

y 
8 -1----
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I 
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Straight-line graphs 

Student assessment 2 

I. For each of the following lines, select two points on the line 
and then calculate its gradient. 

b) y 
- rs;:-~ ,-~--

" I'\ 
' ~~--

' 
I 
I 
I 

2. Find the eq uation of the straight line for each of the 
following: 

b) y 
-1---1- e -1-1--

47~--

-1---1-- ll;·----

/ 
I 

3. Calculate the gradie nt and y-intercept for each of the 
following linear eq uations: 

a) y=¥ 
b) -4x + y = 6 

c) 2y - (5 - 3x) =- 0 

4. Write down the eq uation of the line parallel to the line 
y = 5x + 6 which passes through the origin. 



Coordinate geometry 

I 
5. Plot the following graphs on the same pair of axes. 

labelling each clearly. 
a) X = 3 b) y = -2 

c)y=-3x d) y=1+4 

6. Solve the following pairs o f simultaneous eq uations 
graphically. 
a) X + y = 6 

.\'. - y = 0 
c) 2x-y = -5 

.\'. - 3y = 0 

b) X + 2y = 8 
X - y = -1 

d) 4x - 2y = -2 
3x -y+2=0 

7. The coordinates of the end points of two line segments are 
given below. For each line segme nt calculate: 
i) the le ngth 
ii ) the midpoint. 
,) (2, 6) (-2, 3) b) (-10, -10) (0, 14) 

8. Find the equation of the straight line which passes through 
each of the following pairs of points: 
,) (-2,-9)(5,5) b) (L-1)(-1,7) 

9. a) Write down the eq uation of the line L 1 that passes 
through the points (3, 7) and (-4, 9) . 

b) Write down the eq uation of the line L,_ that is parallel to 
L 1 and passes through the point (-6, -1) . 

10. The diagram below show an isosceles triangle ABC, where 
AB = BC. The coordinates of A and Care given. 

C(-2,10) 

a) The midpoint of AC is the point M. Calculate the 
coordinates of M. 

b) Calculate the equation of the line passing through 8 
and M. 

c) If they-coordinate of point 8 is 10{-, show that the 
.\'.-coordinate is 7. 

d) Calculate the length of the line segment BM. 



Mathematical investigations 
and ICT 

• Plane t rails 
In an aircraft show. planes are made to fly with a coloured 
smoke trail. Depending on the formation of the planes. the 
trails can intersect in different ways. 

In the diagram below the three smoke trails do not cross, as 
they are parallel. 

JJJ 
In the following diagram there are two crossing points. 

By flying differently, the three planes can produce trails that 
cross at three points. 

1. Inves tigate the connection between the maximum number 
of crossing points and the number of planes. 

2. Record the results of your inves tigation in an ordered table. 
3. Write an algebraic rule linking the number of planes (p) 

and the maximum number of crossing points (n) . 



Coordinate geometry 

• Hidden treasure 
A televisio n show sets up a puzzle for its contes tants to try and 
solve. Some buried treasure is hidden on a ' treasure island'. 
The treasure is hidden in one of the 12 treas ure chests shown 
(left). Each contestant stands by one of the treasure chests. 

The treasure is hidden according to the following rule: 

It is not hidden in chest 1. 
Chest 2 is left empty for the time being. 
It is not hidden in chest 3. 
Chest 4 is left empty for the time being. 
It is not hidden in chest 5. 
The pattern of crossing o ut the first chest and then alternate 
chests is continued until only one chest is left. This wi ll 
involve going round the circle several times continuing the 
pattern. 
The treas ure is hidden in the last chest left. 

The diagrams below show how the las t chest is chosen: 

After 1 round, chests After the second round, chests After the third round. chests 4 
1, 3, 5, 7, 9 and 11 have been 2, 6 and 10 have also been and 12 have also been 
discounted. discounted. discounted. This leaves only 

chest 8. 
The treasure is therefore 
hidden in chest 8. 

Unfortunate ly for participants, the number of contestants 
changes each time . 

I. Investigate which treasure chest you would choose if there 
are: 
a) 4contestants 
b) 5contestants 
c) 8contestants 
d) 9contestants 
e) 15contestants. 
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2. Investigate the winning treasure chest for other numbers of 
contestants and enter your resulls in a n ordered table. 

3. State any patterns you notice in yo ur table of results. 
4. Use your patterns to predict the winning chest for 31. 32 

and 33contestants. 
S. Write a rule linking the wi nning chestx and the number of 

e ICT activity 
A graph ics calculator is able to gr,1ph inequalities and shade the 
appropriate regio n. The examples below show some scree nsho ts 
ta ke n fro m a graphics calculator. 

Investigate how a graphics calculator can graph linear 
inequalities. 



Q Syllabus 
E6.1 E6.3 

Interpret end use three-figure bearings. 

E6.2 
Apply Pythogoros' theorem end the sine, cosine 
and tangent ratios for acute angles to the 
calculation ofo side or of on angle of o right
angled triangle. 

I 
Solve trigonometrical problems in two 
dimensions involving angles of elevation and 
depression. 
Extend sine and cosine values to angles betw"een 
90°ond 180°. 

I Sowo pcoblom, """9 ,ho""• oad co"ao col~ F' 
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Q contents 
Cha pte r 29 
Cha pter JO 
Cha pte r 31 

Beorings{E6.1) 
Trigonometry(E6.2) 
Furthertrigonometry(E6.3, E6.4) 

"" r 



Q The Swiss 

• Leonhard Euler 
Euler, like Newton, wos the greatest mothemoticion of 
his generation. He studied ell areas of mathematics and 
continued to work hard after he hod gone blind. 

As o young mon, Euler discovered and proved : 

thesumoftheinfiniteseries !,(~) = ! 2 

i.e.~ + ~ + ~+ ... +~ = f 
This brought him to the attention of other mothemoticions. 

Euler mode discoveries in many areas of mathematics, 
especially calculus ond trigonometry. He also developed the 
ideas of Newton and Leibniz. 

Euler worked on graph theory and functions and was 
the first to prove several theorems in geometry. He studied 
relationships between o triangle's height, midpoint, ond 
circumscribing and inscribing circles, and on expression for 

Leonhard Euler(1707-1783) 

the oreo of o tetrahedron (o triangular pyramid) in terms of its sides. 
He also worked on number theory and found the largest prime number known at the time. 
Some of the most important constant symbols in mathematics, 11, e and i (the square root of - 1 ), 

were introduced by Euler. 

• The Bernoulli family 
The Bernoullis were o family of Swiss merchants who were friends of Euler. The two brothers, Johann 
and Jacob, were very gifted mothemoticions and scientists, os were their children and grandchildren . 
They mode discoveries in calculus, trigonometry and probability theory in mathematics. In science, 
they worked on astronomy, magnetism, mechanics, thermodynamics and more. 

Unfortunately many members of the Bernoulli family were not pleasant people. The older members 
of the family were jealous of each other's successes and often stole the work of their sons and 

~) 



@ Bearings 

NB: All diagrams are not 
drawn to scale. 

• Bearings 

N 

* 
W E 

E 

s 

In the days when sailin g ships travelled the oceans of the world, 
compass bearings like the ones in the diagram above were used. 

As the need for more accurate direction arose, extra points 
were added to N. S, E, W. NE. SE .SW and NW. Midway 
be tween North and North East was North North East, and 
midway between North East and East was East North East, and 
so on. This gave sixteen points of the compass. l11is was later 
extended even further. eventually to sixty four points. 

As the speed of travel increased, a new system was req uired. 
The new system was the three figure bearing system. North was 
given the bearing zero. 360° in a clockwise direction was one full 
rotation. 

• Back bearings 
The bearing of B from A is 135° and the distance fr om A to Bis 
8 cm, as shown (left). The bearing of A fr om Bis called the 
buck bea ring. 

Since the two North lines are parallel: 
p = 135° (alte rnate angles), so the back bearing is (180 + 135)° . 
That is,315°. 
(There are a number of methods of solving this type of problem.) 
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Worked example The bearing of B from A is 245°. 
What is the bearing of A from B? 

Since the two North lines are parallel: 
b = 65° (alternate angles), so the bearing is (245 - 180)0

• 

That is.065°. 

Exercise 29. I I. Draw a diagram to show the following compass bearings 
and journey. Use a scale of 1 cm: 1 km. North can be taken 
to be a line vertically up the page. 

Start at point A. Travel a distance of 7 km on a bearing of 
135° to point B. From B, travel 12 km on a bearing of250° 
to point C. Measure the distance and bearing of A fr om C. 

2. Given the following bearings of point 8 fr om point A 
draw diagrams and use them to calculate the bearings of 
A from B. 
a) bearing 163° b) bearing214° 

3. Given the following bearings of point D from point C. 
draw diagrams and use them to calculate the bearings of 
CfromD. 
a) bearing 300° b) bearing 282° 

• 



Trigonometry 

Student assessment I 

I. A climber gets to the top of Mont Blanc. He can see in the 
distance a number of ski resorts. He uses his map to find 
the bearing and distance of the resorts, and records them as 
shown below: 

Val d' IsCre 30 km bearing 082° 
Les Arcs 40 km bearing 135° 
La Plagne 45 km bearing 205° 
Meribel 35 km bearing 320° 

Choose an appropriate scale and draw a diagram to show 
the position of each resort. What are the distance and 
bearing of the following? 
a) Val d' IsCre from La Plagne 
b) Meribel fr om Les Arcs 

2. A coastal radar station picks up a distress call from a ship. 
It is 50 km away on a bearing of 345°. The radar station 
contact s a lifeboa t at sea which is 20 km away on a bearing 
of 220°. 

Make a scale drawing and use it to find the distance and 
bearing of the ship fr om the lifeboat. 

3. An aircraft is seen on radar at Milan airport. The aircraft 
is 210 km away from the airport on a bearing of ()55°. The 
aircraft is diverted to Rome airport. which is 130 km away 
fr om Milan on a bearing of 215°. Use an appropriate scale 
and make a scale drawing to find the distance and bearing 
of Rome airport from the aircraft. 



S Trigonometry 

NB: All diagrams are not 
drawn to scale. 

I~ 
B adjacent C 

~ts: g 

B opposite C 

In this chapter, unless instructed otherwise, give your answers 
exactly or correct to three significant figures as appropriate. 
Answers in degrees should be give n to one decimal place. 

There are three basic trigonometric ratios: sine, cosine and 
tange nt. 

Each of these re lates an angle of a right-angled triangle to a 
ratio o f the lengths of two of its sides. 

The sides of the triangle have names, two of which are 
dependent on their position in re lation to a specific angle. 

The longest side (always opposite the right angle) is 
called the hypotenuse. The side opposite the angle is called 
the opposite side and the side nex t to the angle is called the 
adjacent side. 

Note that. when the chosen angle is at A, the sides labelled 
opposit e and adjacent change (left). 

• Tangent 

length of opposite side 
tan C = le ngth of adjacent side 

i~ 
B adjacent C 

C 

Worked example~· a) Calculate the size of angle BA C in each of the triangles on 
the left. 

4,m ~ 

~ 
B 5cm A 

3,m ~ 

B Bern C 

opposite 4 
tan x

0 

= adjacent = 5 

X = ta,' (1) 
X = 38.7(3s.f.} 
LBAC = 38.7° (I d.p.) 

b) Calculate the length of the 
opposite side QR (right). 

tan 42° =f 
6 X tan 42° = p 
p =5.40(3s.f.) 
QR =5.40cm (3s.f.) 

ii) tanx0 = J 

X: 69.4(3s.f.) 
LBAC = 69.4° (I d.p.) 

Qr7P 
p,mv 

R 
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X zcm Y 

~ "J'= 

c) Calculate the length of the adjacent side XY. 

tan 35° = &_ 

z 

z 
z X tan35° = 6 

6 
z= -

tan350 

z = 8.57 (Js .f.) 
XY = 8.57 cm (3 s.f.) 

Exercise 30. I Calculate the length of the side markedx cm in each of the 
diagrams in questions I and 2. 

[. a),cm ~ b) / <:fJ,,m 
Lh L____J 
BScmA B C 

d) L1,cm :S,m ''.,mA~ 

18" 

75 

N B 10cm C 

2. a) b) 
p 

J 12,m ~ ,cm 
A [l__ 

B C Q 7cm 

c) 

c) 

D 

''no 
~ ,cm 

R 

,cm E 

~ 20cm 

F 

1~. ,, ~ ,~:f 
L ~ M 

6.5cm 
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3. Calculate the size of the marked angle x 0 in each of the 
following diagrams. 

a) Q 7cm P b) D 10.5cm E c) C 

d) 

6=V ~ 13,m 

R F 

p 

L} 
a 4 cm A 

c) 

~ 
B 

~ 
12cm ~ 

Ll 
M 3cm N 

1~ • Sine 
sin N = length of opposite side 

length of hypotenuse 
M N 

Worked e.rnmplei· a) Calculate the size of angle BAC. 

~ 12,m 

~ 
8 7cm C 

P 11 cm 

Il ""''1 
R 

sin .t = opposite = 2_ 
hypotenuse 12 

x=,;n{',) 
X = 35.7(1 J.p.) 
LBAC = 35.7° (I d.p.) 

b) Calculate the length of the hypotenuse PR. 

11 
sin 18°= -

q 
q X sin !8° = 11 

11 
q= -

sinl80 

q = 35.6 (3s.f.) 

PR = 35 .6 cm (3 s.f.) 
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a) 

d) 

a) 

Exercise 30.2 1. Calculate the length of the marked side in each of the 
following diagrams. 

M b) Q 16cm p c) A 

~ v- ~ 49• 
/cm 

N C 

·~ "' zj "~ -
y Z L K 

A 

V . 
C 

2. Calculate the size of the angle marked x in each of the 
follow ing diagrams. 

b) D E c) 

~ 12,m 2J F 

G 4.2cm F 

d) r:z N ,) p 0 A B 

~ 6cm 

L 

7.1cm 
m 

..-;: 
M 

' Q 

• Cosine 

cos 
2 

= length of adjacent side 

length of hypotenuse LS, 
Y adjacent Z 
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,) 

,) 

Worked e.rample1· a) Calculate the length XY. 

~ 20= 

~~ p z b) 

A C 

s:153m 
~ 

8 

Exercise 30.3 I. 

b) 

cos 620 = adjacent = ~ 
hypotenuse 20 

z = 20 X cos62° 
z = 9.39(3s.f.) 
XY =9.39cm(3s.f.) 

Calculate the size of angle ABC. 

5.3 
cosx= ~ 

12 

x = cos- 1 (ii) 
x = 63.8 (I d.p.) 
LABC = 63.8° (I d.p.) 

Calculate the marked side or angle in each of the 
following diagrams. 

c) d) 
X 14.6cm Y E L N 

iJ ~ ,. 
8.1cm 52.3cm 

2 

18cm 12cm Ma• 

G F 

g) h) 

X Y H y 

L 
A 

z i icm 

27• 

··J 13.7cm /1 
A__j 

J 15cm I 8 C 

8 

{~ 
A b C 

• Pythagoras' theorem 
Pythagoras' theorem states the re lationship between the lengths 
of the three sides of a right -angled triangle . 

Pythagoras' theorem states that: 

a2 c:: bi+ c1 
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Worked examples 

8 

.. ~ 
A Bm C 

A bm C 

~:· 
Exercise 30.4 

l.a) 

'·";&m e,m 

9cm 

s,m 
d) 

b) 

a) Ca lculate the length of the side BC. 

Using Pythagoras: 

a2 = g2 + 6' 
a2 = 64 + 36 = 100 
a= V'iOO 
a =IO 

BC= !O rn 

b) Calculate the length of the side AC. 

Using Pythagoras: 
a2 =fr+ c' 

a2 -2 = fr 
fr=144-25=-119 
b = V1l9 
b = 10.9(3s.f.) 

AC = 10.9 m (3 s.f.) 

In each of the diagrams in questions I and 2, use Pythagoras' 
theorem to calcul ate the length of the marked side. 

,) 

C 

,) ~ 1,m '2 0~ 
' k, 

1 cm cm 4cm . Bern 12cm 

/ 
m 
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D 
3. VillagesA,B and C(left) lie on the edge o f the Namib 

desert. Village A is 30 km due North of village C. Village 8 
• is 65 km due East of A. 

Calculate the shortest distance between villages C and R 
giving yo ur answer to the nearest 0.1 km. 

4. Town X is 54 km due West of town Y. The shortest distance 
between town Y and town Z is 86 km. If town Z is due 

~ :~~;:~!,:e~~~c~!:t:~:;e::s~rl~:e~;:~veen X and Z , giving 
5. Village B is on a bearing of 135° and at a distance of 40 km 

from village A , as shown (left ). Village Cis on a bearing o f 

LJ 
225° and a distance of62 km fr om village A. 
a) Show that triangle ABC is right-angled. 
b) Calculate the distance from 8 to C, giving your answer 

• 

B 

6. Two1:~::,:::':;;,~~'.::·at thcsametim, (below). Boat A 
sets off on a bearing of 325° and with a velocity of 14 km/h. 
Boat B sets off on a bearing of 235° with a velocity of 
18 km/h. Calculate the distance between the boats after 
they have been travelling for 2.5 hours. Give your answer to 
the nearest metre. 

7. A boat sets off on a trip from S. It heads towards B. a point 
6 km away and due North. A t 8 it changes direction and 
heads towards point C. also 6 km away and due East of 
B. At C it changes direction once again and heads on a 
bearing of 135° towards D which is 13 km from C. 
a) Calculate the distance between Sand C to the nearest 

0.1km. 
b) Calculate the distance the boat will have to travel if it is 

to re turn to S from D. 

8. Two trees are standing on flat ground. 
ll1e height of the sma11er tree is 7 m. The distance between 
the top of the smaller tree and the base of the taller tree is 
15m. 
The distance between the top of the talle r tree and the base 
of the smalle r tree is20 m. 
a) Calculate the horizontal distance between the two trees. 
b) Calculate the height of the talle r tree. 
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Exercise 30.5 1. By using Pythagoras' theorem. trigonometry or both. 
ca lculate the marked value in each of the foll owing 
diagrams. In each case give your answer to I d.p. 

a) b) c) d) 

A~ J~ 1S,,m ,:,m M X[714cm ,. Y - ~ -
L 

' B C z 

r 
~ 

m 

X 
....__am----.-

2. A sailing boat sets off from a point X and heads towards Y, 
a point 17 km North. At point Y it changes direction and 
heads towards point Z , a point 12 km away on a bearing of 
090°. Once at Z the crew want to sail back to X. Calculate: 
a) thedistance ZX, 
b) the bearing of X fr om Z. 

3. An aeroplane sets off fr om G (left ) on a bearing of 024° 
towards H, a point 250 km away. At Hit changes course 
and heads towards J on a bearing of 055° and a distance of 
180kmaway. 
a) How far is H to the North of G ? 
b) How far is H to the East ofG? 
c) How far is J to the North of H? 
d) How far is J to the East of H? 
e) What is the shortest distance between G and J? 
f) What is the bearing of G fr om J? 

4. Two trees are standing on flat ground. The angle of 
elevation of their tops from a point X on the gro und is 40°. 
If the horizontal distance between X and the small tree is 
8 m and the distance between the tops of the two trees is 
20 m,calculate : 
a) the height of the small tree, 
b) the height of the tall tree. 
c) the horizontal distance between the trees . 

5. PQRS is a quadrilateral. 
The sides RS and QR are 
the same length. The sides 
OP and RS are parallel. 
Calculate: 
a) angleSQR, 
b) angle PSQ. 
c) length PQ, 
d) length PS, 
e) theareaofPQRS. 

p 

s~ a v ,m 
R 
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• Angles of elevation and depression 
The angle of e levation is the angle above the horizontal 
thro ugh which a line of view is raised. The angle of depression 
is the angle below the horizont al thro ugh which a line of view 
is lowered. 

Worked e.rample~· a) ll1e base of a tower is 60 m away from a point X on the 

Ll
--

m 

"' 1.....--60m-------..i 

Exercise 30.6 

/",L 
~ I 

-+----- 10km-------... 

ground. If the angle of e leva tion of the top of the tower 
from X is40° ca lculate the height of the tower. 

Give your answer to the nearest metre . 
h 

tan 40°= -
60 

h = 60 X tan 40° = 50.3 

ll1e height is 50.3 m (3 s.f.) . 

b) An aeroplane receives a signal from a point X on the ground. 
If the angle of depression of point X from the aeroplane is 30° 
calculate the height at which the plane is flying. 

Giv:i:o:;
0

a:srer to the nearest 0 .1 km. 

6 
h=6Xsin30°=3 

TI1e heightis3 km. 

1. A and 8 are two villages. If the horizontal distance 
between them is 12 km and the vertical distance 
between them is 2 km calculate : 
a) the shortest distance between the two villages, 
b) the angle of elevation of B from A. 

2. X and Y are two towns. If the horizontal distance 
between them is 10 km and the angle of depression ofY 
fromXis7°calculate : 
a) the shortest distance between the two towns, 
b) the vertical height between the two towns. 

3. A girl standing on a hill at A, overlooking a lake, can see a 
small boat at a point 8 on the lake. If the girl is at a height 
of 50 m above 8 and at a horizontal distance of 120 m away 
from 8 , calculate: 
a) the angle of depression of the boat fr om the girl, 
b) the shortest distance between the girl and the boat. 

• 
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4. Two hot air balloons are I km apart in the air. If the angle 
of elevation of the higher from the lower balloon is 20°, 
calculate, giving your answers to the nearest metre : 
a) the vertical height be tween the two balloons, 
b) the horizontal distance between the two balloons. 

5. A boy X can be seen by two of his fri ends Y and Z, who are 
sw imming in the sea. If the angle of e levation of X from Y 
is 23° and from Z is 32°. and the height of X above Y and Z 
is40 m calculate: 
a) the horizontal distance between X and Z . 
b) the horizontal distance between Y and Z. 
Note: XYZ is a vertical plane 

6. A p lane is flying at an altitude of6 km directly over the line 
AB. It spots two boats A and B, on the sea. If the angles 
of depression of A and B from the plane are 60° and 30° 
respectively, calculate the horizontal distance between A 
and B. 

7. Two planes are flying directly above each other. A 
person standing at P ean see both of them. The 
horizontal distance between the two planes and the person 
is 2 km. If the angles of e levation of the planes fr om the 
person are 65° a nd 75° calculate: 
a) the altitude at which the higher plane is flying, 
b) the vertical distance between the two planes. 

Three villages A. 8 and C can see each other across a 
valley. TI1e horizontal distance between A and Bis 8 km . 
and the horizontal distance between 8 and C is 12 km. The 
angle of depression of B from A is 20° and the angle of 
elevation of C fr om 8 is 30°. Calculate, 
giving all answers to I d.p.: 
a) the vertical height be tween A and 8 , 
b) the vertical height between 8 and C, 
c) the angle of elevation of C from A, 
d) the short est distance between A and C. 
Note: A, 8 and Care in the same vertical plane. 
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Using binoculars, three people P, Q and R can see each 
o ther across a valley. The horizontal distance between P 
and Q is 6.8 km and the horizontal distance between Q and 
R is 10 km. If the shortest distance between P and Q is 7 km 
and the angle o f depression ofQ from R is 15°, calculate. 
giving appropriate answers: 
a) the vertical height between Q and R, 
b) the vertical height between P and R, 
c) the angle of e levation of R from P, 
d) the shortest distance between P and R. 
Note: P, Q and Rare in the same vertical plane. 

10. Two people A and 8 are standing e ither s ide of a 
transmission mast. A is 130 m away fr om the mast and 8 is 
200 m away. 

If the angle of e levation of the top of the mast fr om A is 
60°,calculate: 
a) the height of the mast to the nearest me tre , 
b) the angle of e levation of the top of the mast from B. 

• Angles between 0° and 180° 
When calculating the size of angles using trigonometry, there 
are often two solutions. Most calculators, however, will only 
give the first solution. To be able to calculate the value of the 
second possible solution, an understanding of the shape of 
trigonometrical graphs is needed. 

• The s ine curve 
The graph of y = sin x is plotted (left). 
where x is the size of the angle in degrees. 
The graph of y = sin x has 
• a period of 360° (i.e. it repeats itself 

every360°), 
• a maximum value of I (at 90°), 
• aminimumvalueof-l(at270°). 
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Worked e.rnmpfe sin 30° = 0.5. Which other angle between 0° and 180° has a sine 
of0.5? 

