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Teacher introduction 
TI1e new Cambridge !GCSE International Mathematics (0607) syllabus is 
innovative in that it focuses o n the use of the graphics calculator as an integral part 
of the course. This textbook begins with an initial topic (chapter) which explains 
very clearly, with photographs of the calc ulator and of the relevant keys, how one 
is used. Further explanation. in detail, is then given in particular topics where the 
graphics calc ulator is used. 

Topics 1- 11 cover the Cambridge !GCSE International Mathematics (0607) 
syllabus. The syllabus headings such as Number, Algebra and Geometry are 
mirrored in the textbook . Each topic is divided int o a number of sections with each 
section containing its own discrete exercises and student assessments. Teachers 
may select the order in which these are taught. 

Parts of the syllabus are referred to as 'ass umed knowledge'. These sections are 
only included in this tex tbook if they arc a direct base for other work in that section. 

The syllabus has an examination paper which tests student understanding of 
investigations and modelling in mathematics. Where applicable. the textbook 
includes a number of such questions at the end of a topic, oft en related to it , so 
that students can develop their skills in this area througho ut the course. (Note that 
in vestigations may test earlier learning.) Teachers should enco urage stude nts to 
ope n and extend these investigations by setting aside dedicated time for the tasks. 

Each topic includes a large number of exercises.Teachers may choose to use all 
or some of these exercises, or to be selective within an exercise depending upon the 
strengths and weaknesses of their students. In most cases, worked examples and 
solutions to exercises follow the syllabus/paper system for rounding, i.e. numbers 
to 3 s.f. and angles in degrees to 1 d.p. , unl ess otherwise stated. 

Each topic also provides a number of student assessments which review and 
reinforce previous work. 

On a few occasions, where suitable within the context of the topic, the textbook 
goes beyond the syllabus req uirement s. All such instances have been clearly 
highlighted as Extension mat erial and can be included or excl uded. 

The digital material which accompanies this textbook can be found onlinc at 
www.hodderplus.co. uk. It consists of a wealth of valuable resources such as teacher 
PowerPoint presentations, audio-visual worked examples (Personal Tutors), 
further sample examination papcrs,and additional student assessments to be used 
for homework or class tests. Printable copies of fi gures from Exercises 5.8- 5.1 L 
5.14. 5 .1 6-5.18, 5.21 and 7.9 are also provided. 

This textbook has been written by two experie nced mathematics teachers. 
ll1c authors have written the book to help prepare students thoroughly for the 
examination and also to encourage them to want to learn more mathematics. 
perhaps at a higher leve l. 

Terry Wall and Ric Pimentel 



Student introduction 
TI1e title of this textbook emphasises the internationality of mathematics. 
A mathematician in Africa may be working with another in Japan to extend work 
done by a Brazilian in the USA. 

Art, music, language and literature are specific to the culture of the country of 
ori gin. Opera is European. Noh plays are Japanese. It is not likely that people from 
different cultures could work together on a piece of Indian art for example. 

However, all people in all cultures have tried to understand their world, and 
mathematics has been a common way of furthering that understanding, even in 
cultures which have left no written records. 

The Ishango Bone from Stone-Age Africa has marks suggesting it was a tally 
st ick. It was the start of arithmetic. 4500 years ago in Samaria (modern day Iraq 
and l ran),clay tablets show multiplication and division problems. 

36CX) years ago what is now called 'The Rhind Papyrus ' was found in Egypt. 
It shows simple algebra and fractions. Another, 'The Moscow Papyrus' shows how 
to find the volume of a truncated pyramid.The Egyptians advanced o ur knowledge 
of geometry. The Babylonians worked with arithmetic. 

300) years ago in India the great wise men advanced mathematics and their 
knowledge travelled to Egypt and later to Greece, then to Europe when great 
Arab mathematicians took their knowledge with them to Spain. Europe and 
late r America dominated mathematical discoveries from the fift ee nth until the 
twe ntieth ce ntury. It is likely, with the re-emergence of China and India as major 
world powers. that these co untries wi11 again provide great mathematicians and 
the cycle will be completed. 

So when yo u are studying from this textbook try to be aware that you are 
following in the foots teps of earlier mathematicians who were excited by the 
discoveries they had made. ll1ese discoveries changed o ur world. 

Yo u may find some of the questions in this book difficult. It is easy when this 
happens to ask your teacher for help. Reme mbe r though that mathematics is 
intended to stretch the mind. If you are trying to get physical1y fit you do no t stop 
as soon as things get hard. It is the same with mental fitness. ll1ink logically, try 
harder. You can solve that difficult problem and get the feeling of satisfaction that 
comes with learning something new. 

Terry Wall and Ric Pimentel 

• 



This page intentionally left blank 



Introduction to the 
graphics calculator 

Sections 
1 The history of the calculator 2 
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an early abacus 

II 

The hi story of the calculator 

There are many different types of calculators available today. 
These include basic calculators.. scientific calculators and the 
lat est graphics calculators.. The history of the calculator is a 
long one. 

The abacus was invented between 23000c and 5000c. It was 
used mainly for addition and subtraction and is sti11 widely used 
in parts of South East Asia. 

The slide rule was invented in 1621. It was able to do mo re 
complex operations than the abacus and continued to be widely 
used int o the early 1970s. 

The first mechanical calculator was invented by Blaise Pascal 
in 1642. It used a system of gears.. 

The first handheld calculat or appeared in 1967 as a result of 
the development of the integrated circuit. 

an early slide rule an early calculator 

The graphics calculator 

Graphics calculators are a powerful tool used for the study of 
mathematics in the modern classroom. However. as with all 
tools, their effectiveness is only apparent when used properly. 
This section will look at some of the key features of the graphics 
calculator, so that you start to understand some of its potential. 
More detailed exploration of its capabilities is integrated into 
the relevant sections throughout this book. The two models 
used are the Casioft-9860G and the Texas TI -84 Plus.. Many 
graphics calculators have similar capabilities to the ones shown. 
However, if your calculator is different, it is important that you 
take the time to familiarise yourse lf with it. 
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, _ 

Cosio Texas 

Here is the home screen (menu/applications) for both calculators. 

Texas 

The modes are selected by using the arrows key The main fearures are accessed by pressing the 
and then pressing EXE, or by typing the number/ appropriate key. Some are explained below. 
letter that appears in the bottom right-hand corner 
of each square representing a mode. 
Brief descriptions of the seven most relevant modes 
are given below. 

I RUN.MAT is used for arithmetic calculations . 

2 STAT is used for statistical calculations and 
for drawing graphs. 

l S.SHT isa spreadsheet and can be used for 
calculations and graphs. 

. isusedtoaccessnumericaloperations. 

• 

is usedforstatisticalcalculationsandfor 
drawinggraphsofthedata 
entered. 

is used for entering the equations of 
I..__} graphs. 

II 



Introduction to the graphics calculator 

4 GRAPH is used for entering the equations of 
graphsandplottingthem. 

5 DYNA is a dynamic graph mode that enables a 
f.:imilyofcurvesto be graphed simultaneously. 

6 TABLE is used to generate a table of results 
from an equation. 

7 EQUAis usedtosolvedifferenttypesof 
equations. 

• Basic calculations 

is used for graphing functions. 

The aim of the fo llowing exercise is to familiari se you with some 
of the buttons dealing with basic mathematical operations on 
yo ur calculat or. It is assumed that you will already be familiar 
with the mathematical content. 

II 

Exercise I Using your graphics calculator,evaluate the fo llow ing: 

l. a) 625 

b) 324 

c) 2yBd{i 

2. a) yT7'is 

b) \[Ii% 

c) VJU5 
3. a) 132 

b) 82 7 42 

c) Vs2 + 122 

4. a) 61 

b) 'i' s 27' 

.~ 
c) ;J 8' 

5. a) (2.3 X 1()1) + (J2.J X 102
) 

b) (4.QJ X 101
) + (15.6 X JQ") 

- (I.OS x 104) 

c) \3/l xx/: - (9 x 102) 



Introduction to the graphics calculator 

Graphics calculat ors also have a large number of memory 
channels. Use these to store answers which are needed for 
subseq uent calculatio ns. This will minimise rounding errors. 

Texas 

-~followedbyaletterofthealphabet 

Exercise 2 I. In the following expressions, a = 5, b = 4 and c = 2. 
Enter each of these values in memory channels A, Band C, 
respectively, of your calculator and evaluate the following: 

a) a + b + c b) a - (b + c) c) (a + b)1 - c 

d) 2t:~;r 4 a2- b2 

,) - ,- f) (ac)2+ ba2 
a + b + C 

2. Circles A B, C and D have radii 10cm, 6cm, 4cm and 1 cm 
respect ively. 

a) Calculate the area of circle A and store yo ur answer in 
memory channel A. 

b) Calculate the area of circle Band store your answer in 
memory channel B. 

c) Calculate the area of each of the circles C and D, storing 
the answers in memory channels C and D respectively. 

d) Using your calculator, evaluate A + B + 2C + 20. 
e) What does the answer to Q.2(d) represent? 

II 
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a 

3. The diagram shows a child 's shape-sorting toy. ll1e top 
consists of a rectangular piece of wood of dimension 
30cm x 12cm. Fo ur shapes W. X, Y and Z are cut out ofit. 

a) Calculate the area of the triangle X. Store the answer in 
your calculator's memory. 

b) Calculate the area of the trapezium Z. Store the answer 
in your calculat or's memory . 

c) Calculate the total area of the shapes W, X, Y and Z . 
d) Calculate the area of the rectangular piece of wood left 

once the shapes have been cut o ut. 

4. Three balls just fit inside a cylindrical tube as shown. 
The radius (r) of each ball is 5cm. 

a) Use the formula for the volume of a sphere, V = ~ 11r\ to 
calc ulate the volume of one of the balls. Store the answer 
in the memory of your calculator. 

b) Calculate the volume of the cylinder. 
c) Calculate the volume of the cylinder not occupied by the 

three balls. =3TION L__!_J Plotting graphs 

One of a graphics calculator's principal features is to plot graphs 
of fun ctions. This helps to visualise what the fun ction looks 
like and, later on, will help solve a number of different types of 
problems. This section aims to show how to graph a variety of 
different functions. 

For example, to plot a graph of the fun ction y = 2x + 3, use 
the following buttons on yo ur calculator: 
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Casio 

• a 
as a ., · -Ezfj 

Te xas 

'--1 

rn•~rnt:1 ,.___J EE 
It may be necessary to change the scale on the axes in order 
to change how much of the graph, or what part of the graph, 
can be seen. This can be done in several ways, two of which are 
described here: 

• by using the zoom facility 

Texas 

It is possible to reposition the centre of enlargement by using the 

II 
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II 

• by changing the scale manually. 

.... ... ,,~'"""' 
WI entered 

Casio 

Xmin: minimum value on the x-axis. Xmax: maximum value on the x-axis. 
Xscale: spacing of the x-axis increments, Xdot: value that relates to one x-axis dot (this is 
set automatically). 

Texas 

after values 
~ areentered 

Xmin: minimum value on the x-axis. Xmax: maximum value on the x-axis, 
Xscl: spacing of the x-axis increments. 

Exercise 3 In Q.1-4 the axes have been se t to the ir default settings.. i.e. 
Xmin =-10,Xmax = 10,Xscale = l,Ymin =-10,Ymax = 10, 
Yscale = 1. 



Introduction to the graphics calculator 

I. By using your graphics calculat or to graph the following 
fun ctions, match each of them to the correct graph. 

a) y = 2x + 6 b) y = ! x - 2 

d) y =-~ e) y = x2 - 6 

g) y = -{x +4)2 + 4 

i) y = 4x3 + 2x - l 

c) y =-x + 5 

f) y = (x - 4)2 

h) y = hx + 3)3 

i) y = --6 

2. In each of the following, a function and it s graph is given. 
Using your graphics calculator, enter a fun ction that 
produces a refl ection of the original function in the x-axis. 
a) y = x + 5 b) y =-2x +4 

EfJ t=fsj 
c) y = (x +5)2 d) y = (x- 5)2 + 3 

EE~ 
3. Using your graphics calculator, enter a fun ction that 

produces a refl ection in the y-axis of each of the original 
fun ctions inQ.2. 

• 



Introduction to the graphics calculator 

Worked example 

EEJ 

4. By entering appropriate functi ons into yo ur graphics 
calculator: 
i) make your graphical calculator scree n look like the ones 

shown 

ri?ffF* 
c) I + I d)lflrt(I 

• Inte rsectio ns 
When graphing a fun ction it is oft en necessary to find where 
it intersects one or both of the axes. If more than one fun ction 
is graphed on the same axes, it may also be necessary to find 
where the graphs intersect each other. Graphics calculators can 
be used to find the coordinates of any points of intersection. 

Find where the graph of y = !(x + 3)3 + 2 intersects both the 
x- and y-axes. 

The graph shows that y = !(x + 3)3 + 2 int ersects each of the 
axes once. 

To find the coordinates of the points of intersection: 

Casio 

to find they-intercept. 

tofindtheroot(thex-intercept). 

Note: The root of an equation refers to the point at which it crosses the x-axis. 

The point at which the equation crosses the y-axis is known as the y-inte rcept. 

m 
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Texas 

~ \._.) t:::::!J then enter x = 0 to find the 

y-intercept. 

oftheintersectionwiththex-axis. then 

oftheintersectionwiththex-axis, then 

''°"D'",o ... ;,. 
Note: The Tl-84 prompts the user to identify a point to the left of the intersection with the x-axis (left bound) 
andthenapointtotherightoftheintersection (right bound). 

Exercise 4 I. Find an approximate solution to where the following 
graphs intersect both the x-and y-axes using your graphics 
calculator. 
a) y =x2 - 3 b) y = (x +3)2 +2 

c) y = }tJ - 2x2+ x + I d) y = x:2 +6 

2. Find the coordinates of the point (s) of int ersection of each 
of the following pairs of equations using yo ur graphics 
calculato r. 
a) y = x + 3 and y = -2x - 2 

b) y = - x + I and y = !{x2 
- 3) 

c) y=-x2 + land y=!(x2-3) 

d) y = -{x3 + 2x2 - 3 and y = }f2
- 2 

m 



=4TION ~ Tables of resu lls 

A fun ction such as y = ~ + 2 implies that there is a relationship 
between y and x. 

To plot the graph manual1y, the coordinates of several points 
on the graph need to be calculat ed and then plotted. Graphics 
calculators have the fa cility to produce a table of values giving 
the coordinates of some of the points on the line. 

Worked example For the fun ction y = ~ + 2. complete the foll owing table of 

values using the table facility of your graphics calcul ator: 

Casio 

• DEnterfunctiony=~+2 

to display the table. 

iob l t S.t~1n, 

The screen '£,;!!', shows that the x-values range from - 3 to 3 in increments of I. 

Oaco,h,ubl,;, d;,pl,yed,,h,cem,;a;agce"lumb,,;mdby"';"' 0 
Texas 

....___; Enterfunctiony= ~ + 2 

~ 
~ rn t"] rn ~ ~ ~eaunhrnl,e,of ><=~3 

xanddisplaythetable. 

m 



Introduction to the graphics calculator 

1'r'tTMfl~3 
The screen e i fH t:t shows that the x-values start at - 3 and increase in increments of I. 

Oaco,houblo ;, d;, pl,yod, fo~ho,m,l"u" bo,;owod by,-;ag ~ . 

Exercise 5 1. Copy and complete the tables of values for the foll owing 
fun ctions using the table facility of your graphics calculator: 
a) y= x1 + x -4 

1·1-ll'l'l'l'l'I 
b) y = x3 + x2 -10 

c) y = t 

d) y = y7;+rj 

2. A car accelerates from rest. Its speed, y mls, x seconds after 
starting, is given by the equation y = I.Bx . 
a) Using the table facility of your graphics calcul ator, 

calculate the speed of the car every 2 seconds fo r the 
fi rs t 20seconds. 

b) How fa st is the car trave lling after 10 seconds? 

3. A ball is thrown vertically upwards. Its height , y metres. 
x seconds after launch is given by the equation y = 15x - 5x2. 
a) Using the table facility of yo ur graphics calculato r, 

calculate the height of the ball each ! second during the 
first 4seconds. 

b) What is the greatest height reached by the ball? 
c) How man y seconds after it s launch did the ball reach its 

highest point ? 

II 
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II 

d) After how many seconds did the ball hit the ground? 
e) In the context of this question, why can the values for 

x = 3.5 and 4 be ignored? 

=STION L___!_J Li sls 

Data is oft en collected and then analysed so that observations 
and conclusions can be made. Graphics calculators have the 
facility for storing data as lists. Once stored as a list, many 
different types of calculations can be carried out. This section 
will explain how to enter dat a as a list and then how to carry o ut 
some simple calculations. 

Worked examples a) An athlete records her time (seconds) in ten races for 
running 100m. These are shown below: 

12.4 12.7 12.6 12.9 12.4 12.3 12.7 12.4 12.5 13.1 

Calculate the mean, median and mode fo r this set of data 
using the list facilit y of yo ur graphics calculator. 

Casio 

. .. Enterthedatainlistl. 

cm tospecifywhichlistthedata 

to scrollthroughthefull list. 

The screen displays various statistical measures. 
X is the mean, n is the number of data items, Med is the median, Mod is the modal 
value, Mod: F isthefrequencyofthe modal values. 
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Texas 

-~Enterthedatainlistl. 

toapplycalculationstothedatain List I. 

~ ~moll<hro,gh,hofollll". 

The screen displays various statistical measures. 

L1 l2 ~ 

rr1······1······ 
tB I I 

L1m=1:.2 . 4 

1-V.ilr St.ats. L1 

1-V..;ir St..its. 
X•12. 6 
Ix=126 
I x2= 1588.18 
Sx=. 253859 1035 
a x= .2408318916 

+n-10 

X is the mean. n is the number of data items, Med is the median. The T 1-&4 does not 
display the modal value. 

If a lot of data is collected, it is often presented in a frequency 
table. 

b) The numbers of students in 30 Maths classes are shown in 
the freque ncy table below: 

Number of students Frequency 

27 

28 

29 

JO 

JI 

32 

Calculate the mean, median and mode for this set of data 
using the list facility of your graph ics calculator. 

m 
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m 

Casio 

• • Enterthenumberofstudentsinlistland 

thefrequencyinlist2. 

Texas 

-~Enterthenumberofstudentsinlistland 

thefrequencyinlist2. 

11arntmrn•mm 
rnri tospecifythatthedataisinllandthe 

frequencyinl2. 

L1m •27 
1-V.ilr St.ilt s. Li ,L 
, 1 

- V.;ir 
x .. 29 . 
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Introduction to the graphics calculator 

Exercise 6 1. Find the mean, the median and, if possible, the mode of 
these sets of numbers using the list facility of your graphics 
calc ulator. 
a) 3, 6, [0, 8, 9, 10, 12, 4, 6, 10, 9, 4 
b) 12.5, 13.6, 12.2, 14.4, 17.1 , 14.8,20.9, 12.2 

2. During a board game a player makes a note of the numbers 
he rolls on the dice. These are shown in the freq uency table 
below: 

l~r::~ee~c:ndice l ~ I ~ I~ I: I: I: I 
Find the mean, the media n and, if possible , the modal dice 
roll using the list facility of your graphics calculator. 

3. A class of 30 students sat two Maths tests. ll1eir scores o ut 
of 10 are recorded in the freq uency tables below: 

Score 
Frequency 

Score 
Frequency 

a) Find the mean, the median and, if possible. the mode 
for each test using the list facility of your graphics 
calc ulator. 

b) Com ment on any simila rities or differences in your 
answers to Q.3(a). 

c) Which test did the class find easiest? G ive reasons fo r 
your answer. 

II 
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[I] Number 
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1.13 Speed, distance, time problems 
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Aryobalkl (476-550) 

Hindu mathematicians 

In 1300ec a Hindu teacher named Laghada used geometry 
and trigonometry for his astronomical calculations. At around 
this time, other Indian mathematicians solved quadratic and 
simultaneo us eq uations. 

Much lat er, in about AD500, another Indian teacher, 
Aryabatta, worked on approximations for pi and on the 
trigonomet ry of the sphere. He realised that not only did the 
planets go round the Sun but that their paths were elliptic. 

Brahmagupta, a Hindu, was the first to treat zero as a 
number in its own right. TI1is helped to develop the decimal 
system of numbers. 

One of the greatest mathematicians of all time was Bhascara 
who, in the twelfth century, worked in algebra and trigonometry. 
He discovered that: 

sin(A + B) = sinAcosB + cosAsinB 

His work was taken to Arabia and later to Europe. 

Vocabulary for sets of numbers 

• Natural numbers 
A child learns to co unt 'one, two, three, four, ... ' . TI1ese are 
some times called the co unting numbers or whole numbers. 

ll1e child will say ' I am three',or'I live at number 73'. 
If we include the number 0, then we have the set of numbers 

called the natural numbers. 
The se t of natural numbers N = JO, 1,2,3,4, ... ]. 

• Integers 
On a cold day, the temperature may be 4°C at !Op.m. If the 
temperature drops by a further 6°C, then the te mperature is 
'below zero'; it is - 2 °C. 

If you are overdrawn at the bank by £200. this might be 
shown as - £200. 

ll1e set of integers Z = [ ... , - 3, - 2, - 1, 0, 1,2,3, ... f. 
Z is therefore an extension of N. Every natural number is 

an integer. 

m 
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• Rational numbers 
A child may say ' I am three' : she may also say ' I am three and 
a half, or even ' three and a quarter' . 3! and 3f are rational 

numbers. All rational numbers can be written as a frac tion 
whose denominator is not zero. All tenninating and recurring 
decimals are rational numbers as they can also be written as 
fractions,e.g. 

0.2 = ! o.3 = fo 7 = f I.53 = ~ o.2 = ~ 

The set of rational numbers Q is an extension of the set of 
integers. 

• Real numbers 
Numbers which cannot be expressed as a fraction are not 
rational numbers: they arc irrutional numbers. 

Using Pyt hagoras' rul e in the diagram to the left. the length 
of the hypotenuse AC is found as: 

ACl = F + l2 
ACl = 2 
AC = 2 

{2 = 1.41421356 .... The digits in this number do not rec ur or 
repeat. This is a property of all irrational numbers. Another 
example of an irrational number yo u will come across is rr (pi). 
It is the ratio of the circum fe rence of a circle to the le ngth of 
its diameter. Although it is often rounded to 3.14, the digits 
continue indefinit ely never repeating themselves. 

The set of rational and irrational numbe rs together fonn the 
set of real 1111111bers R.. 

• Absolute numbers 
The absolute value of a number refers to its magnitude and is 
therefore not affected by whether the number is positive or 
negative. Therefore the absolute value of - 3 is 3. The absolute 
value of3 is also 3. 

To indicate that the absolute value of a number is needed, the 
notation lxl is used: 

1-31 ° 3 
and 131 = 3 

The absolute value and its application to functions is cove red in 
Topic 3. It s application to vectors is covered in Topic 5. 



=310N ~ Surds 

The roots of some numbers produce rational answers, for example: 

If roots cannot be written as rational numbers, they are known 
as surds. Surds are therefore irrational numbers. Examples of 
surds include {2, {J and Vo. 

If an answer to a question is a surd, then leaving the answer 
in surd fonn is exact. Using a calculator to calculat e a decimal 
eq uivalent is only an approximation. 

In the Pythagoras example above, the length of the 
hypotenuse was given as 2. This is the exact length. 
A calculator will state that {2 = l.414213562, but this is o nly 
an approximation correct to nine decimal places. 

You sho uld always leave answers in exact form unless you 
are asked to give your answer to a certain number of decimal 
places. 

• Simplification of surds 
If ~ cannot be simplified further then it is in basic form. 
17 and 43 are prime numbers so {17 and {43 ca nnot be 
simplified further. The square root of some numbers which are 
not prime such as ..fio, V70, and ..[363 can be simplified: 

yzo C .;.;;, C {4 ' {s C 2 ,fs 

,J63 C {9'<l C {9' {7 c 3y? 
yill c ~ c {m, Y3 c llY3 

Note: Each time the original number is written as the product of 
two numbers, one of which is sq uare. 

Surds can be manipulated and simplified according to a 
number of rules. These are: 

Rule 

A.Jax A.Ja=a 
'/a <Vbc',Jllb 

--". C ft 

Example 

{3, V3 c 3 

VJ' {sc {IT 

-;=ft= 4 = 2 

a bx c = a be 3 Sx 6 = 3 30 

a + b# a + b 4 + 9~ L3as2 + 3~ 13 

Ill 
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Worked examples a) Simplify {3 + {12. 

In order to add surds, they must both be multiples of the 
same surd. 

{fi e y4, Y3 c2'V3 
Therefore {3 + {12 can be written as {3 + 2 {3 = 3{3. 

b) Expand and simplify (2 + {3) (3 - {3). 

~~l~~~!~gb:~t :~~: :!~ d:e J~~~:k;i ~o:;r:riin 

=) 6 + {3 - 3 

=) 3 + {3 

Exercise I. I I. Simplify the following surds: 

a) {24 b) y48 
d) ,{ioo ') {162 

c) '/75 

2. Simplify the following where poss ible: 

,) y47 b) {98 c) {8 
d) {sf ,) 432 

3. Simplify these expressions: 

,) {3, {3 b) {s, {s 
d) {'i + {'i c) 3{5 - {s 

4. Simplify these expressions: 

a) {'i + {8 b) 'V7 + Vf,3 c) {26 + y45 
d) 3{2 - 4{8 ,) 5{16 - {4fi 0 {28 - ,fi 

5. Expand the following expressions and simplify as far as 
possible: 

a) (3 + {2)(1 + {'i) 
c) (5 + V,)(3 - V,) 

,) (3 + 3{2)(5 - 2{2) 

b) (2 - V2)(3 + {'i) 
d) (I + 2{3)(4 - 3{3) 

0 (3 - 2V,)(4 - 3V,) 

• Rationalising fractions with surds in the 
denominator 

~ is a fraction with a surd in the denominator. 

It is conside red mathematically more e legant if fractions are 
written witho ut surds in their denominator. Removing surds 



'Worked example 
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from the denominator of a fraction is known as rationalising 
the denominator. 

To rationalise. the fr action must be multiplied by a fractio n 
that is eq uivalent to 1 but which eliminates the surd. 

I 
Rationalise {2 · 

{i 
Multiplying the fraction by {2 gives: 

y2 I . 
Note that {2 = 1 therefore {2 1s 

unchanged when multiplied by I. 

In general, to rationalise a fraction of the form__!!__, multiply by 

b a b b 
{btogive b. 

Exercise 1.2 I. Rationalise the fo llowing fractions. simplifying yo ur 
answers where possible: 

a)~ b)~ c)~ 

d) {3 ,) .j, n .j. 
g) ,J, h) {3 i) fi, 
j) {3 k) {2 

2. Evaluate the following , leaving yo ur answer in s implified 
and rationalised fo rm: 

The denominator is not however always just a single term, 

e.g.3 +1{2. 

Rationalising this type of fra ctio n is not just a case of 

3 + 2 
multiplying by -- as this will not eliminate the surd in the 

3 + 2 
I 3 + 2 3 + 2 

denominator,i.e. -- x -- c ---. 

3 + 23 + 211 + 62 

II 
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To rationalise this type of fraction req uires an understandin g 
of the difference of two sq uares, i.e. that (a - b)(a + b) = 
a2 - b2• ll1is demonstrates that if either a orb are surds. the 
result involving a2 and b2 will be rational. 

Therefore to rationalise _ I -, 
3 + ,fi 

J 3- ,{i 3- ,{i 3- ,{i 
3 + ,fi' 3- ,{i

0

9- 3,{i +3,fi - 2 

Worked example Rationalise the denominator of the fraction 
3 

- ~ {2" 

_ l_ x3 + 2{2. = 3 + 2{2. 
3 - 2 2 3 + 2 2 9 + 6 2 - 6 2 - 4 2 2 

=) 3:~8 2 = 3 + 2{2. 

Exercise 1.3 Rationalise the fo11owing fractions. Where possible, leave yo ur 
answers in simplified form. 

I ,. I 3. 3 
,fi + I {'i -1 2 - {'i 

4. 
2 

5. 
5 

6. 
7 

-fi - 1 2 + ,,js I + V, 

7. 
I 

8. 
2 

9. 
I 

3- {'i 2 - v {6 - ,,fs 

I I 
JO. ,fi+ I + ,fi - 1 

Exercise 1.4 I. State to which of the sets N, Z, Q or R these numbers belong. 

a) 3 . b) - 5 c) Y3 
d) 11.3 

In Q.2--6 state, givin g reasons, whether each number is rational 
or irrational. 

2. a) 1.3 

3. a) - 2~ 

4. a) 7 

b) 0.6 

b) 25 

b) 0.625 

c) 

c)
3

8 

c) o.ii 



5. a) {2,,/3 

6. a) {s 
{2 

b) {2 +,/3 

b) 2{5 
{26 

l Number 

c) ({2,,/3)' 

c) 4 + (Y' - 4) 

In Q.7- 10, state, giving reasons. whether the answer req uired is 
a rat io nal or irra tional number. 

7. S Tho•s,hof the diagonal 

3= 

4cm 

of the circ le 4cm 
8. G Thococomi,.,~, 

9. ~ Tho,kl,l'"9fhof the square 

v'n= 

II 
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=410N ~ Percentages 

You should already be familiar with the percentage equivalent 
o f simple fractions and decimals as outlined in the table below: 

Fraction Decimal Percentage 

0.5 50% 

0.25 25% 

0.75 75% 

0.125 12.5% 

0.375 37.5% 

0.625 62.5% 

0.875 87.5% 

0.1 10% 

jijOr! 0.2 20% 

0.3 30% 

ioors 0.4 40% 

jijOrJ 0.6 60% 

0.7 70% 

ioors 0.8 80% 

0.9 90% 

• Simple percentages 

Worked examples a) Of 100 sheep in a fi e ld, 88 are ewes. 
i) What percentage of the sheep are ewes? 

88 out of JOO are ewes 
= 88% 

ii) What percentage arc not ewes? 
12 out of 100 are not ewes 
= 12% 
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b) A gymnast scored marks o ut of 10 fr om five judges. 
The marks awarded were: 8.0, 8.2, 7.9, 8.3, 7.6. 
Express these marks as percentages. 

~8 - 18Jl0 - 8o% ~J -18& - s2% }6 - ?& -79% 

Y = f&i = 83% f§ = 1& = 76% 

c) Convert the following percentages int o fractions and 
decimals: 
i) 27% ii) 5% 

fttl = 0.27 T&J = 0.05 

Exercise 1.5 I. In a survey of 100 cars.47 were white. 23 were blue and 
JO were red . Express each of these numbers as a 
percentage of the total. 

2. fo of the surface of the Earth is water. Express this as a 
percentage . 

3. There are 200 birds in a flock. 120 of them are female. 
What percentage of the flock are: 
a) female? b) male? 

4. Write these percentages as fractions of 100: 
a) 73% b) 28% 
c) 10% d) 25% 

5. Writethesefract ionsaspercentages: 

a) fuj b) rlJ 
c) ~ d) ! 

6. Convert the following percentages to decimals: 
a) 39% b) 47% c) 83% 
d) 7% e) 2% f) 20% 

7. Convert the following decimals to percentages: 
a) 0.31 b) 0.67 c) 0.09 
d) 0.05 e) 0.2 f) 0.75 

II 
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• Calculating a percentage of a quantity 

Worked examples a) Find 25% of300 m. 

25% can be written as 0.25. 
0.25x300 m= 75 m 

b) Find 35%of 280 m. 

35% can be written as 0.35. 
0.35 x 280 m = 98 m 

Exercise 1.6 I. Write the perce ntage equivalent of the following fractions: 
a) I b) j c) i 
d) I~ e) 4rt) f) 3~ 

2. Write the decimal equivalent of the following: 

a) i b) 80% c) ! 
d) 1% ,) 11 n ! 

3. Evaluate the fo llowing: 
a) 25% of80 b) 80% of 125 c) 62.5% of80 
d) 30% of 120 e) 90% of5 f) 25% of 30 

4. Evaluate the following: 
a) 17% of50 b) 50% of 17 c) 65% of SO 
d) 80% of65 e) 7% of 250 f) 250% of 7 

5. In a class of 30 students, 20% have black hair. 10% have 
blonde hair and 70% have brown ha ir. Calculate the 
number of stude nts with: 
a) black hair b) blonde hair c) brown hair. 

6. A survey conducted among 120 children looked at which 
type of meat they preferred. 55% said they preferred beef, 
20% said they preferred chicken, 15% preferred lamb a nd 
10% liked none of these. Calculat e the number of children 
in each category. 

7. A survey was carried out in a school to see what nationality 
it s stude nts were. Of the 220 students in the school, 65% 
we re English, 20% were Pakistani. 5% were Greek and 
10% belonged to other nationalities . Calculate the number 
of students of each nationality. 