From the graph above it can be seen that sin 150° = 0.5. 

sin x = sin(l80" - x) 

Exercise 30. 7 1. Express each of the following in terms of the sine of 
another angle between 0° and 180°: 
a) sin 60° b) sin 80° c) sin IJS 0 

d) sin 140° e) sin !28° f) sin 167° 

2. Express each of the following in terms of the sine of 
another angle between 0° and 180°: 
a) sin 35° b) sin 50° c) sin 30° 
d) sin 48° e) sin 104° f) sin 127° 

3. Find the two angles between 0° and 180° which have the 
following sine. Give each angle to the nearest degree. 
a) 0.33 b) 0.99 c) 0.09 
d) 0.95 e) 0.22 f) 0.47 

4. Find the two angles between 0° and 180° which have the 
following sine. Give each angle to the nearest degree. 
a) 0.94 b) 0.16 c) 0.80 
d) 0.56 e) 0.28 f) 0.33 

• The cosine curve 
The graph of y = cos x is plotted (left). 
where x is the size of the angle in 
degrees. 

As with the sine curve, the graph of 
y = cosx has 

• a period of 360°. 
• a maximum value of I, 
• aminimwnvalueof-1. 

Notecosx0 = -cos(180-x)0 
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Worked e.rample1· a) cos 60° = 0.5. Which angle between 0° and 180° has a cosine 
of-0.5? 

From the graph above it can be seen that cos 120° = -0.5 
so cos 60° = -cos 120°. 

b) TI1e cosine of which a ngle between 0° a nd 180° is eq ual to 
the negative of cos 50°? 

y 

cos 130° = - cos 50° 

Exercise 30.8 1. Express each of the following in terms of the cosine of 
another angle between 0° and 180°: 
a) cos 20° b) cos 85° c) cos 32° 
d) cos 95° e) cos 147° f) cos 106° 

2. Express each of the following in terms of the cosine of 
another angle between 0° and 180°: 
a) cos 98° b) cos 144° c) cos 160° 
d) cos 143° e) cos 171 ° f) cos 123° 

3. Express each of the following in terms of the cosine of 
another angle between 0° and 180°: 
a) -cos 100° b) cos 90° c) -cos 110° 
d) -cos45° e) -cos 122° f) -cos25° 

4. TI1e cosine of which acute angle has the same value as: 
a) cos 125° b) cos 107° c) -cos 120° 
d) -cos98° e) -cos92° f) -cos 110°? 
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Student assessment I 

I. Calculate the length of the side marked x cm in each of the 
following. 

aj ~ 0 ~ 

xom ~ ~ - ~ -xom 7\ 
xcm 20 xcm 

10.4cm 

2. Calculate the size of the angle marked (I' in each of the 
following. 

a) b) c) 

.,.r? ""~. .( " ~ 
V ern 63cm r ~ 
a) 

c) 

3. Calculate the length of the side marked q cm in each of the 
following. 

~ = 
3cmL~ 

4cm 

d) J 
1
~

8cm 

qcm 

18= 

I ,s· 
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Student assessment 2 

D I. 

B 

2. 

A map shows three towns A, Band C. Town A is due North 
of C. Town Bis due East of A. TI1e distance AC is 75 km 
and the bearingofC fr om Bis 245° . Calculate, giving your 
answers to the nearest 100 m: 
a) the distance AB. 
b) the distance BC. 

Two trees stand 16 m apart. Their tops make an angle of fJ° 
at point A on the ground. 
a) Express () 0 in te rms of the height of the shorte r tree and 

its distance x metres from point A. 
b) Express () 0 in terms of the height of the taller tree and 

its distance fr om A. 
c) Form an eq uation in te rms ofx. 
d) Calculate the value of x. 
e) Calculate the value fJ. 

I 
T 

~ ,m--~...__16m ~ 

x~ N 320m t 
145m 

y 

3. Two boats X and Y, sailing in a race, are shown in the 
diagram (left). Boat X is 145 m due North of a buoy B. 
Boat Y is due East of buoy B. Boats X and Y are 320 m 
apart.Calculate: 
a) the distance BY. 
b) thebearingofYfromX. 
c) the bearing of X from Y. 

4. Two hawks P and Q are flying vertically above one another. 
Hawk Q is 250 m above hawk P. They both spot a snake at R. 

R 
-----2.Bkm -------. 

Using the information given. calculate : 
a) the height of P above the ground. 
b) the distance between P and R. 
c) the distance between Q and R. 
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• 

Student assessment 3 

I. A boy s tanding on a cliff top at A can sec a boat sailing in 
the sea at B. The vertical height of the boy above sea level 
is 164 m, and the horizontal distance between the boat and 
the boy is 4 km. Calculate: 
a) the distance AB to the nearest metre, 
b) the angle of depression of the boat from the boy. 

2. Draw the graph of y = sin x 0 for 0° ,,s;: x0 ,,s;: 180°. Mark on 
the graph the angles 0°, 90°, 180°, and also the maximum 
and minimum values of y. 

3. Express each of the following in terms of another angle 
between 0° and 180°. 
a) sin 50° b) sin 150° 
C) COS 45° d) COS 120° 

4. Find an angle between 0° and 180° which has the following 
cosine. Give each angle to the neares t degree. 
a) 0.79 b) -0.28 

5. An airship is travelling in a horizontal direction as shown, 
at a speed of 4 km/h. Its vertical height above the ground is 
3.2 km. At 1500 its horizontal distance fr om A is 7 km. A is 
under the fli ght path of the airship. Calculate: 

~ I 
3.2km 

a) the angle of elevation of the 
airship from A at IS 00, 

b) the angle of elevation of the 
airship from A at 1530, 

c) the distance between A and the 
airship at 1530, 

d) at what time, to the nearest 
minute, the angle of elevation of 
the airship from A will be 85°. 

Student assessment 4 

I. Draw a graph ofy =cos(!', for 0° ,,s;: (!' ,,s;: !80°. Mark on the 
angles 0°, 90°, 180°,and also the maximum and minimum 
valuesofy. 

2. The cosine of which other angle between O and !80° has the 
same value as 
a) cos 128° b) -cos 80°? 
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3. llie Great Pyramid at Giza is 146 m hi gh. Two people A 
and 8 are looking at the top of the pyramid. The angle of 
elevation of the top of the pyramid fr om 8 is 12°. The 
distance between A and 8 is 25 m. 

~ l 146m 

~ l 
If both A and Bare 1.8 m tall, calculate: 
a) the distance on the ground fr om 8 to the centre of the 

base of the pyramid. 
b) the angle of elevation (J of the top of the pyramid from A 
c) the distance between A and the top of the pyramid. 
Note: A, Band the top of the pyramid are in the same 
vertical plane. 

4. Two hot air balloons A and Bare travelling in the same 
horizontal direction ru; shown in the diagram below. A is 
travelling at 2 m/s and 8 at 3 m/s. Their heights above the 
ground are 1.6 km and I km, respectively. 

At midday, their horizontal distance apart is 4 km and 
balloon Bis directly above a point X on the ground. 

~ 

G 
B t 

1km 

Calculate: 
a) the angle of e levation of A 

b) 

c) 

d) 

c) 

from X at midday, 
the angle of depression of 
B from A at midday, 
their horizontal distance 
apart at 1230, 
the angle of e levation of B 
from X at 1230, 
the angle of e levation of A 
from 8 at 1230, 

f) how much closer A and 8 
are at 1230 compared with 
midday. 

5. a) On one diagram plot the graph of y = sin IJ° and the 
graph ofy = cos()0

, for0° ,,,;; ff',,,;; 180°. 
b) Use your graph to find the angles for which 

sin ff'= cos () 0
• 
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Worked e.rumpfe1· 

B 

m 

. 
A 6cm C 

B 

~ 
A C 

• 

• The sine rul e 
With right -angled triangles we can use the basic tri gonometric 
ratios of sine, cosine and tangent. The s ine rule is a re lationship 
which can be used with non right -angled triangles. 

B 

~ 
A b C 

The sine rule states that: 

a b , 
- = - = -
sin A sinB sin C 

or alternatively 

sinA sinB sin C 
- =~ =-

a) Calculate the length of side BC. 

Using the sine rule: 

a b 

sin A sin 8 

a 6 

sin 40° sin 30° 

6 X sin 40° 
a: ---

sin 30° 

a =-7 .7(ld.p.) 

BC =7.71cm (3s.f.) 

b) Calculate the size of angle C. 

Using the sine rule: 

sinA sinC 

6 .5 X sin 60° 
sinC = - - -

6 

C = sin- 1 (0.94) 
C = 69.8° (I d.p.) 
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Exercise 3 I. I 1. Calculate the length of t he side marked x in each of the 
following. 

a) ~b)
20

= ~ mm c) [3d) 300 3cm 

xcm 35• 

12 cm 130~ ,m 25" 9 mm 40• ,cm 80" 

2. Calculate the size of the angle marked () 0 in each of the 
following. 

,) b) c) d) 

V Be 

. 

m ~ ·6= 

7cm 

30•40" 

3. .6A BC has the following dimensions: 

AC= 10 cm. AB = 8 cm and LACB::: 20°. 

a) Calculat e the two possible values for LCBA. 
b) Sketch and label the two possible shapes for .6A BC. 

4. &QR has the following dimensions: 

PQ = 6 cm, PR = 4 cm and LPQR = 40°. 

a) Calculate the two possible values for LQRP. 
b) Ske tch and label the two possible shapes for &QR. 

• The cosine rule 
The cosine rule is another re lationship which can be used with 
non right-angled triangles. 

B a 
A b C 

The cosine rule states that: 

a2 =b2 +c2-2bccosA 
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A 

7=1 
A 

Worked examples 

B 

12 ~ 

20,m 

A 15,m 

C 

a) Ca lculate the length of the side BC. 

Using the cosine rule: 

a2 = b2 + 2- 2bccosA 
a2 =()2+-P.-(2 X 9X 7 Xcos50°) 

= 81 + 49 - (126 X cos 50°) = 49.0 
a= \.149.0 
a= 7.00 (3s.f.) 

BC= 7.00 cm (3 s.f.) 

b) Calculate the size of angle A. 

Using the cosine rule: 

a2 = b2 + <?- 2bccosA. 

Rearranging the eq uation gives: 

b2 + c1- a2 
cosA=----

2bc 
152 + 122 -2a2 

cos A = ---- = -0.086 
2 X 15 X 12 

A = cos- 1 (-0.086) 
A =- 94.9° (1 d.p.) 

Exercise 31.2 I. Calculate the length of the side marked x in each of the 
following. 

,) ~ 
2m 

140' 

b),m ~ 

'Y-
,) \ 7cm 25• 

3m 
15cm d)<\ ,) 

xcm xcm 

4 ,m
5

~ 

7,m 

45• 
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2. Calculate the angle marked (J 0 in each of the following. 

,, ~ ., ·-~ m 9~)v 5,m 
25m ,. 

d) v·= ,) ~ 15cm 

18cm 7cm !'. 
15cm 10cm 

Exercise 31.3 1. 

X 

Four players W, X, Y and Z are on a rugby pitch. The 
diagram (left) shows a plan view of their re lative positions. 
Calculate: 

D m 

30 . 
y 

m 

a) the distance between players X and Z. 
b) LZWX. 
c) LWZX, 
d) LYZX, 
e) the distance between players Wand Y . 

2. lluee yachts A, 8 and C are racing off Cape Comorin in 
In dia. Their re lative positions are shown (below) . z 

Calculate the distance between Band C to the nearest 10 m. 
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3. There are two trees standing on one side of 
a river bank. On the opposite side, a boy is 
standing at X. 

Using the information give n, calculate the 
distance between the two trees. 

• The area of a triangle 

Area ={bh 
Also: 

h 
sinC : 

a 
Rearranging: 

h =asinC 

Therefore 

area = !ab sin C 

B 

,/!\ 
L__ll 

A , _____ b_______.. , C 

Exercise 31.4 1. Calculate the area of the following triangles. 

,) ~ ,m b) \?) ~ d) 135_
6

,m 

12mm 40cm V= 
30" 10· 

14cm 
800 12 mm 35cm 

2. Calculate the value of.f in each of the following. 

a~) b) ,)~ ,cm ~ d~),· 14= 
60" 

,,m~ lScm~ ea c lSO,m' 8cm 

area = 20cm" 
160" area = 50cm2 

'-:: 
,cm~ 
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A~

B 3. ~~~!:n~school playing fie ld (left). The following lengths 

OA=83m, 
08 = 122m. 
DC= 1~m, 

oo· OD= 78 m 
70" • 

130" Calculate the area of the school playing fie ld to the nearest 
D JOO m2

• 

4m 

C 

• 4. 

m 

ll1e roof of a garage has a slanting length of 3 m and makes 
an angle of 120° at its vertex (left). The height of the walls 
of the garage is4 m and its depth is 9m. 
Calculate: 
a) the cross-sectional area of the roof, 
b) the volume occupied by the whole garage . 

• Trigonometry in three dimensions 

Worked example The diagram (below) shows a cube of edge length 3 cm. 

A B 

3,:~ F 
~ 

G 

Calculate the length EG. 

A B ,:rn:1 3,m ~ 

H 3cm G 

G 

Triangle EHG (above) is right angled. Use Pythagoras' 
theorem to calculate the length EG. 

EG2 = EH" + H G2 

EG2 =32 +32 = 18 
EG =\.IJ8cm= 4.24cm (3s.f. ) 
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D 

,-~ 
E ,JTacm G 

ii) Calculate the le ngth A~ .. It angled. Use Pythagoras· 

Triangle A E~cS~: ~~:l~s1:!g~h, AG . 

. :C[l ·~~ 
. G 

H 3cm 

AG2 = AE2 + EG22 
AG2 = 32 + (\/is) 

AG2=9+18 - 520cm (3s.f.) 
AG = YTfcm - · 

.. ., Calculate the angle EGA. se the triangle EGA: 
m T o calculate angle EGA we u 

3 
tanG = JIB 

G = 35_30 (! d.p.) 

Ca lculate the le ngt =· Exercise 31.5 I. a) Calculate the lengt l BHG. 

:? Calculate the angle 4c:0 F 
~ m 

H 4cm G 

CJ
A 2. 

F 2cm m 

a) Calculate the le: g~:: ~-
Calculate the le gl ACE :1 Calculate the ange . B 

@
A 

G 

3. Jn the cub
1
o id ~;!:~:~gth EG. 

) Calcu ate h AG 

~) Calculate tll1e ~~;gt: AGE. 
c) Calculate t1e. 

D 

12cm ,: 

H 4cm G 
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4. a) the angle BCE . 

lcm

00·, C ' 

Further trigonometry 

2cm 

H 3cm G 

b) the angle GFH. A 

, P"'"n;d whe<e ! 5 TI1e diagram (rit11 ::;t~::'l~;ight~/ 10cm 

abos) X.:akolate the Jcer h i:x. / B 

: ! ~::::1::a~ /' .-..: ' ;_ 
. ht ~vramid where A is ll1e diagram (lef~ shows a rig . 

vertically abo~~ 
1 

·,he le ngth CE. 
a) i) Calcu .i e e angle CAX. 

ii) Calculate the angle BOE. 

·scone (right) the_ angle !:, 13 cm 7. ~~ = 600 _ Calculate. 

b) the 1: ngth fer:nce of 

b) :1) ~::: ::::: ::eangleAmDB. X 

a) the leagth ~i' i, 

c) themcom : --- z 
the base. Y'----------

X xzy = 400. Calculate, In this cone ( left) the angle 
8. a) the length~~'. 

b) the length 

. bo"d has been sliced off along the - z 9. Ooecm;~ o~t~''.a'~ ,n:. a 

plane Q · h length of D!JP a) ~l:r::s\;softhe T 
triangle oi;;i.th,ee : u 

b) Calculate t ' dT;n 10= sJ ______ ----- R 
angles P.Qan . -· 6cm 
trianglePQr area of v . -· 8cm W 

c) ~~;~~::t;~;, • 



Trigonometry 

Worked example 

• The angle between a line and a plane 

To calculate the size of the angle between the line AB and the 
shaded plane, drop a perpendicular from B. It meets the shaded 
plane at C. Then join AC. 

The angle betwee n the lines AB and AC represents the angle 
between the line AB and the shaded plane. 

The line AC is the projection of the line AB on the shaded 
plane. 

Calc ula te the length EC. 

0
dA B ~i~t use Pyt:agoras' theoremtoca

2

lccm"l a~te the le ngth 

4cm F Dd: C B 

m 4cm i 
H 5 cm G :i:; _____ -----;-c: H 5 cm G 

H 5cm G 

EG2 = EH2 + HG 2 

EG2 =22 +52 

EG2 = 29 
EG = V29cm 

Now use Pythagoras' theorem to calculate CE: 

A B C 

D 

4cm 
4
= FE~ G 

H 5cm G 

Ec2 = EG2 + CG2 

Ec2 = (\1'29)2 + 42 
Ec2 = 29 + 16 

m 

EC =V45cm= 6.71cm (3s.f.) 



31 Further trigonometry 

ii) Calculate the angle between the line CE and the plane 
ADHE. 

To calculate the angle between the line CE and the plane 
ADHE use the right-angled triangle CEO and calculate the 
angle CEO. 

D@~ C B c~ -145",m 
4= _ __ E ____ F Som ~ 

. 2cm D E 

H 5cm G 

CD S 
sinE =C£=vfs: 

E = sin- 1 
(~) = 48.2° (I d.p.) 

Exercise 31.6 I. Name the projection of each 
line onto the given plane (right): 

@. 
0 N 

a) TR onto RSWV 
b) TR onto POUT 
c) SU onto PQRS 
d) SU onto TUVW 
e) PV onto QRVU 
f) PV onto RSWV 

2. Name the projection of each line onto the given plane (left): 
a) KM o nto IJNM b) KM ont o JKON 
c) KM onto HIML d) 10 onto HLOK 
e) !O onto JKON f) !O onto LMNO 

3. Name the angle between the given line and plane (left): 
a) PT and PQRS b) PU and PQRS 
c) SVand PSWT d) RT and TUVW 
e) SU and QRVU f) PY and PSWT 

4. a) Calculate the length BH 
(right). 

b) Calculate the angle 
between the line BH 
and the plane EFGH. 

Do.A C B 
3cm E F 3cm 

H 4cm G 



Trigonometry 

6 .. . z = 
6cm y 

A 
10cm B = 

. 
C 

' m 

H 6cm G 

A 12,m B ,m 

C 

. 
= 

H 4cm G 

5. a) c l 
b) c:i:~:::: :!:e le ngth AG. 
c) EFGH. e angle between the line AG ~~~~" theanglc betwcrn th r and the plaae 

. e me AG and the plane 

6. Th d. 
rig:t;:~:aii_id(r ight)showsa ~ A 
above)(_' mi where A is verticall 

a) Calculate tl I y .' 
b) Cak"latetl::,'.;~;' BD. / 7,m 

between A B anJ CBED ,/ 
. /~-

/ _· X ,•:m 

7. The d;agrnm lcf D 6= -.. E 

vertical1y abo~e ~ shows a right pvra "d 
a) Calculate tl j . m1 where U is 

:; ~:)cu)ate 11:: 1: : ::~ it 
cu ate the angle betw~en UX and UZY. 

8. ABCD and EFG other. Hare sq uare faces lvin 
Calculate: · gparallel to each 

a) the length DB 
b) the length HF, 
~ the vertical he,ight 

) the angle DH of t~e object, 
makes with the plane ABCD. 

9. ABCD and EFGH other. are square faces lvin 
Calculate: · gparal1el to each 

a) the length AC 
b) the length EG , 
c) the ver tical I '. 
d) the angle C~e::t~f :~~h ~~ect, e plane EFGH. 
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4cmr: < e .r::JF 
H G 

A 

~ , 
8 9cm E 

Further trigonometry 

Student assessment I 

I. Calculate the size of the 
obtuseangle marked/)

0 

~ -

in the triangle (r ight ). 
26cm 30° 

2. For the cuboid (left). calc ulate: 
a) the lengthEG. 
b) the length E C, 
c) LBEC. 

3. For the quadrilateral 
(right),calculate: 
a) the lengthJL. 
b) LKJL 
c) the lengthJM, 
d) the area of JKLM. 

4. For the sq uare-based right 
pyramid (left),calculate : 
a) the length BO. 
b) LABO, 
c) the area of ~A BO, 
d) the vertical height of the pyramid. 

A~~ Student assessment 2 
1. Using the triangular prism (left), calculate: 

a) the length AD. 

Gem F __ C ~? :~: ~:~~1
:cci'nakes with the plane CDEF, 

5 cm d) the angle AC makes with the plane ABFE. 
E 9cm D 

a 

~ 120· 

2. For the triangle (left), calculate: 
a) the length PS. 
b) LQRS, 
c) the length SR. 

A B 
3. TI1e cuboid (right ) has one 

of its corners removed to 
leave a flat triangle BO C. 
Calculate: 
a) length DC, 
b) length BC. 
c) length DB. 

Bern - C Do-
d) LCBD. 
e) the areaofL'...BDC. 
f) the angle AC makes 

with the plane AEHD. 

5cm 
E F 

- 6= 
H 5cm G 



Mathematical investigations 
and ICT 

s+ l 
cL l 
,kl 

l 

• Num be red balls 

The balls below start with the number 25 and then subseque nt 
numbered balls are added according to a rule. The process stops 
when ball number 1 is added. 

1. Express in words the rule for generating the seq uence of 
numbered balls. 

2. What is the longest seq uence of balls starting with a number 
less than 100? 

3. ls there a strategy for generating a long seq uence? 
4. Use your rule to state the longest sequence of balls starting 

with a number less than l(X)(). 
5. Extend the investigation by having a different tenn-to-term 

rule. 

• Towe rs of Hano i 
This inves tigation is based on an old Vietnamese legend. 
The legend is as follows: 

At the beginning of time a temple was c reated by the Gods. 
Inside the temple s tood three gia nt rods. On one of these 
rods, 64 gold discs, all of different diameters, were stacked 
in descending order of size, i.e the largest at the bottom 
rising to the smallest at the top. Pries ts at the temple were 
responsible for moving the discs onto the remaining two rods 
until all 64 discs were stacked in the same order on one of the 
o ther rods. When this task was comple ted, time would cease 
and the world would come to an end. 

The discs however co uld only be moved according to certain 
rules.These were: 

• Only one disc could be moved at a time. 
• A disc could only be placed on top of a larger one. 

The diagram (left ) shows the smallest number of moves 
req uired to transfer three discs fr om the rod on the left to the 
rod on the right. 

With three discs, the smallest number of moves is seven. 

I. What is the sma11est nwuber of moves needed for 2 discs? 
2. What is the smallest nwuber of moves needed for 4 discs? 
3. Investigate the smallest number of moves needed to move 

different numbers of discs. 



Topic 6 Mathematical investigations and ICT 

4. Display the results of your investigation in an ordered table. 
5. Describe any patterns you see in your results. 
6. Predict , fr om your res ults. the smallest number of moves 

needed to move 10 discs. 
7. Determine a formula for the smallest number of moves for 

n discs. 
8. Assume the priests have been transferring the discs 

at the rate of one per second and assume the Earth is 
approximately 4.54 billion years old (4.54 X HJ' years). 

According to the legend, is the world coming to an end 
soon? Justify your answer with re levant calculations. 

e ICT activity 
In this activity you will need to use a graphics calculator to 
investigate the relationship between different trigonometric 
ratios. 

Note that this activity goes beyond the syllabus by 
considering angles greater than 180°. 

1. a) Using the calculator, plot the graph of y = sinx for 
0° ,s; x ,s,360°. 
The graph should look similar to the one shown below: 

b) Using the equation solving facility evaluate the following: 
i) sin 70° 
ii) sin 125° 
iii)sin300° 

c) Referring to the graph explain why sinx = 0.7 has two 
solutions between 0° and 360° . 

d) Use the graph to solve the equation sinx = 0.5 . 

2. a) On the same axes as before plot y = cos x. 
b) How many solutions are there to the eq uation 

sinx = cos x between 0° and 360°? 
c) What is the solution to the equation sinx = cosx 

between 180° and 270°? 

3. By plo tting appropriate graphs solve the following for 
0° ,s; x ,s; 360°. 
a) sinx = tanx 
b) cosx = tanx 



(J) Matrices and 
transformations 

Q Syllabus 
E7.1 

Describe o tronslotion by using a vector 

represented by e .g . (y), ABor a . 

Addond subtract vectors. 
Multiply o vector by a scalar. 