8. A shopkeeper keeps a record of the number of items 
he sells in one day. Of the 150 items he sold, 46% were 
newspapers. 24% were pens, 12% were books whilst the 
remaining 18% were other assorted items. Calculate the 
number of each item he sold. 
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• Expressing one quantity as a percentage 
of another 

To express one quantity as a percentage of another, write the 
first quantity as a fraction of the second and then multiply 
by 100. 

Worked example In an examination a girl obtains 69 marks o ut of 75. Express this 
result as a percentage. 

~x 100% = 92% 

Exercise I. 7 I. Express the first quantity as a percentage of the second. 
a) 24out of50 b) 46out of125 c) 7o ut of 20 
d) 45out of90 e) 9out of20 f) 16out of40 
g) 13 out of 39 h) 20 out of 35 

2. A hockey team plays 42 matches. It wins 21, draws 14 and 
loses the rest. Express each of these results as a percentage 
of the total number of games played. 

3. Four candidates stood in an election: 

A received 24500 votes 
B rece ived 18200 votes 
C received 16300 votes 
D received 12 OOO votes 

Express each of these as a percentage of the total votes cast. 

4. A car manufacturer produces 155(X)()cars a year. The cars 
are available for sale in six different colours. The numbers 
sold of each colo ur were: 

Red 55000 
Blue48(X)() 
White 27500 
Silver 10200 
Green 9300 
Black 500) 

Express each of these as a percentage of the total number of 
cars produced. Give your answers to 3 s.f. 

m 
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• Percentage increases and decreases 

Worked examples a) A garage increases the price ofa truck by 12%. If the 
original price was $14500, calc ulate its new price. 

Note : the original price represents 100%, therefore the 
increased price can be represented as 112% . 

New price = 112% of$14500 
= 1.12 X $14500 
= $16240 

b) A Saudi doctor has a salary of 16000 Saudi riyals per 
month. If his salary increases by 8%, calculate : 
i) the amount ex tra he receives a month 
ii ) his new monthly salary. 

i) Increase = 8% of 16 OOO riyals 
= 0.08 x 16000 riyals = 1280 riyals 

ii ) New salary= old salary+ increase 
= 16000 + 1280 riyals per month 
= 17280 riyals per month 

c) A shop is having a sale. It sells a set of tools costing $130 at 
a 15% discount. Calculate the sale price of the tools. 

Note: ll1e old price represent s 100%, therefore the new 
price can be represented as (100 - 15)% = 85% . 

85% of$130 = 0.85 X $130 = $110.50 

Exercise 1.8 I. Increase the following by the given percentage: 
a) 150 by 25% b) 230 by 40% c) 7000 by 2% 
d) 70 by 250% e) 80 by 12.5% f) 75 by 62% 

2. Decrease the following by the given percentage: 
a) 120 by 25% b) 40 by 5% c) 90 by 90% 
d) 1000by10% e) 80by37.5% f) 75by42% 

3. In each part below, the first number is increased to become 
the second number. Calculate the percentage increase in 
each case. 
a) 50 -4 ffi 
d) 30 -4 31.5 

b) 75 -4 135 
e) 18-4 33.3 

c) 40-484 
f) 4 -413 

4. In each part below, the first number is decreased to become 
the second number. Calculate the percentage decrease in 
each case. 
a) 50 -4 25 
d)3-40 

b) 80-4 56 
e) 550 -4 352 

c) 150 -4 142.5 
£)20-419 

5. A farmer increases the yield on his farm by 15%. If his 
previous yield was 6500 tonnes, what is his current yield? 
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6. The cost of a computer in a Brazilian computer store is 
reduced by 12.5% in a sale. If the computer was priced at 
7800 Brazilian real (BRL), what is its price in the sale? 

7. A winter coat is priced at £100. In the sale its price is 
reduced by 25% . 
a) Calculate the sale price of the coat. 
b) After the sale its price is increased by 25% again. 

Calculate the price of the coat after the sale . 

8. A farmer takes 250 chickens to be sold at a market. In the 
first ho ur he sells 8% of his chickens. In the second ho ur he 
sells 10% of those that were left. 
a) How many chickens has he sold in total? 
b) What percentage of the original number did he sell in 

the two hours? 

9. The number of fish on a fish fann increases by 
approximately 10% each month. If there were originally 
350 fi sh. calculate to the nearest 100 how many fish there 
would be after 12 months. 

• Simple interest 
Interest is money added by a bank or building society to 
sums deposited by customers.. or money charged by a bank 
or building society to customers for borrowing. The money 
deposited or borrowed is called the capital. The percentage 
interest is the given rate and the money is usual1y left or 
borrowed for a fixed period of tim e. 

The following fonnula can be used to calculate simple 
interest: 

I=~ 
100 

where I= the simple int erest paid 
C = the capital (the amount borrowed or lent) 
n = number of time periods (usually years) 
r = percentage rate 

It is easy to understand this fonnula ifwe look at using 
percentages as shown in the example below. 

To work o ut 15% of $300.simply calculate f&i x 300. If this 

is repeated 4 times the calculation becomes f&j x 300 x 4. 

Thisca nalsobewrittenas 15x300x4_ 
100 

m 
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Therefore to work o ut r"lo of C, the calculation is f5cj x C 
c, 

which can be written as 100· If this is repeated n times.. the 

calculation is f&g. 

Worked examples a) Find the sim ple inte rest earned on $250 deposited for six 
yearsat8% p.a.? 

I= foo 
250 x Sx 6 
--100--

= 120 

The inte rest paid is $120. 

b) How long will it take fo r a sum of€250 invested at 8% p.a. 
to earn inte rest of €80? 

I= foo 
80 = 250;~xn 

80CX) = 2000n 
n=4 

It will take4years. 

c) What rate per year must be paid for a capita l of £750 to 
earn interest of £180 in four years? 

I= foo 
l80 = 750(r:;x4 

180 = 30, 
r =6% 

A rate of 6% is req uired. 

The total amount,A, after simple interest is added is given by 
the fonnula: 

This is an example of an arithmetic seq uence. These are covered 
in more detail in Topic 2. 



l Number 

Exercise 1.9 All rates of interest are annual rates. 

I. Find the simple int erest paid in each of the following cases: 
Capital Rate Time period 

a) NZ.$300 6% 4 years 
b) £750 8% 7 years 
c) ¥425 6% 4 years 
d) 2800 baht 4.5% 2 years 
e) HK$880 6% 7 years 

2. How long wi11 it take fo r the following amounts of interest 
to be earned? 

C 
a) 500baht 6% 150baht 
b) ¥5800 4% ¥96 
c) AU$400J 7.5% AU$1500 
d) £2800 8.5% £1904 
e) €900 4.5% €243 
f) 400 Ft 9% 252 Ft 

3. Calculate the rate of interest per year which will earn the 
given amount of interest in the stated time period: 

Capital Time period Int erest 
a) €400 4 years €1120 
b) US$800 7 vears US$224 
c) 2000 baht 3 Years 210 baht 
d) £1500 6 years £675 
e) €850 5 years €340 
f) AU$1250 2 years AU$275 

4. Calculate the capital that will earn the interest stated, in 
the number of years and at the given rate in each of the 
following cases: 

Interest 
a) 80 Ft 
b) NZ.$36 
c) €340 
d) 540baht 
e) €540 
0 US$348 

Time period 
4vears 
3Years 
5years 
6years 
3years 
4years 

Rate 
5% 
6% 
8% 
7.5% 
4.5% 
7.25% 

5. What rate of interest is paid on a deposit of £2000 that earns 
£400 interest in five years? 

6. How lo ng will it take a capital of €350 to earn €56 interest at 
8% per year? 

II 
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7. A capital of 480 Ft earns 108 Ft interest in fi ve years. 
What rate of interest was being paid? 

8. A capital of €750 becomes a total of €1320 in eight years. 
What rate of interest was being paid? 

9. AU$1500 is invested for six years at 3.5% per year. What is 
the interest earned? 

10. 500 baht is invested for 11 years and becomes 830 baht in 
total. What rate of interest was being paid? 

• Co mpo und inte rest 
ComJX)und interest means interest is paid not o nly on the 
capital amount , but also on the interest itself: it is compounded 
(or added to). 

This sounds complicated but the example below will make it 
clear. 

e.g. A builder is going to build six houses on a plot of land in 
Spain. He borrows €500000 at 10% interest and will pay off 
the loan in full after three years. 

At the end of the first year he will owe : 
€500CXXI + 10% of €500000 i.e. €500000x l.10 = €550000 

At the end of the second year he will owe: 
€550CXXI + 10% of €550000 i.e. €550000x 1.10 = €605000 

At the end of the third year he will owe: 
€605CXXI + 10% of €605000 i.e. €605000x 1.10 = €665500 

The amount of interest he has to pay is €665500-€500CXXI 
i.e.€165500 

The simple interest is €50000 per year, i.e. a total of €150000. 

The difference of €15500 is the comJX)und interest. 

The time take n for a debt to grow at compound interest can be 
calculated as shown in the example below: 

Worked example How long will it take for a debt to double at a compo und 
interest of27% p.a.? 

An interest rate of27% impli es a multiplier of 1.27. 

I n me (Yem) I O I I I 2 I 3 I 
Debt C I .27C 1.27'-C = 1.61 C I .27'C = 2.0SC 

'-._JI '-..____/ '-..____/ 
X J.27 X J.27 X J.27 
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The debt will have more than doubled after 3 years. 
Using the example above of the builder's loan, if C represents 

capital he borrows.. then after 1 year his debt will be given by 
the formula: 

D = c( I + J5o) where r is the rate of interest 

After 2 years: D : c( 1 + iliJ)( 1 + fBo) 

After 3 years: D = c(1 + iliJ)(1 + iliJ)( I + J5o) 
After n years: D = c( I + f6or 

This formula for the debt includes the original capital loa n. 
By subtracting C. the compo und interest is calculated: 

Compound interest is an example of a geometric seq uence. 
Geometric seq uences are covered in more detail in Topic 2. 

The interest is usually calculated annua1ly, but there can be 
other time periods. Compound interest can be charged yearly, 
half-yearly, quarterly, monthly or daily. ( In theory any time 
period can be chosen.) 

Worked examples a) Use your graphics calculator to find the compound interest 
paid on a loan of $6()) for 3 years at an annual percentage 
rate (APR) of 5% . 

The total payment is $694.58 so the interest due is 
$694 - $6()) = $94.58. 

b) Use yo ur graphics calculator to find the compound int erest 
when $3000 is invested for 18 months at an APR of 8.5% . 
The interest is calculated every six months. 

Note: The interest for each time period of 6 months is 

¥%. There will therefore be 3 time periods of6 months 

each. 

The fin al sum is $3399, so the interest is $3399 - $3000 
= $399. 

II 
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Exercise 1.10 I. A shipping compan y borrows£70 millio n at 5% p.a. 
compo und interest to build a new cruise ship. If it repays the 
debt after 3 years.. how much interest will the company pay? 

2. A woman borrows €100000 for home improvements. The 
interest rate is 15% and she repays it in full after 3 years. 
How much inte rest will she pay? 

3. A man owes $5000 on his credit cards. ll1e A PR is20% . 
Ifhe doesn't repay any of the debt, how much will he owe 
after4years? 

4. A school increases it s intake by 10% each year. If it starts 
with I OOO student s, how many will it have at the beginning 
of the fourth year of expansion? 

5. 8 million to nnes of fi sh were ca ught in the North Sea in 
2005. If the catch is reduced by 20% each year fo r 4 years. 
what we ight is caught at the end of this time? 

6. How many years will it take for a debt to double at 42% p.a. 
compound interest? 

7. How many years will it take for a debt to double at 15% p.a. 
compo und interest? 

8. A car loses value at a rate of27% each year. How long will 
it take fo r its value to halve? 

• Reverse percentages 

Worked examples a) In a test Ahmed answered 92% of the questions correctly. 
If he answered 23 questions correctly, how many did he get 
wrong? 

92% of the marks is eq uivalent to 23 questions. 
I% of the marks therefore is eq uivalent to~ quest io ns. 

So 100% is eq uivalent to~ x 100 = 25 questions. 

Ahmed got 2 questions wrong. 

b) A boat is sold fo r £15360. This represents a profit of28% to 
the seller. What did the boat originally cost the seller? 

ll1e selling price is 128% of the original cost to the seller. 
128% of the original cost is £15360. 

1 % of the original cost is flf 
2
~6() . 

100% of the original cost is f 1fz3
8
6() x 100, i.e. £12000. 
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Exercise 1.11 I. Calculate the value of Xin each of the following: 
a) 40% ofXis240 b) 24% ofXis84 
c) 85%ofXis765 d) 4%ofXis10 
e) 15%ofXis18.75 f) 7%ofXis0.105 

2. Calculate the value of Yin each of the following: 
a) 125%ofYis70 b) 140%ofYis91 
c) 210%ofYis189 d) 340%ofYis68 
e) 150% of Yis0.375 f) 144% o f Yis - 54.72 

3. In a Geography textbook, 35% of the pages are colo ured. 
If there are 98 coloured pages, how many pages arc there in 
the whole book? 

4. A town has 3500 famili es who own a car. If this represe nts 
28% of the famili es in the tow n, how many families are 
there in total? 

5. In a test Isabel scored 88% . If she got three questions 
incorrect, how many did she get correct? 

6. Water expands when it freezes. Ice is less dense than water 
so it fl oats. If the increase in volume is 4% , what volume 
of water will make an iceberg of 12700000ml? Give yo ur 
answer to three significant figures. 

Approximation and rounding 

In many instances exact numbers are not necessary or even 
desirable. In those circumstances approximations are given. 
The approximations can take several fo rms. The common types 
of app roximations arc o utlin ed below. 

• Rounding 
If 28617 people atte nd a gymn astics competition. this fi gure can 
be reported to vario us levels of accuracy. 

To the nearest 10000 this figure would be rounded up to 
30000. 
To the nearest 1000 the fi gure would be rounded up to 29000. 
To the nearest 100 the fi gure wo uld be ro unded down to 
28600. 

In this type of situation it is unlikely that the exact number 
would be reported. 

II 
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Exercise 1.12 I. Round the following numbe rs to the nearest IOOJ: 
a) 68786 b) 74245 c) 89000 
d) 4020 e) 99500 f) 999999 

2. Round the following numbers to the nearest 100: 
a) 78540 b) 6858 c) 14099 
d) 8084 e) 950 f) 2984 

3. Round the following numbers to the nearest 10: 
a) 485 b) 692 c) 8847 
d) 83 e) 4 f) 997 

• Decimal places 
A number can also be approximated to a given number of 
decimal places (d.p.). ll1is refers to the number of digits written 
after a decimal point. 

Worked examples a) Write 7.864 to I d.p. 

The answer needs to be written with one digit after the 
decimal point. However, to do this, the second digit after 
the decimal point also needs to be considered. If it is 5 or 
more then the first digit is rounded up. 

i.e. 7.864 is written as 7.9 to I d.p. 

b) Write 5.574 to 2 d.p. 

The answer here is to be given with two digits a ft er the 
decimal point. In this case the third digit after the decimal 
point needs to be conside red. As the third digit after the 
decimal point is less than 5. the second digit is not 
rounded up. 

i.e. 5.574 is written as 5.57 to 2 d.p. 

Exercise 1.13 I. Round the following to I d.p.: 
a) 5.58 b) 0.73 
d) 157.39 e) 4.04 
g) 2.95 h) 0.98 

2. Round the following to 2 d.p.: 
a) 6.473 b) 9.587 
d) 0.088 e) 0.014 
g) 99.996 h) 0.0048 

c) 11.86 
f) 15.045 
i) 12.049 

c) 16.476 
D 9.3048 
i) 3.0037 
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• Significant figures 
Numbers can also be approximated to a given number of 
significant fi gures (s.f.). In the number 43.25 the 4 is the most 
significant fi gure as it has a value of 40. In contrast. the 5 is the 
least significant as it only has a value of 5 hundredths. 

Worked examples a) Write 43.25 to 3 s.f. 

Only the three most significant digits arc written, however 
the fourth digit needs to be considered to see whether the 
third digit is to be rounded up or not. 

i.e. 43.25 is written as43.3 to3s .f. 

b) Write 0.0043 to I s.f. 

In this example only two digits have any significance, the 
4 and the 3. The 4 is the most significant and therefore is the 
only one of the two to be written in the answer. 

i.e. 0.0043 is written as 0.004 to I s.f. 

Exercise 1.14 1. Write the fo llow ing to the number o f significant fi gures 
written in brackets: 

b) 48599 (3 s.f.) c) 6841 (I s.f.) a) 48599(ls.f.) 
d) 7538(2s.f.) 
g) 990 (I s.f.) 

e) 483.7 (I s.f.) f) 2.5728 (3 s.f.) 
h) 2045 (2 s.f.) i) 14.952 (3 s.f.) 

2. Write the following to the number of significant fi gures 
written in brackets: 
a) 0.08562 (I s.f.) b) 0.5932 (I s.f.) c) 0.942 (2 s.f.) 
d) 0.954 (I s.f.) e) 0.954 (2 s.f.) f) 0.00305 (I s.f. ) 
g) 0.(XB OS (2 s.f.) h) 0.00973 (2 s.f.) i) 0.00973 (I s.f.) 

• Appropriate accuracy 
In many instances calculations carried o ut using a calculator 
produce answers which are not whole numbers. A calculat or 
wi11 give the answer to as many decimal places as will fit on its 
screen. In most cases this degree of accuracy is neither desirable 
nor necessary. Unless another degree of accuracy is stated. 
answers involving lengths should be give n to three significant 
figures and angles to one decimal place. 

Worked example Calculate 4.64 7 2.3 giving your answer to an appropriate 
degree of accuracy. 

The calculator will give the answer to 4.64 7 2.3 as 
2.0173913 . However the answer given to 3 s.f. is sufficient. 
The refore 4.64 7 2.3 = 2.02 (3 s.f.). 

II 
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• Estimating answers to calculations 
Even though many calculatio ns can be done quickly and 
effectively on a calcul ator, oft en an estimate for an answer 
can be a useful check. ll1is is done by rounding each of the 
numbers in such a way that the calculation becomes relatively 
straightfonva rd. 

Worked examples a) Estimate the answer to 57 x 246. 

Here are two possibilities: 

i) 60 X 200 = J2QOO 
ii) 50 X 250 = 12500. 

b) Estimate the answer to 6386 7 27. 

6000 7 30 = 200 

Exercise 1.15 I. Calculate the following, giving yo ur answer to an 
appropriate degree of accuracy : 
a) 23.456x17.89 b) 0.4 x 12.62 c) 18x9.24 
d) 76.24 7 3.2 e) 7.&- f) 16.421 

g) 2.3 ~ 3.37 h) ~:~1 i) 9.2 7 4' 

2. Without using a calculator, estimat e the answers to the 
following: 
a) 78.45 + 51.02 b) 168.3 - 87.09 c) 2.93x3.1 4 

3. Without using a calculator, estimate the answers to the 
following: 
a)62x19 b)270x12 c)55x60 
d) 4950x28 e) 0.8x0.95 f) 0.184x475 

4. Without using a calculator, estimat e the answers to the 
following: 
a) 3946 7 18 b) 8287 7 42 c) 906 7 27 
d) 5520 7 13 e) 48 7 0.12 f) 610 7 0.22 

5. Estimate the shaded areas of the following shapes. Do not 
work o ut an exact answer. 

a) ~ 17.2m --------., 
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b) ,______ 9.7m --------J>, 

c) ,______ 28.8cm --------J>, 

f 
16.3cm 

~ 11 cm~ 1 
6. Estimate the volume of each of the solids below. D onor 

work out an exact answer. 
,) 

/ ~ 10.5cm ~ 

/L ;::J 12.2cm 

I I 
b) 

c) 

Ill 
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=610N L___!_J Standard form 

In 1610 Galileo and a German astronomer, Marius, 
independently discovered Jupiter 's four largest moons, lo, 
Europa, Ganymede and Callisto. At that time it was believed 
that the Sun revolved around the Earth. Galileo was one of 
the few people who believed that the Earth revolved around 
the Sun. As a result of this, the Church declared that he was 
a heretic and imprisoned him. It took the Church a furth er 
350 years to offi cia11y accept that he was correct; he was only 
pardoned in 1992. 

Facts about Jupiter: 

It has a mass of 1900000000000000000000000000kg 
It has a diameter of 142800000m 
It has a mean distance from the Sun of 778000000 km 

Standard form is also known as standard index form or 
sometimes as scientific notation. It involves writing large 
numbers or very small numbers in terms of powe rs of 10. 

• A positive index 

100 = IX 102 

1000 = Ix 101 

10000 = I X 104 

3000 = 3xl01 

For a number to be in standard form it must take the fonn 
a x 10" where the index n is a positive or negative integer and 
a must lie in the range I ~a< 10. 

e.g. 3100 can be written in many different ways: 

3.1 x 103 31 x 1()2 0.31 x 104 etc. 

However, only 3.1 x 101 agrees with the above conditions and 
the refore is the only one which is written in standard fonn. 

Worked examples a) Write 72000 in standard fonn. 

7.2x104 

b) Of the numbers below. ring those which are written in 
standard form: 

~ 0.35xl(J2 18x!O'~O.Olx101 
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c) Multiply the fo llowing and write your answer in standard 
form: 

600 X 4000 
= 2400000 
= 2.4 x 106 

d) Multiply the fo 11owing and write your answer in standard 
fonn: 

(2.4 x 104) X (5 X 107) 
= 12 x 10u 
= 1.2 x 1012 when written in standard form 

e) Divide the following and write your answer in standard 
fonn: 

(6.4 x 107) 7 (J.6 X JOl) 
= 4 X ]04 

0 Add the following and write your answer in standard fonn: 

(3 .8 x 106) + (8.7 x 104) 

Changing the indices to the same value gives the sum: 

(380 X 104) + (8.7 X 104) 
= 388.7 X J04 
= 3.887 x 106 whe n written in standard fo rm 

g) Subtract the fo 11owing and write your answer in standard 
form: 

(6.5 X 107) - (9.2 X 103) 

Changing the indices to the same value gives the sum: 

(650 x HY) - (9.2 x lQ'l) 
= 640.8 X JQ'l 
= 6.408 x 107 when written in standard fo rm 

Your calculators have a standard form button and will also 
give answers in standard fo rm if the answer is very large. For 
example, to enter the number 8 x 104 into the calculator. use the 
fo llowing keys on your calculator: 

Texas 

Note: A number such as I 000000000000000 
wouldappear onthescreenas IE+ 15 

Note: A number such as I 000000000000000 
wouldappear onthescreen as I E 15 

II 
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Exercise 1.16 I. Which of the following are not in standard form? 
a) 6.2 X l(}'l b) 7.834 X J016 

c) 8.0x lef d) 0.46 x 107 
e) 82 .3x 106 f) 6.75 x 101 

2. Write the following numbers in standard fo rm: 
a) 600000 b) 48000000 
c) 78400000)00) d) 534000 
e) ? million f) 8.5 millio n 

3. Write the following in standard form: 
a) 68x J()'l b) 720x 106 
c) 8 X 101 d) 0.75 X 108 
e) 0.4 X 1010 f) 50 X 1()6 

4. Multiply the following and write your answers in standard 
fonn: 
a) 200 X 3000 
c) 7 million x 20 
e) 3 million x 4 million 

b) 6000 X 4000 
d) 500 x 6 million 
f) 4500 X 4000 

5. Light from the Sun takes approximately 8 minutes to reach 
Earth. !flight travels at a speed of3 x 108m/s, calculate to 
three significant figures (s.f.) the distance from the Sun to 
the Earth. 

6. Find the value of the following and write your answers in 
standard form: 
a) (4.4 x HP) x (2x lCf) 
c) (4 X lCf) X (8.J X lCf) 
e) (8.Sx 106) x (6x 1011

) 

b) (6.8x J07
) X (3 X J01

) 

d) (5 X J09
) X (8.4 X 1012

) 

0 (5.0x 10")' 

7. Find the value of the following and write your answers in 
standard form: 
a) (3.8 X 108) 7 (J.9 X 106) b) (6.75 X J09

) 7 (2.25 X 104) 
C) (9.6 X JOll) 7 (2.4 X lCf) d) (1.8 X 1012) 7 (9.0 X J07) 

e) (2.3 X 1011
) 7 (9.2 X 104) f) (2.4 X 108) 7 (6.0 X lQl) 

8. Find the value of the following and write your answers in 
standard form: 
a) (3.8 X JOI) + (4.6 X 10') 
c) (6.3 X 107) + (8.8 X JOI) 
e) (5 .3x 108)-(8.0 x 107) 
g) (8.93 X J010) - (7.8x1Q'l') 

b) (7.9 x 109
) + (5.Sx 106) 

d) (3.1 5 X 109
) + (7 .0 X 106) 

f) (6.5 X J07)-(4.9 x 106) 
h) (4.07 X 107) - (5.1 X 106) 
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9. The following list shows the distance of the planets of the 
Solar System from the Sun. 

Jupiter 778 million km 
Mercury 58 million km 
Mars 228 million km 
Uranus 2870 million km 
Venus 108 million km 
Neptune 4500 million km 
Earth 150 mi\1ion km 
Saturn 1430 million km 

Write each of the distances in standard fonn and then 
arrange them in order of magnitude, starting with the 
distance of the planet closest to the Sun. 

• A negative index 
A negative index is used whe n writing a number between O and 
I in standard fonn. 

e.g. 100 = IX 1()2 
10 = IX 101 

I = IX ID° 
0.1 = IX 10-1 

0.01 = IX 10-2 

0.001 = Ix 10--J 
0.00:H = I x J0·--4 

Note that a must still lie within the range I:<:;; a< 10. 

Worked examples a) Write 0.0032 in standard form. 

3.2 X JO--J 

b) Write the follow ing numbers in order of magnitude. starting 
with the largest: 

3.6 X 1Q--J 5.2 X J(r'l 1 :X [0-2 8.35 X J0-2 6.08 X ]Q--'l 

8.35 X J0-2, J X JO--'\ 3.6 X JQ--3, 5.2 X J(r'l, 6.08 X lQ--1! 

Exercise 1.17 I. Write the follow ing numbers in standard fom1: 
a) 0.00()6 b) 0.000053 
c) 0.00()864 d) 0.00000()088 
e) 0.00()00()7 f) 0.0004145 

2. Write the fo llow ing numbers in standard fo nn: 
a) 68 x JO-'! b) 750x 10~ 
c) 42 X J0-11 d) 0.08 X 10-7 

e) 0.057 X lQ--9 f) 0.4 X !0-10 

II 
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3. Ded uce the value of n in each of the following cases: 
a) 0.00025 = 2.5 X J()" b) 0.00357 = 3.57 X J()" 
c) 0.00000006 = 6 X J()" d) 0.0042 = 1.6 X l()" 
e) 0.000652 = 4.225 X l()" f) 0.()()()2• = 8 X 10-12 

4. Write these numbers in order of magnitude. starting with 
the largest: 

3.2 X 10---4 6.8 X JQ'! 5.57 X 10--9 6.2 x 103 

5.8 X J0-7 6.74J X 10---4 8.414 X 1()2 =710N L___!_J Speed, distance and time 

Students need to be aware of the following formulae: 

distance = speed x time 

Rearranging the formula gives: 

speed = di:it~:ce 

Where the speed is not constant: 

average speed = to:~:a~i::~:ce 

Exercise 1.18 I. Find the average speed of an object moving: 
a) 30 m in 5s b) 48 m in 12s 
c) 78 km in 2 h d) 50 km in 2.S h 
e) 400km in 2 h 30 min f) 110km in 2 h 12min 

2. How far will an object travel during: 
a) 10sat40m/s b) 7sat 26 m/s 
c) 3 hours at 70km/h d) 4 h 15 min at 60 km/h 
e) 10 ruin at 60 km/h f) I h 6 ruin at 20m/s? 

3. How long wi11 it take to travel: 
a) 50 m at !Om/s b) I km at 20 m/s 
c) 2kmat 30km/h d) 5 kmat 70 m/s 
e) 200cm at 0.4 m/s f) I km at 15km/h? 

4. A train travels a distance of 420 km. The journey takes 
3~ hours and includes two stops each of 15 minutes. 
Calculate the average speed of the train: 
a) for the whole journey 
b) when it is moving. 



Time(s) 

Worked example 
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5. A pl ane fli es from Boston USA to London. a distance of 
56CXJ km. It leaves at Sp .m. Boston local time and arrives at 
Sa.m. local time in London. If the time difference is 5 ho urs, 
calculate the average speed of the plane. 

6. How long does it take a plane to fl y from New Delhi to 
Sydney a distance of 10420 km. if the plane fli es at an 
average speed of 760 km/h. Give yo ur answer: 
a) to 2 decimal places 
b) to the nearest minute . 

7. A train leaves Paris at Sp.m. Monday and travels to 
Istanbul. a distance of 4200 km. If the train travels at an 
average speed of ?O km/h and the time difference is two 
hours, give the day and time at which the train arrives 
in Istanbul. 

The graph of an object travelling at a constant speed is a straight 
line as shown. 

G radient = 1 
The units of the gradient are m/s, hence the gradient of a 
distance- time graph represents the speed at whi ch the object 
is travelling. 

The graph shown represents an object trave1ling at 
constant speed. 

From the graph, calculate how long it took to cover a 
distanceof 30 m. 
The time taken to travel 30 m is 3 seconds. 

ii ) Calculate the gradient of the graph. 

T aking two point s on the line, gradient = ~ = 10. 

iii) Calculate the speed at which the object was travelling. 
Gradie nt of a distance- time graph = speed. 
Therefore the speed is 10 m/s. 

II 
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Exercise 1.19 I. Draw a distance- time graph for the first 10 seconds of an 
object travelling at 6m/s. 

80. 8 
70 
60 
50 

40 
30 
20 
10 

0 1 2 3 4 5 6 7 8 
Time(s) 

i• 0 1234567 8 
Time(s) 

Worked example 

II 

2. Draw a distance- time graph for the first 10 seconds of an 
object travelling at 5 m/s. Use your graph to estimate : 
a) the time taken to travel 25 m, 
b) how far the object travels in 3.5 seconds. 

3. Two objects A and B set off from the same point and move 
in the same straight line. B sets off first, whilst A sets off 
2seconds later. 
Use the distance- time graph show n to estimate : 
a) the speed of each of the objects 
b) how far apart the objects would be 20 seconds after the 

4. Three objects A, Band C move in the same straight line 
away from a point X. 
Both A and C change their speed during the journey, whilst 
B travels at the same constant speed througho ut. From the 
distance-time graph estimate : 
a) the speed of object B 
b) the two speeds of object A 
c) the average speed of object C 
d) how far object C is from X 3 seco nds fr om the start 
e) how far apart objects A and C are 4 seconds from 

the start. 

• Travel graphs 
The graphs of two or more journeys can be shown on the 
same axes. The shape of the graph gives a clear picture of the 
move ment of each of the objects. 

Car X andCarYbothreach E • s• point B 100km from A at =-100 
8 

lla.m. ~ 80 CarX 
~ 60 i : CarY 

• 0 
b 7a.m. 8a.m. 9a.m.10a.m. 11a.m 

Calculate the speed of Car X between ?a.m. and Sa.m. 

speed = di~:::i~ce 

= ~km/h 

= 60 km/h 
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ii) Calculate the speed of Car Y between 9a.m. and lla.m. 

speed = ~ km/h 

= 50 km/h 

iii) Explain what is happening to Car X between Sa.m. 
and9a.m. 

No distance has been travelled, therefore Car X is 
stationary. 

Exercise 1.20 I. Two friends Paul and Helena arrange to meet for lunch 
at noon. They live 50 km apart and the restaurant is 30km 
from Paul 's home. The travel graph below illustrates their 
journeys. 

r!::· ··"·. 'q;" 30 

" 20 -~ 10 au 
0 0 

11a.m11.2011.40Noon 

a) What is Paul 's average speed between I la.m. and 
ll.40a.m.? 

b) What is Helena's average speed between l la.m. and 
noon? 

c) What does the line XY represe nt? 

2. A car travels at a speed of 60km/h fo r I hour. It then stops 
for 30 minutes and then continues at a constant speed of 
SO km/h for a further 1.5 hours. Draw a distance- time graph 
for this journey. 

3. A girl cycles for 1.5 ho urs at IOkm/h. She then stops for an 
hour and then travels for a further 15 km in I hour. Draw a 
distance-time graph of the girl 's journey. 

4. Two friends leave their ho uses at 4p.m. The ho uses are 4 km 
apart and the friends travel towards each other on the same 
road . Fyodor walks at 7 km/h and Yin at 5km/h. 
a) On the same axes, draw a distance-time graph of their 

journeys. 
b) From your graph estimate the time at which they meet. 
c) Estimate the distance from Fyodor's ho use to the point 

where they meet. 

• 
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5. A train leaves a station P at 6p.m. and travels to station Q 
150km away. It travels at a steady speed of?Skm/h. 
At 6. IOp.m. another train leaves Q for P at a steady speed 
oflOOkm/h. 
a) On the sa me axes draw a distance- time graph to show 

both journeys. 
b) From the graph estimat e the time at which both trains 

pass each ot her. 
c) At what distance from station Q do both trains pass each 

other? 
d) Which train arrives at its destination first? 