E7.2 

Reflect simple plane figures in horizontal or 

vertical lines. 
Rotate simple plane figures obout the origin, 
vertices or midpoints of edges of the figures, 

through multiples of 90°. 
Construct given translations <md enlargements 
of simple plone figures. 
Recognise and describe reflections, rotations, 
translations and enlorgements. 

E7.3 

I 
Cakulo1e the mognitude of a vedor (;} 

OS ~ . 

Represent vedors by directed line segmen1s. 
Use the sum and difference of two vectors to 
express given vectors in terms of two copkmor 
vectors. 
Use po,ition vectors . 

• 

E7.4 

Display information in the form of a matrix of 
onyorder. 
Ca lculate the sum and product (where 
a ppropriate) of two matrices. 
Calculatetheproductofamatrixanda scalar 
quontity. 
Use the algebra of 2 X 2 matrices includ ing the 
zero and identity 2 X 2 matrices. 
Calculate the determinant IA I and inverse A- 1 

of a non-singulor matrix A. 

£7.S 

I 
Use the following transformations of the ploM~ , 
reflection (M); rotation (R); translation {T); ;.-,: 
enlargement (E); and !heir combinations. 'f 11/ 
Identify and give preci5e descriptions of ii /! 
tronsformations connecting given figures. -
Describe transformat ions using co-ordinates af!d f\ 

molTices (singular matrices ore excluded). L 



Q Contents 
Chapter32 
Chapter33 
Chapter34 

Vectors(E7.1,E7.3) 
Motrices(E7.4) 
Tronslormotions(E7.2, E7.5) 

Q The Italians 
Leonardo Pisano (known today os Fibonacci) introduced 
new methods of arithmetic to Europe, from the Hindus, 
Persians and Arabs. He discovered the sequence 1, l, 2, 
3, 5, 8, 13, ... which is now c.olled the Fibonacci sequence, 
ond some of its occurrences in nature. He also brought 
the decimal system, algebra ond the 'lattice' method of 
multiplication to Europe. Fibonacci hos been called the 
'most talented mothemoticion of the middle ages'. Many 

books soy that he brought Islamic mathematics to Europe, 
but in Fibonacci's own introduction to Liber Abaci, he 
credits the Hindus. 

TheRenoissoncebegon inltoly.Art,orchitecture, 
music and the sciences flourished. Girolamo Cardono 
(1501 - 1576) wrote his great mothemoticol bookArs 
Magno (Great Art) in which he showed, omong much 
olgebro that was new, colculotions involving the solutions 

~) 

Fibonacci ( 1170 - 1250) 



@ vectors 

• Transl ations 
A translation (a sliding moveme nt) can be described using 
column vectors. A colwnn vector describes the movement of 
the object in both the x direction and they direction. 

Worked example i ) Describe the translation from A to 8 in the diagram (left ) 
in terms of a column vector. 

Ail =(:) 
i.e . l unit in the x direction, 3 units in they direction 

_, _, _, 
ii) Describe BC, CD and DA in te rms of column vectors. 

sc = (~) _, (-') DA = 
-1 

Translations can also be named by a single le tter. The direction of 
the arrow indicates the direction of the translation. 

Worked e.rnmple Define a and b in the diagram (left ) using column vectors. 

Note : When you represent vectors by single le tte rs, i.e . a, in 
handwritten work, yo u should write them as.a. 

If a = G) and b = ( =~) . they can be represented 

diagrammatically as shown (below) . 

• 



32 Vectors 

The diagrammatic representation of - a and-bis shown below . 

• It can be see n from the diagram above that - a = ( =!) and 

- b = (~) 

Exercise 32.1 In Q.1 and 2 describe each translation using a column vector. 

--> 
1. a)~ 

b) BC 
--> 

c) CD 
--> 

d) ~ 
e) EA 

--> 
f ) AE 

--> 
g) ~ 

h) CA 

i) ~ 

2. a) a 
b) b 
c) C 

d) d 
•). 
f ) - b 
g) - c 
h) - d 
i) - a 

/ 

• 
/ 0 

• / 
IJ" \ 

d 

i,.o 
~ 

e \ 

3. Draw and label the fo llowing vectors o n a sq uare grid: 

a)•= (!) b) b = (-:) c) c=(J 
d) d = ( =:) ,) ·=U) f) f = ( -~) 

g) g = - c h) h = - b i) i = - ( 

• 



Matrices and transformations 

• Worked example 

• Exercise 32.2 

• 

• Addition and subtraction of vectors 
Vectors ca n be added together and represented 
diagrammatically as shown (left). 

The translation represent ed by a followed by b can be written 
as a single transformation a + b: 

i) Draw a diagram to represent a - b, where 

a - b =(a)+(- b). 

ii) Calculate the vector represented by a - b. 

In the following questions, 

I. Draw vector diagrams to represent the following: 
a) a+ b b) b + a c) a + d 
d) d + a e) b +c f) c+b 

2. What conclusions can yo u draw from your answers to 
question 1 above? 

3. Draw vector diagrams to represent the following: 
a) b - c b) d - a c) - a - c 
d) a+c-b e) d -c- b f) -c+ b + d 

4. Represent each of the vectors in question 3 by a single column 

• Multiplying a vector by a scalar 
Look at the two vectors in the diagram . 

• = G) 2, = 2G) = (!) 



32 Vectors 

Worked example If a = (-!), express the vectors b, c, d and e in te rms of a. 

I\ 
\ 

I\ I\ \ 
\ \ \ o 

I\ "' I 
I\ 

\ \ 

b = - a c ::c 2a d = ~ e = -¥' 
Exercise 32.3 1. a= (:) b = (=~) c = (-:) 

Express the following vectors in te rms of e ither a , b or c. 

I\ 
I \ -' / 

\ • V" ·~ ,j ·--
\ I 

I ~ v t 

2. , = (~) b = ( =;) , = (-!) 
Represent each of the following as a s ingle column vector: 
a) 2a b) J b c) - c d) a+ b e) b - c 
f) Jc - a g) 2b - a h) }(a - b) i) 2a - J c 

3. •=(-~) •=(_:) ,=(_;) 
Express each of the following vectors in te rms of a , band c: 

a) ( -:) b) ( : ) o) ( _:) 

d) (-!) c) (j f) ( ~~) 



Matrices and transformations 

Worked e.ramplu 

• The magnitude of a vector 
The magnitude or size of a vector is represented by its length. 
i.e. the longer the length . the greater the magnitude. ll1e 

----> ----> 
magnitude of a vector a or AB is denoted by lal or IAB I 
respectively and is calculated using Pythagoras' theorem. 

•=(!) BC =(-:) II 
a) Represe nt both of the above 

vectors d1agramat1cally 

b) Calculate lal 
lal = \/(32 + 42

) 

=V'25=5 
----> 

ii ) Calculate lBC I 

1lit1 = V(- 6)2 + 82 

= V'Joo = 10 

Exercise 32.4 1. Calculate the magnitude of the vectors shown below. Give 
your answers correct to I d.p. 

11 rnumm 1-1 11 ~ 
2. Calculate the magnitude of the following vectors. giving 

your answers to I d.p. 

a) ~ = (~) b) Bt: (!) c) cb : (=:) 
d) ~ =C!) e) 2~ 

----> 
f ) -CD 

Calculate the magnitude of the following, giving yo ur 
answers to I d.p. 
a) a+b b) 2a - b c) b - c 
d) 2c+3b e) 2b -3a f ) a +2b - c 



32 Vectors 

• Position vectors 
Sometimes a vector is fixed in position re la tive to a specific 
point. In the diagram (left ), the position vector of A re lative to 

Exercise 32.5 1. Give the position vectors of A , 8 , C, D, E, F, G and H 
re lative to O in the diagram (below) . 

• Vector geometry 
In general vectors a re not fix ed in position. If a vector a has a 
specific magnitude and direction, then any o ther vector with the 
same magnitude and direction as a can also be labe lled a. 

If a = (~) then all the vectors shown in the diagram (left) can 

also be labelled a , as they all have the same magnitude and 
direction. 

This property of vectors ca n be used to solve problems in 
vector geometry. 

----> 
Worked example i) Nam..:...!vec~ equalt o AD. 

BC= AD 
----> ----> 

ii) Write BO in terms of BE. 
----> ----> 
BD = 2BE 

----> ----> 
iii) Express CD in te rms of A B. 

----> ----> ----> 
CD -= BA =-AB 



Matrices a nd transformations 

Exercise 32.6 1. 
----; ----; 

If AG = a and AE = b. express the following in terms of a 

00 F C 

G 

E D 

and~ ------). ------). 
a)~ b) ~ c) FC 

d)~ e) ~ f) cb 
g) A I h) GE i) Fb 

• ---; ---; 
2. If LP = a and LR = b, express the following in terms of a 

and~ ------). ------). 

a)~ b) ~ c) PR 

d) MQ e) MP f) NP 
3. AB~EF is a r~lar hexagon. 

If GA =- a and GB =- b, express the following in tenns of a 
andb: 

----; 
a)~ 

d)~ 
g) BE 

----; ---; 

----; 
b)~ 

e)~ 
h) FD 

----; 
c)~ 
0 EC 

i)~ 

4. If AB = a and AG : b, express the following in terms of a 

and~ ------). ------). 
a) ~ b) ~M c) FM 

d) ~ e) ~ f) Kf 
g) CN h) AN i) rnt 

/ 
b 

G H I J 

I/ 
V 

K L 

/ 



32 Vectors 

Exercise 32.7 I. T is the midpoint of the line PS and R divides the line 
QSin the ratio I : 3. 

b~ 

Q R S 

/J 
M N 

I \ t s,_ __ _,,u-----< 

----> ----> 
PT = aandPQ = b. 

a) Express each of the following in terms of a and b: 

i) rt 
ii) §i 
iii) PR 

b) Show that Kf = !(2.a - 3b). 

-----'J> -----'J> -----'J> -----'J> 
2. PM = 3LP and ON= 3LQ 

Prove that: 
a) the line PO is parallel to the line MN, 
b) the line MN is four times the length of the line PQ. 

3. PQRS is a parallelogram. ll1e point T divides the line PQ in 
the ratio I : 3. and U , V and Ware the midpoints of SR, PS 
and QR respectively. 

----> ----> 
PT = aandPV = b. 

a) Express each of the following in terms of a and b: 

i)~ ii)~ 
iii) PU iv) VX 

b) Show that XJt = {(5a + 2b). 

4. ABC is an isosceles triangle .Lis the midpoint of BC. 
M divides the line LA in the ratio l : 5. and N divides 
ACintheratio2:5. 

----> ----> 
a) BC = p and BA= q. Express the following in terms of 

pand q: 

i) ct ii)~ 

b) Show that MN = ~(46q - I Ip). 



Matrices and transformations 
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• E 

C 

Vectors 

4. In the following. 

Calculate: 
a) a - c b) b - a c) 2a + b d) Jc - 2a 

Student assessment 3 
----> 

I. a) Calculate the magnitude of the vector AB shown in the 
diagram (left). 

b) Calculate the magnitude of the following vectors: 

' = (!) b = ( =:) ' = ( ~~) 
2. p=(~) q=(-~) ,=(_!) 

Calculate the magnitude of the following. giving your 
answersto3s.f. 
a) 3p - 2q b) !r + q 

3. Give the position vectors of A , 8 , C. D and E relative to 0 
for the diagram below. 

II 
----> 

4. a) Name an~1er vector eq~ to DE in the diagram (left) . 

b) Express ~ in terms of~-

c) Express CF in te rms of DE. 

I 



Matrices and transformations 

• ~ 
~ 

B 

~~ 
A b E C 

Student assessment 4 
----> 

I. a) Calculate the magnitude of the vector FG shown in the 
diagram(left). 

b) Calculate the magnitude of each of the following vectors: 

•=(:) b=(~:) ,=(-;~) 
2. p = (-:) q = ( =:) '= ( _~) 

Calculate the magnitude of each of the following, giving 
your answers to I d.p. 
a) 4p - r b) t<I - p 

----> ----> 
3. If SW = a and SV = bin the diagram (left ), express each 

oft~ following in terms ~a and b: ~ 

a) SP b) QT c) TU 

Student assessment 5 

I. In the triangle PQR, the point S divides the line PQ in the 
ratio I : 3, and T divides the line RQ in the ratio 3 : 2. 
----> ----> 
PR = a and PQ = b. 

a) Express the following in terms of a and b: 

i) rt ii) ~ iii) TO 
b) Show that sf = -,b-(8a + 7b) . 

2. In the triangle ABC, the point D divides the line AB in the 
ratio I : 3. and E divides the line AC also in the ratio I : 3. 

----> ----> 
If AD = a and AE = b prove that: 

----> ----> 
a) BC = 4DE. 
b) BCED is a trapezium. 

3. The parallelogram ABCD shows the points P and Q 
dividing each of the lines AD and DC in the ratio l : 4. 

----> ----> 
a) If DA = a and DC = b express the following in terms 

ofaandb: 

i) AC ii) CB iii) ~ 
b) i) Find the ratio in which R divides DB. 

ii) Find the ratio in which R divides PQ. 



32 Vectors 

Student assessment 6 

I. ~CDEFGHl a regular octagon. 

AB = a and AH = b. Express the following vectors in terms 
of a and b: 

----> ----> ----> 
a) FE b) ED c) BG 

"O'' B C 

G D 

F E 

----> ----> 
2. In the triangle ABC, AB = a and AD = b. D divides the 

side AC in the ratio I: 4and Eis the midpoint of BC. 
Express the following in te rms of a and b: 

----> ----> ----> 
a) AC b) BC c) DE 

B 

-~ 
A b D C 

3. In the sq uare PQRS. T is the midpoint of the side PQ and 
----> ----> 

U is the midpoint of the s ide SR. PQ = a and PS = b. 
a) Express the following in te rms of a and b: 

i) fYt ~ _j OS 
b) Calculate the ratio PV: PU. 

·~ 
S U R 



@ Matrices 

A matrix represents another way of writing information. Here 
the information is written as a rectangular array. For example, 
two pupils Lea and Pablo sit a maths exam, a science exam and 
an English exam. Lea scores 73%, 67% and 81 % respectively. 
whilst Pablo scores 64%, 82% and 48% respectively. This can 
be writte n as 

(
73 67 81) 
64 82 48 

Amatrixcantakeanysize. 

A = (i ~) 
C = (9 6 2) D=m E = (~ ~) 

A size of a matrix is known as its order and is denoted by the 
number of rows times the number of columns. Therefore the 
order of matrix A is 3 X 3, whilst the order of matrix Bis 2 X 4. 
Each of the numbers in the matrix is called an element. A 2 X 4 
matrix cons ists of8 elements. 

Matrix A and matrix E above are called square matrices as 
they have the same number ofrows and columns. Matrix C is 
called a row matrix as it consists of only one row, and matrix D 
is called a column matrix as it consists of only one column. 

Therefore, for any matrix of order m X n: 

• m is the number of rows, 
• n is the number of columns, 
• if m = n, it is a sq uare matrix, 
• if m = I, it is a row matrix, 
• if n = 1, it is a column matrix. 

Exercise 33. I I. Give the order of the following matrices: 

a) p = (! 0 ') 
b) o=(s 6 5 -6) 

6 2 7 2 4 0 

c) ( ' '~) d) 
(8 2 

I 4 
-3) 

R = 4 S = 6 7 9 3 12 
9 10 8 5 I 6 I 
2 -6 7 3 2 8 9 



33 Matrices 

e) T=H) 
0 F = (6 6 8 4 2) 

2. Write matrices of the following orders: 
a) 3 x 2 b) 2 x 3 c) 4 x 1 
d) IX4 e) 4X4 f ) 2X2 

3. A small factory prod uces televisions and videos. In 2008 it 
manufactured 6500 televisions and 9(X) videos. In 2009 it 
made 7200 televisions and 1100 videos. and in 2010 it made 
7300 televisions and J040 videos. Write this in formation in a 
3 X 2 matrix. 

4. A shop selling beds records the number and type of beds 
it sells over a three-week period . In the first week it sells 
three cots, fo ur sin gle beds, two double beds and one 
king-size bed. In the second week it sells only six single 
beds a nd two double beds. In the third week it se lls one 
cot, three single beds and two king-size beds . Write this 
information as a 3 X 4 matrix. 

5. A shoe shop sells shoes for girls, boys. ladies and gentlemen. 
One Saturday it sells eight pairs of girls' shoes, six pairs of 
boys' shoes, nine pairs of ladies' shoes and three pairs of 
men's shoes. Write this information as a row matrix. 

6. Fo ur students sit two tests. Carlos achieved 37% in the first 
test and 49% in the second. Cristina achieved 74% in the 
firs t test and 58% in the second. A li got 76% in the first test 
and 62% in the second. Helena got 89% in the first test and 
56% in the second. Write this information in a 4 X 2 matrix. 

7. ll1e pie charts below show the nationalities of students at 
three different schools A . 8 and C. 

® 35% 
30% 

25% 

~ English ~ Portuguese LJ °'h" 
~ SouthAfrican ~ French 

Write this information as a matrix. 
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8. TI1e graph below shows the number of units sold by a 
computer manufact urer for each quarter of the years 2008, 
2009 and 2010. 
Represent this information as a matrix. 

2009 

2008 

2010 

1stquarter 2ndquarter 3fdquarter 4thquarter 

9. TI1e percentage of pupils achieving each of the pass grades 
in a maths exam for the years 2008, 2009 and 2010 is shown 
below. 

Represent this information as a matrix. 

10. Collect some data of your own, e ither from newspapers, 
books or from your ow n surveys, and write it as a matrix. 
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• Addition and subtraction of matrices 

Worked e.rumplei· 11) A music store sells music through its website in three 
formats: records. CDs and mp3s. It also sells the following 
types of music: classical, rock/pop and hip-hop. It records 
the number of each type and fo rmat sold on two consecutive 
Saturdays. The results of this are presented in the matrices 
below: 

1st Saturday 2nd Saturday 

'E 'E 

J Cl 'a J Cl 'a 
u a u E 

Classical 
(28 

14 ") Class ical (~ 10 ~) Rock/pop 56 91 15 Rock/pop 82 
Hip-hop 17 7 Hip-hop 15 

Calculate the total number of records sold on the 1st 
Sa turday. 

Records= 28 + 56 + 17 
= IOI 

ii) Calculate the total sales of hip-hop on the 2nd Saturday. 

Hip-hop = 15 + 8 + 6 
= 29 

iii) Calcula te the total sales of each type of music and 
format. Express your answer as a matrix. 

(
28 14 46) (" 10 51) (52 24 ") 56 91 15 + 35 82 24 = 91 173 39 
17 5 7 15 8 6 32 13 13 

T o add matrices together they must be of the same 
order. Corresponding e lements are then added together. 

b) A shop sells shoes for both adults and children. Matrix A 
below shows how many of each type it has in stock. 
Matrix B shows the number of each type it sells in a 
particular week. 

A 

" g i s " ~ :; ~ 
Child ( 65 42) Child ( 15 21 ) 
Adult 111 154 Adult 19 28 
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Calculate how many shoes the shop has in stock a t the 
start of the week. 

Total stock = 65 + 42 + 111 + 154 
= 372 

ii ) Calculate the number of shoes the shop se lls over the 
week to fe males. 

Total fe male sales = 21 + 28 
= 49 

iii ) Calcula te the number of each type of shoe still in stock 
a t the e nd of the week. Give yo ur answer as a matrix. 

( 65 42) (1s 21) ('o 21) 
111 154 - 19 28 = 92 126 

To subtract matrices from each o ther. they also need to 
be of the same order. Corresponding e lements are then 
subtracted from each other. 

Exercise 33.2 1. Add the fo llowing matrices : 

,) (\ ;)+(~ ~) 
b) ( 0 1 3) + (9 2 21) 

12 15 9 7 20 -4 

,) U)+(j~) 
d) (-1~ _; 1~)+(~ -~ :) 

I 3 6 4 7 5 

e) (-1 -1 !) + (-2 2 -2) 

f ) ( ' -1) ( 8 -8) 9 -8 + 6 3 
4 6 -9 4 

2. Subtract the fo l1owing matrices: 

, ) (\ ;)-(: ;) 
b) (9 12 8)-(' 10 o') 

15 7 2 13 

c) rn-rn 
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,) (-6 14)-(-3 
9 -12 10 -~) 

-4) -9 
-8 

0 ( 6 -8) ( 9 -15 4 - 6 
9 -6 12 

3. Fo ur matrices are given below: 

A=(H) •=(H) 
C=(-: -;) D=(-! ~~) 

6 -9 2 0 

Calculate the following: 
a) A + B b) B + A 
d)D+A e) B -C 

c) A +C 
f) D-C 

Matrices 

g) A - C h) A + D - B i) B + D - A 

4. Three teams compete in a two-day athletics competition. 
O n day I, team A won two gold medals, three silver medals 
and one bronze medal. Team 8 won three gold, one silver 
and fo ur bronze medals. Team C won three gold medals, 
four silver medals and three bronze medals. On day 2, team 
A won five gold medals, one silver medal and one bronze 
medal. Team B won one gold, fo ur silver and three bronze 
medals and team C won one gold. two silver and three 
bronze medals. 
a) Write this information down in two matrices. 
b) What was the total number of races over the two days? 
c) Write down a matrix to represent the total number of 

each medal won by each team for the whole competition. 

5. A shop selling clothes keeps a record of its stock. Matrix A 
below shows the number and type of shirts and dresses it has 
in stock at the start of the week. Matrix B shows the number 
and type of shirts and dresses it has at the end of the week. 

A B 

" ~ ~ 
~ ~ ~ ~ 

Child (265 312) Child (189 20<) 
Adult 140 132 Adult 121 68 

a) Calcula te the total number of dresses at the start of the 
week. 

b) Write the matrix which shows the number of each type 
sold over the week. 

c) What is the total number of shirts and dresses sold over 
the whole week? 
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• Multiplying matrices by a scalar quantity 

Worked example Two children A and 8 record the number of hours of te levision 

Exercise 33.3 

Worked examples 

a nd DVDs they watch over the period of one week. This 
information is represented in the matrix below. 

A B 

TV (8 ') 
D VDs 4 2 

The following week, both children watch twice as many 
hours of TV and DVDs as the first week. Write a second 
matrix to show the number of hours of TV and DVDs they 
watch in the second week. 

2(! ~)=(!~ !!) 
ii) In the third week they watch half as many ho urs of TV and 

DVDs as they did in the first week. Write another matrix to 
show the number of ho urs of T V and DVDs they watched 
in the third week . 

~! ~)=(~ ;) 
When multiplying a matrix by a scalar quantity, each 
e lement in the matrix is multiplied by that quantity. 

Evaluate the following: 

I. a) 2(; ~) b) 3G ~) 
c) 1(~ !) d) s(~ !) 
e) ,(~ ~) I) 3.5(1 1~) 

2. ,)w ;) b) ¥12 ~) 2 0 3 6 

c) ~4 
4 1 ~) d) ~15 

5 2 
I~) 

e) %( 4 
8 12 

12) 
16 

0 ~28 
7 7 1~) 

• Multiplying a matrix by another matrix 

a) Paula and Gregori have a choice of shopping at one of two 
supermarkets, X and Y. The fir st matrix below shows the 
type a nd quantity of certain foods they both wish to buy and 
the second matrix shows the cost of the items (in cents) a t 
each of the supermarkets . 
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• :l 

Hi 
~ § @ 
u ..J 0. X y 

Paula 
Gregori (

2 4 5) 
1 7 3 

(

120 
55 
35 

110) Cereal packets 
60 Loaves of bread 
30 Potatoes (kg) 

Calculate the ir shopping bill for these items at each 
supermarket and decide where they sho uld buy their food . 

ll1e shopping bill for each can be calculated by multiplying 
the two matrices together. 

Paula at X = (2 x 120) + (4 x 55) + (5 x 35) = 635 
Paula at Y = (2 X 110) + (4 X 60) + (5 X30) = 610 
Gregori at X = (1 X 120) + (7 X 55) + (3 X 35) = 610 
Gregori at Y =(IX 110) + (7 X 60) + (3 X30) = 620 

ll1is can also be written as a matrix: 

X y 
Paula (635 610) 
Gregori 610 620 

Paula sho uld therefore shop at Y and Gregori at X. 

Multiplying matrices toge ther involves multiplying the 
eleme nts in the rows of the first matrix by the e lements in 
the columns of the second matrix. 

b) (i ;) X (~ ~) 

(

(6X 2) + (3 X I) 
(2 X 2) + (4 X I) 
(0 X 2) +(IX I) 

(6 X 4) + (3 X 3)) (15 33) 
(2 X 4) + (4 X 3) = 8 20 
(0 X 4) + (I X 3) I 3 

Note: Not all matrices can be multiplied together. For 
matrices to be multiplied together, the number of columns in 
the first must be equal to the nwnber of rows in the second. 
This can be seen clearly if their orders are considered. 

e.g. 