6. A train sets off from town Pat 9.lSa.m. and heads towards 
town Q 250 km away. Its journey is split int o the three 
stages a, band c. At 9.00a.m. a second train left town Q 
heading for town P. Its journey was split int o the two stages 
d and e. Using the graph below calc ulate the fo11owing: 
a) the speed of the first train during stages a, band c. 
b) the speed of the second train during stages d and e . 

"200 :.E250• • g1so 
8100 
Ji 50 
• 0 
Cl 9.00 9 .30 100010.301100 

Investigations, modelling and ICT 

The syllabus covered by this book examines invest igations and 
mode1ling in Paper 6. 

It can seem difficult to know how to begin an invest igation. 
The suggestions below may help. 

I. Read the question carefully and start with simple cases. 
2. Draw simple diagrams to help. 
3. Put the results from simple cases in a table. 
4. Look for a pattern in your results. 
5. Try to find a general rule in words. 
6. Express your rule algebraically. 
7. Test the rule fo r a new example . 
8. Check that the o riginal question has been answered. 
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Worked example A mystic rose is created by placing a number of points evenly 
spaced on the circumfere nce o f a circle. Straight lines are the n 
drawn from each point to every other point. The diagram (left) 
shows a mystic rose with 20 points. 

i) How many straight lines are there? 
ii ) How many straight lines would the re be on a mystic rose 

with 100 points? 

To answer these questions, you are no t expected to draw either 
of the shapes and co unt the number of lines. 

1/2.Trysimplecuscs: 
By drawing some simple cases and counting the lines, some 
resul ts ca n be found: 
Mystic rose with 2 points Mystic rose with 3 points 
Number of lines = I Numberoflines = 3 

Mystic rose with 4 points Mystic rose with 5 points 
Numberoflines = 6 Number of lines = 10 

3. Enter the results in an ordered table: 

I Nombe,ofpo;nh I' I JI' I' I 
Numberoflmes I 3 6 10 

415. Look for a patte rn in the results: 
There are two patterns. 
The first shows how the values change . 

I 3 6 10 

~ 
+2 +3 +4 m 



l Number 

II 

It can be seen that the difference between successive terms 
is increasing by o ne each time. 

The problem with this pattern is that to find the 20th and 
100th terms, it would be necessary to continue this pattern 
and find al1 the terms leading up to the 20t h and 100th term. 

The second is the relationship between the number of 
points and the number of lines. 

I Nombe,ofpo;nh I' I JI' I' I 
Numberoflmes I 3 6 10 

It is important to find a relationship that works for all values. 
for example subtracting I from the number of points gives 
the number of lines in the first example only, so is not useful. 
However, halving the number of points and multiplying this 
by I less than the number of points works each time. 

i.e. Number of lines = (half the number of points) x (one 
less than the number of points). 

6. Express the rule algebraical!)~ 
The rul e expressed in words above can be written more 
elegantly using algebra. Let the number of lines be I and the 
number of points be p. 

/c jp(p - J) 

Note: Any letters can be used to represent the number of 
lines and the number of points, not just I andp. 

Test the rule: 
The rul e was derived from the original results. It can be 
tested by ge nerating a further result. 

If the number of points p = 6, then the number of lines I is: 

/ c jx 6(6 - J) 
= 3 x 5 
= 15 

From the diagram to the left, the number of lines can also 
be counted as 15 . 

8. Gieck that the original questions have been answered: 
Using the formula , the number of lines in a mystic rose with 
20points is: 

/ c j'20(20 - J) 
= !Ox 19 
= 190 

The number of lines in a mystic rose with 100 points is: 

l=Jx 100(100 - 1) 
= S0x 99 
= 4950 
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• Primes and squares 
13,41 and 73 are prime numbers. 

Two different square numbers can be added toge ther to 
make these prime numbers,e.g. 31 + 81 = 73 . 

1. Find the two sq uare numbe rs that can be added to make 
13and41. 

2. List the prime numbers less than 100. 
3. Which of the prime numbers less than 100 can be show n to 

be the sum of two different sq uare numbers? 
4. Is there a rule to the numbers in Q.3? 
5. Your rule is a predictive rule not a formula. Discuss the 

difference. 

• Spanish football league 
There are 18 teams in Series A of the Spanish football league. 

1. If each team plays the other teams twice, once at home and 
once away, then how many matches are played in a season? 

2. If there are t teams in a league, how many mat ches are 
played in a season? 

• ICT Activity I 
In this activity you will be using a spreadsheet to track the price 
of a company's shares over a period of time. 

1. a) Using the internet or a newspaper as a resource, find the 
value of a particular company's shares. 

b) Over a period of a month (or week) , record the value of 
the company's shares. This sho uld be carried out on a 
daily basis. 

2. When you have collected all the results, e nter the m into a 
spreadsheet similar to the one shown below: 

N3me 
D, Perceota eValue 
1 100 . 2 3"3 

5 3 
6 
7 
8 
9 
1D II II 

,la 

3. In column Center formulae that will calculate the value of 
the shares as a percentage of their value on day I. 

II 
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4. When the spreadsheet is complete , produce a graph 
showing how the percentage value of the share price 
changed over time . 

5. Write a short report explaining the perfonnance of the 
company's shares during that time . 

• ICT Activity 2 
The follow ing activity refers to the graphing package 
Autograph: however. a similar package may be used. 

The velocity of a student at different parts of a IOO m sprint 
will be analysed. 

A raceco urse is set out as shown below: 

1. A stude nt must stand at each of points A-F. ll1e student 
at A runs the 100m and is timed as he/she run s past each 
of the points 8-F by the students at these points who each 
have a stopwatch. 

2. In Autograph, plot a distance-time graph of the results by 
entering the data as pairs of coordinates, i.e. ( time. distance) . 

3. Ensure that all the point s are selected and draw a curve of 
best fit through them. 

4. Se lect the curve and plot a coordinate of your choice on 
it. This point can now be moved along the curve using the 
cursor keys on the keyboard. 

5. Draw a tangent to the curve through the point. 
6. What does the gradient of the tangent represent ? 
7. A t what point of the race was the student running fastest? 

How did you reach this answer? 
8. Col1ect similar data for other student s. Compare their 

graphs and running speeds. 
9. Carefully analyse one of the graphs and write a brie f report 

to the runner in which yo u should ide ntify. giving reasons. 
the parts of the race he/she needs to improve on. =910N l__!_J Student assessments 

Student assessment I 
1. Explain, giving examples, the differe nces and similarities 

between a real number and a rational number. 

2. Simplify the fo llowing expressions: 

a) 3 x 6 b) 5 x 7 c) 2 x 12 
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3. Simplify the following expressions: 

a) {3 + {27 b) {,;i. + {54 c) 3Y3-V32 
4. Expand the following expressions and simplify as far as 

possible: 

,) (l - {i)(3 + {i) b) (3Y5 - 2)' 

5. Rationalise the following fractions: 
3 5 4 

a) {s b) y10 c) {i -1 

d) 2 - y:i 

2 + y:i 

6. a) A rod has a le ngth of {3cm. lf3 of these rods are 
placed end to end, decide whether the total length is a 
rational or irrational number. Give reasons for your 
answer. 

b) A square has side length 3,{scm. Decide whether the 
area of the sq uare is rational or irrational. Give reasons 
for your answer. 

Student assessm e nt 2 
1. Copy the table below and fill in the missing values: 

Fraction Decimal Percentage 

0.25 

2. Find 30% of 25D0 m. 

3. In a sale a shop red uces its prices by 12.5%. What is the sale 
price of a desk previously costing €600? 

4. In the last six years the value of a ho use has increased by 
35% . If it cost £72000 six years ago, what is its value now? 

5. Express the first quantity as a percentage of the second. 
a)35mins,2hours b)650g.3kg 
c) 5 m,4 m d) 15s.3mins 
e) 600kg, 3 tonnes I) 35cl, 3.5 1 

6. Shares in a company are bought for $600. After a year the 
same shares are sold for $550. Calculate the percentage 
depreciation. 

m 
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7. In a sale the price of a jacket originally costing 
17000 Japanese yen (¥) is red uced by ¥4000. Any it em not 
sold by the last day of the sale is reduced by a further 50% . 
If the jacket is sold on the last day of the sale. calculate: 
a) the price it is finally sold for 
b) the overall percentage red uction in price. 

8. The population of a type of insect increases by 
approximately 10% each day. How many days will it take 
for the population to double? 

9. Find the compound interest on €5 million for 3 years at 
6% interest p.a. 

10. A boat loses 15% of its value each year. How long will it 
take for its value to halve? 

Stude nt assessm e nt 3 
I. Calculate the original price in each of the following: 

Selling price Profi t 

$22-4 12% 

$62.50 150% 

$660.2-4 26% 

$38.50 285% 

2. Calculate the original price in each of the follow ing: 

Selling pr ice Loss 

$392.70 15% 

$2-480 38% 

$3937.50 12.5% 

$-4675 15% 

3. In an examination Sarah obtained 87.5% by gaining 
105 marks. How many marks did she lose? 

4. At the end of a year a factory has produced 38500 television 
sets. If this represe nts a 10% increase in productivity on last 
year, calculat e the number of sets that were made las t year. 

5. A computer manufacturer is expected to have produced 
24000 units by the e nd of this year. If this represents a 4% 
decrease on last year's o utput . calculate the number of units 
produced last year. 

6. A farmer increased his yield by 5% each year over the last 
five years. If he produced 600 tonnes this year, calculate to 
the nearest tonne his yield five years ago. 



NB: The diagram is not 
drawn to scale. 
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Student assessment 4 
I. Round the following numbers to the degree of accuracy 

shown in brackets: 
a) 6472 (nearest 10) b) 88465 (nearest 100) 
c) 64 785 (nearest 1000) d) 6.7 (nearest 10) 

2. Round the following numbers to the number of decimal 
places shown in brackets: 
a) 6.78 (I d.p.) b) 4.438 (2 d.p.) 
c) 7.975 (I d.p.) d) 63.084 (2 d.p.) 
,) 0.0567 (3 d.p.) Q 3.95 (2 d.p.) 

3. Round the following numbers to the number of significant 
fi gures shown in brackets: 
a) 42 .6 (1 s.f.) b) 5.432 (2 s.f.) 
c) 0.0574 (1 s.f.) d) 48572 (2 s.f.) 
e) 687453 (I s.f.) f) 687453 (3 s.f.) 

4. 1 mile is 1760 yards. Estimate the number of yards in 
19miles. 

5. Estimate the area of the figure below: 

I :_r----c .l 
TL__J l 

~ 18.8cm ~ 

6. Estimate the answers to the following. Donor work out an 

a) 3.9 :.s16.4 b) g:;: c) 2.8x(7 .3)2 
(3.2)2x 6.2 

7. A cuboid's dimensions are given as 3.973 m by 2.4 m by 
3.1 6 m. Calculate it s volume, givin g your answer to an 
appropriate degree of accuracy. 

8. A girl runs a race in 14.2 seconds. If she rounds her time 
down to 14 seconds, what is her error as a percentage of her 
actual time? 

m 
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9. a) Use a calculator to find the exact answer to Q.5. 
b) Calculate your e rror as a percentage of the real area. 

10. Show that the following numbers are rational: 

a) 0.875 b) V"fis c) 0.44 

Student assessment S 
I. Write the following numbers in standard fonn: 

a) 6 millio n b) 0.0045 
c) 3800000000 d) 0.000000361 
e) 460 million f) 3 

2. Write the following numbers in order of magnitude. starting 
with the larges t: 
3.6xHY 2.l xI0-3 9xl01 

4.05 X 108 1.5 X 10-2 7.2 X 10-.J 

3. Write the following numbers: 
a) in standard fonn 
b) in order of magnitude. starting with the smallest. 

15 million 430000 0.000435 4.8 0.0085 

4. Ded uce the value of n in each of the following: 
a) 4750 = 4.75x HJ' b) 6440000000 = 6.44x 10" 
c) 0.0040 = 4.0xlO" d) 10002 = 1x10" 
e) 0.93 = 7.29 X J()" f) 8003 = 5.1 2 X 1()" 

5. Write the answers to the following calculations in standard 
form: 
a) 50000 X 24()() b) (3.7 X 106) X (4.0 X 10') 
c) (5.8xl07) + (9.3xl06) d) (4.7x106) - (8.2x!O') 

6. The speed of light is 3 x l08m/s. Jupiter is 778 million km 
from the Sun. Calculate the number of minut es it takes for 
sunlight to reach Jupiter. 

7. A star is 300 light years away from Earth. If the speed of 
li ght is3 x ]Q'lkm/s, calculate the distance from the star 
to Earth. Give your answer in kilometres and writt en in 
standard form. 

Student assessment 6 
I. A woman climbs to the top of a hill at an average ve rtical 

speed of 1.5 km/h. If she climbs for 4 ho urs and 40 minutes, 
with two half-hour breaks, calculat e the height of the hill. 

2. A cyclist completes a journey of240 km in 8 hours. 
a) Calculate his average speed. 
b) If his average speed was25% faster. how long would the 

journey have taken him? 
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3. A car travels at 6() km/h for I ho ur. The driver then takes a 
30 minute break. After her break. she continues at 8() km/h 
for90minutcs. 
a) Draw a distance-time graph for her journey. 
b) Calculate the total distance travelled . 

4. Two trains depart at the same time from cities Mand N. 
which are 200 km apart. One train travels from M to N, 
the other travels from N to M. The train departing fr om M 
trave ls a distance of 60 km in the first ho ur. 120km in the 
next 1.5 hours and then the rest of the journey at 40 km/h. 
The train departing from N travels the whole distance at a 
speed of lOOkm/h. Assuming all speeds arc constant: 
a) draw a travel graph to show both journeys 
b) estimate how far from city M the trains are when they 

pass each other 
c) estimate how lo ng after the start of the journey it is 

when the trains pass each other. 

5. A boy lives3.5 km from his school. He walks home at a 
constant speed of9 km/h for the first 10 minutes. He then 
stops and talks to his fri ends for 5 minutes. He finally runs 
the rest of his journey home at a constant speed of 12 km/h. 
a) Illustrate this informatio n on a distance-time graph. 
b) Use yo ur graph to estimate the total time it took the boy 

to get home that day. 

6. Below are four distance-time graphs A, B, C and D. Two of 
them are not possible. 
a) Which two graphs arc impossible? 
b) Explain why the two you have chosen are not possible. 

II 
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[I] Algebra 

This topic will cover the following syllabus content: 
2 .2 Solution of linear inequalities 

Solution of inequalities using a graphics calculator 
2 .3 Solution of linear equations including those with fractional expressions 
2 .4 Indices 
2 .5 Derivation, rearrangement and evaluation of formulae 
2.6 Solution of simultaneous linear equations in two variables 
2 .7 Expansion of brackets, including the square of a binomial 
2 .8 Factorisation: common factor; difference of squares; trinomial; four term 

2.9 :~f;~~~i~:r~n~::i~~~~1i:c1~~~~; ~:~~~~sa,:~;o!~,~~li~~~i~~n~~~~ii~~nn or 
and simplification of two fractions 

2.10 Solution of quadratic equations: by factorisation; using a graphics calculator; 
using the quadratic formula 

2.11 Use of a graphics calculator to solve equations (for unfamiliar equations see 
Topic 3) 

2.12 Continuation of a sequence of numbers or patterns 
Determination of the nth term 
Use of a difference method to find the formula for a linear sequence, 
a quadratic sequence or a cubic sequence 
Identification of a simple geometric sequence and determination of its formula 

2.13 Direct variation y a x, y a x2 , y a x1, y a VX 
Inverse variation y a k, y a ~, y a _l_ 

Best variation model for given data VX 
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AI-Khworizmi (790-850) 

Worked examples 

Abu Ja 'far Muhammad lbn Musa Al-Khwarizmi is called the 
'father of algebra ' . He was born in Baghdad in Ao790. He wrote 
the book Hisab al-jabr w'al-muqabala in Ao830 when Baghdad 
had the greatest unive rsity in the world and the greatest 
mathematicians studied there. He gave us the word 'algebra' 
and worked on quadratic eq uations. He also introduced the 
decimal syste m from India. 

Muhammad al-Karaj i was born in North Africa in what is 
now Morocco. He lived in the eleventh century and worked on 
the theory of indices. He also worked on an algebraic method of 
calculating square and cube roots. He may also have travelled 
to the University in Granada (then part of the Moorish Empire) 
where works of his can be found in the University library. 

ll1e poet Omar Khayyam is known for his long poem 
The Rubaiyat. He was also a fine mathematician working on 
the binomial theorem. He introduced the symbol 'shay' , which 
became o ur 'x'. 

Algebraic representation and manipulation 

• Expanding brackets 
When removing brackets, every term inside the bracket must be 
multiplied by whatever is o ut side the bracket. 

,) 3(x + 4) b) 5x(2y + 3) 
= 3x + 12 = IOxy + 15.x 

,) 2a(3a + 2b - 3c) d) --4p(2p - q + r2) 
= 6a2 + 4ab - 6ac = --8p 2 + 4pq - 4pr1 

,) - 2x2(x +3y - i) n ~(-x+ 4y + i) 

= - 2x] - fu2y + 2x = 2 - , - ~ 

m 
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Exercise 2.1 Expand the following: 

I. a) 4(x - 3) b) 5(2p - 4) c) ---6(7x - 4y) 
d) 3(2a - 3b - 4c) e) - 7(2111 - 311) f) - 2(8x - 3y) 

2. a) 3x(x - 3y) 
d) - 5a(3a - 4b) 

3. a) - (2x2 - 3y2) 
d) !(fu - Sy + 4z) 

b) a(a +b + c) 
e) -4x(-x+ y) 

b)--{- a + b) 
e) i(4x- 2y) 

c) 4111(2111 - 11) 
f) ---8p(- 3p + q) 

c) - (- ?p + 2q) 
Q \x(IOx - 15y) 

4. a) 3r(4r2 - Ss + 2t) b) a2(a + b +c) c) 3a2(2a - 3b) 
d)pq(p +q - pq) e) m2(111 - 11 + 11m)f) a1(a3 +a2b) 

Exercise 2.2 Expand and simplify the fo11ow ing: 

I . a) 3a - 2(2a +4) 
c) 3(p - 4) - 4 
e) fu - 3(2x - 1) 

2. a) 7m(m + 4) + m2 + 2 
c) 6(p + 3) - 4(p - 1) 
e) 3a(a + 2) - 2(a2 - l) 

3. ,) \(fu + 4) + j(3x + 6) 

b) !(2x + 6y) + i(6x - 4y) 

c) k6x - l2y) + J(3x - 2y) 

d) kJSx + !Oy) + (n(Sx - Sy) 

e) j(6x - 9y) + ~(9x + 6y) 

f) ;o4x - 21y) - i(4x - 6y) 

• Simple factorising 

b) 8x - 4(x + S) 
d) 7(3m - 211) + 8n 
f) 5p - 3p(p +2) 

b) 3(x - 4) + 2(4 - x) 
d) S(m - 8) - 4(m - 7) 
f) ?a(b - 2c) - c(2a - 3) 

When factorising. the largest possible factor is removed from 
each of the terms and placed outside the brackets. 

Worked examples Factorise the following expressions: 

,) lOx + 15 b) 8p - 6q + !Or 
= 5(2x + 3) = 2(4p - 3q + Sr) 

c) - 2q - 6p + l2 d) 2a2 +3ab - 5ac 
= 2(-q - 3p + 6) = a(2a + 3b - 5c) 

e) 6ax - 12ay - l&r 0 3b + 9ba - 6bd 
= 6a(x - 2y - 3a) = 3b(l + 3a - 2d) 
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Exercise 2.3 Factorise the following: 

I . a) 4x - 6 
c) 6y - 3 
e) 3p - 3q 

2. a) Jab +4ac - 5ad 
c) a2 - ab 
e) abc + abd + jab 

3. a) 3pqr - 9pqs 
c) Sx2y - 4xy2 
e) 12p - 36 

4. a) 18 + 12y 
c) llx + llxy 
e) 5pq - 10qr + 15qs 

5. a) m2 + nm 
c) pqr +qrs 
e) Jpl - 4p4 

b) 18 - 12p 
d) 4a + 6b 
f) 8m + 12n + l6r 

b) 8pq + 6pr - 4ps 
d) 4x2 - 6xy 
f) 3m2 + 9m 

b) 5ni2 - 1011111 
d) 2a'2b2 - 3b22 
0 42' - 54 

b) 14a - 2lb 
d) 4s - 16t + 20r 
f) 4xy + 8y2 

b) 3p' - 6pq 
d) ab + a2b + ab2 

f) 7bJc + b2c2 

b) 4r1 - 6r2 + 8r2s 6. a) 111) - 11171 + nm 2 

c) 5fu'y - 28xy' d) 72111211 + 36111112 - 18111211 2 

• Substitution 

Worked examples Evaluate the following expressions if a = 3, b = 4.c = - 5: 

,) 2a +3b - c b) 3a - 4b + 2c 
= 6 + 12 + 5 = 9 - 16 - 10 
c 23 =-17 

c) - 2a + 2b - 3c d) a2 + b2 + c2 
= ---6 + 8 + 15 = 9 + 16 + 25 
= 17 = 50 

,) 3a(2b - 3c) n - 2c(---a + 2b) 
= 9(8 + 15) = 10(- 3 + 8) 
= 9 x23 = lOx 5 
= 207 = 50 

Graphics calculat ors have a large number of me mory channels. 
These can be used to store numbers which can then be 
substituted into an expression. 

Using a = 3, b = 4, c = - 5 as above, use your graphics 
calculator to evaluate 2a - 3b + c. 

m 
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Exercise 2.4 Evaluate the fo llowing expressions if p = 4. q = - 2, r = 3 and 
S=-5: 

II 

I. a) 2p +4q 
c) 3q - 4s 
e) 3r - 3p + 5q 

2. a) 2p - 3q - 4r +s 
c) pi + q2 
e) p(q - r +s) 

3. a) 2s(3p - 2q) 
c) 2pr - 3rq 
e) s3 - p] 

b) 5r - 3s 
d)6p - 8q + 4s 
f) -p - q + r +s 

b) 3s - 4p + r +q 
d) r2 - s2 

D , (2p - 3q) 

b) pq + rs 
<l) q3 - r2 
f) r4- q' 



4. a) - 2pqr 
c) - 2rq + r 
e) (p +s)(r - q) 

5. a) (2p + 3q)(p - q) 
c) q2 - r2 
e) (p + r)(p - r) 

• Rearranging formulae 

b) - 2p(q + r) 
d) (p + q)(r - s) 
D (u q)(p - ,) 

b) (q +r)(q - r) 
d) p2 - r2 
D (- Hp),f 

2 Algebra 

In the formu la a = 2b + c. 'a' is the subject. In order to make 
e ither b or c the subject, the formula has to be rearranged . 

Worked examples Rearrange the following fommlae to make the red letter the 
subject: 

a) a = 2b +c 
a - 2b = C 

c) ab = cd 
ab a =c 

b) 2r +p = q 
p = q - 2r 

d) i= ~ 
ad = cb 

d = ~ 

Exercise 2.5 In the follow ing questions, make the le tter in red the subject of 
the formula: 

I. a) m + 11 = r b) m + n =p 
c) 2m + 11 = 3p d) 3x= 2p +q 
e) ab =cd f) ab = cd 

2. a) 1 ry =4m b) ?pq = 5r 
c) 1 r = c d) 1 r + 7 = y 
e) 5y - 9 = 3r f) 5y - 9 = 1 r 

3. a) 6b =2a - 5 b) 6b = 2ll - 5 
c) 3x - 7y = 4z: d)1r - 7y = 4z 
e) 3x - 7y = 4z f) 2pr - q =8 

4. a) ~ = r b) fa =3r 

c) !11 =2p d) !11 =2p 

e) p(q + r) = 2t f) p(q +r) =2t 

5. a) 3111 - n = rt(p + q) b) 3m - n = rt(p + q) 
c) 3m - n = rt(p +q) d) 3m - n =rt(p + q) 
e) 3m - n = rt(jJ+ q) D 3m - n = rt(p + q) 

6. a) ~ = de b) 1 = de 

c) ~ = de d) a ;b = d 

e) ~ + b = d f) ~ +b = d m 



m 

Further algebraic representation 
and manipulation 

• Further expansion 
When multiplying together expressions in brackets. it is 
necessary to multiply all the terms in one bracket by all the 
terms in the other bracket. 

Worked examples Expand the following: 

a) (x + 3)(x + 5) 

,m 
+5 rn 

=x2 + 5x + 3x + 15 
=X

2 + 8x + J5 

b) (x + 2)(x + l) 

,m 
+2 rn 
=X 2 + x + 2x + 2 
=X

2 + 3x + 2 

Exercise 2.6 Expand and simplify the fo11owing: 

I. a) (x + 2)(x + 3) 
c) (x + 5)(x + 2) 
e) (x - 2)(x + 3) 

2. a) (x - 4)(x + 6) 
c) (x +5)(x - 7) 
e) (x + l)(x-3) 

3. a) (x - 2)(x - 3) 
c) (x - 4)(x - 8) 
,) (x - 3)(x - 3) 

4. a) (x + 3)(x - 3) 
c) (x - 8)(x + 8) 
e) (a +b)(a - b) 

5. a) (y + 2)(2y + 3) 
c) (2y + l)(y + S) 
e) (3y + 4)(2y + 5) 

b) (x + 3)(x + 4) 
d) (x + 6)(x + l) 
I) (x + B)(x - 3) 

b) (x - 7)(x + 4) 
d) (x + J)(x- 5) 
f) (x - 7)(x+ 9) 

b) (x - 5)(x - 2) 
d) (x + 3)(x + 3) 
D (x - 7)(x -5) 

b) (x + 7)(x- 7) 
d) (x + y)(x - y) 
D (p - q)(p +q) 

b) (y + 7)(3y + 4) 
d) (2y + 1)(2y + 2) 
D (6y + 3)(3y + I) 



6. a) (2p - 3)(p + 8) 
c) (3p - 4)(2p + 3) 
,) (6p + 2)(3p - l) 

7. a) (2x - 1)(2x - 1) 
c) (4x - 2)2 
e) (2x + 6)2 

8. a) (3 + 2x)(3 - 2x) 
c) (3 + 4x)(3 - 4x) 
e) (3 + 2y)(4y - 6) 

• Further factorisation 

Factarisation by grouping 

b) (4p - 5)(p + 7) 
d) (4p - 5)(3p + 7) 
D (7p - 3)(4p + 8) 

b) (3x + J)2 
d) (5x - 4)' 
D (2x + 3)(2x - 3) 

b) (4x - 3)(4x + 3) 
d) (7 - 5y)(7 + Sy) 
D (7 - 5y)' 

2 Algebra 

Worked examples Factorise the following expressions: 

a) 6x +3 + 2xy + y 

There is no common factor to all fo ur terms. however pairs 
of terms can be factorised. 

= 3(2x + l) + y(2x + I) 
= (3 + y)(2.t + l) 

Note that (2x + I) was a common factor of both terms. 

b) ax + ay - bx - by 
= a(x + y) - b(x + y) 
= (a - b)(x + y) 

c) 2.x2 - 3x + 2.ty - 3y 
=x(2.t - 3) + y(2x - 3) 
= (x + y)(2.t - 3) 

Exercise 2. 7 Factorise the following by grouping: 

L a) ax + bx + ay + by 
c) 3m +3n + m.x + mc 
e) 3m+mx- 3n - nx 

2. a) pr - ps + qr - qs 
c) pq +3q - 4p - 12 
e) rs - 2ts + rr - 2f 

3. a) xy +4y +x2 +4x 
c) ab + Ja - ?b - 21 
e) pq - 4p - 4q + 16 

4. a) nm - 2m - 3n +6 
c) pr - 4p - 4qr+ 16q 
e) x2 - 2.t;: - 2.ty +4yz 

b) ax+bx- ay - by 
d) 4m +mx + 4n + nx 
I) 6x +xy +6z + zy 

b)pq - 4p + 3q - 12 
d) rs +rt + 2ts +2f 
I) ab - 4cb + ac - 4c2 

b) x2 - xy - 2.t + 2y 
d) ab - b - a + l 
I) nm - 5m - 5n + 25 

b) mn - 2mr - 3rn - 6r2 
d) ab - a - bc + c 
I) 2a2 + 2ab +lr + ab 
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II 

Difference of two squares 
On expanding: (x + y)(x - y) 

= x2 -xy + xy - y2 
= x2 - y2 

The reverse is that x2 - y2 fact orises to (x + y)(x - y). x2 and y2 
are both square and therefore x2 - y2 is known as the difference 
of two squares. 

Worked examples a) p2 - q2 b) 4a2 - 9b2 

c (2a)' - (3b)' 
= (2a + 3b)(2a - 3b) 

C (p + q)(p - q) 

c) (nm )2 - 25k2 d) 4x2 - (9y)2 

= (nm )2 - (5k)2 C (2x)' - (9y)' 
= (nm + Sk)(mn - 5k) C (2x + 9y)(2x - 9y) 

Exercise 2.8 Factorise the following: 

I. a) a2 - b2 b) ,,,1 _ n1 c) x2 - 25 
d) m2 - 49 e) 81 - x2 Q lOO - y' 

2. a ) 144 - y2 b) q2 - 169 c) m2 - l 
d) 1- f e) 4x2 - y2 f) 25p2 - 64q2 

3. a) 9x2 - 4y2 b) 16p' - 36q' c) 64x2- y2 
d) x2 - 100y2 ,) (pq)' - 4p' f) (ab)2 - (cd) 1 

4. a) m2n 2 - 9y2 b) l x2- ~y2 c) p4 - q4 
d) 4m4 - 36y"' e) 16x4 - 8ly"' 0 (2x)' - (3y)' 

Evaluation 
O nce factorised, numerical expressions can be evaluated. 

Worked examples Evaluate the following expressions: 

a) 132 - "12 
C (13 + 7)(l3 - 7) 
= 20x 6 
= 120 

b) 6.252 - 3.752 

= (6.25 + 3.75)(6.25 - 3.75) 
= !Ox 2.5 
= 25 

Exercise 2. 9 By factorising, evaluate the following: 

I. a) 82 - 22 b) 162 - 42 c) 49' - 1 
d) 172 - Y e) 882 - 122 f) 9@ - 42 

2 a) 452 - 25 b) 992 - 1 c) 2"12 - 232 

d) 662 - 342 e) 999' - 1 f) 225 - 82 
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3. a) 8.42 - 1.& b) 9.Y - 0.?2 c) 42.82 - 7.22 

d) (8!)2 - (1!)2 e) (71)2 - (2{)2 f) 5.2S2 - 4.752 

4. a) 8.622 - 1.382 b) 0.92 - 0.12 c) 34 - 24 

d) 24 - 1 e) 11112 - IIP f) 28 - 25 

Factorising quadratic expressions 
x2 + 5x + 6 is known as a quadratic expression as the highest 
power of any of its terms is sq uared . in this case x2

• 

It can be factorised by writing it as a product of two brackets. 

Worked examples a) Factorise x2 + 5x + 6. 

,[TI 
rn 

On se tting up a 2 x 2 grid, some of the information can 
immediately be entered. 

As there is only one term in x2
, this can be entered. as can 

the constant +6. The only two values which multiply to give 
x2 arc x and x. ll1esc too can be entered. 

We now need to find two values which multiply to give +6 
and which add to give +Sx . 

The only two values which satisfy both these conditions arc 
+3 and +2. 

·ITT +2 rn 
Therefore x2 + 5x + 6 = (x + 3)(x + 2) . 

II 
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b) Factorise x2 + 2x - 24. 

x~ xrn 
L _,, -,CEJ 

Therefore x2 + 2x - 24= (x + 6)(x - 4). 

c) Factorise 2x2 + I Ix + 12. 

xm xrn rn +, rn 
Therefore 2x2 + I Ix + 12 = (2x + 3)(x + 4) . 

d) Factorise J.e + ?x - 6. 

xm {~EJ rn +,rn 
T herefore 3x2 + ?x - 6= (3x - 2)(x + 3). 

Exercise 2.10 Factorise the following quadratic expressions: 

I. a) x2 + ?x + 12 b)x2 + 8x + 12 c)x2 + 13x + l2 
d) x2

- ?x + 12 e) x1 - 8x + 12 f) x2 - 13x + 12 

2. a) x2 + 6x + 5 b) x2 + 6x + 8 c) x2 + 6x + 9 
d) x2 + !Ox + 25 e) x2 + 22x + 121 f) x2 - 13x + 42 

3. a) x2 + 14x + 24 b)x2 + 1lx + 24 c) x2 - 10x + 24 
d) x2 + 15x + 36 e) x2 + 20x + 36 f) x2 - 12x + 36 

4. a) x2 + 2x - 15 b) x' - 2' - 15 c) x1 + x - 12 
d)x2 - x - 12 e) x1 + 4x - 12 f) x2 - 15x + 36 
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5. a)x2 - 2f - 8 
d) x2 - x - 42 

6. a) 2f2 + 4x + 2 
d)2f2 - 7x + 6 
g) 4x2 + 12f + 9 

b) x2 - x - 20 
e) x2 - 2f - 63 

b) 2f2 + 7x + 6 
e) 3x2+ &: + 4 
h) 9x2 - 6x + l 

c)x2+x- 30 
f) x2+ 3x - 54 

c) 2.r- + x - 6 
f) 3x2 + llx - 4 
i) 6x2 - x - l 

• Rearranging complex formulae 

Worked examples Make the le tte rs in red the subject of each formula: 

,) C = 2nr b) A = nr2 

fir = r 1= r2 

g c, 
<) R i2 =p d) x2+ f2 = h2 

.r =~ )'2= h2 - x2 

p y e ~ Xc R 

,) ,rr = tv n fcjf 
.r = A?- I' = f 

orx = (tv)2 flk =.r 

g) m = 3a ,jif ... h) A= ~ 
p + q' 

1112= 9~p A (p +tf) = y + x 

11i2.r = 9a2p p + q2 = y ; x 

X = 
9,:r 'T = y ;x-p 

(J = Jy ;x-p 

Exercise 2.11 In the formulae below. make x the subject: 

I. a) P= 2m.t b) T=3x2 

c) mx2= y2 d) x2+ y2 =p2 - q2 
e) m2 + x2 = y2 - n2 f) p2 - tf = 4x2 - y2 

2. a) f =rx b) f =rx2 c) f=f 
d)'/r =~ e)fr =? f)p;q = ~ 

m 



2 Algebra 

m 

3. a) "Jx = rp 

c)g =l 

e) p2 = 4,;ir 

b) !!jf= "Jx 
d) r= 2rr: Ji 

f)p =2m .ff 

Exercise 2.12 In the fo llowing questions, make the le tter in red the subject of 
the formula: 

1. a) v = u + at b) ,;. = ,i + 2as c) v' =u2 + 2as 
d) S = llt + ~af e) S = Ut + ~a f f) S =Ut + ~af 

2. a)A = rr:r ~ b)A = rr:~ 

d) t=!t +i 
f)t = 2nA 

• Algebraic fractions 

Simplifying algebraic fractions 
The rules for fractions involving algebraic terms are the same as 
those for num eric fractio ns. Howeve r the actual calculations are 
oft en easier when using algebra. 

Worked examples a) ! x j = ~ 

c) jxi = i 

e) ~X~ =PJ 

b) ~xS=~ 
d) !xft=fc 
0 ~ =m);i,)1 =m 

Exercise 2.13 Simplify the following algebraic fractions: 

I. a) }x~ b)} x1 

d) 'lf x f£ e) 'lfxfc 

2. a)~ b) ~ 
d) :2f4 e) :::~ 

c) ~x~ 

0 ~·f 
c) ~ 
f) pq2r4 

p2q]r 
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3. a)~ b)12jf ) 151111? 
C ---riiii, 

d)w 
) 36p2qr 

e Tipqr f) i1:;,1:;2 

4. a) I x i b) tx f c) ~xf 

d) ~x¥ e) 1¥x fx f) 4x3 9y2 

3yx 2? 

5. a)~x~ 
3bx a b)*x~ 

c) ?s-x~ d)Wx~x~ 

e) 
2f,~ X ?£f X l~;2 f)~ x ~ x? 

Addition and subtraction of algebraic fractions 
In arithmetic it is easy to add or subtract fractions with the same 
denominator. It is the same process when dealing with algebraic 
fractions. 

Worked examples a) rt + fJ 
=tr 

b) TI + fr 
=aj/ 

c) i + ~ 
z 
X 

If the denominators are different. the fractions need to be 
changed to form fractions with the same denominator. 

e) ~ + ~ 
a 3b 

= 9 + -g-
a +3b c----,--

0 ~ + r6a 
8 7 =ma +ma 
15 

C Illa 

=ia 
Similarly, with subtraction, the denominators need to be 
the same. 

g) 1-ia 
=M-da 
= ~ 

h) ~-fs 
5p q 

=rs - rs 
5p - q 
15 

5 8 
',!, - % =~-, 
c?,; 

II 
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Exercise 2.14 

'Worked examples 

m 

Simplify the following fractio ns: 

[. a)~ +~ b) ; + ~ c) 
5 6 
u +u 

d) f) + ~ e) j +i +f n p' q' 
5 +5 

2. a) fr -fr b) IT -A c) ~ - ~ 

d) ~-¥- e) ~ - ~ 0 
3 5 
4x - 4x 

3. a) ~ - ~ b) ia -~ c) 
2 1 
3c + C 

d) ~+i e) &-i 0 
1 3 
w- 2w 

4. a) ~-f2 b) 1-f c) f -; 
d) TI -~ e) f +T(j 0 ' -

t 

3 Is 

5. a) ¥-t; b) ¥-* ) 3m m 
C 7 +14 

d) ¥#--~ e) ~ - ~ D 
3, ,, 
7s + 14s 

Often one denominator is not a multiple of the other. In these 
cases the lo11·est common multiple of both denominators has to 
be found. 

,) } +! b) ! + ~ 
3 4 =TI +TI 3 10 =B+B 

_ l _ Ll 
- 12 - 15 

c) ~+i d) ~ +¥ 

= t2 + ~ =W +~ 
_ 4a + 3b IOa + 9b 
- 12 - 1-, -
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Exercise 2.15 Simplify the following fractions: 

[. a) ! + j b) j + ! c) ! + j 
d) ~ + ! e) ! + a f) ~ + ~ 

2. a) 2 + ~ b) ~ + ~ c) %+ ; 

d) ~ + ~ e) f + ~ 
f) 2! 2y 

7 + 5 

3. a) ~ - ~ b) j - ~ c) %+ ; 

d) ~ + ~ c) i + ~ f) ¥ + ¥ 

4. a) ¥-T b) ¥-1 c) ¥-¥ 
d) ¥ + ¥ c) 1¥ -~ f) 2p p 

, - 1 

5. a) p - } b) c - ~ c) x - ~ 

d) m - ¥ e) q - ~ f) w-J; 
6. a) 2m - 1.!j b) 3m - ~ c)2m - ~ 

d) 4m - Jq! e) 2p - ¥- f) 6q - ~ 

7. a) p -~ b) ~ +x c) m + !J!-

d) 'i +a e) 2x - ~ f) 2p - ~ 

With more complex algebraic fractions, the method of getting a 
common denom inator is still required. 

Worked examples a) x ~ 1 + x ~ 2 

= ~ + ~ 
(x + l)(x +2) (x + l)(x + 2) 

2(x + 2) + 3(x + I) 
(x + l)(x + 2) 

2x +4 +3x +3 
(x + l)(x + 2) 

5x + 7 
(x + l)(x + 2) 

II 
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b ) p: 3 - p~ 5 

5(p - 5) 3(p + 3) 
(p + 3)(p - 5) - (p + 3)(p - 5) 

5(p - 5) - 3(p + 3) 
(p + 3) (p - 5) 

5p - 25 - 3p - 9 
(p + 3)(p - 5) 

2p - 34 
(p + 3)(p - 5) 

c) x::-}~-6 
- ~ 

d)~ 
x2 + 2x - 15 

- ~ 
- (x +3~ - ~(x + 5) 

- ___L_ - --'-- x +3 - x + 5 

Exercise 2.16 Simplify the following algebraic fractions: 

[. a) x±-r + x: 2 b) m:2 - m~l 

c) ~ + ~ d) w~l -k 
e) ~ - ~ l)k -mh 

2 ~ b) ---21.!'::_3L 
a) (x - 4)(x + 2) (y + 4)(y - 3) 

c)~ 
(m - 2)(m - 3) d) (pp(~~'] 5) 

e)~ 
(m + 4)(2111 + 3) I) ~::: : ~H::: = g 

3. a) (x : ; )(;x_ 5) b) ~ 
(x + 4)(x - 3) 

c) ~ 
(y - 7)(y - 1) 

d) ~ 
x2 + 2x - 3 

e) ;i\:~\ I) x:i\:!)4 

4. 
x2 - x 

a) ~ b) x/:;}: 6 

c) ~ 
x2 +x - 12 

d) ~ 
x2 - 3x - 10 

e) x; / ) : I) x2
- 7x 

x2 - 49 



Linear and simultaneous equations 

An eq uation is fanned when the value of an unknown quantity 
is needed. 

• Simple linear equations 

Worked examples Solve the following linear eq uations: 

,) 3x+8 = 14 b) 12 = 20 + 2x 
3x = 6 --8 = 2x 
X= 2 -4 = x 

,) 3(p +4) = 21 d) 4(x - 5) c 7(2x - 5) 
3p + l2 = 21 4x - 20 = 14x - 35 

3p = 9 4x + 15 = 14x 
p = 3 15 =1lli 

1.5=x 

Exercise 2.17 Solve the following linear eq uations: 

I. a) 3x = 2x - 4 
d) p - 8 =3p 

2. a) 3x - 9 = 4 
c) 6x - L5 = 3x+3 
e) Sy - 31 = IJ - 3y 

3. a) 7m - I = 5m + I 
c) 12 - 2k = 16 + 2k 
e) S - 3x = 18 - Sx 

4. a) ,= 3 

d) :{111 = 3 

5. a) ,-1 = 4 

d) :{X = 6 

6.a)x;1 = 3 

d)S c ¥ 

b) 5y =3y + 10 c) 2y - 5 = 3y 
e)3y - 8 = 2y f)7x + ll = 5x 

b) 4 = 3x - 11 
d) 4y+5 = 3y - 3 
I) 4m+2 = 5m - 8 

b) 5p - 3 = 3 + 3p 
d) 6x + 9 = 3x - 54 
I) 2 - y=y - 4 

b), + 21 = 1 

e) 3"X = '] 

b) 4 = x32 

e)¥= 2 

c) f = ll 

f ) 4 = 3-p 

c) x-310 = 4 

f) ¥ = 4x - 8 
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Worked examples 

m 

7. a)6 = ¥ b) 2(x + l) = 3(x - 5) 

c) 5(x - 4) = 3(x + 2) 

e) 7;2x = 9x
7
-I 

d) 3;y = y;I 

2x4+3 = 4x6-2 

• Co nstructing simple equations 
In many cases, when dealing with the practical applications of 
mathematics.eq uations need to be constructed first before they 
can be solved. Often the information is either given within the 
context of a problem or in a diagram. 

a) Find the size of each of the angles in the triangle by 
constructing an equation and solving it to find the value of x. 

The sum of the angles of a triangle is 180°. 

(x + 30) + (x - 30) + 90 = 180 
2x + 90 = 180 

2x = 90 
X = 45 

The three angles are therefore: 90°, x + 30 = 75°, x - 30 = 15°. 

Check: 90° + 75° + 15° = 180°. 

b) Find the size of each of the angles in the quadrilateral by 
constructing an eq uation and solving it to find the value of x. 

The sum of the angles of a quadrilateral is 360°. 

4x + 30 + 3x + 10 + 3x + 2x + 20 = 360 
12x + ffi = 360 

12x = 300 

The angles are: 

4x + 30 = (4 X 25) + 30 = 130° 
3x + 10 = (3 x 25) + 10 = 85° 

3x = 3 x 25 = 75° 
2x + 20 = (2 x 25) + 20 = _1Q_"_ 

Total = 360° 

X = 25 
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c) Construct an eq uation and solve it to find the value of x in 
the diagram. 

Area of rectangle = base x height 

2(x + 3) = 16 
2f + 6 = 16 

2x = 10 
x = 5 

Exercise 2.18 In Q 1- 3: 

i) construct an eq uation in terms of x 
ii) solve the eq uation 
iii) calc ulate the value of each of the angles 
iv) check your answers. 

II 
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2. a) b) 

c) d) 

b) 

II 



4. By constrnctin 2 Algeb,a 

x in each f g an eq uation and . . , E "';''"'"":"· .. v~ ... ., ... 

c) //\ d) t)~ 
/Ll ~ 

i-4------3X+ 28 ~ 

m 
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5. Using angle properties, calculate the value of x in each of 
these questions: 

a)~ 

~ 
b) 

c) 

d) 

6. Calculate the value of x: 

a) 

c) 4.5 ,.,EJ d) 
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• Constructing formulae 
2f + 3 = 13 is an eq uation. It is only true when x = 5. 
v = u + at is a formula because it describes the relationship 
between different variables which is true for al1 values of those 
variables. v = u + at is a well-known formula for calculatin g 
the final velocity (v) of an object when its initial velocity (u), 
acceleration (a) and time taken (t) are known. 

Worked examples a) Using the formula v = u + at.calculate the final velocity (v) 
of a car in m/s if it started from rest and accelerated at a 
constant rate of 2 m/s2 for 10 seconds. 

Therefore u = 0 m/s 
a = 2 mls2 

t = !Os 
v = 0 + (2x10) 
v = 20 m/s 

A formula can be rearranged to make different variables the 
subject of the formula. 

b) Using the formula v = u + at above, calculate the time it 
took for the car to reach a velocity of 30 m/s. 

Rearrange the formula to make tthe subject: t = v~ u. 

Therefore t = 30 
2
- 0 = 15 s. 

It is important though also to be able to construct a fonnula 
from the information given. 

c) Let The the temperature in °Cat the base of a mountain. 
It is known that the te mperature falls by I °C for each 
200 m climbed. 

Write a formula linking the temperature t( 0 C) at any 
point on the mountain to the height climbed h (m) and 
the base temperature T (0 C) . 

t = T-i_oo 

II 
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ii) Calculate the temperature on the mountain at a height 
of 4000m if the base temperature is 25 °C. 

t =25 - ~ = 5 

The temperature at a height of 4000 m is 5 °C. 

iii) At what height does the te mperature become 0 °C? 
Rearrange the formula to make h the subject : 

h c 200(T - t) 
h C 200(25 - 0) C 5000 

The temperature is 0 °C at a height of 50CXl m. 

Exercise 2.19 I. The area (A ) of a circle is given by the formula A= rrr2, 
whcreristheradius. 
a) Calculate the area of a circle if its radius is 6.5cm. 
b) Rearrange the formula to make rthe subject. 
c) Calculate the radius of a circle with an area of 500cm2

• 

2. The volume (V) of a cone is given by th e fonnula 
V = fnr2h, where r is the radius of its base and hits 
perpendicular he ight. 
a) Calculate the volume of a cone if r = 8cm and h = 18cm. 
b) A cone has a volume of600cm3 and a he ight of 20cm. 

Calculate the radius of it s base. 

3. To convert a te mperature in °F (F) to °C (C) the following 
fonnula is used: 

C = ~(F - 32) 

a) Conve rt !00°F to degrees Celsius. 
b) Rearrange the formula to make Fthe subject. 
c) Convert 10 °C to degrees Fahre nheit. 

4. The distance, s(m). travelled by a moving object can 
be calculated using the formulas = ut + !aP, where u 
represents the initial velocity (m/s), t is the time taken (s) 
and a is the acceleration (m/s2

) . 

a) Calculate the distance a car will travel in 10 seconds if its 
initial velocity is 5 m/s and its acceleration is 1.5 m/s2

. 

b) Assuming the car starts from rest, rearrange the formula 
to make t the subject. 

c) Calculate the time taken for the car to travel 500 m if it 
starts from rest and a= l.5m/s2

. 
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5. T o calc ulate the area (A ) of the trapezium show n, the mean 
length of the parallel sides a and bis calculated and then 
multiplied by the distance between them, h. 
a) Write a fo rmula fo r calculating the area A of a 

trapezium. 
b) Calculate the area if a = 9cm. b = 7cm andh = 2.5cm. 
c) If the area A= 80cm2, a = 20cm and b = 12cm, calculate 

the value of h. 

6. The cost C (€) of a taxi ride is €2.50/km plus a fixed charge 
of€5. 
a) Write a formula fo r calculating the cost of travelling n 

kilometres in the taxi. 
b) Rearrange the formula to make n the subject. 
c) A taxi journey cost €80. Calculate the length of the 

jo urney. 

7. A bakery sells bread rolls for 20 cent s each. 
a) Calculate the amount of change in dollars due if a 

customer buys 3 rolls and pays with $10. 
b) Write a formula for the amount of change given (C). 

when a $10 note is offered fo r x bread rolls. 
c) Write a formula for the amount of change given (C), 

when a $10 note is offered for x bread rolls costin g y 
cent s each. 

8. A coffee shop sells three types of coffee. expresso, latte and 
cappucino. The cost of each are €e, f1 and €c respectively. 
a) Write a formula for the total cost (7) of buying x 

expressocoffees. 
b) Write a formula for the total cost (7) ofb uyingx 

expresso and y latte coffees. 
c) A customer buysx expresso, y la tte and z capp uccino 

coffees. Write a fo nnula to calc ulate the change due (C) 
if she payswith€20. 

9. A dressmaker orders mat erial online. The cost of the 
material is £15.50 per metre. The cost of delivery is £20 
irrespective of the amount bought. 
a) Write a formula to calculate the total cost (C) of 

ordering n metres of material. 
b) i) Rearrange the fo nnula to maken the subject. 

ii) If the total cost of ordering material came to £384.25, 
calculate the length of material ordered. 

II 
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10. Metal containe rs are made by cutting sq uares from the 
comers of rectangular pieces of metal and are then folded 
as shown below. 

D 
xcm : 

30om ~ ~ HogM 

~ ;d<h 
Length 

The metal sheet has dimensions 50cm x 30cm. Squares of 
side length xcm are cut from each comer. 
a) Write a formula in te rms of x to calculate the length (L) 

of the cont ainer. 
b) Write a formula in te rms of x to calculate the width (W) 

of the container. 
c) Write a formula in te rms of x to calculate the height (H) 

of the container. 
d) Write a formula in te rms of x to calculate the volume 

(V) of the container. 
e) Calculate the volume of the container, if a sq uare of side 

length 12cm is cut from each corner of the metal sheet . 

• Simultaneous equations 
When the values of two unknow ns are needed, two eq uations 
need to be formed and solved. The process of solving two 
eq uations and findin g a common solution is known as solving 
eq uations simultaneo usly. 

The two most common ways of solving simultaneous 
eq uations algebraically are by eliminutio11 and by substitution. 

By e limination 

The aim of this me thod is to e liminate one of the unknowns by 
e ither adding or subtracting the two eq uatio ns. 

Worked examples Solve the following simultaneo us eq uations by finding the 
values of x and y which satisfy both eq uations: 

a) 3x + y = 9 
5x - y = 7 

(!) 
(2) 

By adding eq uations (1) + (2), we eliminate the variable y: 

8x = 16 
X = 2 

To find the value of y we substitute x = 2 int o either 
eq uation (1) or (2). 
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Substituting x = 2 into eq uation (1) : 

3x + y = 9 
6 + y = 9 

y =3 

To check that the solution is correct, the values of x and 
y are substituted into eq uation (2). If it is correct then the 
left-hand side of the eq uation will eq ual the right-hand side. 

5x - y = 7 
10 - 3 = 7 

7 = 7 

b) 4x + y = 23 
x + y = 8 

(l) 
(2) 

By subtracting the eq uations. i.e . (1) - (2) , we eliminate the 
variabley: 

3x = 15 
x=5 

By substitutin g x = 5 int o eq uation (2), y can be calc ulated: 

x + y = 8 
5 + y = 8 

y = 3 

Check by substituting both values into eq uation (1) : 

4x + y = 23 
20 + 3 = 23 

23 = 23 

By substitution 
The same equations can also be solved by the method known as 
substitution. 

Worked example a) 3x + y = 9 
5x - y =7 

Equation (2) can be rearranged to give: y = 5x - 7 

This can now be substituted into eq uation (1): 

3x+(5x - 7) = 9 
3x+5x - 7 = 9 
Bx - 7 = 9 
8x = 16 

c 2 

To find the value of y, x = 2 is substituted into e ither 
eq uation (!) or (2) as before giving y = 3. 

(l) 
(2) 

II 
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b) 4x + y = 23 
x +y=8 

(!) 
(2) 

Equation (2) can be rearranged to give y = 8 - x. This can 
be substituted int o equation (!) : 

4x + (8 - x ) = 23 3x = l5 
4x + S - x = 23 x = 5 
3x + S = 23 

y can be fo und as before, giving a res ult of y = 3. 

The Casio graphics calculator can solve simultaneous equations 
simply. Currently the Texas T I-84 Plus does not have this facility. 

For example, to solve 3x + y = 9 and 5x - y = 7 simultaneously, 
use the fo11owin g functio ns: 

Casio 

• a:, m, ~••l~<<hooq,atioamodo. 

toselect'Simultaneous '. 

toselectthe numberofunknownsas 2 

Entertheequation3x+y=9intothe firstrow ofthematrix wherea 
is thecoefficientofx,bis thecoefficientofyand c theconstant. 

Enter the equation Sx - y = 7 into the second row of the matrix. 

to solve the simultaneous equations. 

Note: The calculatorrequeststheequationsintheformax+ by= c. 

II 

Graphically, simultaneous equations are solved by plotting both 
lines on the same pair of axes and finding the coordinates of the 
point where the two lines intersect. Your calculator can solve 
simultaneo us equations graphically. 

For example, to solve the simultaneo us equations 3x + y = 9 
and 5x - y = 7 graphically, firstly rearrange each equation into 
gradient- intercept fo rm, i.e. y = mx + c: 



3x + y = 9 -4 y =-3x + 9 
5x - y = 7 -4 y = 5x - 7 

2 Algebra 

the n use the following functions o n your graphics calculator: 

cii Utoselectthegraphingmode. 

Entertheequationsy= - Jx+ 9andy= Sx - 7. 

F-.'."I 
l~ j tographbothequations. 

Casie 

tofindwherethegraphsintersect. 

The results are displayed on the screen. 

Te xas 

1
1.._,1 and enter the equations y = - 3x + 9 and y = 5x - 7. 

I._J to graph both equations. 

~ ~ rn tocalculatethecoordinatesofthepoint 

of intersection. 

Using the cursor select the first "curve'then.when prompted, 

~:::e::~o:~a rve·. Finally move the cursor over the point of 

Thecalculatorwillgivethecoordinatesofthepointofintersection. 

I I><" I 

.(.; ' i ncr 

Plot 1 not .?: t 1013 
"YtEI w3X+9 
" Yc: El5X-7 
..., y3= 
"Y'1= 

II 
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Exercise 2.20 Solve the following simult aneo us equations either by 
elimination or by substitutio n. Check your answers with a 
graphics calculator. 

I. a) X + y = 6 
x - y =2 

d) 2x + y = 12 
2x - y = 8 

2. a) 3x + 2y = 13 
4x =2y +8 

d) 9x + 3y =24 
x - Jy =-14 

3. a) 2x + y = l4 
X + y = 9 

d) x +y = 10 
3x =-y +22 

4. a) x - y = I 
2x - y = 6 

d)x = y + 7 
3x - y = l7 

5. a) x + y =-7 
x - y = - 3 

c) 5x - 3y = 9 
2x +3y = l9 

e) 4x - 4y = 0 
8x +4y = l2 

6. a) 2x + 3y = 13 
2x - 4y + 8 = 0 

c) x + y = 10 
3y = 22 - x 

7. a) -4x =4y 
4x - 8y = l2 

c) 3x + 2y = 12 
-3x + 9y = - 12 

e) - 5x + 3y = 14 
5x + 6y = 58 

b) x + y = II 
x - y - 1= 0 

e)3x + y = l7 
3x - y = 13 

b) 6x + 5y = 62 
4x - 5y = 8 

e) 1x - y =-3 
4x + y = 14 

b) 5x +3y =29 
X +3y = 13 

e) 2x + 5y = 28 
4x + 5y =36 

b) 3x - 2y = 8 
2x - 2y =4 

e) 8x - 2y =-2 
3x - 2y =-7 

b) 2x + 3y =-18 
2x =3y + 6 

d) 7x +4y = 42 
9x - 4y =-IO 

f) x - 3y =-25 
5x - 3y =-17 

b) 2x +4y = 50 
2x + y = 20 

d) 5x +2y = 28 
5x +4y = 36 

b)3x = 19 + 2y 
- 3x + 5y =5 

d) 3x +5y = 29 
3x + y = l3 

f ) - 2x + 8y = 6 
2x = 3 - y 

c) x + y = 5 
x - y = 7 

f ) 5x + y = 29 
Sx - y = II 

c) x + 2y = 3 
8x - 2y = 6 

f) 3x = 5y + 14 
6x + 5y = 58 

c) 4x +2y = 50 
x +2y =20 

f ) x + 6y =-2 
3x +6y = 18 

c) 7x - 3y = 26 
2x - 3y = I 

f) 4x - y =-9 
1x - y =-18 

If neither x nor y can be eliminated by s imply adding or 
subtracting the two equations, then it is necessary to multiply 
one or both of the equations. ll1e equations are multiplied by 
a number in order to make the coeffi cients of x (or y) 
numerically equal. 
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Worked examples a) 3x + 2y = 22 
x +y = 9 

Multiply eq uation (2) by 2 to eliminate y: 

3x +2y =22 
2.t + 2y = 18 

Subtract (3) from (1) to eliminate the variable y: 

X= 4 

Substitute x = 4 into equation (2) : 

x+ y = 9 
4 + y = 9 

y = 5 

Check by substituting both values int o eq uation (!) : 

3x + 2y =22 
12 + 10 = 22 

22 = 22 

b) 5x - 3y = I 
3x + 4y = 18 

Multiply eq uation (1) by4 and eq uation (2) by 3 to 
eliminate the variabley: 

20x - 12y = 4 
9x+ l2y = 54 

Add eq uatio ns (3) and (4) to eliminate the variable y: 

29x = 58 
X= 2 

Substitute x = 2 into eq uation (2) : 

3x + 4y = 18 
6 + 4y = 18 

4y = 12 
y = 3 

Check by substituting both values into eq uation (!) : 

5x - 3y = I 
10 - 9 = 1 

I = I 

(I) 
(2) 

(l) 
(3) 

(!) 
(2) 

(3) 
(4) 

m 
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Exercise 2.21 Solve the following simult aneo us eq uations: 

[. a) 2t + y = 7 b) 5x +4y =21 c) x + y = 7 
3x + 2y = 12 X + 2y = 9 3x + 4y = 23 

d) 2t - 3y =-3 e) 4x =4y + S f) x + 5y = II 
3x + 2y = 15 x +3y = l0 2.t - 2y = 10 

2. a) X + y = 5 b) 2.t - 2y = 6 c) 2t + 3y = 15 
3x - 2y + 5 = 0 x - 5y =-5 2y = 15 - 3x 

d)x-6y =0 e) 2t - 5y =-11 f) x + y = 5 
3x - 3y = 15 3x +4y = IS 2.t - 2y = - 2 

3. a) 3y = 9 + 2t b) x +4y = l3 c) 2.t = 3y - 19 
3x + 2y = 6 3x - 3y = 9 3x +2y = l7 

d) 2t - 5y = ---8 e) 5x - 2y = 0 f) Sy = 3 - x 
- 3x - 2y =-26 2.t + 5y =29 3x - 2y = 9 

4. a) 4x +2y = 5 b)4x + y = l4 c) IOx - y =-2 
3x + 6y = 6 6x - 3y =3 - 15x + 3y = 9 

d) - 2y = 0.5 - 2.t e) x +3y = 6 f) 5x - 3y = --0.5 
6x +3y = 6 2.t - 9y = 7 3x +2y = 3.5 

• Constructing more complex equations 
Earlier in this sect ion we looked at some simple examples 
of constructing and solving eq uations when we were given 
geometrical diagrams. Here we extend this work with more 
complicated for mulae and eq uations. 

Worked examples Construct and solve the equations below: 

a) Using the shape below, construct an eq uation fo r the 
perimeter in terms of x. Find the value ofx by solving 
the eq uation. 

,....__ x+3 ______.., 

perimeter - 54 



x + 3 +x +x- 5 + 8 + 8 +x + 8 = 54 
4x + 22 = 54 

4x = 32 
x= 8 

2 Algebra 

b) A number is doubled. 5 is subtracted from the result. and 
the total is 17. Find the number. 

Let x be the unknow n number. 

2.t - 5 = 17 
2t = 22 

X = J} 

c) 3 is added to a number. The result is multiplied by 8. If the 
answer is 64. calc ulate the value of the original number. 

Let x be the unknow n number. 

B(x + 3) = 64 
8x + 24 = 64 

8x = 40 
x =5 

or 8(x + 3) = 64 
x + 3 = 8 

x =5 

Exercise 2.22 L The sum of two numbers is 17 and their difference is 3. 
Find the two numbers by forming two equations and solving 
them simultaneo usly. 

2. The difference between two numbers is 7. If their sum is 25. 
find the two numbers by forming two eq uations and solving 
them simultaneously. 

3. Find the values of x and y: 

,....___ x+3y ~ 

+CJI 
~ 13 _______.., 

II 
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4. Find the values of x and y: 

~ 3x- 2y ~ 

,}CJI 
~ ,, ~ 

5. A man 's age is three times his son's age. Te n years ago he 
was five times his son's age. By forming two equations and 
solving them simultaneo usly, find both of their ages. 

6. A grandfather is ten times older than his granddaught er. 
He is also 54 years older than her. H ow old is each of the m? 

Exercise 2.23 I. Calculate the value of x: 

·'·{[·:~ 
perimeter • 68 ., l:J·,o . ., 

perimeter - 108 perimeter = 140 

''[?·~'~! 
12 

perimeter - 224 ,,,. 
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2. a) A number is trebled and the n 7 is added to it. If the total 
is28, findthe number. 

b) Multiply a number by 4 and then add 5 to it. If the total 
is 29, find the number. 

c) If31 is the result of adding I to 5 times a number, find 
the number. 

d) Double a number and then subtract 9. If the answer is 
11 , what is the number? 

e) If 9 is the result of subtracting 12 from 7 times a number, 
find the number. 

3. a) Add 3 to a number and then double the result. If the 
total is 22, find the number. 

b) 27 is the answer when you add 4 to a number and then 
treble it. What is the number? 

c) Subtract I from a number and multiply the result by 5. 
If the answer is 35. what is the number? 

d) Add 3 to a number. If the res ult of multiplying this total 
by 7 is 63, find the number. 

e) Add 3 to a number. Quadruple the result. If the answer 
is36,whatisthenumber? 

4. a) Gabriella isx years old. Her brother is 8 years older and 
her sister is 12 years younger than she is. If their total 
age is 50 years, how old is each of them? 

b) A series of Mathematics tex tbooks consists of four 
volumes. The first volume hasx pages, the second 54 
pages more. The third and fourth volume each have 32 
pages more than the second. If the total number of pages 
in all four volumes is 866. calculate the number of pages 
in each of the volumes. 

c) The five interior angles (in °) of a pentagon are x,x + 30, 
2x, 2x + 40 and 3x + 20. The sum of the interior angles 
of a pentagon is 540°. Calculate the size of each of the 
angles. 

d) A hexagon consists of three interior angles of equal size 
and a further three which are double this size . The sum 
of all six angles is 720°. Calculate the size of each of the 
angles. 

e) Fo ur of the exterior angles of an octagon are the same 
size. The other four are twice as big. If the sum of the 
exterior angles is 360°, calculate the si7.e of the interior 
angles. 

m 



So lving quadratic equations 

An equation of the fo rm y = ax2 + bx + c, in which the highest 
power of the variable x is x2

, is known as a c111adrntic equation. 
The following are a l1 types of quadratic equations: 

y = x2 + 2x - 4 y =-3x2 + x + 2 y = x2 y = ~x2 + 2 

There are a number of ways to solve quadratic equations and 
the me thod used is largely dependent on the type of quadratic 
equation give n. The main me thods are explained later in this 
section, however you can also use your graphics calculator to 
solve quadratic equations and therefore check your answers. 

Note: You will be given no credit in an exam for just 
writing down the answer to a quadratic equation proble m. 
therefore yo u should use yo ur calculator only as a tool for 
checking your answer. 

Worked example Using your graphics calculat or, solve the quadratic equation 
6x2 +5x- 4 =0. 

Casio 

- iii • to select the equation mode from the 

toselect 'Polynomial'. 

toselectthedegreeofthepolynomialas 2. 

Enter the expression 6x'- + 5x - 4 into the matrix where o is the 

coefficientofx'-, b isthecoefficientofxand c theconstant. 

to solve the equation. 

Thesolutionsaregivenasx= O.Sand - 1.333. 

II 

~XH·bX+c.•O 
---'---

~[~ 

·4 

L2 



2 Algebra 

Note:Thecalculatorrequeststhequadraticequationintheform ax'- +bx+ c =O. 

The _solu~ons ar~ given :s a decimal by the calculator, but it is good practice to give your solution as a 

fract1on , 1.e.x=2and3. 