(1 ~ D(~ ! !) = (: :: m 
Order: 2X 3 3 X3 ::c2X3 

For multiplication to be possible, the two middle numbers 
(in bold) must be the same . The result will be a matrix of 
the order of the outer two numbers (i.e . 2 X 3). 



Matrices and transformations 

Exercise 33.4 Multiply the following pairs of matrices (remember row by 
column): 

I. a) (~ !)(~ !) 
2. a) (I ')(4 6 0) 

3 4 8 1 3 

3. a) (~ _! -!)(-~ ~ ~) 
7 2 -1 

b) (8 -2 -3 0)( =I Jl 
4. ,) (J-3 -2 I) 

b) (-rl)(-! _; _:) 
-4 -9 

b) (! ~)(~ ~) 

b) (~ !)(! !) 

Exercise 33.5 In the following. calculate V X Wand where possible W X V. 

L 
V =(-~ !) w = (: -~) 

2. V= (4 6 I) II =(-: -i) 3 2 -3 

3. 
11 =(-i) V = (2 -5 9 2) 

4. v-( 3 2) w = (-~ 
-3 _;) - -4 -2 

5. 

II = ( ~ 
-3 

i) (-3 -2 
5 ') 

-2 
V = -1 4 -3 6 -4 

0 

In general if matrix A is multiplied by matrix B then this is not 
the same as matrix B multiplied by matrix A. 

i.e. A X B "# B X A 

However there arc some exceptions to this. 
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• The identity matrix 

The matrix (6 ~) is known as the identity matrix of order 2. 

The identit y matrix is always represented by I. 

Exercise 33.6 In the following calculate, where possible, Al and IA. 

I. A=(~ ~) (-2 2. A = 3 -:) 

3. A = ( 4 8) 4. A = ( i ~) -2 4 -2 

6. A = (i -3) 
5. A =(-5 -6) 

-6 
2 
4 

7. What conclusions can you make about Al in each case? 

8. What conclusions can you make about Al and IA where A 
isa2 X2 matrix? 

• The zero matrix 
A matrix in which all the e leme nts are zero is called a zero 
matri x. Multiplying a matrix by a zero matrix gives a zero matrix. 

. ( 4 ')(o o) (o o) 
l. C . -3 0 0 0 = 0 0 

• The determinant of a 2 X 2 matrix 

Worked e.rumplei· a) Find the determinant IRI of matrix R if R =- (~ ;). 

ll1e product of the elements in the leading 
diagonal = 4 X S = 20. 
ll1e product o f the elements in the secondary 
diagonal = 2 X 3 = 6. 

IRI = 20 - 6 
= 14 

b) If S = (~ -1), ca lculate ISI. 

ll1e product of the elements in the leading 
diagonal = 3 X I = 3. 
ll1e product o f the elements in the secondary 
diagonal = -4 X 2 = -8. 

IS1 =3-(-8) 
= 11 
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Exercise 33. 7 Calculate the determimmt of each of the matrices in questions 1-3. 

• 

L ,) (; :) b) (: ;) 
c) (; I~) d) (; :) 

2. a) (: :) b) (! ;) 
c) (; ~) d) (~ ~) 

3. ,) n -!) b) (-~ -~) 
c) ( 8 

-3 _;) d) ( _: ~) 
4. Write two matrices with a determinant of 5. 

5. Write two matrices with a determinant of 0. 

6. Write two matrices with a determinant of-7 . 

Ca lculate: 
a) IA + BI 
d) IACI 
g) 13A - 2B1 

b) IA - Cl 
e) IBA I 
h) 12CB1 

• The inverse of a matrix 

c) IC - BI 
f) 12BC I 
i) IB + C - A I 

Consider the two matrices(~ !) and ( _~ -~) . 

(2 3)( 5 -3) = (' 0) 
3 5 -3 2 0 I 

The product of these two matrices gives the identity matrix. 

(2 3) ( 5 -3). . If A ::c 
3 5 

then _
3 2 

IS known as the mverse of A 

and is written as A-1. 

Finding the inverse of a matrix can be done in two ways: by 
simultaneous eq uations. and by use of a formula . 
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Worked example Find the inverse of (~ ~) . 

Sim ultaneous equatio ns 
6w + 8x = I (1) 
2w + 3x = 0 (2) 

Multiplying eq. (2) by 3 and subtracting it from eq.(1) gives: 

6w+ Rt = I 
6w + 9x = 0 

-x = I therefore x = -1 

Substitutingx = -1 intoeq. (1) gives: 

6w+ 8(-1) = 1 
6w- 8 = I 
6w= 9 

6y + Bz = o 
2y + 3z = I 

thereforew= 1.5 

(3) 
(4) 

Multiplying eq. (4) by 3 and subtracting it fr om eq.(3) gives: 

6y + Bz = o 
6y + 9z = 3 

-z = -3 therefore;:= 3 

Substituting z = 3 int o eq. (4) gives: 

2y + 9 = 1 
2y = -8 thereforey = -4 

The inverse of (~ !) = ( ~~ -:). 

Use of a formula 

IfA =(w ') A-'=- 1- ( z -wy) 
X Z ' WZ - xy - x 

Note : wz - xy = IA I 

Therefore if A =(~ ~) 

_ l __ _L_ 
wz-xy - lA I 

A -1 =~(-~ -:) 
= _I ( 3 -8) = ( 1.5 -4,) 

2 -2 6 -1 
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• 

Exercise 33.8 1. Using simultaneous eq uations find the inverse of each of 
the following matrices: 

a) (~ ;) 

c) (; ~) 

,) (-5 -4) 
10 9 

b) (1~ ;) 
d) ( ' -9) 

3 -4 

f) (-3 2) 
6 -4 

2. Using the formula find the inverse of the matrices in 
quest ion 1, if possible . 

3. Explain why (f) in question I above has no inverse . 

4. Which of the followin g four matrices have no inverse? 

A =(~ !) B = (: :) 

C = ( 6 15) 
-2 5 

(-4 D = 8 -~) 
5. 

L = (~ ~) M = (~ !) 
(-4 N = 8 -;) 0 = ( 4 

-8 _;) 
Calculate the following: 
a) L- 1 b) 0-1 c) (LOt 1 

d) (1\1 + Nt 1 e) (NMt 1 f) (MO + LN)- 1 

Student assessment I 

1. Calculate the following: 

,) ( 2 
:) + (-! -:) b) (! -!)+: -!) -3 

-1 1 -4 

c) (-; -;)-(: ;) d) (! -9) ( 1 -5) -3 - 3 -8 
7 -1 2 

e) 2(~ 8 -4) 
-6 7 

f) ~4 -8) 
4 0 -6 
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2. M ultiply the fo llowing matrices: 

a) ( ~ -~)(: -~) 
-4 7 

b) (I -4 6)( ~ ~) 
-9 -3 

3. A a (4 9) Ba (-6 ') 
3 7 -5 6 

Calculate: a) IA I b) IA + BI c) IB - A l d) 12UAI 

4. X = G ~) y = (: ~) 

Calculate: a) x-1 b) y-1 c)(X + Yr 1 d) (Y - xr 1 

Student assessm ent 2 
[. Calculate the fol1 owing: 

a) ( 3 6H 0 -;) b) (; -:H-: _;) -2 0 -6 
-2 4 -3 

c) ( -~ -~)-(! ~) d) (l -·i ( 2 
-7) -2 - 5 -3 

3 -2 6 
e) 3(~ 4 -;) f } «3 -•) 

-4 3 0 -12 

2. Multiply the following matrices: 

b) ( 6 3) (2 -3 5) 2 I 
-5 -7 

3· Aa(2 ') Ba(-J JO) 
3 8 -3 4 

Calculate: a) IA I b) IA - BI c) IB - Al d) 13Alll 

4. Xa( 9 8) Ya(B 6) 
10 9 9 7 

Calculate: a ) x- 1 b) y-i c) (X - vr 1 d) (YX t 1 
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ii) Give the eq uation of the mirror line. 

Equation of mirror line: y = x + I. 

Exercise 34.1 Copy each of the fo llowing diagrams, then: 
a) draw the position of the mirror line(s), 
b) give the eq uation of the mirror line(s). 

1. 2. 3 . 

••• ~ 5. 6 . 

• • • 7. 8 . 

• • 
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Exercise 34.2 In questions land 2. copy each diagram four times and re fl ect 
the object in each of the lines give n. 

1. a) X c:: 2 
b) y = 0 
c) y = X 

d) y = -x 
2 ;j;:;:;l . 

d) i: = 0 

' 

3
· Copy the EEEEEEEEEEEIIEEEEEEEE 

diagram(right). 
and reflect the H--H--++-++-++-++-++-++-++-++-H 

triangles in the 
following lines : 

x = I and 
y = -3. 

• Rotation 
If an object is rotated it undergoes a 't urning' movement 
about a specific point known as the centre of rotation. When 
describing a rotation it is necessary to identify not only the 
position of t he ce ntre of rotation, but also the angle and 
direction of the turn , as shown in the diagram. 

object 

J7=,,,,,, 
~ ,ma~ 
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Exercise 34.3 In the following, the object and centre of rotation have both 
been given. Copy each diagram and draw the object's image 
under the stated rotation about the marked point. 

•• •• •• 
rotation180° rotation90°clockwise rotation180° 

·1· ·· ···· .x about(3.2) 
rotatton90°clockw1se 

rotation90"anti-clockwise 
about{O,O) 

about {2,1) 

Exercise 34.4 In the fo11owing, the object (unshaded) and image (shaded) 
have been drawn. Copy each diagram. 
a) Mark the centre of rotation. 
b) Calculate the angle and direction of rotation. 

•• •• •• 
0 
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Worked e.rnmplt 

B 

B' 

As discussed e arlier. to describe a rotation, three pieces of 
informati on need to be given . T hese are the centre of rotation, 
lhe a ngle of rotation and the direction of rotation. 

Finding the centre and angle o f rotation 

Consider the triangle A BC a nd its new position A' B'C' a ft er 
being rotated. 

Find the ce ntre o f ro tation. 

The centre o f rotation is found in the following way: 

• Join a point o n the object to its corresponding point 
on the imagc.c.g. AA '. 

• Find the perpendicular bisector of this line. 
• Repeat this fo r unothe r pair of points. e.g. 88' . 

Where the two pe rpendicular bisectors meet gives the 
ce ntre of rotatio n 0. 

ii) Find the a ngle and directio n o f rota tio n. 

A ngle o f rota tio n = 90° in a clockwise d irection 

B' 
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Exercise 34.5 For each of questions 1--4, draw two identical shapes in 
approximately the same positions as shown. For each pair, 
assuming the left or upper shape is the initial object. find: 
a) the centre of rotation, 
b) the angle and direction of rotation. 

Check the accuracy of your res ults using tracing paper. 

'l <i 
·~ 

5. Draw a shape of your choice then draw its image after 
undergoing a rotation of 60° in a clockwise direction. 
Mark the centre of rotation. 

6. Draw a shape of your choice then draw its image after 
undergoing a rotation of 240°. Mark on the ce ntre of 
rotation. 
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• Translation 
If an object is translated, it undergoes a 's traight sliding' 
movement. When describing a translation it is necessary to give 
the translation vector. As no rotation is involved, each point on 
the object moves in the same way to its corresponding point on 
the image,e.g. 

1111 
Vector=(!) Vector= (-:) 

Exercise 34.6 In the following diagrams,object A has been translated to each 
of images 8 and C. Give the translation vectors in each case . 

'-111''!1:1 
m:111!1 
•• •• 
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Exercise 34. 7 Copy each of the following diagrams and draw the object. 
Translate the object by the vector given in each case and draw 
the image in its position. (Note that a bigger grid than the one 
shown may be needed.) .• , • .• 

Vector =(;) 

Vector = ( =;) 

Vector = ( _;) Vector =(-:) 

Vector = (-p Vector = ( _~) 

• Enlargement 
If an object is enlarged, the res ult is an image which is 
mathematically similar to the object but of a different size. The 
image can be either larger or smaller than the original object. 
When describing an enlargement two pieces of in fo rmation 
need to be give n, the position of the centre of enlargement and 
the sca lefactorof enlargement. 
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Worked examples a) In the diagram below. triangle A8C is enlarged to fonn 
triangleA'8 'C' . 

Find the ce ntre of enlargement. 

The centre of e nlargement is fo und by joining 
corresponding points on the object a nd image with a 
straight line . These lines are then extended until they 
meet. The point at which they meet is the centre of 
enlargement 0 . 

ii ) Calculate the scale factor of enlargement. 

The scale factor of enlargement can be calculated in one 
of two ways. From the diagram above it ca n be seen that 
the distance OA' is twice the distance OA. Similarly QC' 
and 0 8 ' are both twice OCand 0 8 respect ively, hence 
the scale factor of enlargement is 2. 

Alternatively the scale factor can be fo und by 
considering the ratio of the length of a side on the 
image to the lengt h of the corresponding side on the 
object. i.e . 

He nce the scale factor of e nlargement is 2. 
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b) In the diagram below, the rectan gle ABCD undergoes a 
transformation to form rectangle A'B'CD'. 

Find the centre of enlargement. 

By joining corresponding points on both the object and 
the image the centre of enlargement is found 
at 0. 

ii) Calculate the scale factor of enlargement. 

A'B' 3 I 
The scale factor of enlargement = AH = 6 = 2 

Note: If the scale factor of enlargement is greate r than I, 
the n the image is larger than the object. If the scale factor 
lies between O and L then the res ulting image is smalle r 
than the object. In these cases, although the image is 
smaller than the object, the transformation is still known as 
an enlargement. 

0 
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Exercise 34.8 Copy the following diagrams and find: 
a) the centre of enlargement, 
b) the scale factor of e nlargement. 

2. 

3. 4. 

5. 
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Exercise 34. 9 Copy the following diagrams and enlarge the objects by the 
scale factor given and fr om the ce ntre of enlargement shown. 
Grids larger than those shown may be needed . 

•• •• 
scalefactor2 scalefactor2 

•• •• 
scalefactor; 

• Negative englargement 

The diagram below shows an example of 11eg11tive e11 l11rgeme11t. 

scalefactorofenlargement1s - 2 

With negative enlargeme nt each point and its image are on 
opposite sides of the centre of enlargement. The scale factor 
of enlargement is calculated in the same way, remembering. 
however. to write a'-' sign before the number. 
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Exercise 34. I O 1. Copy the fo llowing diagram and then calculate the scale 
factor of e nlargement and show the position of the ce ntre 
of enlargement. 

2. The scale factor of enlargement and ce ntre of enlargement 
are both given. Copy and comple te the diagram. 

scale!actorofenlargement1s-2.5 

3. The scale factor of enlargeme nt and ce ntre o f e nlargement 
are both given. Copy and comple te the diagram. 

scalefactorofenlargementis-2 
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4. Copy the following diagram and then calculate the scale 
factor of enlargement and show the position of the centre 
of enlargement. 

5. An object and part of its image under enlargement 
are given in the diagram below. Copy the diagram and 
comple te the image . Also find the centre of enlargeme nt 
and calculate the scale factor of enlargement. 

6. In the diagram below. part of an object in the shape of a 
quadrilateral and its image under enlargement are drawn. 
Copy and complete the diagram. Also find the centre of 
enlargement and calc ulate the scale factor of enlargement. 
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• Combinations of transformations 
A n object need not be subjected to just one type o f 
t ransformation. It can undergo a succession of different 
transformations. 

Worked e.rnmple A trian gle ABCmaps onto A'B 'C ' after an enlargeme nt of 
scale factor 3 from lhe ce ntre of e nlarge ment (0, 7). A' B'C is 
then ma pped o nto A ' B ' C ' by a re flection in the line x = l . 
i) D raw and label the image A' B'C'. 
ii) Draw and label the image A "B"C". 

Exercise 34. I I In each o f the foll owing questions. copy the diagram . After each 
t ransformation. draw the inrngc o n the same grid and label it 
clearly. 

I. The square ABCD is mapped onto 
A' B'C' D' by a refl ecti on in the line y = 3. 
A' B'C' D' then maps o nt o A "B"C"D" as 
a result of a 90° ro tation in a clockwise 
d irectio n about the point (-2, 5). 

2. The recta ngle A BCD is mapped onto 
A 'B' C D' by an enlargeme nt of scale fa ctor 
- 2 with itsccnlrc at (0, 5). A 'B'C' D' the n 
ma ps o nto A "B"C" D" as a result ofa 
re flectio n in the tiney = -x + 7. 
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Workede.\·t1111pfe 

Transformations 

• Transformations and matrices 
A transformation can be represented by a matrix. 

Express the vertices of the trapezium PQRS in the form of 
a matrix . 

• P Q R S 

1 5 1) 
4 0 

ii) Find the coordinates of the vertices of its image if PQRS 

undergoes a transformation by the matrix ( b _ ~) . 
P' Q' R' S' 

(1 0)(-1 1 5 1) (-1 1 
0 -1 2 4 4 0 = -2 -4 

5 1) 
-4 0 

iii) Plot the object PQRS and its image P'Q' R'S' . 

• 
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Exercise 34. 12 In questions 1-6. transform the object show n in the diagram 
below by the matrix given. Draw a diagram for each 
transformation. and plot both the object and its image on the 
same grid. 

Q R,-

p ~ s 

1. Transformation matrix is ( ~ ~) -

2. Transfonnation matrix is ( -~ -b)-
3. Transfonnation matrix is ( -~ ~) -

4. Transformationmatrixis ( ~ -~ ) -

5. Transformation matrix is ( ~ ~) -

6. Transformation matrix is ( -~ -~ ) -

7. Describe in geometrical terms each of the transformations 
in questions 1-6. 

8. a) Draw the image of triangle XYZ under the transformation 

matrix ( -~ -~) -

Label it X'Y'Z'. 
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b) Calculate the area of triangle XYZ. 
c) Calculate the area of triangle X'Y'Z'. 
d) Calculate the area scale factor. 
e) Calculate the detennimmt of the transformation matrix. 

9. a) Draw the image of rectangle PQRS under the 

. . (1.5 0 ) transformat10n matnx 
O 

I.S . 

Label it P 'Q' R 'S' . 

y 

oft-f H--'R 

so ' '" 

P,-t++ H--~ 
,_ 

b) Calculate the area of PQRS. 
c) Calculate the area of P'Q' R'S' . 
d) Calculate the area scale factor. 
e) Calculate the de terminant of the transformation matrix. 

10. a) Draw the image of ABC under the transformation 

(0 -25) matrix 25 0· . 

Label itA 'B'C' . 

C 

B ~ 

b) Calculate the area of ABC. 
c) Calculate the area of A'B'C'. 
d) Calculate the area scale factor. 
e) Calculate the determinant of the transformation 

matrix. 



Matrices and transformations 

• Transformations and inverse matrices 
If an object is transformed by a matrix A , then the inverse 
matrix A-1 gives the inverse transformation, i.e. it maps the 
image back onto the object. 

Worked e.rnmpfe i) The matrix ( ~ -~) maps L',.PQR onto L',.P'Q ' R'. 

Draw the image P'Q'R '. 

p Q R P' Q' R' 

(0 -2)(-2 I 
2 0 2 2 

0) (-4 
-1 = -4 -4 ~) 

ii) Calculate the area of L',.P'Q' R '. 

Area of L',. PQR = 4.5 units2 

The determinant of the transformation matrix is 4. As the 
determinant is numerically equal to the area factor the area 
factor is also 4. 

Area of L',. P'Q'R' = 4 X 4.5 = 18 units2 

iii) Calculate the matrix which maps L',.P'Q' R' back onto L',.PQR. 

This is calculated by findin g the in verse of the 
transformation matrix. 

I ( O ') (0 0.5) = 4 -2 0 = 0.5 0 

Exercise 34.13 I. a) On a grid, draw a quadrilateral of your choice and label 
its vertices P, Q , R and S. 

b) Draw its image under the transformation of the matrix 

(-~ -~) and label the vertices P'Q ' R'S' . 

c) What matrix maps P'Q' R 'S' onto PQRS? 
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2. a) On a grid. draw a triangle of your cho ice and label its 
vertices A.Band C. 

b) Draw its image under the transformation of the matrix 

(-1 0) 
0 _ 1 and label the vertices A'B'C'. 

c) What matrix maps L',,A' B'C' onto L',,A BC? 

3. a) On a grid, draw a kite of yo ur choice and label its 
vertices A. B, C and D. 

b) Draw its image under the transformation of the matrix 

( 0 1.5 ) -1.5 0 and label theverticesA' B' C' D '. 

c) What matrix maps A 'B'C' D' ont o ABCD? 

4. a) On a grid, draw a sq uare of your choice and label its 
vertices W , X , Y and Z. 

b) Draw its image under the transformation of the matrix 

(
-0.5 0 ) . 

0 
O.S and label the vertices W'X'Y'Z'. 

c) What matrix maps W'X'Y'Z' ont o WXYZ? 

5. a) On a grid, draw an isosceles triangle of your choice and 
label its vertices L. Mand N. 

b) Draw its image under the transfonnation of the matrix 

(
2.5 0 ) . 
0 

_
25 

and label the vertices L'M 'N' . 

c) What matrix maps t.. L'M'N' onto t..LMN ? 

6. a) On a grid, draw a sq uare of yo ur choice and label its 
vertices A, B, C and D. 

b) Draw its image under the transfonnation of the matrix 

( - ~ JJ)andlabelitsverticesA' B'C' D '. 
- <,/3 - 1 

c) What matrix maps A' B'C' D'onto ABCD? 

• Combinations of transformations 
An object can be transformed by a series of transformation 
matrices. These matrices can be replaced by a single matrix 
which maps the original object onto the final image. 
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Worked example A:(-1 0) B:(2 0) 
0 -1 0 2 

I 
i) The triangle AB C is mapped ont o A'B'C' under the 

transformation of matrix A. 
c BA Draw and label the position of A 'B'C' . 

A 8 C A' B' C' 

(-1 0)(2 l -2):(-2 -1 2) 
0 -1 0 2 2 0 -2 -2 

1
11 ) A 8 C 1s mapped ont o A 8 C under the transformat10n 

of matnx B 

B Draw and label the posit ion of A 8 C 

A 8 C A B ' C" 

(2 0)(-2 -1 2):(-4 -2 ') 
0 2 0 -2 -2 0 -4 -4 

I 
iii) Find the matrix which maps ABC onto A"B"C". 

ABC undergoes a transformation firstly by matrix A and 
then by matrix B. The matrix which maps ABC directly 
onto A ' B ' C' is given by BA. i.e . 

(2 0)(-1 0) a (-2 0) 
0 2 0 -1 0 -2 

iv) Find the matrix which maps A"B"C" onto ABC. 

This is the inverse of t he matrix which maps ABC ont o 
A"B"C",i.e. 

(
-2 o)-' 

0 
(-0.5 0 ) 

0 -2 0 -0.5 
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Exercise 34. 14 l. 

Transformations 

Triangle XYZ is mapped onto X 'Y'Z ' under the 
transformation of matrix A. Triangle X 'Y'Z' is subsequently 
mapped onto triangle X"Y"Z ' under the transformation of 
matrix B. 
a) Copy the diagram below and plot the position of X'Y'Z'. 

I 
b) Describe the transformation given by matrix A. 
c) Plot the position ofX ' Y"Z". 
d) Describe the transformation given by matrix B. 
e) Find the matrix which maps XYZdirectly onto 

X ' Y ' Z ". 
f ) Find the matrix which maps X"Y ' Z ' directly ont o 

XYZ. 

(2 0) ( 0 -1) 2· A = O 2 B = -1 O 

Quadrilateral JKLM is mapped ont o J'K 'L'M' under the 
transformation of matrix A. J'K 'L 'M ' is subsequently 
mapped onto J "K ' L"M" under the transformation of 
matrix B. 

a) Copy the diagram below and plot the position of 
J'K 'L 'M ' . 

• 
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b) Describe the transformation given by matrix A. 
c) Plot the position of J "K"L ' M' . 
d) Describe the transformation given by matrix B. 
e) Find the matrix which maps JKLM directly ont o 

J"K ' L ' M". 
f) Find the matrix which maps J ' K ' L"M"directly onto 

JKLM. 