Texas 

~rntoselect "catalog'. This displays all the operations 

possible in the Tl-84. Scroll down to find 'solve(' [:] 

CATALOG 
s inh ( 
s inh·l ( 
S inRe9 

t so lve( 
~~c}~S 

Enter6x'+Sx - 4, x,o[:].Thisindicatestheequationtobe 

solved. the variable as x and the solution nearest to 0. The answer 

O.Sisdisplayed. I 

s ol ve (6X' +5X-4 ,X I , 0 ) 
. 5 

To find the second solution enter: 

solve( 6x' + 5x - 4, x,-2[:]. This finds the solution nearest to - 2. 

Theanswer - 1.3333 is displayed. 
I 

solv':' C6XZ+5X-4, X I , -2) 
- 1. 333333333 

Note: The Texas calculator is not as user-friendly for this operation. In order to use the solve facility when 

there is more than one solution, you have to know approximately where the solutions lie. 

~crollingthroughthecatalogcan be sped upbypressing~rn•asthisjumpstotheletter ·s· 
1nthecatalog. 

• Solving quadratic equations by factorising 
x2 - 3x - 10 = 0 is a quadratic equation, which when factorised 
can be writt en as (x - 5)(x + 2) = 0. 

Therefore e ither x - 5 = 0 or x + 2 = 0 since, if two things 
multiply to make zero, then one of them must be zero. 

x + 2 = 0 
x = 5 X=-2 

Worked examples Solve the following equations to give two solutions for x: 

,) 

b) 

so e ither 

x2 - x - 12 = 0 
(x - 4)(x +3) = 0 
x - 4 = 0 x +3 = 0 

X = 4 X=-3 

x2 + 2x = 24 
This becomes x2 + 2x - 24 = 0 

(x +6)(x - 4) = 0 
soe ither x + 6 = 0 x - 4 =0 

X= --6 X= 4 

II 
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<) 

so e ither 

x2 - fu = 0 
x(x - 6) = 0 
x = O x - 6 =0 

x = 6 

d ) x2 - 4 = 0 
(x - 2)(x + 2) = 0 

so e ither x - 2 = 0 or x + 2 = 0 
x=2 X =-2 

Exercise 2.24 Solve the following quadratic equations by facto rising. 
Check your solutio ns using a calculato r. 

I. a) x2 + 7x + l2 = 0 
c) x2 + 13x + l2 = 0 
e) x1 - 5x + 6 = 0 

2. a) x1 + 3x - l0 = 0 
c) x2 + 5x - 14 = 0 
e) x2 + 2x - 15 = 0 

3. a) x1 + 5x =- 6 
c) x2 + llx =-24 
e) x2 + x = l2 

4. a) x2 - 2x = 8 
c) x2 + x = 30 
e) x2 - 2x = 63 

b) x2 + Rt + 12 = 0 
d) x 2

- ?x + 10 = 0 
f) x2 - 6x + 8 = 0 

b) x2 - 3x - 10 = 0 
d) x2 - 5x - 14 = 0 
f) x2 - 2x - 15 = 0 

b) x 2 + 6x =-9 
d) x2 - 10x =-24 
f) x2 - 4x = 12 

b)x2 - x =20 
d) x2 - x = 42 
f) x2 + 3x = 54 

Exercise 2.25 Solve the following quadratic eq uations. Check your solutions 
using a calculator. 

I. a) x2 - 9 = 0 b) x2 - 16 = 0 
c) x2 = 25 d) x2 = 121 
e) x2 - 144 = 0 f ) x2 - 220 = 5 

2. a) 4x2 - 25 = 0 b) 9.i:2 - 36 = 0 
,) 25x2 = 64 d) x1= ! 
e) x2 - J = O f ) Jfu-2 - i3 = 0 

3. a) x1 + 5x +4 = 0 b) x2 + ?x + 10 = 0 
,) x2 + 6x + 8 = 0 d) x2 - 6x + 8 = 0 
e) x2 - 7x + 10 = 0 f ) x2 + 2x - 8 = 0 

4. a) x1 - 3x - l0 = 0 b) x1+3x - l0 = 0 
,) x2 - 3x - 18 = 0 d) x2 + 3x - 18 = 0 
e) x2 - 2x - 24 = 0 f ) x2 - 2x - 48 = 0 

5. a) x2 + x = 12 b) x1 + 8x = - 12 
,) x2 + 5x = 36 d) x2 +2x =-1 
e) x2 + 4x =-4 f ) x 2 + l?x =-72 
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6. a) x2 - &: = 0 b) x 2 - 7x = 0 
c) x2 + 3x = 0 d) x 2 + 4x = 0 
e) x2 - 9x = 0 f ) 4x2 - 16x = 0 

7. a) 2x2 + 5x + 3 = 0 b) 2x2 - 3x - 5 = 0 
c) 3x2 + 2x - l = 0 d) 2x2 + 1lx + 5 = 0 
e) 2x2 - 13x+ l5 = 0 f ) 12x2 + 10x - 8 = 0 

8. a) x2 + 12x = 0 b) x2 + 12x + 27 = 0 
c) x2 + 4x = 32 d) x 2 +5x = l4 
e)2x2 = 72 f ) 3x2 - 12 = 288 

Exercise 2.26 In the following questions construct eq uations from the 
information given and then solve them to find the unknown. 

I. When a number x is added to its square, the to tal is 12. 
Find two possible values for x. 

2. A number x is eq ual to its own square minus 42 . Find two 
possible values for x . 

3. If the area of the rectangle below is 10cm2,calculate the 
only possible value for x. 

4. If the area of the rectangle is 52cm2
, calculate the only 

possible value for x. 

5. A triangle has a base length of 2xcm and a height of 
(x - 3)cm. !fits area is 18cm2, calculate its height and 
base length. 

6. A triangle has a base length of (x - 8) cm and a height 
of2xcm. If its area is 20cm2, calculate its height and 
base length. 

7. A right-angled triangle has a base length of xcm and a 
height of (x- l)cm. !fits area is 1Scm2, calculat e the base 
length and height. 

II 
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8. A rectangular garden has a sq uare flowerbed of side length 
xm in one of it s corners. ll1e re mainder of the garden 
consists of lawn and has dimensions as show n. If the total 
area of the lawn is 50 m2

: 

a) form an eq uation in terms of x 
b) solve the eq uation 
c) calc ulate the length and width of the whole garden. 

~7m~~ 

c=gf: 
• The quadratic formula 
In general a quadratic eq uation takes the form ax2 +bx+ c = 0 
where a, band care integers. Quadratic equations can be solved 
by the use of the quadratic formula which states that: 

x = -b ± b2 - 4ac 
2a 

Worked examples a) Solve the quadratic eq uation x2 + 7x + 3 = 0. 

a= 1.b = 7and c = 3 

Substituting these values into the quadratic formula gives: 

- 7 ± ~ 
x= 2x 1 

- 7 ± ~ 
Xc--

2
--

- 7 ± ,ffi 
Xc--

2
-

The refore x = - 7 \ 6JJ8 - 7 - 6.08 or x= -
2
-

x = --0.46 (2 d.p.) or x = --6.54 (2 d.p.) 



b) Solve the quadratic equation x2 - 4x - 2 = 0. 

a = l , b = -4andc =-2 

2 Algebra 

Substituting these values into the quadratic formula gives: 

~ +•) ± Y(~)' ~ (4' I ~2) 
X - 2 x 1 

X= 4 ± ~ 

X= ~ 
2 

Therefore x = 4 + f·90 4 - 4.90 x c-
2
-

x = 4.45 (2 d.p.) or x = -0.45 (2 d.p.) 

• Completing the square 
Although the method of completing the sq uare will not 
be assessed directly, this method oft e n simplifies problems 
involving quadratics and their graphs. 

Quadratics can also be solved by expressing them in terms 
of a perfect square. We look once again at the quadratic 
x2 - 4x - 2 = 0. 

The perfect sq uare (x - 2)2 can be expanded to give 
x2 - 4x + 4. Notice that the x2 and x terms are the same as those 
in the ori ginal quadrat ic. 

Therefore (x - 2)2 - 6 = x2 - 4x - 2 and ca n be used to solve 
the quadratic. 

(x - 2)2 - 6 = 0 
(x - 2)1 = 6 
x - 2 =±{6 

c 2 ± Y6 
x = 4.45 or x = -0.45 

The quadratic formula stated earlier can be derived using the 
method of completing the sq uare as shown: 

Solve ax2 +bx+ c = 0. 

Divide all through bya: x2 + ~x + ~ = 0 

Complete the square: (x + £,)2 -~ + ~ = 0 

Rearrange : (x + £J = ;f$ -~ 
Express both fractions wit h a common denominator of 4a2: 

(x +&)' =;f$ -~ 
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Simplify: 

b J b2
- 4ac Take the square root of both sides:x + 2a" = ± ~ 

Simplify: 

Rearrange : 

x + ~ = ± 'l/ b~:4ac 

X =- fa ± 'l}b~~4ac 

. . . . - b ± ,Jb2 - 4ac 
S1mphfy to give the quadratic fonnula: x = --,,,--

Exercise 2.2 7 Solve th e following quadratic equations using either the 
quadratic formula or by completin g the square. Give your 
answers to 2 d.p. 

I. a) x2 - x - 13 = 0 
c) x2 +5x - 7 = 0 
e) x 2 +5x - 13 = 0 

2. a) x2 + 7x + 9 = 0 
c) x2 + 3x - 3 = 0 
e) x 2 + x - lB = 0 

3. a) x2 - 2x - 2 = 0 
c) x 2 - x - 5 = 0 
e) x2 - 3x + l = 0 

4. a) 2x2 - 3x - 4 = 0 
c) 5.t2 - 8x + 1 = 0 
e) 3x2 - 4x - 2 = 0 

b) x2 + 4x - 11 = 0 
d) x2 +6x+6 = 0 
f) x2 - 9x+ 19 = 0 

b) x2 - 35 = 0 
d) x2 - 5x - 7 = 0 
f) x2 - 8 = 0 

b) x2 - 4x - 11 = 0 
d) x2 + 2x - 7 = 0 
f) x2 - 8x + 3 = 0 

b) 4x2 + 2x - 5 = 0 
d) - 2x2 - 5x - 2 = 0 
f) - 7x2 - x + 15 = 0 

Using a graphics calculator ta salve equations 

As seen earlier.a linear eq uation. when plotted.gives a 
straight line. 

The following are all examples of linear equations: 

y = x + l y = 2x - l y = 3x y =-x - 2 y = 4 

They all have a similar format , i.e. y = mx + c. 



lntheeq uation y =x+ l , m = I and c = l 
y =2x - l , m = 2 and c =-1 
y =3x, m = 3 and c = O 
y =-x- 2, m =-1 and c =-2 
y =4, m =O and c = 4 

Their graphs are shown below: 

2 Algebra 

y 11,I H 1 

: -1 y 3lf 

X O X X 

y 

'\_ y, •-

" "' "' 

y 4 

' 

I'\. 
I'\. 

• Using a graphics calculator to plot a linear 
equation 

In the introductory topic you learned how to plot a single linear 
eq uation using your graphics calculator. For example, to graph 
the linear eq uation y = 2x + 3 (see overleaf). 
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Casio 

•• ••••• 
Texas 

Unless they are parallel to each other, when two linear graphs 
are plotted on the same axes, they will intersect at one point. 
Solving the eq uations simultaneo usly will give the coordinates 
of the point of intersection. Your graphics calculator will be able 
to work o ut the coordinates of the point of intersection. 

Worked example Find the point of intersection of these linear eq uations: 

y = 2.t - land y = P° + 2 

Casio 

followed by to select 

'intersect'inthe'graphsolve'menu.Theresuluare 

displayedatthebottomofthescreen. 
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Note: Equations oflineshavetobeentered intheformy = .. 
e.g. the equation 2x - 3y = 9 would need to be rearranged to make 

y the subject.i.e. y = 2xJ
9 

or y = ix- 3. 

\.._) andentery = 2x - 1. t:] 
Thenr=ix+2, t:] 

1._J to graph the equations. 

Texas 

cmi'--1 followed by rn to select 'intersect' 

inthe'graphcalc'menu. 

Once the two lines are selected using t:]. the 

results are displayed atthebottomofthescreen. 

Note: See the note for the Casio above. 

Plot l Plot ~ P1t t3 
-...Y 1E12~-1 
-...Y zB.5X+2 
-..,y3 : I 
...,y .,,,, 
-...Y s= 
-...Y,= 
, Y7= 

Exercise 2.28 Use a graphics calculator to find the coordinates of the points of 
intersection of the foll owing pairs of linear graphs: 

I. a) y = 5 - xand y = x - I 
b) y = ? - xand y = x - 3 
c) y =-2.t + 5 and y = x - l 
d) y =-x +3 and y = 2.t - 3 
e) x +3y =-l and y = !x +3 
f) x -y = 6andx + y = 2 

2. a) 3x - 2y = IJ and 2.t + y = 4 
b) 4x - 5y = land 2.t + y =-3 
c) x + 5 = y and 2.t + 3y - 5 = 0 
d) x = y andx + y + 6 = 0 
e) 2.t + y = 4 and 4x + 2y = 8 
f) y - 3x = land y = 3x - 3 

3. By referring to the lines, explain your answers to Q.2(e) and 
(I) above. 
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-3-2-1° 
-1 

• Quadratic equations 
As yo u will recall from Section 5, an equation of the form 
y = ax2 + bx + c, in which the highest power of the variable x is 
x2, is known as a quadratic eq1111tio11. 

When plotted. a quadratic graph has a specifi c shape known 

asa p,rnbol,. This willlook like (\ m V 
Depe nding on the values of a,b and c, the position and shape of 
the graph will vary,e.g. 

Y"'-ix2 +x+4 
y 

a:1 , b,,,-3andc:4 
a:-i, b,.1andc"'4 

Solving a quadratic eq uation of the fo rm ax2 + bx + c = 0 implies 
finding where the graph crosses the x-axis. because y = 0 on the 
x-axis. 

In the case of - p-2 + x + 4 = 0 above, it can be see n that the 
graph crosses the x-axis at x = -2 and x = 4. These are therefore 
the solutions to, or roots of. the eq uation. 

In the case of x2 
- 3x + 4 = 0 above. the graph does not cross 

the x-axis. Therefore the equation has no real solutions. (Note: 
There are imaginary solutions, but these are not dealt with in 
this textbook.) 

A graphics calculator can be used to find the solution to 
quadratic eq uations. 



~c::;:sults are displayed at the bot · tom of the 

Texas 

<,,.,___Jandentery=-!x> .... 1 +x+<l, L....111 

\.._..) to graph the equations 

tlm '-.-J follo=d by .... 
"zero'inth' ~ toselect 

u .. c :ah.:1:0~~,m eon-screen 

~:~;:: ::ntify a point to the left and 
give the root. root, in order for the calcu~:;~n~ to 
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Exercise 2.29 Using a graphics calculator: 
i) graph the following quadratic equations 
ii) find the coordinates of any roots. 

I. a) y = x 2 - 3x+ 2 
b) y = x 2 +4x - 12 
c) y = - x 2 + 8x - 15 
d) y = x2 +2x +6 
e) y =-x2 +x- 4 
f) y = x2 - 6x + 9 

2. a) y = }f2 - ~x - 3 
b) y =-2x2 + 20x - 48 
c) 4y =-x2 +6x + l6 
d) - 2y =x2 + l0x + 25 =710N L__!._J Linear inequalities 

The statement 

6 is less than 8can be written as: 

6<8 

This ineq uality can be manipulated in the following ways: 

adding 2 to each side : 8 < 10 this ineq uality is still true 
subtracting 2 from each side : 4 < 6 this ineq uality is still true 
multiplying both sides by 2: 12 < 16 this ineq uality is still true 
dividing both sides by 2: 3 < 4 this ineq uality is still true 
multiplying both sides by-2: -12 < - 16 this inequality is not true 
dividing both sides by - 2: - 3 < -4 this ineq uality is not true 

As can be seen. when both sides of an ineq uality are eithe r 
multiplied or divided by a negative num ber, the ineq uality is 
no longer true. For it to be true, the ineq uality sign needs to be 
changed around: 

i.e. - 12 > - 16 and - 3 >-4 

The met hod used to solve linear ineq ualities is very similar to 
that used to solve linear eq uations. 
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Worked examples Remember: 

~ implies that the number is not included in the 
solution. It is associated with> and< . 

...........,.. implies that the number is included in the 
solution. It is associated with~ and.-;;;_ 

Solve th e following in equal ities and represent the solution on a 
number line: 

a) 15 + 3x<6 
3x < - 9 

X < - 3 

b ) 17 .-;; 7x + 3 
14 .-;; 7x 
2 .-;; xthat is x "" 2 

-4x ~8 
X .-;; - 2 

Note the ineq uality sign has changed direction. 

Exercise 2.30 Solve the following inequalities and illustrate your solution on a 
number line: 

I. a) X + 3 < 7 
c) 4 + 2.f.-;;;10 
e) 5 >3 +x 

2. a) x - 3 < 4 
c) 8 +3x > - I 
e) 12> - x - 12 

3. a) 2< l 

c) 1.-;;; ! 
e)-4x + l<3 

b) 5 +x>6 
d) 8 .-;;; x+ I 
f) 7<3 + 2x 

b) x - 6"" --8 
d) 5~ - x - 7 
f) 4.-;;2.f + lO 

b) 4 ~ j 
d) 9x~ - 18 

f) I ~ - 3x + 7 

II 
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Worked example Find the range of values for which 7 < 3x + 1 "is 13 and illustrate 
the solutions on a number line. 

This is in fact two ineq ualities which can therefore be solved 
separately. 

7 < 3x + 1 and 3x + 1,.;; 13 

6< 3x 
2<x thatisx>2 

3x,.,;; 12 
X ,;4 

Exercise 2.31 Find the range of values for which the following ineq ualities are 
satisfied. Illustrate each solution on a number line: 

I. a) 4<2f"is8 
c) 7 ,.,;;2.f < 10 

2. a) 5<3x+2,.;;17 
c) 12<8x - 4<20 

b) 3 ,.;;3x < 15 
d) JO,.,;; 5x <21 

b) 3"is2f + 5<7 
d) 15 "is 3(x - 2) < 9 

The solution to an ineq uality can also be illustrated on a graph. 

Worked examples a) On a pair of axes, shade the region which satisfies the 
ineq uality x ""3. 

First draw the linex = 3. 

Shade the region that represents the ineq uality x"" 3, i.e. 
the region to the right of x = 3. 

y 
4 

-2-1Q 4X 
-1 



Note:A broken (dashed) 
line shows< or> and a 
solid line shows..;;: or ~ -

y 
6 

(3,1) 

-2-1° 1 2 3 4X 
-1 
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b) On a pair of axes. shade the region which satisfi es the 
ineq uality y < 5. 

First draw the line y = 5 (in this case it is drawn as a broken 
line) . 

Shade the regio n that represents the ineq uality y < 5. 
i.e. the region below the line y = 5. 

y 
6 

-2-1° 1 2 3 4X 
-1 

c) On a pair of axes. shade the region which satisfi es the 
ineq uality y ,s; x + 2. 

First draw the line y = x + 2 (since it is included, this line is 
solid). 

To find the region that satisfies the ineq uality, and hence to 
know which side of the line to shade: 

I. Choose a point at random which does not lie on the line, 
e.g. (3. 1). 

2. Substitute those values of x and y into the ineq uality, i.e. 
1 ,s; 3 + 2. 

3. If the ineq uality holds true, then the region in which the 
point lies satisfi es the ineq uality and can therefore be 
shaded . 

Note: In some questions the region which satisfi es the ineq uality 
is left unshaded whilst in others it is shaded. You wi11 therefore 
need to read the question carefully to see which is required. 

Some graphics calculators can also be used to plot and 
shade the appropriate graphs of inequalities. Thell-84 does not 
currently have this facility. Guidance for the Casio is shown below. 

For example, using worked example ( c ), shade, on a pair of 
axes, the region which satisfies the inequality y ..;;;x + 2. 

Ill 



2 Algebra 

1111 

Casio 

correct region. 

Note: T he calculator plot does not distinguish between the inequalities y < x + 2 and 

yo;;;x +2 

Exercise 2.32 1. By drawing appropriate axes, shade the region which 
satisfies each of the fo llowing inequalities: 
a) y>2 b) x <3 c) y,.,-;4 
d) x ;,., - 1 e)y>2.t + l f )y,,;; x - 3 

2. By drawing appropriate axes, leave unshaded the region 
which satisfi es each of the following inequalities: 
a) y;;., - x b) y,.,-;2 - x c) x ;;.,y - 3 
d) x + y;;,,4 e) 2.t - y;;.,3 f) 2y - x<4 

Several inequalities can be graphed on the same set of axes. 
If the regions which satisfy each in equalit y are left unshaded, 
the n a solution can be fo und which satisfies all the ineq ualities, 
i.e. the region left unshaded by all the ineq ualities. 

Worked example On the same pair of axes leave unshaded the regions which 
satisfy the follow ing inequalities simult aneously: 

y> - 1 y" 3 y ,.,-; x + 2 

He nce find the region which satisfies all fo ur inequalities. 
If the fo ur inequalities are graphed on separate axes, the 

solutions are as shown on the next page: 



y 
6 

_,o 1 
-1 

y 
6 

3 X 

y 
6 

-1Q 1 2 3X 
- ---l-

y 
6 

y>- 1 

-2-!
1
Q 1 2 3X 

y ,o; x+ 2 
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Combining all fo ur on one pair of axes gives this diagram: 

y 
6 y =x +2 

---<c+-r-1-- Y = 3 

--- __ -2 - \ - __ 1 _____ 3 X Y- - 1 

--2 

The unshaded region therefore gives a solution which satisfies 
all fo ur inequalities. 
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Ill 

Exercise 2.33 For Q.1-4, p lot, on the same pair of axes, all the inequalities 
given. Leave unshaded the region which satisfies all of them 
simultaneously: 

1. y .-;; x 

2. x + y.-;; 6 

3. y ;;.3x 

4. 2y;;.x + 4 

y>I 

y<x 

y"" 5 

y.-;;2x + 2 

X" 5 

y;, I 

X + y > 4 

y <4 X ,s;: 3 

• Practical problems and inequalities 
Ineq ualities are sometimes used to define problems. Solving the 
ineq ualities simultaneously can provide a number of possible 
solutions to the problem. More importantly, their solution can 
sometimes provide an optimum solutio n to the problem. 

Worked example The number of fi elds a farmer plants with wheat is wand the 
number of fields he plants with corn is c. There are, however. 
certain restri ctions which govern how many fie lds he can plant 
of each. These are as fo11ows: 

• There must be at least two fi elds of corn. 
• There must be at least two fields of wheat. 
• Not more than 10 fi elds can be sown in total. 

Construct three ineq ualities from the information given 
above. 

' .. 2 c + w.-;; 10 

ii ) On one pair of axes, graph the three ineq ualities and leave 
unshaded the region which satisfies all three simultaneously. 

w 

' '' I's 

' I's 

' I, 
" 3 ' " 

0 
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iii) Give one possible arrangement as to how the fanner should 
plant his fields. 

Four fields of corn and four fields of wheat. 

The practical application of constructing and solving linear 
ineq ualities is sometimes called linear programming. More 
practice of this type of problem is given in Section 12. =810N L_!_J Laws of indices 

The index refers to the power to which a number is raised. In 
the example 51

, the number 5 is raised to the power 3.The 3 is 
known as the index. Indices is the plural of index . 

Work ed examples a) 51 = 5x5 x 5 b) 74 = 7x7x7x7 c) 31 = 3 
= 125 = 2401 

• Laws of indices 
When working with numbers in volving indices, there are three 
basic laws which can be applied . These are: 

I, a"' xa• = «""n 

2. a"' -c- a•or'$ = a"'-" 

J. (a'")" c ,t"' 

• Positive indices 

Worked examplei· a) Simplify 41 x 42 . 

43 X 42 = 4(J<.2) 
= 4'! 

c) Evaluate 31 x 34. 
31 X 34 = 3(l<-4) 

= 37 
= 2187 

b) Simplify 2'! -c- 21. 

2'! 7 21 = 2('!-3) 
= 22 

d) Evaluate (42)1
. 

(42)1 = 4(2'1) 
= 46 
= 4096 
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Exercise 2.34 I. Using indices, simplify the following expressions: 
a) 3x3x3 b) 2x2x2x2x2 
c) 4 X 4 d) 6 X 6 X 6 X 6 
e) 8x8x8x8x8x8 I) 5 

2. Simplify the following using indices: 
a) 2 x2 x 2 x 3x 3 
b) 4 x4x4x 4 x4x5x5 
c) 3x3x4x4x4x5x5 
d) 2X 7 X 7 X 7 X 7 
e) 1 x I x6x 6 
f) 3x3x3x4x4x6x6x6x6x6 

3. Write o ut the following in full: 
a) 42 b) 57 

c) 3' d) 43 x & 
e) 7'-x27 I) 32 x41 x24 

4. Without a calculator, work out the value of the following: 
a) 2' b) 34 

c) 82 d) & 
e) 106 I) 44 

g) 23 
X 32 h) J01 x 51 

Exercise 2.35 I. Simplify the following using indices: 
a) 32 x34 b) 8'x82 

c) 52 x54 x53 d) 43 x4'x42 

e) 21 x 23 I) f?x 32 x 31 x 64 

g) 4'x4Jx5'x54 x62 h) 24 x57 x51 x62 x66 

2. Simplify the following: 
a) 46 742 b) S7 7 54 

d)6'7(? e)fi 
4s 39 

g) -;p h) y 

3. Simplify the following: 
,) (5')' b) (4')' 
d) (3')' ,) (6')' 

4. Simplify the following: 
22,24 

a)l3 

c) ;:: ;: 

e) 44,P~'F42 
g) (5'§:~~!4)] 

34 x 32 

b))' 

c)(l02
)' 

D (S')' 

d) wl;r 42 

I) &x~:~xS6 

h) (66r: <~2)449 



5. Simplify the following: 
a) Cxd 

c) (b1)' .:,- b6 

e) ~~t; 
g) ::z 

6. Simplify the following: 
a) 4a2x3«1 
c) (2p2

)
3 

b) m
4

7 m
2 

m4n9 
d) mnJ 

12x'y7 
f) 4x1y' 

h) t~;:l 
b) 2a2b X 4/rb' 
d) (4m2n1}2 

2 Algebra 

e) (5p2
)

2 x (2p3
)
3 f) (4m2n2

) x (2nm 3
)
3 

g) (6x2y;t:;2xy)1 h) (ab/ x (ah)' 

• The zero index 
The zero index indicates that a number is raised to the power 
0. A number raised to the power O is eq ual to I. This can be 
explained by applying the laws of indices: 

a"' .:,- a• = ~ therefore ~ =~ 
c ,I' 

However, ~ = I 

thereforea0 = I 

• Negative indices 
A negative index indicates that a number is be ing raised to a 
negativepower,e.g. 4--3. 

1 
as to~~:~;r law of indices states that ff"' = if'· It can be proved 

= ~(from the second law of indices) 

_ l_ 
- a'" I 

therefore a_,,, = if' 
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Exercise 2.36 Without using a calculator, evaluate the following: 

I. a) 21 x '1!' b) 52 7 6° c) 52 xS-2 

d) 6-1 X 6-J ,)(4")' f) 4° 7 22 

2 a) 4-i b) 3-2 c) 6 X 10--:,_ 
d) 5 X 10-J e) ]00 X ]0-2 D Itr' 

3. a) 9 x3--2 b) 16 x2-J c) 64x2--4 
d) 4 x2-J e) 36 x6-J f) JOO X J0-1 

4. a)f:-i b) i c) i 
d) i 7" 

D 
s• 

e) ~ iP 

• Exponential equations 
Equations that involve indices as unknowns are known as 
expo11e11tialcc11111tio11s. 

Worked examples a) Find the value of x if 2x = 32. 
Express 32 as a power of 2: 32 = 2' 
Therefore2x = 2' 

x= 5 

b) Find the value of m if 3"' = 81. 
Express81 asapowerof3: 81 = 34 

Therefore3m = 34 

m = 4 

Exercise 2.37 1. Find the value of x in each of the following: 
a) 2x = 4 b) 2x= l6 
c) 4x = 64 d) 10' = JOO) 
e) Y = 625 f) 3' = 1 

2. Find the value of z in each of the following: 
a) 2(< - l) = 8 b) 3(HZ) = 27 
c) 42' = 64 d) J()(H 1) = J 
e) 3' = 91, - i) f) 5' = 125 

3. Find the value of n in each of the following: 
a) (!t = 8 b) (~)" = 81 

c) (!t = 32 d) (~)" = 4(ul) 

e) (j)" • 'l c 2 Q (/;J" c 4 

4. Find the value of x in each of the following: 
a) 3-• = 27 b) 2..., = 128 

c) 2(-.1~ 3) = 64 d) 4-• = il; 

e) 2-'= 1k f) 3(...:+ll = -fi 
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Exercise 2.38 I. A tap is dripping at a constant rate into a container. 
The level (1cm) of the water in the container, is given by 
the eq uation l = 2' - 1 where thours is the time taken. 
a) Calculate the level of the water after 3 hours. 
b) Calculate the level of the water in the container at 

the start. 
c) Calculate the time taken for the level of the water to 

reach 31cm. 
d) Plot a graph showing the level of the water over the first 

6 hours. 
e) From your graph, estimate the time taken for the water 

to reach a level of 45cm. 

2. Draw a graph of y = 4x for values of x between - 1 and 3. 
Use yo ur graph to find approximate solutions to these 
eq uations: 
a) 4x = 30 
b) 4x = ! 

3. Draw a graph of y = 2x for values of x between - 2 and 
5. Use yo ur graph to find approximate solutions to the 
following eq uations: 
a) 2x = 20 
b) 2(Hi) = 40 
c) 2--x=o.2 

4. Draw a graph of y = JX for values of x between - 1 and 3. 
Use yo ur graph to find approximate solutions to these 
eq uations: 
a) J(Hi) = 12 
b) J(•-3) = 0.5 =910N l__!_J Fractional indices 

• Fractional indices 

16! can be written as wl 
' ' (42)Z = 4(2':z) 
= 41 
c 4 

' Therefore 161 = 4 

but 16 = 4 

' therefore 162 = 16 
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Simila~ly: 
1 

271 can be written as (31)1 

(3])j = 3(l•j) 
= 31 
c 3 

Therefore27i = 3 

but 1.{n = 3 

therefore 27i =1.fif 

In general: 

a! ='J..{r; 
a~ c:.ff,rjocTa"-

Worked examples a) Evaluate 16~ without the use of a calculat or. 

16{ = 
4 

16 Alternatively: 16' = (24/ 

b) Evaluate 25! without the use of a calculator. 

25~ = (25~)3 Alternative ly: 251 = (S2f 

C (V'S)' = 5] 

= 5] = 125 
= 125 

<) Solve 32x = 2 

32 is23 soV32= 2 

or32! = 2 

thereforex = ! 

d) Solve 12Y = 5 

125is51 soJ..ffis = 5 

or 125! = 5 

thereforex = ! 
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Exercise 2.39 For Q.l-4, evaluate al l parts without the use of a calculator: 

Exercise 2.40 

I. a) 1~ b) is: c) 1cJ1 

d) 271 e) 81' n looo' 

2 a) 164 b) 81\ c) 32i
1 

d) 64~ e) 2H9 f) 2564 

3. a) 4l
3 

b) 4! c) r}.2 
d) 16' e) l' f) 271 

4. a) 125j
2 

b) 32! c) 646 

d) looo' e) 164 f) 81i 

For Q.5-6, solve each eq uation without the use of a calculator: 

5. a) 16' = 4 
c) 9' = 3 
e) 100' = 10 

6. a) 1000' = 10 
c) 81' = 3 
e) IOOOCXX>' = 10 

b) 8' c 2 
d) 27' = 3 
D 64' c 2 

b) 49' = 7 
d) 343' = 7 
Q2Hr c 6 

Evaluate the following without the use of a calculator: 

' ' ' I. a)~ b) ..l!.. c) ¥i 
' 

'I'{ . 
d) 1¥ e) 271 n ,, yo J 

2 a) 5:x s: b) 44 x 44 c) 8/2-\ 

d) 33 x 3J e) 2-2 x 16 f) 83 
X 8' 

3. 2IX 2I 46 x 46 c) 21x 81 a)-,- b)-,-

•' ys 
pilx 3-! 8J + 7 

D 
fj,xJI 

d) ' e) -----y- ,-------, 
3' 27' 3Jx3-6 
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=1cr010N l___!!J Sequences 

A sequence is a collection of terms arranged in a specific order. 
where each term is obtained according to a rule. Examples of 
some simple seq uences are given below: 

2,4,6,8, 10 1, 4, 9, 16, 25 I, 2.4. 8, 16 
I, 1, 2,3, 5, 8 I, 8. 27, 64,125 10, 5, ~. i, i 

You co uld discuss with another student the rules involved in 
producing the seq uences above. 

The terms of a seq uence can be expressed as u 1, ~, uJ , .. , un 

where: 

u1 isthe first tenn 
u2 isthesecond term 
u0 isthenth te rm 

Therefore in the sequence 2,4, 6,8, 10, u1 = 2, u2 = 4,etc. 

• Arithmetic sequences 
In an urithmctic sequence there is a common difference 
(d) between successive terms. Examples of some arithmetic 
seq uences are given below: 

3 6 9 12 15 

~ 
+3 +3 +3 +3 d = 3 

7 2 - 3 ---8 - 13 

~ 
- 5 - 5 - 5 - 5 d =-5 

Formulae for the terms of an arithmetic sequence 
There are two main ways of describing a sequence. 

I. A term-to-term rule 
In the following seq uence. 

7 12 17 22 27 
~ 

+5 +5 +5 +5 

the term-to-term rule is +5, i.e. 111 = 111 + 5, uJ = 111 + 5,etc. 
The general form is therefore written as un•! = un + 5. u1 = 7, 
where un is the nth term and un.i the term after the nth term. 

Note: It is important to give one of the tem1s,e.g. u 1.so 
that the exact seq uence can be generated . 
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2. A formula for the nth term ofa seq uence 
This type of rule links each term to its position in the 
sequence,e.g. 

Posit ion 

Ter m 12 17 22 27 

We can deduce from the fi gures above that each term can 
be calc ulated by multiplying its position number by 5 and 
adding 2. Algebraically this can be written as the fo rmula 
for the nth term: 

Un= Sn + 2 

This textbook focuses on the generation and use of the rule for 
the nth tenn. 

With an arithmetic seq ue nce. the rule for the nth term can 
easily be deduced by looking at the common difference.e.g. 

Position 
Term 

Position 
Term 

4 
13 

5 
17 

~ 
+4 +4 +4 +4 

3 
ll 

4 
13 

Un = 4n-3 

5 
15 

~ 
+2 +2 +2 +2 Un = 2n + 5 

Position 1 
Term 12 

~ 
- 3 - 3 - 3 - 3 

The common difference is the coefficient of n (i.e. the number 
by which n is multiplied). The constant is the n worked o ut by 
calculating the num ber needed to make the term. 

Worked example Find the rule for the nth term of the seq uence 12, 7,2, - 3,--8 .. . 

Position 

Term 12 7 2 - 3 --8 

~ 
- 5 - 5 - 5 - 5 

Un= - 5n + 17 
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Exercise 2.41 I. For each of the following sequences: 

i) deduce the fonnula for the nth term 
ii) calc ulate the 10th term. 

b) 0,4,8, 12,16 
d) 6,3,0, -3, --6 

a) 5,8, II, 14, 17 
c) !, I!.2!.3t4! 
e) - 7,-4, - 1,2,5 f) - 9, - 13. - 17, - 21. - 25 

2, Copy and complete each of the following tables of 
arithmetic seq uences· 

a) I Po,;600 50 

Torm 45 

b) I Po,;,;oo 

Torm 59 +19 

c) I Po,;600 IOO 

Torm - 5 --47 

d) I Po,;,;oo 

Torm -3 - 24 - 294 

e) I Po,;600 

Torm IO 16 25 1-45 1 

Q I Po,;,;oo 50 

I Torm - 5.5 - 7 - 34 

3. For each of the followmg an hm e 1c seq uences: 

i) deduce the common differenced 
ii) give the formula for the nth term 
iii) calc ulate the 50th term. 

a) 5,9, 13, 17.21 
c) - 10, ... , ....... 2 
e) UJ =-50, u20 = 18 

b) o . .... 2 . ... .4 
d)U1 = 6,U9 = JO 
f) U3 = 60, U12 = 39 

-4n-3 

6n - I 

~·, 
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• Sequences with quadratic and cubic rules 
So far all the seq uences we have looked at have been arithmetic, 
i.e. the rule for the nth term is linear and takes the form 
un = an + b . The rule for the nth tenn can be found algebraically 
using the method of differences and this method is particularly 
useful for more complex sequences. 

Worked examples a) Ded uce the rule for the nth tenn for the seq uence 
4, 7.10, 13, 16, .. 

Firstly. produce a table of the terms and their positions 
in the seq uence : 

I~::·· I : I : I ,', I ,: I ,', I 
Extend the table to look at the differences: 

Position 

l stDifference 

As the row of 1st differences is constant. the rule for the 
nth tenn is linear and takes the form un = an + b. 

By substituting the values of n int o the rule, each te rm can 
be expressed in terms of a and b: 

To.m °' b 2a • blo> b4o> b5o • b 
I Po,1600 I I I 2 I J I 4 I 5 I 

' " Dlffereo<e I ' I ' I ' I ' I 
Compare the two tables in order to deduce the values of 
aandb: 

a = 3 
a + b = 4 therefore b = 1 

The rule for the nth term un = an + b can be written as 
Un= Jn + 1. 

For a linear rule. this method is perhaps overcomplicated. 
However it is very efficient for quadratic and cubic rules. 
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Position 

b) Ded uce the rule for the nth term for the seq uence 
0, 7, 18.33, 52, .. 

Entering the seq uence in a table gives: 

Extending the table to look at the differences gives: 

Positio n 

l st Difference 

The row of 1st differences is not constant, and so the rule 
for the nth term is not linear. Extend the table again to look 
at the row of 2nd differences: 

Positio n 

1st Difference 

lndDiffe re nce 

The row of2nd differences is constant , and so the rule for 
the nth term is therefore a quadratic which takes the form 
un = an 2 + bn + c. 

By substitutin g the values of n into the rule, each te rm can 
be expressed in terms of a, band c as shown: 

Term a+b+c 4a+2b+ c 9a+3b+c 16a+4b+ c 25a+Sb+c 

l st Diffe rence 

2nd Difference 

3a+b Sa+b 7a+b 9o•b 

Comparing the two tables, the values of a, band c can be 
deduced: 

2a = 4 therefore a = 2 
3a + b = 7 therefore 6 + b = 7 giving b = I 
a + b + c = O therefore 2 + 1 + c = 0 givingc =-3 

The rule for the nth term un = an 2 + bn + c can be written as 
un = 2n2 + n - 3. 



Posit io n 

Term 

l st Diffe re nce 

2nd Difference 

3rdDifference 

2 Algebra 

c) Deduce the rule for the nth term for the sequence ---6. --S, ---6, 
6, 34, .. 

Entering the sequence in a table gives: 

Exte nding the table to look at the differences: 

Position 

l stDifference 

The row of 1st differences is not constant. and so the rule 
for the nth term is not linear. Exte nd the table again to look 
at the row of 2nd differences: 

Position 

1st Difference 

lndDiffe re nce 

The row of 2nd differences is not constant either, and so the 
rule for the nth te rm is not quadratic. Extend the table by a 
further row to look at the row of 3rd differences: 

Positio n I I 2 I 3 I -4 I 5 

Te rm -O l -8 1 -6 1 6 1 3-4 

1st Difference I - 2 I 2 I 12 I 28 I 
l ndDiffe re nce I -4 I 10 I 16 I 
3rd Difference I 6 I 6 I 

The row of 3rd differences is constant, and so the rule for 
the nth term is therefore a cubic which takes the form 
un = anJ + bn2 + en + d. 

By substituting the values of n into the rule , each term can 
be expressed in terms of a, b, c, and d as shown: 

I I I I 
a+b+c+d I 8a+:~+2c I 27a+/!+3c I 6-4a+~~b+-4c I 125~//!b+ 

I 7a+3b+ c I 19a+Sb+ c I 37a+7b+ c I 6 1a+9b+ c I 

I 12a+lb I 18a+lb I 2-4a+lb I 
I ,, I ,, I 
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By comparing the two tables, eq uations can be formed and 
the values of a, b, c, and d can be found: 

6a = 6 therefore a = I 
12a + 2b = 4 therefore 12 + 2b = 4 giving b = --4 
7a +3b + c =-2 therefore 7 -12 + c =-2 givingc = 3 
a + b + c + d = ---6 therefore 1 - 4 +3 + d = ---6 givingd = ---6 

Therefore the equation for the nth term is 
un= n1 -4n2 +3n- 6. 

Exercise 2.42 By using a table if necessary, find the fo rmula for the nth term 
of each of the following seq uences: 

I. 2,5, 10, 17,26 

2. 0,3.8. 15,24 

3. 6,9, 14,21,30 

4. 9, 12.17, 24,33 

5. - 2, 1,6, 13, 22 

6. 4, 10, 20, 34. 52 

7. 0,6, 16,30,48 

8. 5, 14, 29, 50. 77 

9. o. 12. 32, ffi, 96 

10. I, 16,41 , 76,121 

Exercise 2.43 Use a table to find the formula for the nth term of the following 
seq ue nces: 

I . II, 18,37, 74, 135 

2. o. 6, 24, 60. 120 

3. --4,3,22, 59, 120 

4. 2,12.36,80.150 

5. 7, 22,51, 100,175 

6. 7, 28, 67,130,223 

7. I, 10,33, 76,145 

8. 13.25, 49,91. 157 
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• Geometric sequences 
So far we have looked at seq uences where there is a common 
difference between successive terms. ll1ere are, however, other 
types of seq uences, e.g. 2, 4, 8, 16.32. There is clearly a pattern to 
the way the numbers are ge nerated as each term is double the 
previous term. but there is no common difference. 

A sequence where there is a common ratio (, ) between 
successive terms is known as a geometric sequence. 
e.g. 

2 4 8 16 32 

~ 
x2 x2 x2 x2 r= 2 

27 9 3 I } 

~ 
,J ,j 

As with an arithmetic seq uence, there are two main ways of 
describing a geometric seq uence. 

L The term-to-te nn rule 

For example, for the following seq uence, 

3 6 12 24 48 

~ 
x2 x2 x2 x2 

U2 = 2u1 UJ = 2U2 

the ge neral rule is un~i = 2un; u1 = 3. 

2. The formula for the nth term ofa geometric seq uence 

As with an arithmetic seq uence, this rule links each term to 
it sJX)sition in the seq uence, 

Position I 5 
Te rm 3 6 12 24 48 

~ 
x2 x2 x2 x2 

to reach the second term the calculation is 3 x 2 or 3 x 21 

to reach the third term, the calculation is 3 x 2 x 2 or 3 x 22 

to reach the fourth term. the calculation is 3 x 2 x 2 x 2 or 
3 x2J 

In general therefore 

where a is the first term and r is the commo n ratio. 
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• Applications of geometric sequences 
In Topic 1 simple and compound interest were shown as 
different ways that int erest co uld be earned on money left in a 
bank acco unt for a period of time. Here we look at compound 
interest as a n example of a geometric seq uence. 

Compound interest 
e.g. $100 is deposited in a bank account and left unto uched. 

After 1 year the amount has increased to $110 as a 
result of interest payments. To work o ut the interest rate, 
calculate the multiplier from $JOO-) $110: 

I fr I :::;~"" ' This corresponds to a 10% 
increase.The refore the 
simple interest rate is 10% in 

Start 1 year the first year. 

Assume the mo ney is left in the account and that the int erest 
rate remains unchanged. Calculate the amount in the account 
aft er5years. 

This is an example of a geometric sequence. 

Number 
of years 

Amount 100.00 110.00 121.00 133.10 146.41 161.05 

~ 
x l.1 x l.1 x l.1 x l.1 x l.1 

Alternatively the amount after 5 years can be calc ulated using 
a variation of un = ar"-1, i.e. u, = 100 x I. P = 161.05. Note: As the 
number of years start s at 0, xl .l is applied 5 times to get to the 
fifth year. 

This is an example of compo und interest as the previous 
year's interest is added to the total and included in the fo 11owing 
year's calculation. 

'Worked examples a) Alex deposits $1500 in his savings account. The interest rate 
offered by the savings account is 6% each year for a 10-year 
period.Assuming Alex leaves the money in the account, 
calc ulate how much interest he has gained after the 10 years. 

An interest rate of6% implies a common ratio of 1.06 

Therefore u 10 = 1500 x 1.0610 = 2686.27 

The amount of interest gained is 2686.27 - 1500 = $1186.27 
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b) Adrienne deposits $2000 in her savings account. The 
interest rate offered by the bank for this account is 8% 
compo und interest per year. Calculate the number of years 
Adrienne needs to leave the money in her account for it to 
double in value. 

An interest rate of 8% implies a common ratio of 1.08 

The amount each year can be found using the term-to- term 
rule u •• 1 = 1.08 x 110 

U1 = 2000 X 1.08 = 2160 

U2 = 216() X 1.08 = 2332.80 

U3 = 2332.80 X 1.()8 = 2519.42 

119= 3998.01 

U10= 4317.85 

Adrienne needs to leave the money in the account for 10 
years in order for it to double in value. 

Exercise 2.44 I . Identify which of the following are geometric seq ue nces and 
which arc not. 
a) 2,6, 18,54 b) ~;5; 1

4
.\ c) 1,4,9. 16, 

d) - 3, 9, - 27, 81 e) 1,:'H· ! f) !, l, t t\ 
2. For the seq uences in Q.1 that arc geometric, calculate: 

i) the common ratio r 
ii) the next two terms 
iii)aformulaforthc nthtcrm. 

3. The nth term of a geometric sequence is given by the 
formulaun = --6 x 2,._1• 

a) Calculate u1. Uz and uJ. 

b) What is the value of n, if Un =-768? 

4. Part of a geometric seq ue nce is given below: 

... , - L .. ,64, .. whereu2 =-landu, = 64.Calculatc : 

a) the common ratio r 
b) the value of u1 

c) the valueofu 10. 

5. A home buyer takes out a loan with a mortgage company 
for f200000 . The interest rate is 6% per year. If she is 
unable to repay any of the loan during the first 3 years. 
calculate the extra amount she will have to pay by the end 
of the third year, due to interest. 
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6. A car is bought for $10000. It loses value at a rate of20% 
each year. 
a) Explain why the car is not worthless after 5 years. 
b) Calculate its value after5years. 
c) Explain why a depreciation of 20% per year means. in 

theory, that the car will never be worthless. 

Direct and inverse var iation 

• Direct variation 
Consider the tables below· 

I 
X 

I 
0 

I 
I 

I 
2 5 

I 
IO 

IO 20 
y = 2x 

I 
X 

I 
0 

I 
I 

I 
2 5 

I 
IO 

15 JO 
y = 3x 

I 
X 

I 
0 

I 
I 

I 
2 ,:, I IO 

25 7.5 25 
y = 2.5x 

In each case y is directly propor 10nal lox. This is written y oc x. 
If any of these three tables is shown on a graph, the graph will 
be a s traight line passing through the origin. 

so so 

20 20 20 'lL. 'l ~ '. °""·' °"''" 
10 10 10 

0 2 4 6 8 10 X O 2 4 6 8 10 X O 2 4 6 8 10 X 
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For any statement where y oc x, 

y= kx 

where k is a constant eq ual to the gradient of the graph and is 
called the conshmt of proportionality or constant of variation. 

Consider the tables below: 

I · I ' I , I ,', I ,: I :, 1,c2r 

In the cases above,y is directly proportional tox•, where n > 0. 
This can be written as y oc x•. 

The graphs of each of the three eq uations are shown below: 

• -·-
-The graphs above, with (x.y) plotted, are not linear. However if 

the graph of y = 2x2 is plotted as (x2,y), then the graph is linear 
and passes through the origin demonstrating that y oc r as 
shown: 
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x1 16 25 

18 32 50 

~- -20 

10 

0 10 20 30x2 

Similarly, the graph of y = ,P-1 is curved when plotted as (x,y ), 
but is linear and passes through the origin if it is plotted as 
(x\y) as shown: 

27 64 125 

,/ 

/ 
/ 

V 
,,v 

V 
/ 

The graph ofy = "/x is also linear if plotted as ("Jx,y) . 

• Inverse vari ation 
If y is inversely proportional to x, then y oc} and y = ~-

If a graph of y against;- is plotted, this too wi11 be a straight 

line passing through the origin. 



Worked examples a) y DC x. If y = 7 when x = 2, find y when x = 5. 

y = kx 
7 = k x2 
k = 3.5 

Whenx = 5, 
y = 3.5 X 5 

= 17.5 

b) y DC~ - If y = 5 when x = 3, find y when x = 30. 

y = ~ 

5 = ~ 

k = 15 

When x = 30. 
15 

y = '.ID 
= 0.5 
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Exercise 2.45 I. y is directly proportional to x. If y = 6 when x = 2. find: 
a) the constant of proportionality 
b) thevalueofywhenx= 7 
c) the value of y when x = 9 
d) the value of x when y = 9 
e) thevalueofxwhen y = 30. 

2. y is directly proportional to x2
• If y = 18 whe n x = 6. find: 

a) the constant of proportionality 
b) thevalueof ywhenx= 4 
c) thevalueof ywhenx= 7 
d) the value of x when y = 32 
e) the value of x when y = 128. 

3. y is inversely proportional to xJ. If y = 3 when x = 2, find: 
a) the constant of proportionality 
b) thevalueofywhenx= 4 
c) thevalueofywhenx = 6 
d) the value of x when y = 24. 

4. y is inversely proportional tox2
. If y = I when x = 0.5, find: 

a) the constant of proportionality 
b) thevalueof ywhenx= 0.1 
c) thevalueof ywhenx= 0.25 
d) the value of x when y = 64. 
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Exercise 2.46 1. Write each of the following in the form: 

i) y oc X 

ii) y = kx. 

a) y is directly proportional to x1 

b) y is inversely proportional tox1 

c) t is directly proportional to P 
d) sis inversely proportional tot 
e) A is directly proportional to r2 
f) T is inversely proportional to the square root of g 

2. If y oc x and y = 6 when x = 2, find y when x = 3.5. 

3. !f yoc }andy = 4whenx= 2.5 find: 

a)ywhenx = 20 
b) xwheny = S. 

4. ifp oc r 2 andp = 2 when r= 2, findp when r = 8. 

5. Ifmoc_!_andm=lwhcnr= 2,fi nd: ,, 
a) mwhenr = 4 
b) rwhenm=1 25. 

6. If y oc x2 and y = 12 when x = 2, find y when x = 5. 

Exercise 2.47 1. If a stone is dropped off the edge of a clifL the height 
(h metres) of the cliff is proportional to the square of the 
time (t seconds) taken for the stone to reach the gro und. 

A stone takes 5 seconds to reach the ground when dropped 
offacliff 125 mhigh. 

a) Write down a relationship between h and t, using k as 
the constant of variation. 

b) Calculate the constant of variation. 
c) Find the height of a cliff if a stone takes 3 seconds to 

reach the gro und. 
d) Find the time taken for a stone to fall from a cliff 180m 

high. 

2. The velocity ( v metres per second) of a body is known to be 
proportional to the sq uare root of it s kinetic e nergy 
(ejoules) . When the velocity of a body is l20m/s, its kinetic 
energy is 16001. 
a) Write down a relationship between v and e, using k as 

the constant of variation. 
b) Calculate the value of k. 
c) If v = 21, calculate the kinetic energy of the body in 

joules. 
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3. The length (/ cm) of an edge of a cube is proportional to the 
cube root of its mass (m grams) . It is known that if I = 15. 
then m = 125. Let k be the constant of variation. 
a) Write down the relationship between/, m and k. 
b) Calculate the value of k. 
c) Calculate the value of /when m = 8. 

4. The power (P) generated in an electrical circuit is 
proportional to the sq uare of the curre nt(/ amps). 
When the power is 108 watts. the current is 6amps. 
a) Write down a relationship between P, I and the constant 

of variation, k. 
b) Calculate the value of /when P = 75 watts. 

Investigations, modelling and ICT 

• House of cards 
The drawing shows a ho use of cards 3 layers high. 15 cards are 
needed to construct it. 

I. How many cards are needed to construct a house 10 layers 
high? 

2. The world record is for a house 61 layers high. How many 
cards are needed to construct this house of cards? 

3. Show that the general formula for a ho use n layers high 
requiringccards is: 

c = ~n(Jn + 1) 
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• Chequered boards 
A chessboard is an 8 x 8 sq uare grid consist ing of alternating 
black and white squares as shown: 

There are 64 unit sq uares of which 32 are black and 32 are 
white. 

Consider boards of different sizes. The examples below show 
rectangular boards, each consisting of alternating black and 
white unit sq uares. 

To tal number of unit sq uares is 30 
Number of black sq uares is IS 
Number of white sq uares is 15 

Total number of unit sq uares is 21 
Number of black sq uares is 10 
Number of white sq uares is 11 

I. Investigate the number of black and white unit sq uares on 
different rectangular boards. Note: For consistency you 
made find it he lpful to always keep the bottom right-hand 
sq uare the same colo ur. 

2. What is the number of black and white sq uares o n a board 
m xn units? 
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• Modelling: Stretching a spring 
A spring is attached to a clamp stand as show n below. 

Different weights are attached to the end of the spring, the 
mass (m) in grams is noted as is the amount by which the spring 
stretches (x)cm as shown on the right. 

The data collected is show n in the table below: 

Mass(g) 50 100 150 200 250 300 350 -400 -450 500 

Extensio n (cm ) 3.1 6.3 9.5 12.8 15.-4 18.9 21.7 25.0 28.2 31.2 

I. Plot a graph of mass against extension. 
2. Describe the approximate relationship between the mass 

and the extension. 
3. Draw a line of best fit through the data. 
4. Calculate the equation of the line of best fit. 
5. Use yo ur equation to predict what the length of the spring 

would be for a weight of 275 g. 
6. Explain why it is unlikely that the eq uation would be 

useful to find the extension if a weight of 5 kg was added to 
the spring. 

• Mode lling: Linear programming 
For each of the problems below, draw both axes numbered from 
0 to 12. For each question: 

a) writeanineq ualityforeach statement 
b) graph the ineq ualities leaving the region which satisfies the 

ineq ualities unshaded 
c) use your graph to state one solution which satisfies all the 

ineq ualities simultaneously. 
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1. A taxi firm has one car and one minibus for hire. During 
one morning it makes x car trips and y minibus trips. 
• It makes at least five car trips. 
• It makes between two and eight minibus trips. 
• ll1e total number of car and minibus trips does not 

exceed 12. 
2. A woman is baking bread and cakes. She makes p loaves 

and q cakes. She bakes at least five loaves and at least two 
cakes but no more than ten loaves and cakes in total. 

3. A co uple are buying curtains for their ho use . ll1ey buy 
m long curtains and n short curtains. They buy at least two 
long curtains. ll1ey also buy at least twice as many short 
curtains as long curtains. A maximum of 11 curtains are 
bought in total. 

4. A shop sells large and small oranges. A girl buys L large 
oranges and S small oranges. She buys at least three but 
fewer than nine large oranges. She also buys fewer than 
six small oranges. The maximum number of oranges she can 
buy is 10. 

• ICT Activity I 
For each question, use a graphing package to plot the 
ineq ualities on the same pair of axes. Leave unshaded the 
region which satisfies all of them simultaneously. 

1. y ,s;x 
2. X + y> 3 
3. 2y + x,.,-;5 

• ICT Activity 2 

y>O 
y ,.4 
y - 3x -6 <0 

X,;; 3 
y -x > 2 
2y -x >3 

You have seen that it is possible to solve some exponential 
eq uations by applying the laws of indices. 

Use a graphics calculat or and appropriate graphs to solve the 
fo\1owing exponential eq uations: 

1. 4' = 40 
2. 3' = 17 
3. sx -1 = 6 
4. 3--' = 0.5 
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Student assessment I 
1. Expand the following and simplify where possible: 

a) 3(2x - 3y + 5z) b) 4p(2m - 7) 
c) -4m(2mn - n1

) d) 4p1(5pq - 2q2 - 2p) 
e) 4x - 2(3x + I) I) 4x(3x - 2) +2(5x1 - 3x) 

g) W5x - l0) - {(9x - 12) h) 2(4x - 6) + ~(2x + S) 

2. Factorise the following: 
a) 16p - 8q 
C) 5p2q - JOpq1 

b) p1 - 6pq 
d) 9pq - 6/Tq + 12q2p 

3. If a = 4. b = 3 and c = - 2. evaluate the following: 
a) 3a - 2b +3c b) 5a - 3b2 

c) a2 + b1 +c2 d) (a +b)(a - b) 
e) a1 - b2 I) b1 - c1 

4. Rearrange the following formulae to make the red le tte r the 
subject: 
a) p = 4111+ 11 b) 4x - 3y = 5z 

c) 2x =~ d) m(x + y ) = 3w 

e) i =~ p; q =m- n 

Student assessment 2 
1. Factorise the following fully: 

a) pq - 3rq+pr- 3r1 b) 1- t4 

c) 8752 - 1252 d) 7.52 - 2.Y 

2. Expand the following and simplify where possible: 
a) (x- 4)(x+ 2) b) (x - 8)2 
c) (x + y)2 d) (x - ll)(x + 11) 
,) (3x - 2)(2x - 3) D (S - 3xJ' 

3. Factorise the following: 
a) x2 - 4x - 77 
c) x2 - 144 
e) 2.t2 + 5x - 12 

b)x2 - 6x + 9 
d) 3x2 + 3x - 18 
I) 4x2 - 2lli + 25 

4. Make the letter in red the subject o f the formula: 
a) mf2 =p b) m = 5t2 

c) A= Jrr p + q d) } +~=? 
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5. Simplify the following algebraic fractions: 

a)~ b)'W-xlfff-

c) ~;: d) '::: 

6. Simplify the following algebraic fractions: 

a) TI +fr-¥¥ b) -f-* 
c) *-i d) i +?-~ 

7. Simplify the following: 

a) f +f b) ¥-¥ 
8. Simplify the following: 

a) (x~5) + (x~ 2) 

a2 - b2 
b) (a + b)2 

c) r:~~6 
• Student assessment 3 

c) ¥---¥-

I. The volume of a cylinder is give n by the formula V= nr2h, 
where his the height of the cylinder and r is the radius. 
a) Find the volume of a cylindrical post of length 7.5 m and 

a diameter of 30cm. 
b) Make r the subject of the formula. 
c) A cylinder of height 75cm has a volume of 6000cm1

. 

Find its radius correct to three significant figures. 

2. The formula C = ij (F - 32) can be used to convert 

temperatures in degrees Fahrenheit (° F) into degrees 
Ce lsius(°C) . 
a) What temperature in °C is eq uivalent to l50 °F? 
b) What temperature in °C is eq uivale nt to l2 °F? 
c) Make Fthe subject of the formula. 
d) Use yo ur rearranged formula to find what te mperature 

in °Fis eq uivalent to l60 °C. 

3. The height of Mount Kilimanjaro is given as 5900m. 
The formula for the time taken, Thours, to climb to a 
he ight H metres is: 

T = l~ + k 

wherek is a constant. 
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a) Calculate the time taken. to the nearest ho ur, to climb to 
the top of the mo untain if k = 9.8. 

b) Make H the subject of the formula. 
c) How far up the mountain, to the nearest IOOm,could 

you expect to be after 14 hours? 

4. The formula for the volume Vofasphere is given as V= 1:,rr1. 
a) Find Vwhen r = 5cm. 
b) Make r the subject of the formula. 
c) Find the radius of a sphere of volume 2S00 m3

. 

5. The cost Lt of printing n newspapers is given by the formula 
X = I.SO + 0 .0511. 
a) Calculate the cost of print ing 5000 newspapers. 
b) Maken the subject of the formula. 
c) How many newspapers can be printed for £25? 

Student assessment 4 
For Ql.-4. solve the eq uations. 

I. a) y + 9 = 3 
c) 12 - Sp =-8 

2. a) 5 - p = 4 + p 
c) llp - 4 = 9p + l5 

3. a) ?z =-3 

c) m;7 = 3 

4. a) ~(t - 1) = 3 
c) S = j(x - 1) 

b) 3x- 5 = 13 
d) 2.Sy + 1.5 = 7.5 

b) 8m - 9 = 5m + 3 
d) 27 - Sr=r- 3 

b) 6 = µ 

d) 4t;3 = 7 

b) 5(3 - m) = 4(111 - 6) 
d) ~(t - 2) = !(2t + 8) 

5. Solve the following simultaneous eq uations: 
a) x + y = II b) 5p - 3q =- I 

x - y = 3 - 2p - 3q = --8 
c)3x + Sy = 26 d)2m - 3n =-9 

x- y = 6 3m + 2n = l9 

Student assessment S 
I. The angles ofa quadrilateral are x, 3x, (2x - 40) and 

(3x - 50) degrees. 
a) Construct an eq uation in terms of x. 
b) Solve the equation. 
c) Calculate thesizeof thefourangles. 

2. Three is subtracted from seve n tim es a number. ll1e res ult 
is multiplied by 5. If the answer is SS, calculate the value of 
the number by constructing an eq uation and solving it. 

Ill 
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3. The interior angles of a pentagon are 9x, 5x + 10, 6x + 5. 
Rl - 25 and lOx - 20 degrees. If the sum of the interior angles 
of a pentagon is 540°, find the size of each of the angles. 

4. Solve x1 -x = 20 by factorisation: 

5. Solve 2r - 7 = 3x by using the quadratic fonnula: 

6. Solve the ineq uality 6 < 2x,.;;: 10 and illustrate your answer 
on a number line. 

7. For what values of m is~> 0 true? 

Student assessment 6 
I. The angles of a triangle are x 0

, y 0 and 40°. The difference 
between the two unknown angles is 30°. 
a) Write down two eq uations fr om the information given 

above. 
b) What is the s ize of the two unknown angles? 

2. The interior angles of a pentagon increase by 10° as you 
progress clockwise. 
a) Illustrate this infonnation in a diagram. 
b) Write an expression for the sum of the interior angles. 
c) The sum of the interio r angles of a pentagon is 540°. 

Use this to calculat e the largest exterior angle of the 
pentagon. 

d) Illustrate, o n your diagram, the size of each of the 
five exterior angles. 

e) Show that the sum of the ex terior angles is 360°. 

3. A flat sheet of card meas ures 12cm by 10cm. It is made 
into an open box by cutting a sq uare of side xcm from each 
corner and then folding up the sides . 
a) Illustrate the box and its dimensions on a simple 30 

sketch. 
b) Write an expression for the surface area of the o utside of 

the box. 
c) If the surface area is 56cm2, form and solve a quadratic 

eq uation to find the value of x. 

4. a) Showthatx-2= x~
3

canbewrittenasx2 - 5x + 2 = 0. 

b) Use the quadratic formula to solve x - 2 = x ~ 
3

. 

5. A right-angled triangle ABC has side lengths as follows: 
AB = xcm, AC is 2cm shorter than AR and BC is2cm 
shorter than AC. 
a) Illustrate this infonnation on a diagram. 
b) Using this information, show that x2 

- 12x + 20 = 0. 
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c) Solve the above quadratic and he nce find the length of 
each of the three sides of the triangle. 

6. Solve the following ineq ualities: 

a) S + fu,s;:47 b) o.J; 3 

7. Find the range of values for which: 
a) 3,s;:3p<l2 b) 24<8(x -J),s;48 

Student assessment 7 
1. Using indices. simplify the following: 

a)3x2x2x3x27 
b) 2x2x4x4x4x2x32 

2. Write the following o ut in full: 
a) & b) 2-.'l 

3. Work o ut the value of the fo11owing without using a 
calculator: 
a) 33 x 101 b) J--4 x 53 

4. Simplify the following using indices: 
a) 24 x 23 b) 71 x ?2 x 34 x 3s 

c) fo d) ~~4 
76 x42 

e)~ 

5. Without using a calculator, evaluat e the following: 

a) s2 xs-1 b) * 
7" 

c)p 
]-.'l x42 

d)~ 

6. Find the value of x in each of the following: 

a) 2(2>:~ 2>= 128 b) i=1 
c) 3(--u 4J=8l d) B--1' =1 

Student assessment 8 
1. Evaluate the following without the use of a calculator: 

a) 64i b) 27j 

c) 9-~ d) 512~ 

,J i.fi'i D Vi6 
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2. Evalu~te the foll owing without th~ use o f a calcul ator: 
252 4, 

a) 9-} b) V 

c)W- d)25!xS2 

I) 27J~J-J 
9-2 

h) (53)2~56 

4, 

3. Draw a pair of axes with x from --4 to 4 and y from Oto 18. 

a) Plot agraph of y = 4+ , 
b) Use your graph to estimate when 42 = 6. 

Stude nt assessm e nt 9 
I. For each of the following arithmetic sequences: 

i) write down a fo rmula fo r the nth tenn 
ii) calculate the 10th term. 
a) 1,5,9,13, .. b) L - 2, - 5.-S, .. 

2. For both of the following, calculate u, a nd u 100: 

a) Un = 6n - 3 b) Un = -{n + 4 

3. Copy and complete both of the following tables of 
arithmetic sequences: 

"t ::·" I ,', I ,: I , I " 1 _,, 1 " I 
b) I::: ·" I ~ 1-: I " I " I " I 

4. A girl deposits $300 in a bank account. The bank offe rs 
7% interest per year. 
Ass uming the girl does not take any money o ut of the 
account calculate : 
a) the amo unt of money in the account aft er 8 years 
b) the minimum number of years the money must be left in 

the account , for the amount to be greater than $350. 

5. A computer loses 35% of it s value each year. If the 
computer cost €600 new , calculate: 
a) its value after 2years 
b) it s value after IOyears. 