3. The vertices of a triangle ABC arc given by the coordinates 
A(3, 2), 8 (0, 4) and C(5, 3) . Triangle ABC is mapped onto 
triangle A 'B'C', the coordinates of its vertices being 

A'(-, ?) s·(-6, o)'"d c(-V,') 
a) Find the matrix which maps ABC onto A'B'C'. 

b) Find the matrix which maps A'B'C' ont o ABC. 

4. The coordinates of the vertices of a square ABCD after two 
transformations arc as follows: 

P(3, -1) 
P'(-3, I) 
P"(-1,3) 

Q(4, -2) 
Q'(-4,2) 
Q"(-2, 4) 

R(3, -3) S(2, -2) 
R'(-3, 3) S'(-2, 2) 
R" (-3,3) S"(-2,2) 

a) Find the matrix which maps PQRS onto P'Q' R'S'. 
b) Find the matrix which maps P'Q' R 'S' onto P"Q "R "S" . 
c) Find the single matrix which maps PQRS onto 

P"Q"R "S". 
With the aid of a diagram if necessary: 
d) Describe the transformation which maps PQRS onto 

P'Q' R'S' . 
e) Describe the transformation which maps P'Q' R 'S' ont o 

P"Q "R"S" . 
f) Describe the single transformation which maps PQRS 

onto P"Q" R "S" . 
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Student assessment I 

1. Copy the diagram below. which shows an 
object and its reflected image. 
a) Draw on your diagram the position of 

the mirror line. 
b) Find the eq uation of the mirror line . 

2. The triangle ABC is mapped onto triangle 
A 'B 'C' by a rotation (below) . 
a) Find the coordinates of the centre of 

rotation. 
b) Give the angle and direction of rotation . 

•• 3. Write down the column vector of the 
translation which maps: 
a) rectangle A to rectangle 8, 
b) rectangle 8 to rectangle C. 

4. Enlarge the triangle below by a scale factor 
2 and from the centre of enlargement 0. 

", 
I "-. 
I o V 

/ 
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• 
Student assessment 2 

I. Copy the diagram (left ) . 
a) Draw in the mirror line with eq uation y = x - I. 
b) Reflect the object in the mirror line . 

2. Draw a triangle ABCand a triangle A'B'C in positions 
similar to those shown (below) . 

_,, 

a) Find, by construction, the centre of the ro tation which 
maps L',.A BC onto L',.A' B'C' . 

b) Calculate the angle and direction of the rotation. 

3. Write down the column vector of the translation which maps: 
a) triangle A to triangle B, 
b) triangle B to triangle C. 

'\ V 

'\ V 

\ j/ '\ V 

4. Enlarge the rectangle below by a scale factor 1.5 and fr om 
the centre of e nlargement 0. 
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Student assessm ent 3 

1. An object ABCD and its image A'B'C'D' are shown below. 
a) Find the position of the ce ntre of enlargement. 
b) Calcula te the scale factor of enlargement. 

C D I 
I I 

I I I 
I I 
I A' ,-

I c.-- A I I - I I 
B I D' C' 

2. llie sq uare ABCD is mapped ont o A'B'C'D' A'B'C'D' is 
subsequently mapped onto A" B" C" D ' . 

I I ' 

. 
a) Describe in full the transformation which maps ABCD 

onto A'B'C'D'. 
b) Describe in full the transformation which maps 

A'B'C'D' onto A ·s ·c ·o · . 
3. Square ABCD is mapped ont o sq uare A'B'C'D'. Square 

A'B'C'D' is subseq uently mapped onto sq uare A "B ' C ' D ". 

a) Describe fully the transformation which maps ABCD 
onto A'B'C'D '. 

b) Describe fully the transformation which maps 
A'B'C'D' ontoA" B ' C ' D ' . 
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4. The triangle JKL (below) is mapped ont o triangle J'K'L' by 

( 0 -1) thcmatrix _
1 0 

. 

LU' K'L' is subseq uently mapped onto LV"K"L" by the 

. ( 0 1) matnx _
1 0 

. 

II-If If 1~111 
a) Copy the grid (above), and draw and labe l the position 

of J 'K'L'. 
b) On the same axes,drawand label the )X)Sition of J "K"L' . 
c) Calculate the matrix which mapsJKL directly onto J "K' L •. 

5. The quadrilateral PQRS is mapped onto P'Q' R'S' by the 

. (l.S O ) matnx O 1.S . 

P'Q'R'S' is mapped onto P'Q' R "S' by the matrix 

(-1 0) 
0 -1 · 

a) Copy the grid (above), and plot and label the position 
of P'Q'R 'S'. 

b) On the same axes, plot and label the position of 
P"Q"R"S" . 

c) Find the matrix which would map PQRS directly onto 
P"Q"R"S" . 

d) Find the matrix which would map P' Q"R"S' directly 
onto PQRS. 
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Stu . WXYZ and its image 

1. An obJect centre of enlargement. 

~)

10

;~d the po:!'~~:1:rr::~or of enlargement. b) Calculate t , 

Transformations 

A'B'C'. A'B'C' is ABC is mapped ont'~C" C 2 
llie triangle ped onto A "B ." which maps AB 

. sebscq"'"-~Y :iun the trnnsfo,mat,on A'B'C' 

a) Descn '~'C'. ation which maps onto~ . full the transform 
b) ~ne,:;b'e81?C' . 

l PQRundergoes • 3. TI1e ~;;~~~tation by the 
a tra -0.4 o ) . 
matrix ( o -0.4 

a) Draw the image of 

L'lPQf~r~:,~~~~'lnd ::t:: its '°"ices R 
P'Q'R'. 

b) Calc,iate the "''" . 

scale factor r;?;'R' nsformation matnx. 
t,Ca~~~a:~ ~e deter~inant of the tra c) 



® Mathematical investigations 
and ICT 

• A painted cube 
A 3 X 3 X 3cm cube is painted on the outside as shown in the 
left-hand diagram below: 

The large cube is then cut up into 27 smaller cubes, each 
I cm X I cm X I cm as show n o n the right. 

I X I X I cm cubes with 3 painted faces are labe lled type A. 
I X I X I cm cubes with 2 painted faces are labelled type B. 
I X 1 X I cm cubes with l face painted are labelled type C. 
I X I X I cm cubes with no faces painted are labelled type D. 

I. a) How many of the 27 cubes are type A? 
b) How many of the 27 cubes are type B? 
c) How many of the 27 cubes are type C? 
d) How many of the 27 cubes are type D? 

2. Consider a 4 X 4 X 4cm cube cut into I X I X I cm cubes. 
How many of the cubes are type A, 8 , C and D? 

3. How many type A, B, C and D cubes are there when a 
10 X 10 X lOcm cube isc ut into IX IX I cm cubes? 

4. Generalise for the number of type A, B, C and D cubes in 
an n X n X n cube . 

5. Generalise for the number of type A, B, C and D cubes in a 
cuboid I cm long, w cm wide and h cm high. 
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• Triangle count 
The diagram below shows an isosceles triangle with a vertical 
line drawn fr om its apex to its base. 

There isa total of3 
triangles in this diagram. 

If a horizontal line is drawn across the triangle, it will look 
as shown: 

There is a total of6 triangles 
in this diagram. 

When one more horizontal line is added, the number of 
triangles increases further: 

1. Calculate the total number of triangles in the diagram 
above with the two inner horizontal lines . 

2. Investigate the relationship between the total number of 
triangles (t) and the number of inner horizontal lines (h) . 
Enter your results in an ordered table. 

3. Write an algebraic rule linking the total number of triangles 
and the number of inner horizont al lines. 

The triangle (left) has two lines drawn from the apex to 
the base. 

There is a total of six triangles in this diagram. 
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If a horizontal line is drawn through this triangle, the number of 
triangles increases as shown: 

4. Calculate the total number of triangles in the diagram 
above with two lines fr om the vertex and one inner 
horizontal line . 

5. Investigate the relationship between the total number of 
triangles (t) and the number of inner horizontal lines (h) 
when two lines are drawn from the apex. Enter your res ults 
in an ordered table . 

6. Write an algebraic rule linking the total number of triangles 
and the number of inner horizontal lines. 

e ICT activity I 
Using Autograph or another appropriate software package, 
prepare a help sheet for your revision that demonstrates the 
addition, subtraction and multiplication of vectors. An example 
is shown below: 

y 

(4 

/3\ • 6 
I"' .\ T 

3 2 1 , 
\ 

Vector addition: 
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e ICT activity 2 
Using Autograph or other appropriate software, investigate the 
effect of different transformation matrices on an object. 

I. Draw an object such as a rectangle or other basic shape . 

2. Apply a 2 X 2 matrix to the object in the form ( : ! ) 
3. By changing the values of a. b, c, and d to ( ~ ~) 

describe the transformation on the original object. 

4. Apply each of the following transformation matrices in turn. 
Describe in geometrical terms each of the transformations: 

a) ( _: -6) 
b) ( _: 6) 
c) (: -6) 
d) (~ ~) 
e) (-~ -~) 

5. Prepare a small display of your findings in questions 
3 and 4 above. 



Q Syllabus 
ES.1 

Calculate the probabil ity of o single event os 
either o fraction, decimal or percentage. 

8.2 
Understand and use the probability scale from 
Oto 1. 

ES.3 
Understand that the probabi lity of on event 
occurring = l - the probability of the event not 
occurring. 

Q Contents 

EB.4 

I Understand relot1ve frequency os on est1mote of 
probob1hty 

EB.S 

I Calculate the probability of simple combined 
events,usingpossibi litydiogromsondtree 

dia grams where appropriate. 

Chapter 35 Probability (E8. l, E8.2, E8.3, EB.4) 
Chapter 36 Further probability (ES.5) 
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0 Order and chaos 
Bloise Pascal ond Pierre de Fermat (known for his lost theorem) 
corresponded about problems connected to games of chance. 

Although Newton and Galileo hod hod some thoughts on the 
subject, this is accepted as the beginning of the study of what is 
now called probability. Loter, in 1657, Christioon Huygens wrote 
the first book on the subject entitled The Value of all Chances in 
Gomes of Fortune. 

In 1821 Corl Friedrich Gauss (1777- 1855) worked on normal 
distribution. 

At the start of the nineteenth century, the French mothemotician 
Pierre Simon de Laplace was convinced of the existence of o 
Newtonian universe. In other words, if you knew the position 
ond velocities of oll the particles in the universe, you would be 
able to predict the future because their movement would be 
predetermined by scientific lows. However, quantum mechanics 
hos since shown that this is not true. Chaos theory is ot the centre 
ofunderstondingtheselimits. 

Bloise Pascal ( 1623 - J 662) 

• 



@ Probability 

Probability is the study of chance. or the likelihood of an event 
happening. However, because probability is based on chance, 
what theory predicts does not necessarily happen in practice. 

A fa vourable outcome refers to the event in question actu
ally happening. The tota l number of possible outcomes refers 
to all the different types of o utcome one can get in a particular 
situation. In ge neral: 

number of favourable o utcomes 
Probability of an event=---------

to tal number of eq ually likely o utcomes 

If the probability = 0. the event is impossible. 
If the probability = 1, the event is certain to happen. 

If an event can e ither happen or not happen the n: 

Probability of the event not occurring 
= I - the probability of the event occurring. 

Worked examples a) A n ordinary, fair dice is rolled. Calculate the probability of 
getting a six. 

Number of favourable outcomes = I (i.e . ge tting a 6) 
T otal number of possible o utcomes = 6 

(i.e . getting a I , 2, 3, 4, 5 or 6) 

Probability of getting a six = i 
Probability of not getting a six = I - i = i" 

b) An ordinary, fair dice is rolled. Calculate the probability of 
getting an even number. 

Number of favourable outcomes= 3 
(i.e. gettinga2,4or 6) 

T otal number of possible o utcomes= 6 
(i.e . gettinga1,2, 3,4,5or 6) 

Probability of getting an even number = ! =-} 

c) Thirty stude nts are asked to choose their favourite subject 
o ut of Maths, English and Art. The results are shown in the 
table below: 

Maths English Art 

Girls 

Boys 

A student is chosen at random. 
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What is the probability that it is a girl? 
Total number of girls is 16. 

Probability of choosing a girl is M- = k 

Probability 

ii) What is the probability that it is a boy whose favourite 
subjectisArt? 
Number of boys whose favourite subject is Art is 6. 

Probability is therefore ii= t 
iii) What is the probability of not choosing a girl whose 

favourite subject is English? 
ll1ere are two ways of approaching this: 
Method I: 
Total number of students who are not girls whose 
favourite subject is English is 7 + 5 + 5 + 3 + 6 = 26. 

l11erefore probability is I= -H--
Method 2: 
Total number of girls whose favourite subject is English 
is 4. 
Probabilit y of choosing a girl whose favourite subject is 
English is 1t. 

ll1erefore the probability of not choosing a girl whose 
favourite subject is English is: 

i -~=~=H 
The likelihood of an event such as 'you wi11 play sport 
tomorrow' will vary from person to person. Therefore, 
the probability of the eve nt is not constant. However, the 
probability of some eve nts, such as the result of throwing dice, 
spinning a coin or dealing cards, can be found by experiment or 
calculation. 

A probability scale goes from Oto I. 

impossible unlikely likely 

Exercise 35.1 l. Copy the probability scale above. 
Mark on the probability scale the probability that 

a) a day chosen at random is a Saturday, 
b) a coin will show tails when spun, 
c) the sun will rise tomorrow, 
d) a woman will run a marathon in two hours, 
e) the nex t car you see will be silver. 

2. Express your answers to question I as fractions, decimals 
and percentages. 



Probability 

• 

Exercise 35.2 I. Calculate the theoretical probability, when rolling an 
ordinary, fair dice, of getting each of the following: 
a) ascoreof l b) ascoreof2,3,4,5or6 
c) an odd number d) a score less than 6 
e) ascoreof 7 f) ascorelessthan7 

2. a) Calculate the probability of: 
i) being born on a Wednesday. 
ii) not being born on a Wednesday. 

b) Explain the result of adding the answers to a) i) and ii ) 
together. 

3. 250 balls are numbered from I to 250 and placed in a box. 
A ball is picked at random. Find the probability of picking 
a ball with: 
a) the number I b) an even number 
c) a three-digit number d) a nwnber less than 300 

4. In a class there are 25 girls and 15 boys. The teacher takes 
in all of their books in a random order. Calculate the 
probability that the teacher will: 
a) mark a book belonging to a girl first. 
b) mark a book belonging to a boy fir st. 

5. Tiles. each lettered with one different letter of the 
alphabet. are put into a bag. If one tile is taken o ut at 
random, calculate the probability that it is: 
a) anAorP b) a vowel 
c) a consonant d) an X. Y or Z 
e) a letterinyo urfirstname. 

6. A boy was late for school 5 times in the previous 30 school 
days. If tomorrow is a school day, calculate the probability 
that he will arrive late. 

7. a) Tiuee red, 10 white. 5 blue and 2 green counters are 
put into a bag. If one is picked at random, calculate the 
probability that it is: 
i) a green counter ii ) a blue counter. 

b) If the firs t counter taken o ut is green and it is not put 
back into the bag, calculate the probability that the 
second counter picked is: 
i) a green counter ii) a red co unter. 

8. A circular spinner has the numbers Oto 36 equally spaced 
around its edge . Ass uming that it is unbiased, calc ulate the 
probability on spinning it of ge tting: 
a) the number 5 b) not 5 
e) an odd number d) zero 
e) anumbergreaterthan15 f) a multipleof 3 
g) a multiple of 3 or 5 h) a prime number . 
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9. The le tte rs R. C and A can be combined in several 
different ways. 
a) Write the le tters in as many different orders as 

possible. 
If a computer writes these three le tters at random, 
calc ulate the probability that: 
b) the le tters will be written in alphabetical order, 
c) the le tter R is written before both the le tters A and C. 
d) the le tter C is written after the le tter A, 
e) the computer will spell the word CA RT if the le tter T 

is added. 

10. A normal pack of playing cards contains 52 cards. These 
are made up of four suits (hearts, diamonds, clubs and 
spades) . Each suit consists of 13 cards. These are labe lled 
Ace, 2,3,4,5,6, 7, 8, 9, 10, Jack, Queen and King. The 
hearts and diamonds are red: the clubs and spades are 
black. 

If a card is picked at random fr om a normal pack of 
cards, calculate the probability of picking: 
a) a heart b) not a heart 
c) a4 d) a red King 
e) aJack,QueenorKing f) theAceofspades 
g) an even numbered card h) a 7 or a club. 

Exercise 35.3 1. A student conducts a survey on the types of vehicle that 
pass his house. The results are shown below. 

Vehicle type Car Lorry Van Bicycle Motorbike Other 

Frequency 28 20 48 32 

a) How many vehicles passed the student 's ho use? 
b) A vehicle is chosen at random from the results. 

Calculate the probability that it is: 
i) 
ii ) alorry 
iii ) not a van. 
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2. In a class. data is collected about whether each student is 
right -handed or left -handed. The res ults are shown below. 

Left-handed Right-handed 

Boys 12 

Girls 15 

a) How many stude nts are in the class? 
b) A student is chosen at random. Calculate the 

probability that the stude nt is: 
i) agirl 
ii) left-handed 
iii) a right -handed boy 
iv) not a right-handed boy. 

3. A library keeps a record of the books that are borrowed 
during one day. The results are shown in the chart below. 

H1stoncal CookefY Biography 
Book type 

a) How many books were borrowed that day? 
b) A book is chosen at random from the ones borrowed. 

Calculate the probability that it is: 
i) athriller 
ii) a horror or a romance 
iii) not a horror or romance 
iv) not a biography. 
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• Relative frequency 
A footba ll referee always used a special coin to toss for ends. 
He not iced that o ut of the last twenty matches the coin had 
come down heads far more often than tails. He wanted to know 
if the coin was fair, that is, if it was as likely to come down heads 
as tails . 

He decided to do a simple experiment by spinning the coin 
lots of times. His results are shown below: 

Number of tria ls Number of heads Re lative freque ncy 

100 40 0.4 

200 90 0.45 

300 142 0.47 ... 

400 210 0.525 

500 260 0.52 

600 290 0.48 ... 

700 345 0.49 .. 

800 404 0.505 

900 451 0.50 ... 

1000 499 0.499 

The re lative frequency 
number of successful trials 

to tal number of trials 

In the ' long run ', that is after a large number oftrials,did the 
coin appear to be fair? 

Notice tha t the greater the number of trials the better the 
estimated probability or re lative freq uency is likely to be. ll1e 
key idea is that increasing the number of trials gives a better 
estimate of the probability and the closer the result obta ined by 
experiment will be to that obtained by calculation. 

Worked e.rum11le1· a) ll1ere is a group of250 people in a hall. A girl calculates 
that the probability of randomly picking someone that she 
knows fr om the group is 0.032. Ca lculate the number of 
people in the group that the girl knows. 

Probability = nui:~::rf:;;~::~~ r;:s~l~s (F) 

0.032= L_ 
250 

250X0.032= F so 8= F 

The girl knows 8 people in the group. 
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b) A boyenters8 dogs into a dog show competition. His 
father knows how many dogs have been entered int o the 
competition. and te lls his son that they have a probability of 
0.016 of winning the first prize (assuming all the dogs have 
an eq ual chance) . How many dogs were entered into the 
competition? 

Probability = nnu~:b1:/ 0°:;~:~~~=~~: ~ft:utn 

0.016 =f 
T = O.i16 : 500 

So 500 dogs were ent ered into the competition. 

Exercise 35.4 l. A boy calculates that he has a probability of0.004 of winning 
the first prize in a photography competition if the selection 
is made at random. lf 500 photographs are entered into the 
competition, how many photographs did the boy enter? 

2. The probability of getting any particular number on a 
spinner game is given as 0.04. How many numbers are there 
on the spinner? 

3. A bag contains 7 red counters, 5 blue, 3 green and 1 yellow. 
If one counter is drawn, what is the probability that it is: 
a) yellow b) red c) blue or green 
d) red, blue or green e) not blue? 

4. A boy collects marbles. He has the following colo urs in a 
bag: 28 red, 14 blue, 25 yellow. 17 gree n and 6 purple. If he 
draws one marble from the bag, what is the probability that 
itis: 
a) red b) blue c) yellow or bi ue 
d) purple e) not purple? 

5. The probability of a boy drawing a marble of one of the 
following colo urs from another bag of marbles is: 

blue 0.25 red 0.2 yellow 0.15 green 0.35 white 0.05 

If there are 49 gree n marbles, how many of each other 
colo ur does he have in his bag? 

6. There are six red sweets in a bag. If the probability of 
randomly picking a red sweet is 0.02, calculate the number 
of sweets in the bag? 

7. The probability of getting a bad egg in a batch of 400 is 
0.035. How many bad eggs are there likely to be in a batch? 
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8. A sports arena has250Cl0 seats, some of which are VIP 
seats . For a charity event all the seats are allocated 
randomly. ll1e probability of getting a VIP seat is 0.008. 
How many VIP seats arc there? 

9. ll1e probability of Juan's favourite football team winning 
4-0 is 0.05. How many times are they likely to win by this 
score in a season of 40 matches? 

Student assessme nt I 
1. What is the probability of throwing the following numbers 

with a fair dice? 
a) a2 b) not a2 
c) less than 5 d) a7 

2. If you have a normal pack of 52 cards, what is the 
probability of drawing: 
a) a diamond b) a 6 c) a black card 
d) a picture card e) a card less than 5? 

3. 250 coins. one of which is gold, are placed in a bag. What 
is the probability of getting the gold coin if I take, without 
looking, the following numbers of coin? 
a) I b) 5 c) 20 
d) 75 e) 250 

4. A bag contains 11 blue, 8 red. 6 white, 5 green and 10 
yellow counters . I f one co unter is taken from the bag, what 
is the probability that it is: 
a) blue b) green c) yellow d) not red? 

5. The probability of drawing a red, blue or green marble from 
a bag containing 320 marbles is: 

red 0.5 blue 0.3 green 0.2 

How many marbles of each colour are there? 

6. ln a small town there are a number of sports clubs. 111e clubs 
have 750 members in total. The table below shows the types 
of sports club and the number of members each has. 

Tennis Football Go lf Hockey Athletics 

Me n 30 110 40 15 IQ 

W omen 15 25 20 45 30 

Boys IQ 200 IQ 40 

Girls 20 35 30 60 

A sports club member is chosen at random from the town. 



Probability 

Calculate the probability that the member is: 
a) aman 
b) a girl 
c) a woman who does athletics 
d) a boy who plays foo tball 
e) not a boy who plays football 
f) not a golf player 
g) a male who plays hockey. 

7. A dice is thought to be biased. In order to test it , a boy rolls 
it 12 times and gets the following res ults: 

Numbe r 

Freque ncy 

A girl decides to test the same dice and rolls it 60 times. 
The table below shows her res ults: 

Numbe r 

Freque ncy 47 

a) Which res ults are likely to be more reliable? Justify your 
answer. 

b) What conclusion ca n you make about whether the dice 
is biased? 

Stude nt asse ssment 2 
I. An octagonal spinner has the numbers I to 8 on it as shown 

(below) . 

What is the probability of spinning: 
a) a7 b) not a 7 
c) a factor of 12 d) a9? 
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2. A game req uires the use of all the playing cards in a normal 
pack from 6 to King inclusive . 
a) How many cards are used in the game? 
b) What is the probability of drawing: 

i) a6 ii) a picture iii) a club 
iv) a prime nwnber v) an 8 or a spade? 

3. 180 students in a school are offered a chance to attend 
a football match for free. If the students are chosen at 
random, what is the chance of being picked to go if the 
following numbers of ticke ts are avai lable? 
a) I b) 9 c) 15 
d) 40 e) 180 

4. A bag contains 11 white. 9 blue, 7 green and 5 red counters. 
What is the probability that a s ingle counter drawn will be: 
a) blue b) red or green c) not white? 

5. ll1e probability of drawing a red, blue or green marble from 
a bag containing 320 marbles is: 

red 0.4 blue 0.25 green 0.35 

If there are no o ther colours in the bag, how many marbles 
of each colour are there? 

6. Students in a class conduct a survey to see how many 
frie nds they have on Facebook. The res ults were grouped 
and are shown in the pie chart below. 

0
Key 

0 Nooe 

D 1-100 
D 101-200 

0201 - 300 

0 301-400 

0Morethan400 

A student is chose n at random. What is the probability that 
he/she: 
a) has 101-200 Facebook fri ends 
b) uses Facebook 
c) has more than 200 Facebook friends? 