6. Part of a geometric sequence is given below: 

.... ,27, .... , .... , - ! 

where uJ = 27 and u6 = - 1. 
Calculate : 
a) the common ratio r 
b) the value U1 

c) thevalueofn ifun=-Jr. 

2 Algebra 

7. Using a table of differences if necessary. calc ulate the rule 
for the nth term of the seq uence 8, 24, 58, 116. 204 . .. 

8. Using a table of differences, calculate the rule for the nth 
tenn of the seq ue nce 10.23, 50. 97,170 ... 

Student assessment I 0 
I. y = kx.Wheny=l2,x = 8. 

a) Calculate the value of k. 
b) Calculate y whenx = 10. 
c) Calculate y when x = 2. 
d) Calculate x when y = 18. 

2. y =~- Wheny = 2,x = 5. 

a) Calculate thevalueofk. 
b) Calculate y when x = 4. 
c) Calculate x when y = 10. 
d) Calculate x when y = 0.5. 

3. p=kq3.Whenp = 9.q = 3. 
a) Calculate the value of k. 
b) Calculatepwhenq=6. 
c) Calculatepwhenq=l. 
d) Calculate q whenp = 576. 

4. 111 =Tn· When 111 = l.n = 25. 

a) Calculate the value of k. 
b) Calculate m when n = 16. 
c) Calculate m when n = 100. 
d) Calculate n when m = 5. 

5. y = ~- Wheny = 3.x= ! . 

a) Calculate the value of k. 
b) Calculateywhen x = 0.5. 

c) Calculate both values of x when y = f,;. 
d) Calculate both values of x when y = t 
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Stude nt assessm e nt 11 
I. y is inversely proportional lox . 

a) Copy and complete the table below: 

b) Whatisthevalueofxwheny = 20? 

2. Copy and complete the tables below: 
a) yocx 

I : I ' I ,: I • I , I " I 
b) yoc i 

c) yoc V, 

3. The pressure (P) of a given mass of gas is inversely 
proportional to its volume (V) at a constant temperature. 
If P = 4 when V = 6. calculate: 
a) Pwhen V = 30 
b) Vwhen P = 30. 

4. The gravitational force (F) between two masses is inversely 
proportional to the sq uare of the distance (d) between 
them. If F = 4 when d = 5, calculate: 
a) Fwhe nd = S 
b) dwhenF = 25. 
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[I] Functions 

This topic will cover the following syllabus content: 
3.1 Notation; Domain and range; Mapping diagrams 
3.2 Recognition of the following function types from the shape of their graphs: 

linear f(x) = ax + b exponential f(x) .. ci' with O <a< l or a> l 
quadratic f(x) • ax? +bx+ c absolute value f(xj .. I ax + b I 
cubic f(x) .. roc3 + bx? + ex+ d trigonometric f(x) "' asin(hx); acos(hx); tanx 
reciprocal f(x) = a/ x 

3.3 Determination of at most two of a, b, cord in simple cases of 3.2 
3.4 Finding the quadratic function given: vertex and another point; x-intercepts 

and a point; vertex or x-intercepts with a• l 
3.5 Understanding of the concept of asymptotes and identification of examples 
3 .6 Use of a graphics calculator to: sketch the graph of a function; produce a 

table of values; find zeros, local maxima or minima; find the intersection of 
the graphs of functions. 

3.7 Simplified formulae for expressions such as f(g(xj) where g(x) is a linear 
expression 

3.8 Description and identification, using the language of transformations, of the 
changes to the graph of y"" f(x) when 

y• fix)+ l, y-ll),) , y• l)x+ l) 
3.9 Inverse function f-1 

3 .10 Logarithmic function as the inverse of the exponential function 
y = (T equivalent to x = log 0 y 
Rules for logarithms corresponding to rules for exponents 
Solution to er= bas x = log b/log a 

... 
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=110N L_!_J The Chinese 

Chinese mathematicians were the first to discover vario us 
algebraic and geometri c principles. The textbook Nine Chapters 
on the Mathematical Art has special importance. Nine Chapters 
(known in Chinese as Jiu Zhan g Suan Shu or Chiu Chang Suan 
Shu) was probably written during the early Han Dynasty (about 
16Sac) by Chang Tshang. 

Chang's book gives methods of arithmetic (including cube 
roots) and algebra (including a solutio n of simultaneous 
eq uatio ns), uses the decimal system with zero and negative 
numbers, proves Pythagoras' theorem and includes a clever 
geometric proof that the perimeter of a right triangle multiplied 
by the radius of its inscribing circle eq uals the area of its 
circumscribing rectangle. 

Chang was concerned with the ordinary lives of the people. 
He wrote 'For a civilizatio n to endure and prosper, it must give 
its citizens order and fairness' so three chapters were concerned 
with ratio and proportion, so that ' rice and other cereals can be 
planted in the correct proportion to our needs, and the ratio of 
taxes co uld be paid fairly'. 

Nine Chapters was probably based on earlier books but , 
even so, this book had great historical importance. It was the 
main Chinese mathematical text for ce nturies. and had great 
influe nce througho ut the Far East. Some of the teachings made 
their way to India and from there to the Islamic world and 
Europe. The Hindus may have borrowed the decimal system 
itself from books like Nine Chapters. 

In AD600 Wang Xiaotong wrote The Continuation of 
Ancient Mathematics which included work on sq uares.cubes 
and their roots. =210N l__!_J Function notation 

• Functions as a mapping 
Consider the eq uatio n y = 2t + 3. It describes the relationship 
between two variablesx and y. In this case,3 is added to twice 
the value of x to produce y. 

A function is a particular type of relationship between two 
variables. It has certain characteristics. 



3 Functions 

Consider the eq uation y = 2x + 3 for values of x within 
- 1 ,s;x ,s; 3. 

A table of res ults can be constructed and a mapping drawn. 

With a fun ction, each value in set B (the range) is produced 
from one value in set A (the domain). The relationship can be 
written asa fun ction: 

f(x) = 2x + 3; - l ,s;x,s;3 
or f:x - = 2x + 3; - l ,.;; x ,s;3 

It is also usual to include the domain after the function, as a 
different domain will produce a different range. 

The mapping from A to B can be a one-to-one mapping or a 
many-to-one mapping. 

The function above, f(x) = 2x + 3; - 1 ,.;; x,.;; 3, is a one-to-one 
fun ction as one value in the domain maps o nt o one value in the 
range. However the fun ction f(x) =x2;x E Z isa many-to-one 
fun ction. as a value in the range can be generated by more than 
one value in the domain as shown. 

It is important to understand that one value in the domain 
(set A) maps to only one value in the range (set B). 
Therefore the mapping show n is the fun ction f(x) = x2:x E Z. 

Some mappings will not represent functio ns, for example 
consider the relationship y = ± ',Jx. 

The following table and mapping diagram can be produced: 

This relationship is not a functi on as a value in the domain 
produces more than one value in the range. 



3 Functions 

I 

' p 

It is also im portant to remember the mathematical notation 
used to define a domain. The principal ones are shown below: 

N otation Meaning 

Thesetofintegers{O, ±1, ±2,±3, ... } 

z• Thesetofpositiveintegers{I, 2, 3, ... } 

N Thesetofnawralnumbers{0, 1,2, 3, .. } 
i.e. positive integers and zero 

0 Thesetofrationalnumbers 
i.e. can be expressed as a fraction 

The set of real numbers 
i.e.numbersthatexist 

Note : If a domain is not specified then it is assumed to be all 
real values R. 

• Calculating the range fro m the dom ain 
The domain is the set of input values and the range is the set 
of o utput values for a function. (Note that the range is not the 
difference be tween the greatest and least values as in statistics.) 
The range is therefore not only dependent on the fun ction itself, 
but also on the domain. 

Worked examples Calculate the range for the following functions: 
y 

& 
~ 

Do ;, 

,, J 

I 
I 

a) f(x)- x3 - 3x; - 2..;;x..;;3 

The graph of the fun ction is show n opposite. As the domain 
is restricted to - 2 ,s; x ,s; 3. the range is limited from - 2 to 18. 

This is written as: Range - 2 ,s; f(x) ,s; 18. 

b) f(x) - x3 - 3x;xE R 

X 

The graph will be similar to the one to the le ft except 
that the domain is not restricted. As the domain is for al1 
real values of x. this implies that any real number can be 
an input value. As a result , the range will also be all real 
values. 

This is written as: Range f(x) E R. 
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Exercise 3.1 I. Which of the following mappings shows a function? 

a) domain b) domain 

~~ 
c) domain range d) domain range 

~ Gr© 
Give the domain and range of each of the fun ctions in Q.2---8. 

2. f(x) = 2x - 1; - J,.;;;x,.;;;3 

3. f(x) = 3x + 2;-4,.;;;x,.;;;O 

4. f(x) =-x + 4;-4,.;;;x.,,;4 

5. f(x) = x2 + 2; - 3'5;;x'5;;3 

6. f(x) = x2 + 2;xER: 

7. f(x) =-x2 + 2;0'5;;x'5;;4 

8. f(x) = x3 - 2; - 3,.;;;x,.;;;J 

Recog nising graphs o f common functions 

Graphs of functions take many different forms. It is important 
to be able to identify common fun ctions and their graphs. 

• The linear function 
A linear function takes the form f (x) = ax + band when graphed 
produces a straight line. 

Three different linear fun ctions are shown below: 

f(x) = x - 3 f(x) = 2x - 4 f(x) = - x + 2 
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The values of a and b affect the orientation and positio n of the 
line. 

For the fun ction f(x) = x - 3, a = 1 and b = - 3. 
For the fun ction f(x) = 2f - 4,a = 2 and b = -4. 
For the fun ction f(x) = - x + 2,a = - 1 and b = 2. 

You can use your graphics calculator to investigate linear 
fun ctions and determine the effects that different values of a 
and b have o n the graph. 

Th~ instructions below wi11 remind yo u how to graph the 
fun ct10n f(x) = 2f - 4 using your graphics calculat or: 

Casio 

ii Utoselectthegraphingmenu. EE3 ti • .. ii • to enter the function. 

~ tographthefunction. 

Texas 

....._; toselectthefunction. 

~ rn m r:J rn LI ~ oam '"·'""";., 

1l_l tographthefunction. 

II 
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Exercise 3.2 I. Use yo ur graphics calculator to investigate the effect of b 
on the orientation or position of functions of the type 
f(x) = ax + b. 
a) By keeping the value of a constant and changing the 

value of b. write down fi ve different linear functi ons. 
b) Using your graphics calculator, graph each of the five 

fun ctio ns. 
c) Sketch your fun ctio ns, labelling each clearly. 
d) Write a short conclusion about the effect of b on the 

graph. 

2. Use yo ur graphics calculator to investigate the effect of 
a on the orie ntation or position of functions of the type 
f (x) = ax + b. 
a) By keeping the value of b constant and changing the 

value of a, write down five different linear functions. 
b) Using your graphics calculator, graph each of the five 

funct io ns. 
c) Sketch your fun ctions, labelling each clearly. 
d) Write a short conclusion about the effect of a on the 

graph. 

3. Use yo ur graphics calculator to produce a similar screen to 
those shown below. The equation of one of the fun ctio ns is 
given each time . 
a) b) ~-----, 

~ 
l(x)aeX f(x)acx+3 

• The quadratic function 
A quadratic function takes the form f(x) = ax1 + bx + c where 
a* 0. The graph of a quadratic fun ctio n also has a characteristic 
shape that yo u can use to ident ify that a fun ction is quadratic. 

Two quadratic fun ctions are shown below: 
f(x) = x2 + 2x - 4 f(x) =-x2 + 2x + 4 

The graphs of quadratic functions are always either U-shaped 
or upside down U-shaped. The values of a, band c affect the 
shape and position of the graph. 
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Exercise 3.3 I. Use yo ur graphics calculator to investigate the effect 
of con the shape or position of functions of the type 
f(x) = ax2 + bx + c. 
a) By keeping the values of a and b constant and changing 

the value of c, write down fi ve different quadratic 
fun ctio ns. 

b) Using your graphics calculators. graph each of the five 
functio ns. 

c) Sketch yo ur fun ctions, labelling each clearly. 
d) Write a sho rt conclusion about the effect of con the 

graph. 

2. Use yo ur graphics calculator to investigate the effect of 
a on the shape or position of functions of the type 
f(x) = ax2 + bx + c. 
a) By keeping the values of band c constant and changing 

the value of a, write down five different quadratic 
functio ns 

b) Using your graphics calculator, graph each of the five 
fun ctio ns. 

c) Sketch your fun ctions, labelling each clearly. 
d) Write a short conclusion about the effect of a on the 

graph. 

3. Use yo ur graphics calculator to investigate the effect of 
b on the shape or position of fun ctions of the type 
f(x) = ax2 + bx + c. 
a) By keeping the values of a and c constant and changing 

the value of b, write down five different quadratic 
fun ctio ns. 

b) Using your graphics calculator, graph each of the five 
functio ns. 

c) Sketch your fun ctions, labelling each clearly. 
d) Write a short conclusion about the effect of b on the 

graph. 

4. Use yo ur graphics calculator to produce a si milar screen to 
those shown below. The equation of one of the funct io ns is 
given each time . 
a) b) 

~813 
f(x)=-x2 f(x)=-x2-3 
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• The cubic function 
A cubic fun ction takes the fom1 f(x) = ax1 + bx2 + ex + d where 
a#O. 

They also have an identifiable shape. 
Two examples are shown below: 

f(x) =x1 - 3x2 - 10x 
where a = l,b =-3,c =-10 

andd = O 

f (x) = - X 3 - 2 
where a = - 1,b = O,c = 0 

andd =-2 

The shape of a cubic fun ction has a characteris tic 'S' shape. 
It can be tighter as in the example on the left, or more stretched 
as shown in the example on the right. 

Exercise 3.4 L a) Use yo ur graphics calculator to investigate the effect 
of a on the shape or position of functions of thc type 
f(x) = ax1 + bx2 + ex + d. 

b) Write a sho rt conclusion about the effect of a on the 
graph. 

2. a) Use yo ur graphics calculator to in vest igate the effect 
of don the shape or position of functions of the type 
f(x) = ax1 + bx2 + ex + d. 

b) Write a short conclusion about the effect of don the 
graph. 

3. Use yo ur graphics calculator to produce a similar screen to 
those shown below. The equation of one of the fun ctio ns is 
given each time. 

~-f(x),,,x3 l(x):x3-4x 

• The reciprocal function 
You will have encounte red the tenn reciprocal before, for 

example the reciprocal of 5 is} and the reciprocal of i is 

t which simplifies to f ll1e reciprocal of x is therefore i-
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Functions where x appears in the denominator are reciprocal 

fun ctions a nd take the fo rm f(x) = J, where a 'F- 0. 

The graphs of reciprocal fun ctions have particular 
characteristics as shown in the two examples below: 

f(x) =} f(x) =-~ 

EE EE 
In each case the graphs get closer to the axes but do not 
actually meet or cross them. This is beca use fo r the functio n 

f(x) = i , as x -4 ± oo then i-4 0 and as x -4 0 the n i-4 ± oo. 

The axes are known as usymptotcs. An asymptote is a line to 
which a curve gets cl oser and closer but never actually meets. 

• The expone ntial function 
Until now all the fun ctions you have enco untered have a 
variable raised to a power, for example f(x) = x, f(x) = x2, 

f(x) = x3 and f(x) =} =X-1.With an exponential fun ction.the 

variable is the power. 
An exponential fun ction will typically take the fo rm 

f(x) = a' whe re O <a< 1 or a> I. The graphs of two 
exponential fun ctions arc shown below: 

f(x) = 2x f(x) = (!f 

l±J l±J 
The graphs show that the x-axis is an asympto te to each of the 
curves. This is because fo r the fun ctio n f(x) = 2\ as x -4 --oo then 
2' -4 0. This can be see n by applyin g the laws of indices where 

2-x= P -

Similarly for the function f(x) = (!f, as x -4 oo then 

f(x) C (ff_, 0 
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Exercise 3.5 1. a) Use yo ur graphics calculator to investigate the effect 
of a on the shape or position of functions of the type 

f(x) = !J:· Remember to include negative and positive 

value of a. 
b) Write a short conclusion about the effect of a on the 

graph. 

2. a) Use yo ur graphics calculator to graph the following 
functio ns on the same scree n: 

f(x) c 2' f(x) c 3' f(x) c 4' 

b) Describe two characteristics that the graphs of all three 
fun ctio ns share. 

3. a) Use yo ur graphics calculator to graph each of the 
following pairs of functions simultaneously: 

i) f(x) = 3' and f(x) = (jr 
ii) f(x) = 4'and f(x) = ur 
iii) f(x) = (~rand f(x) = (~r 

b) Comment on the re lationship between each pair of 
graphs. 

4. Use yo ur graphics calculator to produce a similar scree n to 
those shown below. The equation of one of the funct io ns is 
given each time. 
a) b) 

• Absolute functions 
The concept of an absolute value was introduced in Topic I. 
The absolute value of a number refers to its magnitude rather 
than its sign, i.e. I- JI = 3. 

Similarly. absolute functions re late to their magnitude. 
Consider the absolute fun ction f(x) = 12.i: - II when different 

values of x are substituted: 

f(3) c l2d - Jl c l5l c 5 
f(2) C 12 X 2 - II C 131 C 3 
f(l) c 12' 1 - II c 111 c 1 
f(Q) c l2 X 0 - JI c l-II c J 
f(- 1) C 1(2 X - 1) - II C 1-31 C 3 
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Because the result of an absolute fu . . 
graph of an absolute function will n;::~o~ is always positi".e, the 

The graphs of two absolute functions ar/~h~~~~~;t;:-ax1s. 

~~ 
~~i:~~~: graphics calculator to graph absolute 

A graphics calculator can be used t 
For example. to graph the function ~(!}a!II~ ab;olltellfunchtions. 
steps below· - - , o ow t e 

Casio 

• Utoselectthegraphingmode. 

CD , to select 'Abs' . 

•• ••• m toenterthe 

absolute function. 

to graph the function. 

Te xas 

I,_./ to graph the function. 

Note_: It i~ important to enter the function in brackets so th 
function, i.e. Abs(x - 2) calculates the absolute value of (x - at the ~bsolute value is calculated for the whole 

value of X from which 2 is then subtracted. If this happens. 3 

2
~;~:t ::I:~ :o~::~l:lculates the absolute 
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Exercise 3.6 1. a) Graph each of the following pairs of fun ctions o n your 
graphics calculator: 
i) f(x) = x, and f(x) = lxl 
ii) f(x) = x - 3.andf(x) = lx - 31 
iii) f(x) = }'° + l,andf(x) = Iµ- + ii 
iv) f(x) =-2x - 2,andf(x) = l- 2x - 21 

b) Comment on the graphical relationship between a 
functio n and its corresponding absolute fun ction. 

2. Use yo ur graphics calculator to produce a similar screen to 
those shown below. The equation of one of the fun ctio ns is 
given each time . 
a) 

Trigonometric fun ctions and their properties are dealt with in 
Topic 8. =410N ~ Transforming graphs 

When a function undergoes a single transformation, the shape 
or position of its graph changes. This change in shape or position 
depends on the type oftransformation. ll1is section focuses on 
two transformations in particular: 

1. A translation 
2. Astretch 

Let f (x) = x2
. The graph y = f(x) is therefore the graph of y = x2 

as shown below: 
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The graph of the fun ction y = f(x ) + I is therefore the graph of 
y = x2 + I. 

The graph of the function y = f(x) + 2 is the same as the 
graph of y = x2 + 2 and the graph of the fun ction y = f(x) + 3 is 
the same as the graph of y = x2 + 3. 

These four fun ctions arc plotted on the same axes as shown: 

ll
ya f(,j , 3 

y,:f(x) + 2 

y .. f(x)+ 1 

y,, f(x) 

0 

These graphs show that y = f(x) is translated (~) to map onto 

y = f(x) + I. Similarly, y = f (x ) is translat ed rn) to map onto 

y = f (x) + 2 and translated rn) to map onto y = f (x ) + 3. 

Therefore y = f(x) + k is a translation of (Z) of the fun ction 
y = f(x). 

When f(x) = xl, the graph of the fun ction y = f(x) is the same 
as the graph of y = x1

. ll1is is drawn below: 

y 

I/ 
/ 

IV o 
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Sketching the fun ctions y = f(x) and y = 2f(x) on the same axes 
produces the following graph: 

y 

I 
I 

lb' 
,,,, 0 

I 

I 
I / 

It is not clear from the graphs what transformation has 
occurred. However, this can be found by looking at the 
coordinate of a point on the o riginal fun ction y = f(x) and 
finding the point onto which it is mapped on the function 
y = 2f(x) . 

i.e. The point (1 , I) lies on the graph of y = x3
. 

Keeping the x value as I and substituting it into the function 
y = 2x1 gives a y value of 2. 

Therefore the point (!, 1) has been mapped onto the point (!, 2) 
as shown: 

y 

I I 
I 
',/ 

"" V,I 0 " 
I 

/ I / 

Similarly, the point (2, 8) is mapped ont o the point (2, 16). 
The effect of mappingy = f(x) ont o y = 2f(x) is a stretch of 

scale factor 2 parallel to the y-axis. 
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Graphing the fun ctionsy = f(x ).y = 2f(x).y = 3f(x)and 
y = 4f(x) on the same axes produces the graphs shown below: 

/I I 
'/ 

- y,d(x) 
- y:2f(x) 

J 
II 

- y:3f(x) 
- y: 4f(x) 

~ 
0 I>< 

q/ 

I 
/ I ii 

It can be seen from the point (I, I) that the effect of mapping 
y = f(x) o nto y = 3f(x) is a stretch of scale factor 3 parallel to 
the y-axis and the effect of mapping y = f(x ) onto y = 4f(x) is a 
stretch of scale factor 4 parallel to the y-axis. 

In general , therefore, mapping y = f(x ) onto y = kf(x ) is a 
stretch of scale fact or k parallel to the y-axis. 

Earlier in this section the transformations of y = f (x) + k were 
investigated. The constant k acted externally to the original 
fun ction y = f(x). If the constant is incorporat ed within the 
original fun ction, a differe nt transfonnation occ urs. 

Let f(x) = x1 be the original function. This is represent ed by 
the equation y = x2

• If x is substituted by (x - 2), the fun ction 
becomes f (x - 2) = (x - 2)2. This is represent ed by the equation 
y = (x - 2)2. Graphing both on the same axes produces the 
graphs below: 

•

-2f 

' 

y = x2 is mapped onto y = (x - 2)2 by the transformation rn). 
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The graphs of the functions f(x) = x 2
, f(x - 2) = (x - 2)2, 

f(x - 4) = (x-4)2,f(x + 1) = (x + 1)2and f(x + 3) = (x + 3)2are 
shown on the same axes below: 

f(x+1),a{x+1)2 I - . - , 
\ I\ /I 

\ I y y I \ I I 
I I/ 

• I • sf , v ,, / 
p j 0 . -

The transformations are each horizontal translations. 
In general, therefore, mapping y = f(x) onto y = f(x + k) is a 

translation of (-t). 

Exercise 3.7 I. Sketch the graph of y = x2. Use transformations to sketch, 
on the same axes, both of the following. Labe l each graph 
clearly. 
a) y = (x - 1)2 b) y = x2 -3 

2. Sketch the graph of y =x3
. Use transformations to sketch, 

on the same axes, both of the following. Label each graph 
clearly. 
a) y = (x + 3)3 b) y = }'°3 

3. a) Sketch the graph of y = 2'. Use transformations to 
sketch, on the same axes. both of the following. 
Label each graph clearly. 
i)y = 2' + 2 ii)y = 2(>: - Z) 

b) Give the eq uation of any asymptote in Q.3(a)(i). 
c) Give the eq uation of any asymptote in Q.3(a)(ii). 

4. a) Sketch the graph of y = ;.Use transformatio ns to 

sketch, on the same axes, both of the following. 
Label each graph clearly. 

i)y = fx ii)y = x±-z 

b) Give the eq uation of any asymptote in Q.4(a)(i). 
c) Give the eq uation of any asymptote in Q.4(a)(ii). 

5. Describe mathematically the transformation that maps the 
graph of y = f(x) onto: 
a) y = f(x) - 2 b) y = 5f(x) c) y =f(x - 4) 
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Worked example The sketch shows the graph of y = f(x). Points A, Band C have 
coordinates as shown: 

y 

,··-
B(, 1) 

V \ 
I/ \ y '"' ,-·- / 

/ C( ,0) 

0 A(O 0) 

Sketch the graph of y = f(x) + 2. Mark the images of A, B 
and C unde r the transformation and state their coordinates. 

The transformation y = f(x) + 2 is a translation of rn). Each 

point on y = f(x) is therefore translated 2 units vertically 
upwards. The graph of y = f(x) + 2 and the images of A , B 
and C, labelled A' , B' and C', are therefore as shown: 

B' , 3) 

/ 
/ \ c·( , 2) 

A'( , 2) 

'" ·'' 
V \ 

I/ \ y l(x) 

/ 
/ C( 0) 

OAl._00) 



I 
I 

II 
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ii ) Sketch the graph of y = f(x + 2) . Mark the images of A , B 
and C under the transformation and state their coordinates. 

The transformation y = f(x + 2) is a translation of (-5). Each 

point on y = f(x) is therefore translated 2 units horizonta11y 
to the left. ll1e graph of y = f(x + 2) and images of A, Band 
C, labelled A', B' and C' , are therefore as shown: 

B'(, 1 8(: , 1) 

I/\ I/ 
y t<x+2I/ \ I/ \ y f{x) 

/ )( 

'( , 0) / A(OO) / C'(,O) C( , O) 

.j, 

Exercise 3.8 I. Sketch the graph of y = f(x) shown below: 

y 

I 

I 
X(- , 0) 

0 

y 

A(- • • ((1 .1 .,,v 
N' / 

3(0, -1) 

Y( 3) 

\ 

I\ 
Z(2 0) 

X 

a) On the same axes, sketch the graph of y = 
f(x - 3), stating clearly the coordinates of 
the images of the points X, Y and Z. 

b) Describe the transformation that mapsy = 
f(x) onto y = f (x - 3) . 

2. Sketch the graph of y = g(x) shown below: 

D(::4) 

/ 
I \ 

(40) 

\ 

a) On the same axes, sketch the graph of y 
= 3g(x), stating clearly the coordinates of 
the images of the points A , B, C. D and E. 

b) Describe the transformation that mapsy = 
g(x) onto y = 3g(x). 
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3. Sketch the graph of y = f(x) show n below: 

p,1. ., 
/ I'\ 

P(OO) / \ Rr, , 0) 

)'\ 

\/ 
(4. ,-

T(e , O) 

/ 

a) On the same axes. ske tch the graph of y = f(x) - 2, 
stating clearly the coordinates of the images of the 
points P, Q, R, Sand T. 

b) Describe the transfonnation that maps y = f(x) onto 
y = f(x) - 2. 

4. a) Given that f(x) = x2 sketch the graphs of each of the 
following functions on a separate pair of axes: 
i) y = f(x) + 4 ii) y = f(x + 2) iii) y = ~f(x) 

b) Write the equation of y in terms ofx for each of the 
fun ctio ns in Q.4(a). 

5. a) Given that f(x) = t. ske tch the graphs of each of the 

following fun ctions on a separate pair of axes. 
i) y = 3f(x) ii) y = f(x - 4) iii)y =f(x) - 2 

b) Write the eq uation ofy in terms ofx for each of the 
funct io ns in Q.S(a). 

c) Write the equation of any asymptotes in the graphs of 
the functions. 

Using a graphics calculator ta sketch and 
analyse functions 

The graphics calc ulator, introduced in the introduct ory topic, is 
a powerlul tool to help understand graphs of functions and their 
properties. ll1is sectio n recaps some of the features that are 
particularly useful for checking your answers to some questions 
in the latter part of this topic. 
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Worked example Consider the functi on f(x) - J . --x + 9x2 - 24x + l6. 

•) Plot the functi on o . n a graphics calculator. 

Casio 

I!' • to select the graphing mode. 

m, aii• a' . ...... , . 
. , - --........ , . , . -
·· . , ae a a u • ~oom<hofoo«;oo. 

to graph the function. 

~::~:~.may be necessary to adjust the axes using the viewing window Y·W"""'"' sothatthegraphappears 

Te xas 

I.,._.} tographthefunction. 

Note: ltmaybe necessarytoadjusttheaxesusingthe button so that the graph appears as above. 
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ii ) Find the roots of th . the x-axis. c fun ction, i.e. where it sgraph int ersects 

----- ,C.aasio 

Texas 

Withrhegraphonrhescreen 

' ~ toselectthe'calc ' menu 

~ ~fladwhoco<hofoactloa· . ""'o. 

to movethe cursortoth 
selectaleftbound. eleftofthefirstroot, r:J to 

~ more ,hrnc.oc ~, . 

. 

aright bound. herightoftheroot, ri-'111 L.......lll toselect 

[l tocalculateitsc ,. oor mate 

Repeattheprocesstofindth . 

Note: Sometimes the soluti e second root. 
onsareonlyanapproximationand not exact. 
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ii i) Find where the graph intersects the y-axis. 

This can be done easily without a graphics calc ulator, as the 
intersection with the y-axis occ urs when x = 0. Substituting 
x = 0 into the equation gives the solution y = 16. 

The graphics calculator can be used as follows: 

Casio 

Withthe graphonthescreen 

toselectthe"graphsolve'menu. 

1 to select 'Y-ICPT'. 

Thecalculatorgivesthecoordinateofthey-intercept. 

Texas 

Withthe graphonthescreen 

~ I.__) to select the 'calc' menu. 

rn tofindwherethex-valueiszero. 

TypeOandpress rJ. 

Thecalculatorgivesthecoordinateofthey-intercept. 

Yl •·r-+9X• -24X~l6 

"" I -;,,. ''-"" 
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• 
iv) Find the coordinates of the points where the graph has a 

local maxima or minima. Local maxima and minima refer to 
the peaks and dips of the graph respectively, i.e . 

Casio 

Withthe graphonthescreen 

to select the "graph solve' menu. 

G to find any minimum points. The results are displayed in the graph. 

to find any maximum points. 

Withthegrophonthescreen 

~1.__..Jtoselectthe'calc'menu 

rn to find the local minima: 

Te xas 

~ to move the cursor to the left of the minimum point,[] 

~ toselecttheleftbound. 

~ to movethecursortotherightoftheminimumpoint, 

~[]toselecttherightbound. 

[] to find the coordinates of the minimum point. 

~ pillllll to search for the maximum point followed by 

~I.__..J~the sameproceduredescribedaboveforthe 

minimum point. 

Note: Sometimes the solutions are only an approximation and not exact. 
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v) Complete the foll owing results table fo r the coordinates of 
some points on the graph. 

Withthegraphonthe screen 

. J . 1toselectthetablemenu 

I;(,) 1-I IOI ' I' I) I' I' I 
The graphics calculator can produce a table of res ults for a 
given function. within a given ran ge of values of x. This is 
shown below: 

Casio 

• :;1::p::s:le settings and enter the properties as 

todisplaythetableofresults. 

Oncethetableisdisplayedthe 0 
remaining results can be viewed using 

Texas 

Withthegraphonthe screen 

~ toselectthetablesewpandenterthetablepropertiesas 

~ l.._./ shown opposite. 

~l,._.}todisplaythetableofresults 

Oncethetableisdisplayedthe ~ 
remainingresultscanbeviewedusing ~ 

The instructions shown in the examples above will be useful 
when checking yo ur solutions to vario us exercises throughout 
this textbook. 
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Exercise 3. 9 Use a graphics calculator to help you to answer the following 
questions. 

I. a) Sketch a graph of the function y = x1 
- ?x + 6 

b) Find the roots of the fun ction and label them clearly on 
yo ur ske tch. 

c) Find where the graph intersects the y-axis. Label this 
clearly on yo ur sketch. 

d) Find the coordinates of any local maxima or minima . 

2. a) Sketch a graph of the function y = 2'-3 - 8x2 - 22.f - 12 
b) Find the roots of the fun ction and label them clearly on 

your sketch. 
c) Find where the graph intersects the y-axis. Labe l this 

clearly on yo ur sketch. 
d) Find the coordinates of any local max ima or minima . 
e) Copy and complete the res ults table below, for the 

coordinates of some points on the graph. 

I • 1-J 1-, 1-I I O I ' I ' I ) 1 • I ' I ' I ' I 
3. a) Sketch agraph ofthe fun ction y = (x + 4)2(x- 2)2 

b) Find the roots of the fun ction and label them clearly on 
your ske tch. 

c) Find where the graph intersects the y-axis. Labe l this 
clearly on yo ur sketch. 

d) Find the coordinates of any local maxima or minima . 
e) Copy and complete the results tabl e below, for the 

coordinates of some points on the graph. 