7. a) If I ente r a competition and have a 0.00002 probabil ity 
of winning. how many people ente red the competition? 

b) What assumption do you have to make in order to 
answer part a)? 
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• Combined events 
Combined eve nts look at the probability of two or more 

Worked e.rample i) Two coins arc tossed. Show in a two.way table all the 
possible outcomes. 

ii) Calculate the probability of getting two heads. 

:r~!~~:l~~t~~~:~:i~;e~~u~l{. likely: therefore, the 

iii) Calculate the probability of ge tting a head and a tail in any 
order. 

The probab_ili1y of
1
getting a head and a tail in any order, i.e . 

HT or TH, 1s 4 =1. 

Exercise 36. I l. a) Two fair tetrahedral dice are ro1led. If each is numbered 
1-4, draw a two-way table to show all the possible 
o utcomes. 

5,26,2 

b) What is the probability that both dice show the same 
number? 

c) What is the probability that the number on one dice is 
double the number on the o ther? 

d) What is the probability that the swn of both numbers is 
prime? 

2. Two fair dice are rolled. Copy and comple te the diagram 
(left ) to show all the possible combinations. 
What is the probability of getting: 
a) a double 3. b) any double. 
c) atotalscoreof11. d) atotalscoreof7. 
e) an even number on both dice, 
f) an even number on at least one dice, 
g) a total of 6 or a double, 1 1,12,13,14,1 

h) scores which differ by 3, 
i) a total which is either a multiple of 2 or 5? 



36 Further probability 

• Tree diagrams 
When more than two combined events are being considered 
then two-way tables cannot be used and therefore another 
method of representing information diagrammatically is 
needed. Tree diagrams are a good way of doing this. 

Worked example i) If a coin is tossed three times. show all the possible outcomes 
on a tree diagram, writing each of the probabilities at the 
side of the branches. 

< " 

<"<:~: 
T<' H~ : 
' <' H ' T 

l T 

ii) What is the probability of getting three heads? 

There are e ight equally likely o utcomes. therefore the 
probability of getting HHH is{. 

iii) What is the probability of getting two heads and one tail in 
any order? 

The successful out comes are HHT. HTH. THH. 
Therefore the probability is j . 

i,·) What is the probability of getting at least one head? 

This refers to any outcome with e ither one, two or three 
heads. i.e . a ll of them crceptTIT. 
Therefore the probability is i-

v) What is the probability of getting no heads? 

The only successful outcome for this event is TIT. 
Therefore the probability is!-
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Exercise 36.2 1. a) A computer uses the numbers L 2 or 3 at random to 
make three-digit numbers. Assuming that a number can 
be repeated. show on a tree diagram all the possible 
combinations that the computer can print. 

b) Calculate the probability of getting: 
i) the number 131, 
ii ) an even number. 
iii ) a multiple of 11 , 
iv) a multiple of 3, 
v) a multiple of2 or 3. 

2. a) A cat has four kittens. Draw a tree diagram to show 
all the possible combinations of males and fe males . 
[assume P (male)= P (female)] 

b) Calculate the probability of getting: 
i) allfemale, 
ii) two females and two males, 
iii )at least one female. 
iv) more fe males than males. 

3. a) A netball team plays three matches. In each match the 
team is eq ually likely to win, lose or draw. Draw a tree 
diagram to show all the possible outcomes over the 
three matches. 

b) Calculate the probability that the team: 
i) wins all three matches, 
ii) wins more times than loses. 
iii ) loses at least one match, 
iv) either draws or loses all three matches. 

c) Explain why it is not very realistic to assume that the 
o utcomes are equally likely in this case. 

4. A spinner is split int o quarters as shown. 

a) If it is spun twice, draw a probability tree showing all the 
possible o utcomes. 

b) Calculate the probability of getting: 
i) two dark blues. 
ii) two blues of either shade, 
iii ) a pink and a white in any order. 
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In each of the cases considered so far. all oft he o utcomes have 
been assumed to be equally likely. However, this need not be 
the case. 

Worked example in winter, the probability that it rains on any one day is 4. 
i) Using a tree diagram show all the possible combinations for 

two consecutive days. 
ii) Write each of the probabilities by the sides of the branches. 

Day1 Day2 Probability 

Rain, Rain 1xl= II 

Rain, Norain 1xl= -li 

No rain, Rain lxl= li 

Norain, Norain Jxl= :O 

Note how the probability of each o utcome is arrived at by 
multiplying the probabilities of the branches. 

iii) Calculate the probability tha t it will rain on both days. 

P(R. R) = t X t = M 
i") Calculate the probability that it will rain on the first but not 

the second day. 

P(R. NR) = t X 4 = ~ 
v) Calculate the probability that it will rain on at least one day. 

ll1e outcomes which satisfy this eve nt are (R, R) 
(R. NR) and (N R, R) ._ . . 

25 10 10 45 ll1erefore the probability 1s 49 + 49 + 49 = 49· 
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Exercise 36.3 1. A particular board game involves players ro1ling a dice. 
However, before a player can start. he or she needs to roll a 6. 
a) Copy and complete the tree diagram below showing all 

the JX)Ssible combinations for the first two rolls of the dice. 

Probability 

-----Si)( Six, Six 

~ Six -----NotSOl {xi" = "Ji 

~ ~ Six I Not sot 

NotSOl 

b) Calculate the probability of the following: 
i) getting a six on the first roll. 
ii ) starting within the first two rolls, 
iii ) starting on the second roll. 
iv) not starting within the first three rolls, 
v) starting within the first three rolls. 

c) If you add the answers to b) iv) and v) what do you 
notice? Explain. 

2. In Italy j of the cars are foreign made. By drawing a tree 
diagram and writing the probabilities next to each of the 
branches, calculate the following probabilities: 
a) the next two cars to pass a particular SJX)t are both Italian. 
b) two of the next three cars are foreign. 
c) at least one of the next three cars is Italian. 

3. The probability that a morning bus arrives on time is 65% . 
a) Draw a tree diagram showing all the possible outcomes 

for three consecutive mornings. 
b) Label your tree diagram and use it to calculate the 

probability that: 
i) the bus is on time on all three mornings. 
ii ) the bus is late the first two mornings, 
iii) the bus is on time two out of the three mornings, 
iv) the bus is on time at least twice. 

4. A normal pack of 52 cards is shuffled and three cards are 
picked at random. Draw a tree diagram to help calculate 
the probability of picking: 
a) two clubs first, b) three clubs, 
c) no clubs, d) at least one club. 

5. A bowl of fruit contains one kiwifruit , one banana, two 
mangos and two lychees. Two pieces of fruit are chosen at 
random and eaten. 
a) Draw a probability tree showing all the JX)Ssible 

combinations of the two pieces of fruit. 
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b) Use your tree diagram to calculate the probability that: 
i) both the pieces of fruit eaten are mangos, 
ii) a kiwifruit and a banana are eaten. 
iii) at least one lychee is eaten. 

6. Light bulbs are packaged in cartons of three. 10% of the 
bulbs arc found to be faulty. Calculate the probability of 
findin g two faulty bulbs in a single carton. 

7. A volleyball team has a 0.25 chance of losing a game. 
Calculate the probability of the team achieving: 
a) two consec utive wins, 
b) three consecutive wins, 
c) !Oconsecutivewins. 

Student assessment I 

1. A bag contains 12 white counters, 7 black counters and 
I red counter. 
a) If, when a counter is taken o ut, it is not replaced . 

calc ulate the probability that: 
i) the first counteriswhite, 
ii) the second counter removed is red, given that the 

first was black. 
b) If, when a counter is picked, it is then put back in the 

bag, how many attempts will be needed before it is 
mathematically certain tha t a red co unter will have been 
picked o ut ? 

2. A coin is tossed and an ordinary, fair dice is rol1ed. 
a) Draw a two-way table showing all the possible 

combinations. 
b) Calculate the probability of ge tting: 

i) a head and a six, 
ii ) a tail and an odd number, 
iii) a head and a prime number. 

3. Two spinners A and 8 are split into quarters and colo ured 
as shown. Both spinners are spun. 
a) Draw a fully labelled tree diagram showing all the 

possible combinations on the two spinners. Write beside 
each branch the probability of each o utcome. 

b) Use your tree diagram to calculate the probability of 
getting: 
i) two blues, 
ii ) twopinks, 
iii) a pink on spinner A a nd a white on spinner B. 
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4. A coin is tossed three times. 
a) Draw a tree diagram to show all the possible o utcomes. 
b) Use your tree diagram to calculate the probability of 

getting: 
i) three tails, 
ii) two heads, 
iii ) no tails, 
iv) at least one tail. 

5. A goalkeeper expects to save one penalty o ut of every 
three. Calculate the probability that he: 
a) saves one penalty o ut of the next three, 
b) fails to save one or more of the next three penalties. 
c) saves two o ut of the next three penalties. 

6. A board game uses a fair dice in the shape of a tetrahedron. 
The sides of the dice are numbered 1, 2. 3 and 4. Calculate 
the probability of: 
a) not throwing a 4 in two throws. 
b) throwing two consecutive ls, 
c) throwing a total of 5 in two throws. 

7. A normal pack of 52 cards is shuffled and three cards 
picked at random. Calculate the probability that all three 
cards are picture cards . 

Student assessment 2 

1. Two normal and fair dice are rolled and their scores added 
together. 
a) Using a two-way table, show all the possible scores that 

can be achieved. 
b) Using your two-way table, calculate the probability of 

getting: 
i) a score of 12, ii) a score of 7. 
iii ) a score less than 4. iv) a score of 7 or more. 

c) Two dice are rolled 180 times. In theory, how many 
times would you expect to get a total score of 6? 

2. A spinner is numbered as shown. 
a) If it is spun once. calculate the probability of getting: 

i) a L 
ii) a2. 

b) If it is spun twice, ca lculate the probability of getting: 
i) a 2 followed by a 4, 
ii ) a 2 and a 4 in any order, 
iii ) at least one 1, 
iv) at least one 2. 
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3. Two spinners are colo ured as shown (left). 
a) They are both spun. Draw and label a tree diagram 

showing all the possible outcomes. 
b) Using your tree diagram calc ulate the probability of 

getting: 
i) two blues. ii) two whites, 
iii) a white and a pink, iv) at least one white. 

4. Two spinners are labe lled as shown: 

Calculate the probability of getting: 
a) A andP, 
b) A or Band R, 
c) Cbut notQ. 

5. A vending machine accepts $1 and $2 coins. TI1e probability 
of a $2 coin being rejected is 0.2. The probability of a $1 
coin being rejected isO.l. 

A sandwich cost ing $3 is bought. Calculate the probability 
of getting a sandwich fir st time if: 
a) one of each coin is used, 
b) three $1 coins are used. 

6. A biased coin is tossed three times. On each occasion the 
probability of ge tting a head is 0.6. 
a) Draw a tree diagram to show all the possible outcomes 

after three tosses. Label each branch clearly with the 
probability of each outcome . 

b) Using your tree diagram calculate the probability of 
getting: 
i) three heads, 
ii ) three tails, 
iii) at least two heads. 

7. A ball e nters a chute at X. 
a) What are the probabilities of the ball going down each 

of the chutes labelled (i), (ii) and (iii)? 
b) Calculate the probability of the ball landing in: 

i) trayA, 
ii ) trayC, 
iii) tray B. 
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• Probability drop 
A game involves dropping a red marble down a chute. 
On hitting a triangle divider. the marble can bounce e ither left 
or right. On completing the drop. the marble lands in one of 
the trays along the bottom. The trays are numbered fr om left 
to right. Different sizes of game exist , the four smallest versions 
are show n below: 

A!-~A&!\ 
1 2 3 4 LJLJLJLJLJ 

To land in tray 2 in the second game above, the ball can travel 
in one of two ways. These are: Left - Right or Right - Left. 

This can be abbreviated to LR or RL. 

1. State the different routes the marble can take to land in 
each of the trays in the third game. 

2. State the different routes the marble can take to land in 
each of the trays in the fourth game. 

3. State, giving reasons, the probability of a marble landing in 
tray I in the fourth game . 

4. State, giving reasons, the probability of a marble landing in 
each of the o ther trays in the fourth game. 

5. Investigate the probability of the marble landing in each o f 
the different trays in larger games. 

6. Using your findin gs fr om your investigation, predict the 
probability ofa marble landing in tray 7 in the tenth game 
(11 trays at the bottom). 

7. Inves tigate the links between this game and the seq uence of 
numbers generated in Pascal's triangle. 

The following question is beyond the scope of the syllabus but 
is an interesting extension. 

8. Investigate the links between this game, Pascal's trian gle 
and the binomial expansion. 
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• Dice su m 
Two ordinary dice are rolled and their scores added together. 

Below is an incomplete table showing the possible outcomes: 

Dice I 

.: l-'-+---f-+--+-'-+--+---1 
C f-'-+---f-+--+-'-+--+---1 

IO 

12 

I. Copy and complete the table to show all possible o utcomes. 

2. How many possible outcomes are there? 

3. What is the most likely total when two dice are rolled? 

4. What is the probability of getting a total score of 4? 

5. What is the probability of getting the most likely total? 

6. How many times more likely is a total score of 5 compared 
with a total score of2? 

Now consider rolling two four-sided dice, each numbered 1- 4. 
Their scores are also added together. 

7. Draw a table to show all the possible outcomes when the 
two fo ur-sided dice are rolled and their scores added 
together. 

8. How many possible outcomes are there? 

9. What is the most likely total? 

10. What is the probability of getting the most likely total? 

U. Investigate the number of possible o utcomes. the most 
likely total and its probability when two identical dice are 
rolled together and their scores added, i.e . consider 8-sided 
dice, JO-sided dice, e tc. 

12. Consider two m-sided dice ro lled together and their scores 
added. 
a) What is the total number of outcomes in tenns of m? 
b) What is the most likely totaL in terms ofm? 
c) What, in terms of m, is the probability of the most likely 

total? 



Probability 

13. Consider an m-sided and n-sided dice rolled together. 
where m > n. 
a) In terms of m and n, deduce the total number of 

o utcomes. 
b) In terms of m and/or n, deduce the most likely total(s). 
c) In terms of m and/or n, deduce the probability of getting 

the most likely total. 

• ICT activity: Buffon's needle experiment 
You will need to use a spreadsheet for this activity. 

The Fre nch count Le Comte de Buffon devised the following 
probability experiment. 

1. Measure the length of a match (with the head cut off) ru; 

accurately as possible. 

2. On a sheet of paper draw a series of straight lines parallel 
to each other. The distance between each line sho uld be the 
same as the lengt h of the match. 

3. Take ten identical matches and drop them randomly on the 
paper. Count the number of matches that cross or touch any 
of the lines. 

For example in the diagram below, the number of matches 
crossing or touching lines is six. 

11 t1i4~ 11 

4. Repeat the experiment a further nine times, making a note 
of your results, so that altogether you have dropped 100 
matches. 
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1 Number of drons N 
Number of matches 

2 crossinallouehinc lines fn) 

Probebi~t:,cf crossinge 
J line (J) =n!N) 

2/p 
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5. Set up a spreadsheet s imilar to the one shown below and 
enter your results in cell 82. 

~t D E f G_ l1 __J__ J 

100 200 300 400 500 600 700 800 900 1000 

6. Repeat 100 mat ch drops again. making a total of 200 drops, 
and enter cumulative res ults in cell C2 . 

7. By collating the res ults of your fe llow students. enter the 
cumulat ive res ults of dropping a match 300- l(X)() times in 
cells D2- K2 respectively. 

8. Using an appropriate formula. get the spreadsheet to 
complete the calculations in Rows 3 and 4. 

9. Use the spreadsheet to plot a line graph of N against l . 
2 p 

10. What value does p appear to get closer to? 



Q Syllabus 
E9.1 E9. S 

Collect, classify and tabulate statistical data. I Construct ond use cumulot1ve frequency J/J, 
Read, interpret and draw simple inferences from d109roms 

tables ond statistical diagrams. Estimate and interpret the median percentiles, J 
E

9
.
2 

quartiles ond inter quartile range 

I ~i::r~::,"~:~~~ f~~~~~;sdfsit~i~~~=~s, I ~:~~ rstond what is meant by positive, negative r 1 

histograms with equal and unequal intervals and and zero correlation with reference too scatter 

::~;' d;ogcoms :;:g;om ~ 
11
,
1 
' tsc s) 

Cokulote the mean, median, mode and range I Drowo straight line of best fit by eye. "\ 
lorindividuolonddiscretedotoonddistinguish 
betw"een the purposes for which they ore used. ) 

E9.4 

I 
Calculate on estimate of the meon for grouped 
and continuous data. 
Identify the modal doss from o grouped 
frequency distribution. 

Q Contents 
Chapter 37 Meon, median, mode and range (E9.3, E9.4) 
Chapter 38 Collecting and disploying data (E9.1, E9.2, E9.6, E9.7) 
Chapter39 Cumulativefrequency(E9.5) 
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0 Statistics in history 
The earliest writing on statistics wos found in o ninth
century book entitled Manuscript on Deciphering 
Cryptographic Messages, written by the Arab 
philosopher AI-Kindi (801 - 873), who lived in Baghdad. 
In his book, he gave o detailed description of how to use 
statistics to unlock coded messages. 

The Nuovo Cronica, o 14th-century history of 
Florence by the Italian banker Giovanni Villani, includes 
much statistical information on population, commerce, 
trodeondeducotion. 

Early statistics served the needs of stoles - stale 

-islics.Bytheeorly19thcentury,stotisticsincluded 

the collection and analysis ofdoto in general. Today, 
statistics ore widely employed in government, business, 
ond natural ond social sciences. The use of modern computers bas enabled large-scale statistical 
computation and hos also mode possible new methods that ore impractical to perform manually. 

~) 



Mean, median, mode and 
range 

• Average 
·Average' is a word which in general use is taken to mean 
somewhere in the middle . For example, a woman may describe 
herself as being of average height. A student may think he or 
she is of average ability in maths. Mathematics is more exact 
and uses three principal methods to measure average. 

• The mode is the value occurring the most oft en. 
• The mediim is the middle value when all the data is arranged 

in order of size . 
• The mean is found by adding together all the values of the 

data and then dividing that to tal by the number of data values. 

• Spread 
It is oft en useful to know how spread out the data is. It is 
possible for two sets of data to have the same mean and median 
but very different spreads. 

The simplest measure of spread is the range. The range is 
simply the difference between the largest and smallest values in 
the data. 

Another measure of spread is known as the inte r-q uartile 
range. l11is is covered in more detail in Chapter 39. 

Worked examples a) i) Find the mean, median and mode of the data listed 
below. 

I, 0,2, 4, 1, 2, I, 1,2,5, 5, 0, 1,2,3 

1+0+2+4+1+2+1+1+2+5+5+0+1+2+3 
Mean = 

l5 

=2 

Arranging all the data in order and then picking out the 
middle number gives the median: 

0,0, l, L LI , L@ 2,2,2,3.4, 5,5 

The mode is the number which appeared mos t oft en. 
Therefore the mode is I. 

ii) Calculate the range of the data. 
Largest value= 5 
Smallest value= 0 
Therefore the range =5- 0 =5 
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Test score 

b) i) ll1e frequency chart (be low) shows the score out of 10 
achieved by a class in a maths tes t. 
Calculate the mean. median and mode fo r this data. 

7~ 

> 6 
g 5 
! 4 

! 3 
2 

1 

0 12345678910 

Transferring the results to a frequency table gives: 

2 3 4 5 6 7 8 9 10 Total 

Frequency 2 3 2 3 5 4 6 4 32 

Frequency X score O 2 6 6 12 25 24 42 32 9 10 168 

In the total column we can sec the number of students 
taking the test, i.e. 32, and also the total nwnber of 
marks obtained by all the s tudents, i.e. 168. 

ll1ercfore the mean score = W = 5.25 

Arranging all the scores in order gives: 

0, LI, 2, 2,2. 3.3.4, 4. 4. 5. 5,5,5.(}]) 6. 6, 6, 7, 7. 7. 
7, 7, 7,8.8,8,8,9, 10 

Because there is an even number of students there isn' t 
one middle number. There is a middle pair. The 

median is (
5

;
6

) = 5.5. 

The mode is 7 as it is the score which occurs most often. 
ii) Calculate the range of the data. 

L·u gest value = 10 Sma11est value = 0 
l11ercfore the range = 10 - 0 = 10 

Exercise 37.1 In questions 1-5, find the mean. median, mode and range for 
each set of data. 

I. A hockey team plays 15 matches. Below is a list of the 
numbers of goals scored in these matches. 

1,0.2,4, 0, 1, I, 1,2.5,3,0, 1,2,2 

2. ll1e total scores when two dice are thrown 20 times arc: 

7,4, 5,7,3,2.~6,8.7 , ~5,11,~7,3.8.7 , ~5 

• 
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3. The ages of a group of girls are : 

14 years 3 months.14 years 5 months, 
13years 11 months, 14years3 months. 
14 years 7 months, 14 years 3 months, 
14years 1 month 

4. The numbers of students present in a class over a three
week period are: 

28, 24, 25, 28, 23, 28, 27, 26, 27, 25, 28, 28, 28, 26, 25 

5. An athlete keeps a record in seconds of her training times 
for the 100m race: 

14.0, 14.3, 14.1, 14.3, 14.2, 14.0, 13.9, 13.8, 13.9, 13.8, 13.8, 
13.7, 13.8, 13.8, 13.8 

6. The mean mass of the 11 players in a football team is 
80.3 kg. The mean mass of the team plus a substitute is 
81.2 kg. Calculate the mass of the substitute. 

7. After eight matches a basketball player had scored a mean 
of 27 points. After three more matches his mean was 29. 
Calculate the total number of points he scored in the last 
three games. 

Exercise 37.2 1. An ordinary dice was rolled 60 times. The results are show n 
in the table below. Calculate the mean, median, mode and 
range of the scores. 

I::::: ... , I ,~ I , I , I : I , I ,: I 
2. Two dice were thrown 100 times. Each time their 

combined score was recorded. Below is a table of the 
rcsults.Calculate the mcan score. 

3. Sixty fl owering bushes arc planted. At their fl owering peak. 
the number of fl owers per bush is counted and recorded . 
The results are shown in the table below. 

I::::::····· I : I : I : I : I : I : I ,', I ,', I ,·. 1 
a) Calculate the mean, median. mode and range of the 

number of flowers per bush. 
b) Which of the mean. median and mode would be most 

useful when advertising the bush to potential buyers? 
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• The mea n for gro uped data 
ll1e mean for grouped data can only be an estimate as the 
position of the data within a group is not known. A n estimate is 
made by calculating the mid-interval value for a gro up and then 
:migning all of the data within the group that mid-interval value. 

Worked example The history test scores for a group of 40 students are shown in 
the grouped freq ue ncy table below. 

Score,S Fre que ncy Mid-interval Frequen cy X mid-
value interval value 

o ..; s -. 19 9.5 " 
20 ..; 5 -. 39 29.5 11 8 

40 ..; 5 -. 59 14 49.5 693 

60 ..; S ,o;; 79 16 69.5 111 2 

ao ..; s -. 99 89.5 358 

i ) Calculate an estimate for the mean test res ult. 

19 + 118+ 693 + 1112+ 358 
Mean = 

40 

ii) What is the modal class? 

57.5 

This refers to the class with the greatest frequency, if 
the class width is constant. Therefore the modal class is 
60,.,-,:S,.,-,:79. 

Exercise 37.3 I. The he ights of 50 basketball players attending a tourname nt 
are recorded in the grouped frequency table . 
Note: 1.8- means 1.8 ,.,-,: H < 1.9. 

He ight (m) Freque ncy 

1.8-

1.9-

2.0- 10 

2. 1- 22 

2.2-

2.3 - 2.-4 

a) Copy the table and complete it to include the necessary 
data with which to calculate the mean height of the 
players. 

b) Estimate the mean he ight of the players. 
c) What is the modal class height of the players? 
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Hours of Frequency 
overtime 

0 - 9 12 

10 - 19 18 

20 - 29 22 

30 - 39 64 

40 - 49 32 

50 - 59 20 

2. The number of hours of overtime worked by employees at a 
factory over a period of a month is given in the table (left). 
a) Calculate an estimate for the mean number of ho urs of 

overtime worked by the employees that month. 
b) What is the modal class? 

3. The length of the index finger of30 stude nts in a class is 
meas ured. The results were recorded and are shown in the 
grouped frequency table . 

Length(cm) Frequency 

5.0 -

5.5 -

6.0 - 10 

6.5 -

7.0- 7.5 

a) Calculate an estimate for the mean index fin ger length 
of the students. 

b) What is the modal class? 

Stude nt assessme nt I 

I. A rugby team scores the following number of points in 
l2matches: 

21, 18, 3, 12, 15, 18, 42, 18, 24, 6, 12, 3 

Calculate for the 12 matches: 
a) the mean score. 
b) the median score. 
c) the mode. 
d) therange. 

~:kflhi '· ~ 5 
~4 
~3 

2 
1 

The bar chart (left) shows the marks out of 10 for an 
English test take n by a class of students. 
a) Calculate the number of students who took the test. 
b) Calculate for the class: 

i) the mean test result. 
ii ) the median tes t res ult. 
iii) the modal test res ult , 
iv) the range of the test res ults. 

5 6 7 8 9 10 
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3. Fifty sacks of grain are weighed as they are unloaded 
from a truck. ll1e mass of each is recorded in the grouped 
freq uency table. 

a) Calculate the mean 
massofthe50sacks. 

b) State the modal class. 

Student assessment 2 

Mass(kg) Frequency 

15 .,; M < 16 

21 .,; M <22 

I. A javelin thrower keeps a record of her best throws over 
ten com pe titions. l11ese are shown in the table below. 

Competition 

Distance(m) 

' ~ 2 

7 . 

~6 

~ 5 
if4 
~3 

2 
1 

Find the mean. median, mode and range of her throws. 

The bar chart shows the marks o ut of 10 for a Maths test 
taken by a class of stude nts. 
a) Calculate the number of students who took the test. 
b) Calculate for the class: 

i) the mean test result. 
ii) the mediantestres ult , 
iii) the modal test result. 
iv) the range of the test results. 

4 5 6 7 8 9 10 

3. A hundred sacks of coffee with a stated mass of 10 kg are 
unloaded fr om a train. TI1e mass of each sack is checked 
and the results are presented in the table . 
a) Calculate an estimate ~-M-.,- , -(k-g)-~F,-oq- u-on-,y~ 

for the mean mass. 

b) What is the modal 
class? 

9.8 .,; M<9.9 

9.9.,;M< 10.0 22 

10.0 .,;M< 10.1 36 

10.1 .,;M< 10.2 20 

10.2 .,;M< 10.3 



Collecting and displaying 
data 

• Tally c harts and freque ncy tables 

The fig ures in the list below are the numbers of chocola te 
buttons in each of twenty packets of b utt ons. 

TI% 38 TI TI 36 ~ ~ 37 TI 
36 ~ 38 36 TI 38 TI~ 36 ~ 

The fi gures can be show n on a ta lly chart: 

Number Tally Frequency 

JS 1111 

36 Jlltll 

37 

38 Jlltl 

W hen the ta llies a re added up to get the freq uency, the chart is 
usually called a frequency table. The information can then be 
displayed in a variety of ways. 

• Pictograms 
@ = I packet of chocola te b utt ons 

Buttons per packet 

JS @@@@ 
36 @@@@@@@ 
37 @@@ 
38 @@@@@@ 

• Bar charts 

NumbefofbultOflsinpacket 



38 

Worked e.rumplei· 

Collecting and displaying data 

• Grouped frequency tables 

If there is a big range in the data it is easier to group the data in 
a grouped frec111e11cytable. 

The gro ups are arranged so that no score can appear in two 
groups. 

The scores for the first round of a golf competition are show n 
below. 

71 75 82 96 83 75 76 82 103 85 79 77 83 85 
88 104 76 77 79 83 84 86 88 102 95 96 99 102 
75 72 

This data can be grouped 
as shown: 

Note: it is not possible to 
score 70.5 or 77.3 at golf. 
The scores are said to 
be discrete. If the data is 
continuous,for example 
when meas uring time, the 
intervals can be shown as 
0-.10-.20-.30- and so 

• Pie charts 

Score Frequency 

71-75 

76-80 

81-85 

86-90 

91-95 

96-100 

101-105 

Total 30 

Data can be displayed on a pie chart - a circle divided into 
sectors. ll1e size of the sector is in direct proportion to the 
frequency of the data. The sector size does not show the actual 
frequency. The actual freq uency can be calculated easily from 
the size of the sector. 

"'(jj 90• 
45° 30" 

75° 120· 
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In a survey of 240 English children were asked to vote for 
their favourite hol iday destination. The results are shown 
on the pie chart above (previo us page). Calculate the actual 
number of votes for each destination. 

The total 240 votes are represented by 360°. 
It follows that if 360° represents 240 votes: 

There were 240 X .; votes for Spain 
so, 80 votes for Spain. 

There were 240 X ~ votes for France 
so, 50 votes for France. 

There were 240 X -& votes for Portugal 
so, 30 votes for Portugal. 

There were 240 X .;. votes for Greece 
so, 60 votes for Greece. 

Other destinations received 240 X.:,. votes 
so, 20 votes for other destinations. 

Note: it is worth checking your result by adding them: 

80 + 50 + 30 + 60 + 20 = 240 total votes 

b) The table shows the percentage of votes cast for various 
political parties in an e lection. If a total of 5 million votes 
were cast , how many votes were cast for each party? 

Par ty Pe rcent age of vote 

Social Democrats 45% 

Liberal Democrats 36% 

Green Party 15% 

Others 

The Social Democrats received "rtjj X 5 million votes 
so, 2.25 million votes. 

The Liberal Democrats received ~ X 5 million votes 
so, 1.8 million votes. 

The Green Party received & X 5 million votes 
so, 750()(X)votes. 

Other parties received~ X 5 million votes 
so, 200 CXX) votes. 

Check to tal: 

2.25 + 1.8 + 0.75 + 0.2 = 5 (million votes) 
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c) The table shows the res ults of a survey among 72 stude nts to 
find their favourite sport. Display this data on a pie chart. 

Sport Frequency 

Football 35 

Tennis 14 

Volleyball IO 

Hockey 

Basketball 

Other 

72 students are represe nted by 360°, so I student is 

represented by W degrees. Therefore the size of each sector 

can be calculated as shown: 

Football 35XWdegrees i.e .,175° 

T ennis 14 X Wdegrees i.e .. 70° 

Volleyball 10xWdegrees i.e .,50° 

Hockey 6xWdegrees i.e .,30° 

Basketball sxWdegrees i.e ., 25° 

Other sports 2xWdegrees i.e .. 10° 

Check total: 

175 +70 +50 +30 +25 + 10= 360 
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Exercise 38. I 1. The pie charts below show how a girl and her brother spent 
one day. Calculate how many hours they spent on each 
activity. The diagrams are to scale. 

AY"' 

@G) 
2. A survey was carried out among a class of 40 students. The 

question asked was, ' How would you spend a gift of $15?'. 
The results are shown below: 

Choice Freque ncy 

Music 14 

Book, 

Clothes 18 

Cinema 

Ill ustrate these results on a pie chart. 

3. A student works during the holidays . He earns a total of 
$2400. He estimates that the money earned has been used 
as follows: clothes j, transport t entertainment ! - He has 
saved the rest. 

Ca lculate how much he has spent on each category, and 
ill ustrate this information on a pie chart. 
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4. A research project looking at the careers of men and 
wome n in Spain produced the following res ults : 

Career Male Female 
(percentage) (percentage) 

Clerical 22 38 

Professional 16 

Skilled craft 24 16 

Non-skilled craft 12 24 

Social IO 

Managerial 18 

a) IJ1ustrate this information on two pie charts, and make 
two statements tha t co uld be supported by the data. 

b) If there are eight million women in employment in 
Spain, calcul ate the number in eithe r profess ional or 
managerial employment. 

• Surveys 
A survey req uires data to be collected, organised, a nalysed and 
presented. 

A survey may be carried o ut for interest's sake, for example 
to find out how many cars pass yo ur school in an hour. 
A survey could be carried o ut to help future planning -
information about traffic flow co uld lead to the building of new 
roads, or the placing of traffic lights or a pedestri an crossing. 

Exercise 38.2 1. Below are a number of statements, some of which you may 
have heard or read before. 

Conduct a survey to collect data which will support or 
disprove one of the statements. Where possible, use pie 
charts to illustrate your res ults . 
a) Women's magazines are full of adverts. 
b) If you go to a football match you are lucky to see more 

than o ne goal scored. 
c) Every other car on the road is white. 
d) Girls are not interested in sport. 
e) Childre n today do nothing but watch T V. 
f) Newspapers have more sport than news in them. 
g) Most girls wa nt to be nurses, teachers or secretaries. 
h) Nobody walks to school any more . 
i) Nearly everybody has a compute r at home. 
j ) Most of what is on TV comes from America. 
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ENG LISH 

FRENCH 

GERMAN 

DUTCH 

2. Be low are some instructions relating to a washing machine 
in English, French, German, Dutch and Italian. 

Analyse the data and write a report. You may wish to 
comment upon: 
i) the length of words in each language, 
ii ) the frequency of le tters of the alphabet in different 

lan guages. 

ATIENTION 
Do not interrupt drying during the programme. 
This machine incorporates a temperature safety thermostat 
which will cut out the heating element in the event of a water 
blockage or power failure. In the event of this happening, reset 
the programme before selecting a furth er drying time . 

For further instructions, consult the user manual. 

ATIENTION 
N' interrompez pus le sllchage en cours de programme. 
Une panne d'ClectricitC o u un manque d'eau momentanCs 
pe uvent annuler le programme de sCchage en cours. Dans ces 
cas arretez l'appareil, affichez de nouveau le programme et 
aprCs remettez l'appareil en marche. 

Pour d'ultCrieures informations, rapportez-vous a la notice 
d'utilisation. 

ACHTUNC 
Die Trockmmg soll nicht nach Anlaufen des Prognunms 
unterbrochen werden. 
Ein kurzer Stromausfall bzw. Wassermangcl kann das laufe nde 
Trocknungsprogramm annullieren. In diesem Falle Gerfit 
a usschalten, Programm wicder einstellen und Gerfit wieder 
einschalten. 

Ftir ntihere Angaben beziehen Sie sich a uf die 
Bedienungsanle itun g. 

BE:LANG RIJK 
Het droogprogramma niet onderbreken na1111eer de machine in 
bedrijfis. 
Door een korte stroom-ofwatcrtoevoeronderbreking kan het 
droogprogramma geannuleerd worden. Schakel in dit geval 
de machine uit , maak opnie uw uw programmakeuze en stel 
onmiddellijk wee r in werking. 

Verdere inlichtingcn vindt u in de gebruiksaanwijzing. 
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ITALIAN 

Collecting and displaying data 

ATIENZIONE 
Non interrompere l'asciugatura qmmdo ii progrumma ll aniato. 
La macchina C munita di un dispositivo di sicure7..za che pub 
annullare ii programma di asciugaturea in corso quando si 
verifica una temporanea mancanza di acqua o di tensione. 

In questi casi si dovrlt spegnere la macchina, reimpostare ii 
programma e poi riavviare la macchina. 

Per ulteriori indicazioni, leggere ii libre tt o istruzioni. 

• Scatte r diagra ms 
Scatter dii1grams are particularly useful if we wish to see if there 
is a correlation (relationship) between two sets of data. The two 
values of data collected represent the coordinates of each point 
plotted. How the points lie when plotted indicates the type of 
re lationship between the two sets of data. 

Worked example The heights a nd masses of 20 children under the age of five were 
recorded. The heights were recorded in centimetres and the 
masses in kilograms. The data is shown below. 

Height 32 34 45 

Mass 5.8 3.8 9.0 

Height 59 63 64 

Mass 6.2 ,., 16.0 

Height 86 87 95 

Mass I I. I 16.-4 20.9 

Height IO I I08 "' 
Mass 19.5 15.9 12.0 

Plot a scatter diagram of the above data. 

:ff[flTirl 10 • 

5 : 

0 20406080100 120140 

Height(cm) 

46 52 

4.2 10.1 

71 73 

15.8 ,., 
96 96 

16.2 11.0 

11 7 12 1 

19.'4 11.3 
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ii) Comment on any relationship you see. 

The points tend to lie in a diagonal direction from bottom 
left to top right. l11is suggests that as height increases then, 
in general. mass increases too. Therefore there is a positi,·e 
correlation between height and mass . 

iii) If another child was meas ured as having a height of SO cm. 
approximately what mass would you expect him or her 
tobe? 

We assume that this child will follow the trend set by the 
other 20 children. T o deduce an approximate value for the 
mass, we draw a line of best fit. This is a solid straight line 
mass passes through the points as closely as possible. as 
shown. 

i:ffffil ~ 10 • • 

5 ' 

0 20406080100120140 

Height(cm) 

The line of best fit can now be used to give an approximate 
solution to the question. If a child has a height of80 cm, you 
would expect his or her mass to be in the region of 13 kg. 

!:ffffiMII ~ 10 • • 

5 ' 

0 20406000100120140 

Height(cm) 

• Types of correlation 
There are several types of correlation, depending on the 
arrangement of the points plotted on the scatter diagram. 
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A strong positive correlation 
be tween the variables x and y. 

Collecting and displaying data 

A wea k positive correlation. 

The points lie very close to the line of 
bes t fit. 

A lthough the re is direction to the way the 
points are lying. they are not tightly packed 
around the line o f best fit. 

As x increases. so does y . 

Ast ro 11g 11egativeco rrelation. 
ll1e points lie close around the 
line of best fit. 
As x increases. y decreases. 

Nocorrelution. 

A s x increases. y tends to increase too. 

A weak negative co rrelation. 
The points are not tightly packed aro und the 
line of best fit. 
A s x increases, y tends to decrease. 

As the re is no pa tte rn to the way in which 
the po ints are lying. the re is no corre la tion 
be tween the variables x and y. As a result 
the re can be no line of best fit. 

Exercise 38.3 1. State wha t type o f corre lation you might expect , if any, if 
the fo llowing data was collected and plo tted on a scatte r 
diagram. Give reasons for your answer. 
a) A student 's score in a ma ths exam and the ir score in a 

science exam. 
b) A student 's hair colour and the distance they have to 

trave l to school. 
c) The o utdoor temperature and the number of cold drinks 

sold by a shop. 
d) T~e age of a moto rcycle and its second-hand selling 

price . 
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e) The number of people living in a ho use and the number 
of rooms the ho use has. 

f) The number of goals your opponents score and the 
number of times you win. 

g) A child 's height and the child 's age . 
h) A car's engine size and its fu el consumption. 

2. A website gives average monthly readings for the number 
of ho urs of sunshine and the amount of rainfall in 
millimetres for several cities in Europe. T he table below is a 
summary for July. 

Place Hours o f sunshine Rainfall (mm) 

Athens 12 

Belgrade IO 61 

Copenhagen 71 

Dubrovnik 12 26 

Edinburgh 83 

Frankfurt 70 

Geneva IO 64 

Helsinki 68 

Innsbruck 134 

Krakow Ill 

Lisbo n 12 

Marseilles 

Naples IO " 
Oslo 82 

Plovdiv 37 

Reykjavik 50 

Sofia IO 68 

Tallinn IO 68 

Valletta 12 

York 62 

Zurich 136 

a) Plot a scatter diagram of the number of hours of 
sunshine against the amo unt of rainfall. Use a 
spreadsheet if possible. 

b) What type of correlation, if any, is there between the 
two variables? Comment on whether this is what yo u 
would expect. 
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Country 

Australia 

Barbados 

Brazil 

Chad 

China 

Colombia 

Congo 

Cuba -France 

Germany 

India 

Israel 

Japan 

Kooy, 

Mexico 

Nepal 

Portugal 

Russian Federation 

Saudi Arabia 

South Africa 

United Kingdom 

United States of America 

Collecting and displaying data 

,. llie United Nations keeps an up-to-date database of 
statistical information on its member co untries. 
ll1e table below shows some of the information available. 

Life expectancy at birth Adult illiteracy Infant m ortali ty rate 
(yean, 2005- 20 10) rate (%,2009) (per IOOO births, 

Female Male 2005-20 10) 

84 79 

80 74 0.3 IO 

76 69 IO 24 

so 47 68.2 130 

75 71 6.7 23 

n 69 7.2 19 

55 53 18.9 79 

81 n 0.2 

72 68 33 35 

85 78 

82 n 
65 62 34 55 

83 79 2.9 

86 79 

55 54 26.-4 64 

79 74 7.2 17 

67 66 -43.5 42 

82 75 5.1 

73 60 0.5 12 

75 71 15 19 

53 so 12 49 

82 n 
81 n 

a) By plotting a scatter diagram, decide if there is a correlation 
between the adult illiteracy rate and the infant mortality 
rate. 

b) Are your findin gs in part a) what you expected? Explain 
your answer. 

c) Without plo tting a graph. decide if you think there is likely 
to be a correlation be tween male and female life expectancy 
at birth. Explain your reasons. 

d) Plot a scatter diagram to test if your predictions for part c) 
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4. A garde ner plants 10 tomato plants. He wants to see if there 
is a relationship between the number of tomat oes the plant 
produces and its height in centimetres. 

The results are presented in the scatter diagram below. The 
line of best fit is also drawn. 

"i 45 
g 40 

§_35 

I: 
• 20 
0 
Ji 15 

j 10 

I/ 
/ 

I/ ,. 
. / 

/ 

0 
50556065707560859095100 

Height(cm) 

a) Describe the correlat ion (if any) between the height of 
a plant and the number of tomatoes it produced. 

b) The gardener bas another plant grown in the same 
conditions as the others. If the height is 85 cm, es timate 
from the graph the number of tomatoes he can expect it 
to produce. 

c) Another plant only produces 15 tomatoes. Deduce its 
height from the graph. 

• Histograms 
A histogram displays the frequency of ei ther continuous or grouped 
discrete data in the form of bars. ll1ere are several important 
features of a histogram which distinguish it from a bar chart. 

• The bars are joined together. 
• The bars can be of varying width. 
• The frequency of the data is represented by the area of the 

bar and not the height (though in the case of bars of eq ual 
width, the area is directly proportional to the height of 
the bar and so the height is usually used as the measure of 
frequency). 
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Worked example The table (left ) shows the marks out of 100 in a maths test for a 
~--~---~ classof 32 students. Draw a histogram representing this data . 

Test marks Frequency 
All the class inte rvals are the same. A s a result the bars of the 

1-10 histogram will all be of equal width, and the frequency can be 
>--1-,_-20-+------1 plotted on the vertical axis. The histogram is shown below. 

21-30 

31--40 

-41-50 

51-60 

61-70 

71-80 

81-90 

91-100 

Exercise 38.4 

[ 6 r+-+-+-+--t 

, ' r-t--t---t-i-i 
14 1----- --+--

0 10 20304050 60 70 8090 100 

1. The table (below) shows the distances 2. The heights of students in a class we re 
travelled to school by a class of 30 measured. The res ul ts are shown in the table 
students . Represent this in formation on a (below). Draw a histogram to represe nt this 
histogram. dat a. 

Distance(km) 

O,.,;d< I 

l ,.,;d< 2 

2 ,.,;d< 3 

3 ,.,;d< -4 

-4 ,.,;d< 5 

5 ,.,;d< 6 

6 ,.,;d< 7 

7 ,.,;d< B 

Frequency Height(cm) Frequency 

145 -

150-

155 -

160-

165 -

170-

175 -

180-185 

Note that both questio ns in Exercise 38.4 deal with continuous 
data. In these questions equal class inte rvals are represented 
in diffe rent ways . However, they mean the same thing. 
In question 2, 145- means the s tudents whose heights fall in 
the range 145,.;;: h < 150. 
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So far the work on histograms has only dealt with problems 
in which the class intervals are of the same width. This. 
however. need not be the case. 

Worked example The heights of 25 sunflowers were measured and the res ults 
recorded in the table (below left) . 

Height(m) Frequency 

O"'- h < l.0 

1.0 "'- h< 1.5 

l.5 "'- h< 2.0 

2.0 "'- h< 2.25 

2.25 "'- h< 2.50 

2.50 "'- h< 2.7S 

If a histogram were drawn with frequency plotted on the 
vertical axis, then it could look like the one drawn below. 

0 ~'),"' ~\"':-"' ,5>,.,_'),"' ..,_'? ..,_"':-"' '\,9'\,,P '\,\"':-"' 

Sunflowerheighl (m) 

This graph is misleading because it leads people to the 
conclusion that most of the sunflowers were under I m, simply 
because the area of the bar is so great. In actual fact only 
approximately one quarter of the sunflowers were under I m. 

When class intervals are different it is the area of the bar which 
represents the frequency. not the height. Instead of frequency 
being plotted on the vertical axis, freq uency density is plotted. 

frequencv 
Frequency density = ---' 

class width 

The res ul ts of the sunflower meas urements in the example 
above can therefore be written as: 

Height(m) Frequency Frequency density 

O"'- h< l.0 6 7 I= 6 

1.0 "- h < l.5 3 7 0.5 = 6 

l.5 "- h < 2.0 4 7 0.5 = 8 

2.0 "- h< 2.25 3 7 0.15 = 12 

2.25 "- h < 2.50 5 7 0.15 = 20 

2.50 "- h < 2.75 4 7 0.15 = 16 

The histogram can therefore be redrawn as shown below giving 
a more accurate representation of the data. 
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:c 
I 
I 

I 
o"'Po'?._/:-'-',<:;;,,.:f?,'?._"!,"''l,"''v'l,"''1-'?,{>"' 

Sunflowerheight(m) 

Exercise 38.5 1. The table below shows the time taken, in minutes. by 40 
students to travel to school. 

Time(min) 0 - 10 - 15 - 20- 25 - 30- 40 - 60 

Freque ncy 13 

Freque ncy dens ity 

a) Copy the table and complete it by calculating the 
freq uency density. 

b) Represe nt the information on a histogram. 

2. On Sundays Maria helps her father feed their chickens. 
Over a period of one year she kept a record of how long it 
took. Her results are shown in the table below. 

Time(min) Frequency Frequency density 

Q.,,,; r<30 

30 .,,; r< -45 

45 .,,; r< 60 

6Q .,,,; r<75 

75 .,,; r<90 10 

90 ,,. t< l20 12 

a) Copy the table and comple te it by calculating the 
freq uency density. G ive the answers correct to I d.p. 

b) Represe nt the information on a histogram. 
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3. Frances and Ali did a sutvey of the ages o f the people living 
in their village. Part of their results are set out in the table 
below. 

Age(years) 0- I- 5- 10- 20- 40- 60 - 90 

Freq uency 35 180 260 150 

Freq uency dens ity 12 28 14 

a) Copy the table and complete it by calculating either the 
freq uency or the frequency density. 

b) Represe nt the information on a histogram. 

4. The table below shows the ages of 150 people, chosen 
randomly, taking the 06 00 train into a city. 

Age (years) 0- 15 - 20- 25 - 30 - 40 - 50- 80 

Frequency 25 20 30 32 30 10 

The histogram below shows the results obtained when the 
same survey was carried o ut on the 11 00 train. 

!1~1 11111111111 
o ,mummm•w•m•m•mmm 

Age of travellers 

a) Draw a histogram for the 06 00 train. 
b) Compare the two sets of data and give two possible 

reasons for the differences. 



38 Collecting and displaying data 

Student assessm ent I 

I. ll1e areas of fo ur countries are shown below. Illustrat e this 
data as a bar chart. 

Count ry I 
A,o, ;" I 
IO OOO km1 I 

Nigeria 

90 

Republic of I 
the Congo 

JS 

I 

So,m 
Sudan 

70 I " I 
2. l11e table below gives the average time taken for 30 pupils 

in a class to get to school each mornin g, and the distance 
they live fr om the school. 

Distance(km) 2 10 18 15 3 4 6 2 25 23 3 5 7 8 2 

Time(min) 5 17 32 38 8 1-4 15 7 31 37 5 18 13 15 8 

Distance(km) 19 15 II 9 2 3 -4 3 1-4 14 4 12 12 7 

Time(min) 27 <IO 23 30 10 10 8 9 15 23 9 20 27 18 4 

a) Plot a scatter di agram of distance travelled against time 
taken. 

b) Describe the corre lation between the two variables. 
c) Explain why some pupils who live further away may 

get to school more quickly than some of those who li ve 
nearer. 

d) Draw a line of best fit on your scatter diagram. 
e) A new pupil joins the class. Use your line of best fit 

to estimate how far away from school she might live if 
she takes. on average, 19 minutes to get to school each 
morning. 

3. A golf club has four classes of member based on age. The 
membership numbers for each class are shown below. 

Ag• Number Frequency density 

Juniors 0 - 32 

Intermediates 16 - 80 

Full m e m bers 21- 273 

Seniors 60- 80 70 

a) Calculate the freque ncy density for each class of 
member. 

b) Illustrate yo ur data on a histogram. 



Stat istics 

I 

Student assessment 2 

I. The table below shows the population (in millions) of the 
continents: 

Display this information on a pie chart. 

Continent Asia Europe America Africa Oceania 

Population (millions) 4140 750 920 995 35 

2. A department store decides to investigate whether there is 
a correlation between the number of pairs of gloves it sells 
and the o utside temperature . Over a one-year period the 
store records, every two weeks, how many pairs of gloves 
are sold and the mean daytime temperature during the 
same period. The results are give n in the table below. 

Meantemperature("C) 3 6 8 10 10 II 12 14 16 16 17 18 18 

Numberofpairsofgloves 61 52 49 54 52 48 44 40 51 39 31 43 35 

Mean temperature (°C) 19 19 20 21 22 22 24 25 25 26 26 27 28 

Numberofpairsofgloves 26 17 36 26 46 40 30 25 II 7 3 2 0 

a) Plot a scatter diagram of mean temperature aga inst 
number of pairs of gloves. 

b) What type of correlation is there between the two 
variables? 

c) How might this information be u£Cful for the department 
store in the future? 

d) The mean daytime temperature during the next two. 
week period is predicted to be 20°c. Draw a line of best 
fit on your graph and use it to estimate the number of 
pairs of gloves the department store can expect to sell. 

3. The gro uped freq uency table below shows the number of 
points scored by a school basketball player. 

Points 0- 5- 10 - 15- 25- 35-50 

Number of games 12 

Frequency density 

a) Copy and complete the table by calculating the 
freq uency densities. Give your answers to 1 d.p. 

b) Draw a histogram to illustrate the data. 
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• Cumulative fre quency 
Calculating the c 1111111lati,·e frequency is done by adding up the 
freq uencies as we go along. A cumulative frequency diagram 
is particularly useful when trying to calculate the median of a 
large set of data, grouped or continuous data, or when trying to 
establish how consistent a set of res ults are. 

Worked example The duration of two different brands of battery, A and B. is 
tested. 50 batteries of each type are randomly selected and 
tes ted in the same way. The duration of each battery is the n 
recorded. The results of the tests are shown in the table below. 

Type A 

Durat ion (h) Freque ncy Cumulative frequency 

O..; r<S 

S .,; r< 10 

10 ,,,; r< 15 16 

IS ,,,; r<20 IO 26 

20 .,; r<25 12 38 

25 .,; r<30 45 

JQ .,; r<35 50 

Type B 

Durat ion (h) Frequency Cum ulat ive frequency 

O.._ t<S 

s ... r< 10 

10 ... t< 15 IO 12 

15 ... t<20 23 JS 

20...:t<25 44 

25 ...:t< lO 48 

30 ...:t<35 50 
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i) Plot a cumulative frequency diagram for each brand of 
battery. 

[40 
~ 

Type A battery 

f: ____________ _ 
a"' 

TypeBbattery 

0 5 10 15 20 253035 
Duration (h) 

0 5 10 15 20 25 30 35 
Ouration(h) 

Both cumulative frequency diagrams are plotted above. 

Notice how the points are plotted at the upper boundary of 
each class interval and not at the middle of the interval. 

ii) Calculate the median duration for each brand. 

The median value is the value which occurs half-way up the 
cumulative frequency axis. Therefore: 

Median for type A batteries - 19 h 
Median for type B batteries - 18 h 

This tells us that the same number of batteries are still 
working as have stopped working after 19 h for A and 18 h 
for B. 

Exercise 39. I 1. Sixty athletes enter a long-distance run. Their finishing 
times are recorded and are shown in the table below: 

Finishing time (h) 0- 0.5- 1.0- 1.5- 2.0- 2.5- 3.0-3.5 

Frequency 3-4 16 

Cumulative freq. 

a) Copy the table and calculate the values for the 
cumulative freque ncy. 

b) Draw a cwnulative frequency diagram of the results. 
c) Show how your graph could be used to find the 

approximate median fini shing time. 
d) What does the median value te ll us? 
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2. lliree mathematics classes take the same test in preparation 
for their final exam. ll1eir raw scores are shown in the table 
below: 

I Class A I 12,21.2-4,30,33.36, 42,-45, 53,53,57,59,61,62,74,88,92,93 I 
I ClassB 148,53.5-4,59,61,62, 67, 78,85,96,98.99 I 
IClassC I IO,ll,36,-42, -44,68,72, 74,75,83,86.89,93,96, 97.99.99 I 

a) Using the class intervals O,.;;: x < 20. 20 ~ x < 40 e tc. 
draw up a grouped frequency and cumulative frequency 
table for each class. 

b) Draw a cumulative frequency diagram for each class. 
c) Show how your graph could be used to find the median 

score for each class. 
d) What does the median value tell us? 

3. The table below shows the heights of students in a class 
over a three-year period. 

Height Frequency Frequency Frequency 
(cm) 2007 2008 2009 

150-

155 -

160- IQ 

165 -

170-

175-

180-185 

a) Construct a cumulative frequency table for each year. 
b) Draw the cumulative freq uency diagram for each year. 
c) Show how your graph could be used to find the median 

height for each year. 
d) What does the median value tell us? 
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Inter-quartile range 
Key 
q1 lowerquartile 
ci:,Median 
CJa Upper quartile 

Work ed e.rnmple 

• Quartiles and the inter-quartile range 
The cumulative fr eq uency axis can also be represented in 
terms of percentiles. A percentile scale divides the cumulative 
frequency scale into hundredths. ll1e maximum value of 
cumulative frequency is found at the 100th percentile. Similarly 
the median, being the middle value, is ca lled the 50t h percentile. 
The 25th perce ntile is known as the lower quartile, and the 75th 
percentile is called the upper quartile. 

The range of a distribution is found by subtract ing the lowest 
value fr om the high est value. Some times this will give a useful 
result. but often it will not. A better measure of spread is given 
by looking at the spread of the middle half of the res ults, i.e . the 
difference between the upper and lower quartiles. This result is 
known as the inter-quartile range. 

The graph (left) shows the terms mentioned above. 

Consider again the two types of batteries A and B discussed 
earlier (page491). 

Using the graphs, estimate the upper and lower quartiles 
for each battery. 

Lower quartile of type A - 13 h 
Upper quartile of type A - 25 h 
Lower quartile of type B - 15 h 
Upper quartile of type B - 21 h 

Type A battery TypeBbattery 

i 3/gf--------------/ 

0 51015 2025 30 35 
Duration(h) 

! 
-~ 
Ji 

~ 
12.5-

10 

Duration(h) 

ii) Calculate the inter-q uartile range for each type of battery. 

Inter-q uartile range of type A - 12 h 
Inter-q uartile range of type B - 6 h 
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iii) Based on these results, how might the manufacturers 
advertise the two types of battery? 

Type A: on 'average' the longer-lasting battery 
Type 8: the more re liable battery 

Exercise 39.2 1. Using the res ults obtained from question 2 in Exercise 39.1: 
a) find the inter-quartile range of each of the classes 

taking the mathematics test, 
b) analyse your res ults and write a brief summary 

comparing the three classes. 

2. Using the results obtained from question 3 in Exercise 39.1: 
a) find the inter-quartile range of the st udents' heights 

each year, 
b) analyse your res ul ts and write a brief summary 

comparing the three years 

3. Forty boys enter for a school javelin compe tition. The 
distances throw n are recorded below: 

lo;"•m<hrnwn(m) I 0 - 120- 140- 160- 180-100 1 
Frequency 4 9 15 10 2 

a) Construct a cumulative freq uency table for the above 
res ults. 

b) Draw a cumulative frequency diagram. 
c) If the top 20% of boys are considered fo r the final. 

estimate (using the graph) the qualifying distance. 
d) Calculate the inte r-q uartile range of the throws. 
e) Calculate the median distance thrown. 

4. ll1e masses of two different types of orange are compared. 
Eighty oranges are randomly selected fr om each type and 
weighed. The res ults are shown below. 

Type A TypeB 

Mass(g) Frequency Mass(g) Frequency 

75- 75 -

100- 100- 16 

125 - 15 125- 43 

150 - 32 150 - IO 

175 - 14 175 -

200 - 200-
225 - 250 225-250 
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a) Construct a cumulative freq uency table for each type of 
orange. 

b) Drawacumulativefreq uencydiagram for each type of 
orange. 

c) Calculate the median mass for each type of orange. 
d) Using your graphs estimate: 

i) the lower quartile, 
ii ) the upper quartile, 
iii) the inter-q uartile range 
for each type of orange. 

e) Write a brief report comparing the two types of orange. 

5. Two compet ing brands of battery arc compared. A hundred 
batteries of each brand are tested and the duration of 
each is recorded. The results of the tests arc shown in the 
cumulative frequency diagrams below . 

• 

'""lY . 1$' 100 1$' 100 

~ • ~ 00 
g g 
; ® ; 00 

~ ® ~ w s s 
u m u ~ 

0 10 20 30 40 0 10 20 30 40 

Duretion(h) Duration{ll) 

a) The manufacturers of brand X claim that on average 
their batteries will last at least 40% longer than those of 
brand Y. Showing your method clearly, decide whether 
this claim is true. 

b) The manufacturers of brand X also claim that their 
batteries are more reliable than those of brand Y. ls this 
claim true? Show your working clearly. 
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Student assessm ent I 

I. ll1irty students sit a Maths exam. The ir marks are given as 
percentages and arc show n in the table below. 

I-Mark 120 - 30 - I 40 - 1 so - I 60 - I 70 - 1 ao- I 90-100 I 
._Frequency l 2 3 I S l 7 l 6 l 4 1 2 1 I I 

a) Construct a cumulative frequency table of the above 
res ults. 

b) Draw a cumulative frequency diagram of the res ults . 
c) Using the graph, estimate a value for: 

i) the median, 
ii) the upper and lower quartiles, 
iii) the inter-q uartile range. 

2. 400 students sit an !GCSE exam. Their marks (as 
percentages) are shown in the table below. 

Mark(%) Frequency Cumulative frequency 

31 - -40 21 

-41 - 50 55 

51 - 60 125 

61 - 70 74 

71 - 80 52 

81 - 90 45 

91 - 100 28 

a) Copy and comple te the above table by calculating the 
cumulative frequency. 

b) Draw a cumulative frequency diagram of the results. 
c) Using the graph, estimate a value for: 

i) the medianresult. 
ii) the upper and lower quartiles, 
iii) the inter-q uartile range . 



Stat istics 

3. Eight hundred students sit an exam. ll1eir marks (as 
percentages) are shown in the table below. 

Mark(%) Frequency Cumulative frequency 

1-1 0 IO 

11-20 JO 

2 1-30 40 

31--40 50 

-4 1-50 70 

5 1-60 100 

61-70 240 

71-80 160 

8 1-90 70 

9 1-1 00 JO 

a) Copy and complete the above table by calculating the 
cumulative freq uency. 

b) Draw a cumulative frequency diagram of the results. 
c) A n 'A ' grade is awarded to a s tudent at or above the 

80th percentile. What mark is the minimum req uireme nt 
foran'A'grade? 

d) A 'C' grade is awarded to any student between and 
including the 55 th and the 70th percentile. What 
marks form the lower and upper boundaries of a 'C' 
grade? 

e) Calculate the inter-q uartile range for this exam. 



Mathematical investigations 
and ICT 

• Heights and percentiles 
The graphs below show the height charts for males and females 
fr om the age of2 to 20 years in the United States. 

"lii:111111" Stature-forage percentiles: 
Boys,2to20years 

2 3 4 5 6 7 8 9 1011121314151617181920 
Age(years) 

Note: Heights have been given in both centimetres and inches. 
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2 3 4 5 6 7 8 9 1011121314151617181920 
Age(years) 

1. From the graph find the height corresponding to the 
75thpercentilefor 16year-oldgirls. 

2. Find the height which 75% of 16 year-old boys arc 
taller than. 

3. What is the median height for 12 year-old girls? 
4. Measure the heights of students in your class. By carrying 

o ut appropriate statistical calculations, write a report 
comparing your data to that shown in the graphs. 

5. Would all cultures use the same height charts? Explain your 
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• Reading ages 
Depe nding on their target audience, newspapers, magazines 
and books have different levels of readability. Some are easy to 
read and others more difficult. 

I. Decide on some factors that you think would affect the 
readability of a tex t. 

2. Write down the names of two newspapers which you think 
would have different reading ages. Give reasons for your 

There are established formulae for calculating the reading age 
of different texts. 

One of these is the Gunning Fog Index. It calculates the 
reading age as follows: 

Reading age= i (1 + l~L)where 

A = number o f words 
n = number of sentences 
L = number of words with 3 or more syllables 

3. Choose one article from each of the two newspapers you 
chose in question 2. Use the Gunning Fog Index to calculat e 
the reading ages for the articles. Do the results support your 
predictions? 

4. Write down some factors which you think may affect the 
reliability of your results. 

• ICT activity 
In this activity you will be collecting the height data of all the 
students in your class and plotting a cumulative frequency 
diagram of the results. 

I. Meru; ure the heights of all the students in your class. 
2. Group your data appropriately. 
3. Enter your data int o graphing software such as Excel or 

Autograph. 
4. Produce a cumulative frequency diagram of the results. 
5. From your graph find: 

a) the median height of the students in your class. 
b) the inter-q uartile range of the heights . 

6. Compare the cumulative frequency diagram from your class 
with one produced from data collected from another class 
in a different year group. Comment on any differences/ 
similarities between the two. 
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138--9 
of quadratic expressions 110-11 
simple 105--6 

factors 5--6 
Fermat.Pierrede 315,441 
Fermat's L.astTheorem 315 
Rbonacci (Leonardo Pisano) 385 
formulae 

forthetermsofanarithmetic 
sequence 155--6 

transformation(rearrangement) 
107, 112- 14 

fraction.proper 30 
fractionalindices 69-71 

algebraic 124- 5 
fractions 30-1 

additionandsubtraction 35--6 
algebraic 114- 18 
changingtodecimals 37-8 
equivalent 34 
improper 30-1 
multiplicationanddivision 36--7 
simplest form (lowest terms) 

34-5 
Frenchmathematicians 315 
frequency 

cumulative 491-3 
relative 447- 9 

frequencydensity 486 
frequencytables 4n 
functions 

G 

definition 203 
evaluating 203-5 
inverse 205--6 

Gauss,CarlFriedrich 441 
geometricfigures,constructing 

221-3 
geometricsequences 162-5 
gradient 

ofadistance--timegraph 176 
ofastraightline 195,3 16--19 
ofcurves 195--6 
ofparallellines 326--7 
ofperpendicularlines 333--6 



Index 

positive/negative 318 
gradient-interceptform 324,326 
graphical solution 

ofequations 197-200 
ofexponentialequations 211 
ofinequalities 149-52 
ofquadraticequations 191-2 
of simultaneous equations 

329-30 
graphs 

exponentialfunctions 195 
forfindingsquareroots 9 
inpracticalsiOJations 174 
ofquadraticfunctions 189-9 1 
ofreciprocalfunction 192-3 
types 193--4 

Greekmathematicians 213 
groupeddata,mean 469 
groupedfrequencytables 473 

height(altitude),ofatriangle 214, 
282 

heptagon 218 
hexagon 218,251 
hexagonal-basedpyramid 298 
highest common factor (HCF) 7, 

JS 
Hindumathematicians 3 
histograms 484--8 
Huygens,Christiaan +II 
hyperbola 192, 193 
hypotenuse 349 

identitymatrix 4-03 
image 408 
increase and decrease 

byagivenratio 57-9 
percentage 46--7 

index(indices) 62--4 
algebraic 123 

inequalities 16 
graphing 149-52 
inlinearprogramming 152-3 
manipulation 143 
representingonanumberline 

2-4--5,143--4 
solving 143, 149 
symbols 24.143.149 

integers 4 

• 

inter-quartilerange 466.49-4--6 
interest 79--83 
intersectionofsets 90 
inverse,ofamatrix 404--6 
inversefunctions 205--6 
inverse proportion 56--7.169--70 
inversevariation 169-70 
irrationalnumbers -4--5,7~ 
ltalianmathematicians 381 

kite.properties 217 

Lagha.da 3 
Laplace,PierreSimonde +II 
laws of indices 62,123 
length,metricunits 276 
line 

bisecting 223-5 
ofbestfit 480 
ofsymmetry 240 
seeolsostraightline 

line segment 
calculatinglength 330-1 
midpoint 331-2 

linearequations.solving 127~ 
linearfunction,straight-linegraph 

193 
linearinequalities 143 
linearprogramming 152-3 
locus(loci) 265~ 
lowest common multiple (LCM) 7. 

116 

M 
maps see scale drawings 
mass.metricunits 276,278 
matrix (matrices) 

additionandsubtraction 397-9 
determinant 403--4 
elements 394 
inverse 404--6 

andtransformations 426--7 
multiplicationbyascalarquantity 

400 
multiplication by another matrix 

400-2 
order 394--6 
representing a transformation 

423-5 

seeolsocolumnmatrix;identity 
matrix; row matrix; square 
matrix; transformation ma-
trix;zeromatrix 

mma 
definition 466 
forgroupeddata 469 

median.definition 466 
metricunits 276 

convertingfromoneunitto 
another 277~ 

midpoint,ofalinesegment 331-2 
mirrorline 408 
mixednumbers 30-1,35 
modalclass 469 
mode.definition 466 
multiples 7 
multiplication 

N 

in solving simultaneous equations 
134 

ofamatrixbyascalar 400 
ofamatrixbyanothermatrix 

400-2 
ofavectorbyascalar 384 
offractions 36--7 
rules 33 

naturalnumbers 4 
negativeindices 64,68--9.124 
netpay 76 
nets 219 
Newtonian universe +I I 
numbers,types 4 
numeratorofafraction 30 

0 
objectandimage 408 
octagon 218 
Omar Khayyam I 03 
opposite side.of aright-angled 

triangle 349 
order 

ofamatrix 39-4--6 
ofoperations 26.33 
ofrotationalsymmetry 240 

ordering 24 
outcomes +12 
overtime 76 



p 

1t(pi) 
approximationsfor 3 
irrationalnumber 5 

parabola 189,193 
parallellines 21-4 

angleproperties 2-46 
equations 326-7 

parallelogram 
area 283-5 
constructing 222-3 
properties 217 

Pascal.Blaise 315.+II 
Pascal'sTriangle 315 
pentagon 218,251 
percentage increases and decreases 

46-7 
percentageinterest 79 
percentageofaquantity,calculating 

44-5 
percentageprofitandloss 78--9 
percentages 32 

fraction and decimal equivalents 
43-4 

reverse -48 
percentiles -49-4 
perimeter,ofarectangle 281 
perpendicularbisector 223.2-42. 

265 
perpendicularlines 21-4,333-6 
pictograms -472 
piecharts -473-7 
piecework 76 
placevalue 33 
planeofsymmetry 2-40 
plans see scale drawings 
polygons 

angleproperties 251-3.256 
regular 218,251 
similar 219,231--4 
types 218 

positionvectors 387 
positiveindices 62,66.123 
positiveornegativenumbersee 

directed numbers 
primefactors 6-7 
primenumbers 5,100 
principal 79 
prism 290-2 
probability 

definition -4-42 
ofcombinedevents 452 

practicalandtheoretical 4-42-6 
profit and loss 77-8 

percentage 78--9 
pyramid 298--301 
PythagorasofSamos 213 
Pythagoras'theorem 353--6 

Q 
quadratic equations 

graphicalsolution 191-2 
solvingbycompletingthesquare 

142 
solvingbyfactorising 138--9 

quadraticexpressions,factorisation 
110-11 

quadraticformula 1-41 
quadratic functions 

graphs 189-91 
parabola 193 

quadraticsequences 157--61 
quadrilaterals 218,251 

angleproperties 2-49-51 
types 217 

quantity 
dividinginagivenratio 54--6 
expressing as a percentage of 

anotherquantity -45--6 
quanwmmechanics +II 
quartiles -49-4--6 

radius,ofacircle 216 
range -466,-49-4 
ratio,enlargement/reduction 57-9 
ratio method 

fordirectproportion 52,53 
fordividingaquantityinagiven 

ratio 5-4 
rationalnumbers -4,7--8 
realnumbers -4--5 
reciprocalfunction.graph 192-3 
reciprocalofanumber 36-7 
rectangle.properties 217,281 
rectangular prism see cuboid 
reflection 408--10 
reflectivesymmetry 2-40 
rhombus.properties 217 
rotation -410-13 
rotationalsymmetry 240 
rounding 12 
rowmatriK 39-4 

Index 

scaledrawings 227-9 
scalefactor 231,235 

ofenlargement -415-17 
ofnegativeenlargement -419 

scatter diagrams -479-84 
scientificnotationseestandardform 

area 294--6 
definition 293 
ofacirde 216 

segment,ofacircle 216 
sellingprice 77 
semi-circle.anglein 253--4 
sequences 

arithmetic 155--7 
definition 155 
geometric 162-5 
quadraticandcubic 157--61 
terms 155 

complement 90 
elements 87--8 
empty 88 
intersection 90 
notation 87,88,90 
problemsinvolving 93--4 
union 91 
universal 90 

shapes.similar 231--4 
significantfigures(s.f.) 13 
similarshapes,areaandvolume 

235-7 
simple interest 79-80 
simplification,usingindices 62-3, 

123,125--6 
simultaneousequations 131--6 

graphicalsolution 329-30 
sine 351-2 
sinecurve 359--60 
sinerule 366-7 
solids see three-dimensional shapes 
speed,distanceandtime 175--6 
speed--timegraphs 178--83 
,phoco 

rotationalsymmetry 2-41 
surfacearea 297-8 
volume 296-7 

spread.measures 466 
square.properties 217 
squarematrix 39-4 
squarenumbers 5.100 



Index 

square roots 7,8-9 
square-basedpyramid 298 

rotationalsymmetry 241 
standardform 65-9 
statistics,historicaldevelopment 

465 
straight line 

equation 320-5 
shortest distance between two 

points 214 
straight-linegraphs 316 

drawing 327--8 
subsets 88-9 
substitution 106--7 

in solving simultaneous equations 
131,132 

subtraction 
ofalgebraicfractions 115 
offractions 35--6 
ofmatrices 397-9 
ofvectors 384 

surface area 
ofacone 305--6 
ofacuboid 288--9 
ofacylinder 288--9 
ofapyramid 300-1 
ofasphere 297--8 

surveys 4n-9 
Swissmathematicians 345 
symmetry 240-1 

tallycharts 4n 
tangent 

toacircle 243 
toacurve,gradient 196 
trigonometricratio 349-51 

temperaturescale 10 
termsofasequence 155 
ThalesofAlexandria 213 
Theano (Greek mathematician) 

213 

three-dimensional shapes 
nets 219 
symmetry 2-40-1 

three-figurebearingsystem 346 
time 85--6 

seeolsospeed,distanceandtime 
timeandahalf 76 
timetables 85 
transformation 

andinversematrices 426--7 
combinations 422.427-30 
definition 408 
of formulae 107, 112- 14 

transformationmatrix(matrices) 
423-5 

combination 427-30 
translation 414--15 

ofacolumnvector 386 
trapezium 217,284--5 
travelgraphs 176--8 
treediagrams 453-7 
triangles 

acute-angled 215 
angleproperties 128,248-9 
area 281-3,370-1 
base 282 
circumcircle 226 
congruent 215 
constructing 221-2,272-3 
equilateral 215.251 
height(altitude) 214,282 
isosceles 215 
obtuse-angled 215 
properties 218 
right-angled 215,349 
scalene 215 
similar 216,231--4 
types 215--16 
vertex 282 

triangular prism 
rotationalsymmetry 241 
volume 290 

trigonometricratios 349 
trigonometry,inthreedimensions 

371-3 
two-waytable 452 

u 
unionofsets 91 
unitary method 

directproportion 52,53 
fordividingaquantityinagiven 

ratio 55 
universalset 90 

vectorgeometry 387-9 
vectors 

additionandsubtraction 384 
magnitude 386 
multiplyingbyascalar 384--5 
seeolsocolumnvectors;position 

vectors 
Venndiagrams 90-3 
vertex.ofatriangle 282 
Villani.Giovanni 465 
volume 

convertingfromoneunitto 
another 278--80 

ofacone 301-5 
ofaprism 290-2 
ofapyramid 298-300 
ofasphere 296--7 
ofsimilarshapes 235-7 

w 
Wiles.Andrew 315 

zeroindex 64,123--4 
zeromatrix 403 
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