I . 1-S 1-4 1-J 1-, 1-I I O I ' I 2 I ) I 
4. Repeat Q.3 above for the fun ction y = (x + 4)2(x - 2)2 - 14 

5. a) Sketch agraph ofthe function y = -{}f - IY(x + 1)2 
b) Find the roots of the fun ction and label them clearly on 

your sketch. 
c) Find where the graph intersects the y-axis. Labe l this 

clearly on yo ur sketch. 
d) Find the coordinates of any local max ima or minima . 
e) Copy and complete the res ults table be low, for the 

coordinates of some points on the graph. 

I . I -' I -' 1-, 1-I I O I ' I 2 I ) I 
Use your graphics calculato\t o solve the follow ing equations: 

6. 2' - 1=~ 7. 32x= ;\x4 8. ~ =-x2 + x + ! 



I 
I 

0 

I 

\ I 

Finding a quadratic function fram key values 

• Using factorised form 
It is not necessary to see the graph of a quadratic funct io n or to 
know the coordinates of a large number of points on the curve 
in order to detennine its eq uation.All that is needed are the 
coordinates of certain key points. 

In Topic 2 you learnt how to factorise a quadratic expression 
and therefore also a quadratic fun ction. Factori sed forms of a 
quadratic fun ction give key information about its properties. 

e.g. f(x) =x2-5x + 6 can be factorised to give f(x) = (x-3)(x-2). 

The graph of the function is shown on the left. 
There are features of the graph that relate directly to the 

equation of the function. Exercise 3.10 looks at these relationships. 

Exercise 3.10 I. For each of the following quadratics: 
i) write the function in factorised form 
ii) with the aid of a graphics calculator if necessary, sketch 

the function and identify clearly where it crosses both axes. 
a) f(x):x2+3x+2 b) f(x )=x2 + 3x-4 
c) f(x)=x2+3x-10 d) f(x):x2+ 13x+42 
,) f(x)=x'-9 Q f(x)=x'-64 

2. Using your solutions to Q.I, describe any re lationship that 
you can see between a fun ction written in factorised fo rm 
and its graph. 

Exercise 3. 10 shows that there is a direct link between a 
fun ction written in factorised form and where its graph crosses 
the x-axis. The reason for this is explained using the earlier 
example of y = (x - 3)(x - 2) . 

Yo u know that where a graph crosses the x-axis, the 
y-coordinatesarezero. 

Hence (x - 3)(x - 2) = 0. 
To solve the eq uation, either (x - 2) = 0 or (x - 3) = 0, and 

therefore x = 2 o r x = 3 rcspectively. ll1ese are the x-coordinates 
of the points where the graph crosses the x-axis. 

'Worked examples a) The graph of a quadratic fun ction of the fonn 
f(x) = x2 + bx + c crosses the x-axis at x = 4 and x = 5. 
Determine the eq uation of the quadratic and state the 
values of band c. 

As the graph inte rcep ts the x-axis at 4 and 5, the eq uation 
of the quadratic can be written in factorised form as 
f(x) = (x - 4)(x - 5) . 
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y 

\ I 
I I 
\\ 

• 0 

I 

' / 

--~~ , 
I 

--~ ~ u \ I 

When expanded, the eq uation is written as f(x) = x2 
- 9x + 20. 

Therefore b =-9 
c = 20 

b) The graph of a quadratic function of the fonn 
f(x) = ax2 + bx + c crosses the x-axis at x = - 2 and x = 5. 
It also passes through the point (0. - 20) . 
Determine the equatio n of the quadratic and state the 
values of a.band c. 

This example is slightly more difficult than the first one. 
Although the graph crosses the x-axis at - 2 and 5, this does 
not necessarily imply that the quadrat ic fun ction is 
f(x) = (x + 2)(x - 5). This is because more than one quadratic 
can pass through the points x = - 2 and x = 5 as show n: 

y 

I I 
II 
If, 

,--
~-- ~ 

" I 
-

I\ , __ 

' 
l'I I 

I 

-- -
~-- ~r '\ 

I\ 
I/ \ 

.\ 

~ 

0 ' 

However, it is also known that the graph passes through 
the point (0, - 20) . By substituting this into the eq uatio n 
y = (x + 2)(x - 5) it can be seen that the eq uation is incorrect : 

- 20 ¥- (0 + 2)(0 - 5) 
- 20 ¥--10 

This implies that the coefficient of x2
, a, is not eq ual to 1 in 

the function f(x) = ax2 + bx + c. 

However because all possible quadratics that intersect the 
x-axis at x = -2 and x = 5 are stretches of y = (x + 2)(x - 5) 
parallel to the y-axis, the quadratic must take the form 
y = a(x + 2)(x - 5). 
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The value of a ca n be calculated by substituting the 
coordinate (0, - 20) int o this eq uation. 

Therefore - 20 = a(O + 2)(0 - 5) 
- 20 = - IOa 
a = 2 

The quadratic fun ction can therefore be written as 
f(x) = 2(x + 2)(x - 5) which, when expanded, becomes 
f(x) = 2x2 - 6x - 20. 

Therefore a = 2, b = --6, c = - 20 

Exercise 3.11 I. Find the equation of the quadratic graphs that intersect the 
x-axis at each of the following points. Give your answers 
in the form f(x) = x2 + bx + c clearly stating the values of b 
and c. 
a) x = Oandx= 2 b) x =-1 andx = --6 
c) x=-3and4 d)x =-!and 3 

2. The graphs of six quadratic functions are shown below. 
In each case the function takes the form f(x) = (IJ(

2 + bx + c 
where a =±!. 

From the graphs, find the eq uation and state clearly the 
values of a, band c. 
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3. Find the equations of the quadratic fun ctions graphed 
be low, giving yo ur answers in the fo rm f(x) = ax2 + bx + c. 
In each case the graph shows where the fun ction inte rsects 
the x-axis and the coordina tes of one o ther point on the 
graph. 

a) • . 
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• Using the vertex to find the quadratic function 
The vertex of a quadratic function refers to the point at which 
the graph of the functio n is either a maximum or a minimum as 
shown below: 

1111 
The coordinates of the vertex are useful for findin g the 
quadratic fun ction. You saw in Topic 2 how to transform 
fun ctions. Yo u may also have studied the exte nsion mat erial on 
how to factorise a quadratic by the method of completing the 
sq uare. Both techniques are useful when deriving the quadratic 
fun ction from the coordinates of its vertex. 

Worked example A quadratic fun ction is given as f(x) = (x + 1)2 - 9. 

Sketch the graph of the fun ction by findin g where it 
intersects each of the axes. 

The intercept with the y-axis occurs when x = 0 

Therefore f(O) = (0 + I )2 - 9 
=>f(O) = 12 - 9 
c;f(O) c-8 

i.e. they-intercept occurs at the coordinate (0. -S) 

Intercepts with the x-axes occur when y = 0 

Therefore (x + 1)2 - 9 = 0 
(x + 1)2 = 9 

x+ l =± {9 
x + l =± 3 

X= 2or-4 
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The fun ction can therefore be sketched: 

• ii) Find the coordinates of the graph 's vertex. 

l 
Exercise 3.12 I. 

The re are two methods of approaching this. 

Method I 

Due to symmetry, the x-coordinate of the vertex must be 
midway between the points where the graph intersects the 
x-axis. 

Therefore the x-coordinate of the vertex is -1. 

To find they-coordinat e of the vertex, substitute x = -1 int o 
the function f(x) = (x + 1)2 

- 9: 

f(- 1) = (- 1 + 1)2 - 9 
cc> f(- J) c-9 

The refore the coordinates of the vertex are (- 1. - 9) . 

This can be checked using the graphics calculator to find the 
coordinates of the minimum point. 

Method2 

Look at the fun ctio n written in comple ted square fonn as a 
series of transformations of f(x) = x2

• 

The transformation that maps f(x) = x2 to f(x) = (x + 1)2 - 9 

is the translation (::::l)· As f (x) = x7- has a vertex a t (0, 0), 

f (x) = (x + 1)2 
- 9 hasa vertex at (- 1, - 9) . 

In each of the foll owing, the quadratic fun ctions are of the 
formf(x) = (x-h )2 +k. 
i) Find where the graph of the fun ction intersects 

each axis. 
ii) Sketch the fun ctio n. 
iii) Find the coordinates of the vertex. 
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iv) Check your answe rs to Q.l(i-iii) using a graphics 
calc ulator. 
a) f(x) = (x - 2)2 - 9 
c) f(x) = (x - 3)2 - 4 
e) f(x) = (x + 4)2 - 10 

b) f(x) = (x + 5)2 - 1 
d) f(x) c (x- j)' - 16 
I) f(x) = (x- 5)2 

2. In each of the following, the quadratic function is of the form 
f(x) = ax2 + bx + c, where a = ± I and b and c are rational. 

From the graph of each fun ction: 

i) find the eq uation of the quadratic in the form 
f(x) = ax2 + bx + c 

ii) find the coordinates of the vertex 
iii)write the eq uation in the form f(x) = a(x -h )2 + k 
iv) expand your answer to Q.2(iii) and check it is the same 

iill 
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II I 
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3. a) Copy the table below and enter the re levant answers to 
Q.1 and Q.2 in the rows. 

Example ,, 
lb 

Id ,. 

2b 

2d 

2f 

In the form 
f(x) = a(x -h)1 + k 

f(x) = (x+ l)' - 9 

Coordinates of 
Vertex 

(-1.-9) 

b) Describe in your own words the relationship between 
the eq uation of a quadratic written in the form 
f(x) = a(x -h)2 + k and the coordinates o f its vertex . 

4. The following quadratics are of the form f(x) = a(x -h)2 + k 
where a= ±1 and hand k are rational. Find the coordinates 
of the vertex of each function. 
a) f(x) = (x - 2)2 + 4 b) f(x) = (x + 5)' - 3 
c) f(x) = (x -6)2 + 4 d) f(x) = x2 -3 
e) f(x)= - (x + 5)' + 3 I) f(x) = -(x -4)' 



y 
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5. Sketch each of the quadratics in Q.4. Clearly label the 
coordinates of the vertex and where the graph int ersects 
they-axis. 

6. The vertices of quadratic functions are given below. In each 
case the function is of the form f(x) = a.r +bx+ c where a= 1. 
i) Work o ut , from the vertex, the eq uatio n in the form 

f(x) = a(x - h)2 + k. 
ii) Expand your eq uation from Q.6(i) to write the equation 

in the form f(x) = ax2 + bx + c. 
iii) Check your answers to parts (i) and (ii) using a graphics 

calc ulator. 
a) (- 3,6) 
c) (- 1,6) 

b) (2, -4) 
d) (-4,0) 

7. Repeat Q.6 where each of the quadratics are of the fonn 
f(x ) =ax2 +bx+ cand a = - 1. 

You will have seen that, in general, if a quadratic is written in the 
form f(x) = a(x -h)2 + k, the coordinates of its vertex are (h, k). 

• Finding the equation of a quadratic function 
given a vertex and another point 

It was shown earlier that if a quadratic is of the fonn 
f(x) = ax2 +bx+ c and a can be any real number, then additional 
information is needed in order to deduce its exact equation. 
This is also the case regarding the coordinates of its vertex. If a 
can be any real number, then simply knowing the coordinates 
of the vertex is insufficient to deduce its equation, as mo re than 
one quadratic can be drawn with the same vertex as shown: 
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The coordinates of an additional point are also needed . 
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Worked example The graph of a quadratic function passes through the point 
(- 1, - 25). It s vertex has coordinat es (2,2). 

Work o ut the eq uation of the quadratic in the form 
f(x)=a(x-h)2+k. 

If the quadratic was of the form f(x ) = a(x - h)2 + k, the 
coordinates of its vertex suggest that its eq uation would be 
f(x) = (x -2)2 + 2. However, the point (- 1, - 25) does not 
fit this eq uation. Therefore the quadratic fun ction is of the 
form f(x) = a(x - h)2 + k where a Fl. 

The fun ction must be written as f(x) = a(x -2)2 + 2 and a can 
be calc ulated by substituting the values of the point 
(- L - 25) int o the function fo r x and y . 

Therefore - 25 = a(- 1 - 2)2 + 2 
=:, - 25 = 9a + 2 
=:, - 27 = 9a 

a=-3 

Therefore the quadratic function is f(x) = -3(x - 2)2 + 2. 

ii ) Find the eq uation of the quadratic in the fonn 
f(x) = ax2 + bx + c stating clearly the values of a, band c. 

The function f(x ) = -3(x -2)2 + 2 can be expanded to give : 

f(x) = -3(x2 
- 4x + 4) + 2 

=:,f(x) =-3x2 + 12x-12+2 
=:,f(x)=-3x2+12x-10 

Therefore a = - 3, b = 12 and c = - 10. 

iii) Work o ut where the graph intercepts the y- axis. 

The graph intersects the y-axis when x = 0. Substituting 
x = 0 into the fun ction f(x) = -1r 2 + 12x- 10 gives: 

f(O) = -3(0)' + 12(0) - 10 
f(O) =-ID 

Therefore the graph intersects the y-axis at the point 
(0, - 10) , 

iv) Find the points of intersection with the x-axis, giving your 
answer in surd fo nn. 

The intercept with the x-axis occurs when y = 0. Substituting 
y = 0 into the equation gives: 

0 =-3x2 + 12x - 10 
-b± ,.jb1 - 4ac 

Using the quadratic formula: x = --
2
- .--
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where a = - 3. b = 12 and c = - 10 

- 12 ±"/ 12' - 4H)HD) 
Therefore x = 2(- 3) 

- 12 ± ~ - 12 ±{24 
--6 ----6-

X = ~ ± V: = 2 ±/fi 

Therefore x = 2 ± fl 
v) Sketch the graph of the fun ction. 

y 

2 l l ~~ 2 Il l 
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Exercise 3.13 I. Find the coord inates of the vertex of each of the following 
quadratic functio ns: 
a) f(x) = 2(x - 1)2 + 6 b) f(x) = 3(x + 4)2 - 6 
c) f(x) = 3x2 

- 4 d) f(x) = - 2(x + 2)2 
- 6 

e) f(x) = 2[(x - 6)2 + 1] I) f(x) = - !(x + 1)2 

2. Four quadratic fun ctions are given below. Each is writte n in 
the fonn f(x) = a(x - h)2 + k and its expanded form. Find the 
matching pairs. 
a) f(x) = (x - 3)1 - 2 
c) f(x) = 2x2 - 4x + 3 
e) f(x) = 2x2 + 4x 
g) f(x) = 2x2 + 4x - 1 

b) f(x) = 2(x + 1)2 - 3 
d) f(x) = x2 - 6x + 7 
I) f(x) = 2(x - 1)2 + I 
h) f(x) c 2 [(x + I)' - 1] 

3. The graphs of three of the fo ur quadratic fun ctions below 
pass through the point (LI). Which is the odd one o ut? 
a) f(x) = (x - 2)2 b) f(x) = !(x + 3)2 - 7 
c) f(x) = 3(x - 3)2 - 11 d) f(x) = (x - 1)2 - 1 
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4. The graph below shows four quadratic functions each with a 
vertex a t (3, 6). The coordinates of one o ther point on each 
graph is also give n. 
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Mat ch each of the eq uations below with the correct graph. 
a) f(x) = (x - 3)2 + 6 b) f(x) = - 2(x - 3)2 + 6 
c) f(x) = 2[(x - 3)2 + 3] d) f(x) =-3(x - 3)" + 6 

5. The coordinat es of the vertex of a quadrat ic function and 
one ot her point arc given in parts (a)- (f) below. Work out 
the quadrat ic function: 
i) inthcformf(x)=a(x-h) 2 +k 
ii) in the fo rm f(x) = ar + bx + c. stating clearly the values 

ofa,band c. 
Vertex 

a) (- 1 ,- 5) 
b) (1,4) 
c) (-4.-4) 
d) (- 5, - 2) 
e) (3,0) 
n <- 5.-12) 

Other point 
(1 , 3) 
(2,2) 
(- 3, - 1) 
(- 3.0) 
(0, - 9) 
(- 7.--6) 

6. For each of the quadratic fun ctions in Q.5: 
i) find they-inte rcept 
ii ) work o ut where/if the graph intersects the x-axis, giving 

your answer in surd form 
iii) check your answers using your graphics calculator. 
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7. The quadratic fun ction shown below has a vertex at (p, 4) 
where p > 0 and an intercept with the y-axis at (0, 13). 

If the fun ction is of the fo rm f(x) = x2 + bx + c, find the 
value ofp. 

8. The quadratic function show n below is of the form 
f(x) = ax2 + bx + c where a = - 1. ll1e graph of the fun ction 
has a vertex at (- 2, t) and it also passes through the point 
(- 3.1) . 

a) Find the value oft. 
b) Work o ut the value ofv, they-intercept. 

Fi nd ing the equation o f other common 
functions 

Section 6 showed that it is possible to find the eq uation of a 
quadratic fun ction from some of its properties, such as the 
intercepts with the axes and the coordinates of the vertex . 

Section 3 showed that it is possible to recognise the type of 
fun ction by the shape of its graph. 
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Worked examples 

• 

isa reciprocal function of the 
form f(x ) = J where a 'F- 0 

is a cubic function of the form 
f(x) = ax1 + bx2 + ex + d, where 
a,O 

It is therefore possible to find the equation of a graph from its 
shape and the coordinates of some of the points that lie on the 
graph. 

a) The fo llowing functi on passes through the points (0, 4) and 
(2, 0) . Work out its equation . 

From the graph (left) we can recognise the function is 
linear, therefore it is of the form f(x ) = ax + b, where a 
represents the gradient and b represents they-intercept. 

Gradie nt = ~ ::J = 1 = - 2 

y-intercept = 4 

Therefore f(x) = - 2x + 4. 

b) The graph below has the equation f(x ) = x1 + bi2 - I Ix + d. 
It intercepts the y-axis at (0, 12) and the x-axis in three 
places, one of which is the point (4, 0). 

I I 
I/ I'\ 
0 0 l'\c J , 

I -



Find the values of band din the fun ction 
f(x) = x3 + bx1 

- 1 lx + d. 

3 Functions 

At the inte rcept with the y-axis. x = 0. This can be 
substitut ed int o the equation to work out d: 

f(O) = 01 + b(0)2 - 11(0) + d 
=:, 12 = 0 + 0 - 0 +d 
=:, 12 = d 

When x = 4. y = 0. This can be substituted into the equation 
to find the value of b: 

f(4) = 43 + b(4)2 - 11(4) + 12 
0 = 64 + 16b - 44 + 12 

=:, 0 = 32 + 16b 
=:, - 32 = 16b 
=:, b =-2 

Therefore f(x) =x3 - 2.t2 
- I Ix + 12. 

c) The functi on below passes through the point (- 5, - 1). 

y 

I 

' ~-
~ ... .... ~ 0 ' ' 

Given that the function is of the form f(x) = i work o ut the 
value of a. 

As its equation is of the form f(x) = i"· the value of a can be 

calculated by substituting in the value of x and y of a point 
on the graph: 

=), - 1 = =3, 
=:, a = 5 

Therefore f(x) =~-
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Exercise 3.14 In Q . 1---8, linear fun ctions take the form f(x) = ax + b,cubic 
fun ctions take the form f(x) = ax3 + bx2 + ex + d and reciprocal 

fun ctions take the form f(x) = i· 
For each question: 

a) identify the type of fun ction from the shape of the grap h 
b) find the values of the unknown coefficients a. b , cor d. 

4(0,5: '·+ '· (1 , 3) 

~ --+-">-+----l--

(-o O X \ X 

·1~·~ 6. 

f(x) = ax3+tu-2 -1 7x-1 2 

7. 8. 

f(x) = ax3 3K2+cx 

(-2, 6) (3,1} 

II 
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A similar method can be used to work out the eq uations o f 
exponential and absolute fun ctions. Section 3 showed that 
exponential fun ctions take the form f(x) = a' where O <a< 1 
or a > l and in general have a graph as shown: 

Linear absolute functions take the fo rm f(x) = lax+ b I and in 
general arc as shown: 

v .. 
Worked examples a) The graph below is of the form f(x) =lax+ bi. It passes 

through the points (- L 3) and (l, 1) . 

I\ I 
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Find the values of a and b. 

There arc several ways of approaching this type of question. 
One is to work on the basis that the graph is a linear 
function rather than an absolute function. 
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The linear fun ction takes the fo rm f(x ) = ax + band passes 
through (!, I) and (- 1, - 3) . The values of a and b can be 
calculated: 

Gradie nt. a = l ::::::::j = ~ = 2 

Substitute the point (!, I) into the equation to find the 
y-intercept: 

y = ax + b 
=J, J = 2 x I + b 
=J,b =-1 

The linear fun ction is therefore f(x) = 2t - 1, and the 
absolute fun ctio n is f(x ) = 12.t - JI. 

b) The graph below passes thro ugh the point (- 1, 2) . 
Identify the type of fun ction and work out its equation. 

\ 
I, 

' (- , 2) !' -
' " 0 ' 

From the shape of the graph, we can ide ntify that the 
fun ction is of the fo rm f(x) = a' where O <a< I. To find 
the value of a, substitute the values ofx and y o f a point on 
the curve. 



Substituting (- 1, 2) into y = a' 
=} 2 = a-1 

Therefore f(x) = (if 

=} 2 = 1 
=}a= j 

Exercise 3.15 I. Find the eq uation of the following fun ctions: 
a) b) 

3 Functions 

~-! 
c) d) 
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2. A graph of the form f(x) = IT is shown below: 

Explain clearly why the information given is insufficient to 
find the eq uation of the graph. 

3. A graph of the form f(x) = la_r + bi is shown below: 

Explain clearly why it does not matter whether the absolute 
function is considered as either of the two linear functio ns 
below in order to find its eq uation. 

=810N l_!_J Composite functions 

So far we have dealt with fun ctions individually. However if 
two functions are a fun ction of x , it is possible to combine 
the m to create a furth er function of x. These are known as 
composite functio ns. 
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Worked examples a) f(x) = 3x and g(x) = 2x - 1 
i) Write an expression for f(g(x)). 

f(g(x)) means that g(x) is substituted for x in the 
~unction f(x), 

f(g(x)l C f(2x - 1) 
C 3(2x - 1) 
= 6x - 3 

ii) Write an expression for g(f(x)). 
g(f(x)) means that f(x) is substituted for x in the 
functio n g(x). 
i.e. g(f(x)) = g(3x) 

= 2(3x) - I 
= 6x - 1 

It can be seen from the answers to parts(i) and (ii) that 
f(g(x)) and g(f(x)) are not eq ual. 

b) f(x) = x - 4andg(x) = 2x + 1 
i) Write an expression eq uivale nt to f(g(x)). 

Substitute g(x) for x in the fun ct ion f(x) : 
f(g(x)l c f(2x + I) 

= (2x + l) - 4 
= 2x - 3 

ii) Evaluate f(g(3)). 
From part (i), f(g(x)) = 21: - 3. Substitute x = 3 into the 
fun ctio n f(g(x)). 
Therefore f(g(3)) = 2 x 3 - 3 

c J 
iii) Solve f(g(x)) = 0, 

i.e. find the value of x which produces f(g(x)) = 0. 
Therefore solve 2i: - 3 = 0 

=H = l 

Exercise 3.16 I. For the fun ction f(x) = 3x + 4.evaluate: 
a) f(O) b) f(2) c) f(- 1) 

2. If g(x) = !x + 2, evaluate: 
,) f(4) b) f(-4) c) r(!) 

3. f(x) and g(x) are given for each part below. In each case, 
find a simplified expression for f(g(x)). 
a) f(x) = 2i: b) f(x) = 4x c) f(x) = 3x - l 

g(x) = 3x g(x) = x - 3 g(x) = 3x 
d) f(x) = x - 2 e) f(x) = 2x - 2 f) f(x) = 2 - 2x 

g(x) = 3x + l g(x) = 3x + l g(x) = x + 4 
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4. f(x) = 5x - 3 and g(x) = 2x + 3 
a) Solve f(x) = 0. 
b) Solve g(x) = 0. 
c) Find the value of x where f(x) = g(x) . 

5. f(x) = 4x - 2and g(x) = 2x - 4 
a) Find a single expression for f(g(x)) . 
b) Find a single expression for g(f(x)) . 
c) i) Evaluate f(g(2)). 

ii) Evaluateg(f(l)) . 

6. f(x) = 2x and g(x) = 2x - 3 
a) Write a single expression for: 

i) f(g(x)) ii ) g(f(x)) 
b) Find the value of: 

i) f(g(O)) ii) g(f(O)) 
c) Explain whether. in this case. f(g(x)) can ever be equal 

to g(f(x )). 

'Workederample f(x) = x2 - 2and g(x) = x + l 

Find a simplified expression for f(g(x)). 

g(x) is substituted for x in the fun ction f(x) : 

f(x + l) = (x + 1)2 - 2 
= X2 + 2x + J - 2 
= X2 + 2x - J 

ii ) Evaluate f(g(2)). 

f(g(x)) = x2 + 2x - 1 

So f(g(2)) c (2)' + 2(2) - I 
= 4 + 4 - 1 
c ? 

iii) Solve f(g(x)) = 0 giving your answer in exact fonn. 

x2 + 2x - 1 = 0 

As the quadratic does not fact orise it can be solved either 
by completing the square of using the quadratic formula. 
Using the quadratic formula gives: 

- 2 ± ~ - 2 ±{8 - 2 ± 2,fi x c~-
2
~-c~

2
~c~-

2
~ 

X=-1 ±../2 
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Exercise 3.17 I. f(x) and g(x) are given for each part below. In each case 
find a simplified expression for f(g(x)). 
a) f(x) = x2 g(x) = x + 1 
b) f(x) = 2f2 g(x) = x - 1 
c)f(x) = x2 + 1 g(x) = 2f 
d) f(x) = x1 

- 1 g(x) = 2f + 1 
e) f(x) = 2f2 g(x) =3x - 2 
f) f(x) = 4x2 g(x) = !,x + l 
g) f(x) = x2 g(x) = 3 - x 
h) f(x) = Y g(x) =2 - 3x 

2. f(x) and g(x) are given for each part below. 
i) Find the simplified fo nn for f(g(x)) . 
ii ) Evaluate f(g(O)). 
iii) Evaluate f(g(I)). 
iv) Evaluate, where possible, f(g(- 1)). 

a) f(x) = ;- g(x) = x + I 

b)f(x) = x1 g(x) = 2f - 1 
c) f(x) = 2' g(x) = 3x 
d) f(x) = lx+ II g(x) = 4 - x 

3. f(x) = x2 - 3and g(x) = x + 1 
a) Find f(g(x)). 
b) Evaluate f(g(- 1)). 
c) Solve f(g(x)) = 0 leaving your answer in surd fonn. 

4. f(x) = 2'-2 and g(x) = x - 1 
a) Find f(g(x)). 
b) Evaluate f(g(2)). 
c) Solve f(g(x)) = 18. =910N l__!_J Inverse functions 

The i11,·ersc of a function is its reverse, i.e. it 'undoes' the 
function's effects. The inverse of the fun ction f(x) is written 
asf-1(x). 

Worked examples a) Find the inverse of the following functions: 
i) f(x)=x +2 

This can be done by following these steps. 
Write the equation in terms of y: y = x + 2 
Swapxandy: x=y+2 
Rearrange to make y the subject: y = x - 2 
Therefore f-1(x) =x - 2. 
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ii) g(x)=2r-3 
Write the equation in terms of y: y :2x-3 
Swapxandy: 

Rearrange to make y the subject: 

x=2y-3 

x+3=2y=J,y=ql 

Therefore g-1(x) = q-1. 
b) If f(x) = x J 3 , calculate: 

i) r-1(2) ii ) r-1(- 3) 

r-1(x) = 3x + 3 
r-' (2) c 9 

f-1(x) = 3x + 3 
r-' (- 3) c --6 

Exercise 3.18 Find the inverse of each of the following fun ctions: 

1. a) f(x) =x + 3 
c) f(x) = x - 5 

e) h(x) =2x 

2. a) f(x) = 4x 

c) f(x) = Jx - 6 

e)g(x) = ¥ 

3. a) f(x) = !x+ J 
c) h(x) c 4(3x - 6) 
e) q(x) =-2(- 3x + 2) 

Exercise 3.19 1. Iff(x) = x - 4.cvaluate: 
a) r-'(2) b) r-' (O) 

2. Iff(x) = 2x + l,evaluate: 
a) r-' (5) b) r-' (O) 

3. If g(x) = 6(x - 1), evaluate : 
a) g-1(12) b) g-1(3) 

4. If g(x) = 2x 
3
+ 4 , evaluate: 

a) g-1(4) b) g-l(Q) 

5. Ifh(x) = }\' - 2, evaluate: 

a) h-'(- j) b) h-'(O) 

6. Iff(x) = 4x
5
- 2 ,evaluate : 

b) f(x) = x + 6 
d) g(x) = X 

f) p(x) =j 

b) f(x) = 2x + 5 

d)f(x) = x24 

f) g(x) = fufl 

b) g(x) =!x - 2 
d) p(x) = 6(x + 3) 
D f(x) c j(4 x - 5) 

c) f-1(- 5) 

c) 11(- 11) 

a) r-'(6) b) r-'(-2) c) r-1(0) 



=1cr010N L..!!J Logarith mic functions 

• Log buttons 
Earlier in this topic exponential fun ctions were inves tigated, i.e. 
fun ctions of the form y = a' where the variable x is the exponent 
(power). Solving exponential eq uations was done primarily 
using knowledge of indices. 

e.g. Solve zx = 32 
=H = 5 because 2' = 32 

However had x not been an integer value. the solution would 
have been more difficult to find. This sect ion looks at the 
inverse of the exponential fun ction. 

Your calc ulator has a logarithm button . 
This wi11 be used througho ut this sect ion. 

Casio Te xas 

•• Exercise 3.20 1. Use the log button o n your calculator to evaluate: 
a) log I b) log 10 
c) log 100 d) log 1000 

2. Explain clearly, referring to your answers to Q.1 , what you 
think the log button does. 

3. a) The logofwhatnumbe rwill giveananswer of - 1? 
b) Explain your answer to part (a). 

You will have concluded from the exercise above that the log 
button is relat ed to powers of 10, 

i.e. log10 100 = 2 (=} 1()2 = 100 

! 
The base 

Logarithms can have a base ot her than 10, but the relationship 
s till holds, 

i.e. lo& 125 = 3 (=} 53 = 125 

In the example above, the relationship can be explained as the 
logarithm (3) of a positive number (125) is the power (3) to 
which the base (5) must be raised to give that number. 

In general, the refore, log. y = x (=}a' = y . 
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This generates three important results: 
I. log.a = ! e.g. log7 7 = 1becauset = 7 
2. log., I = 0 e.g. log7 l = 0because7' = I 

3. log.,(1) =-1 e .g. log1(t) =-l because?-1 = (+) 

Note:The log button on your calculator means log to the base 
10, i.e. log10 x. 

Worked examples a) Express 27 = Y in logarithmic notation. 
logi27 = 3 

b) Express log2 128 = 7 in index notation. 
27 = 128 

c) Solve the eq uation lo~ 1024 = x. 
4~ = 1024 

=}X = 5 

d) Evaluate xin the eq uation log16 2 = x. 
16' = 2 

=} (24)' = 2=}24> = 2 
=}4x = l=}x = l 

Exercise 3.21 I. Express the following using logarithmic notation: 
a) 21 = 8 b) 73 = 343 c) J()'l = 100000 
d) 3° = I e) 2--:! = l f) p 4 = q 

2. Express the fo llow ing using index notation: 
a) log2 64 = 6 b) log1 81 = 4 c) log,625 = 4 
d) log1 ~=-2 e) log,1 = 0 f) logn-h =-3 

3. Solve the following eq uations: 
a) log10 10 = x b) log10 106 = y c) log,3125 = a 
d) log7 l = b e) log2 x = 5 f) log1 x =-3 
g) log, m = - 1 h) log9 n = ! 

Because a logarithm is an index (power), it is governed by the 
same laws as indices. The three basic laws of logarithms. which 
work for all bases, are as follows: 

I. log., x + log. y = log. (xy) 
e.g. log10 5 + log10 3 = log10 (5 x 3) = log10 15 

2. log.,x -log.y =log.(,r) 

e.g. log10 12 - log10 4 : log10 ( -lj) = log10 3 

3. log., x' = ylog. x 
e.g. log10 3

2 = 2log10 3 
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Below is a mathematical proof to show why the first law is true : 

To prove that log. x + lo&, y = lo&, (xy). let p = log. x and let 
q = log.y. 

Therefore. x = aP and y = aq 

xy = aP x aq= aP«i_ 

Substituting al"<I for xy in log. (xy) gives: log. al"<I 

This simplifies to : p + q 

Therefore log. (xy) = p + q 

But,p = log. x and q = log. y. 

Therefore log. x + log.y = lo&, (xy) 

Similar proofs can be found for the o ther two laws of logarithms. 

Worked examples a) Express 3logio 2 - log10 16 as a single logarithm. 

Using the laws of logarithms, each term can be rewritten to 
give : 

log10 2J -log10 16 

= log10 8 - log10 16 c\og,.(/l;) 
b) Express 3 + log10 5 as a single logarithm. 

c\og,.(i) 

To combine the two tennseach needs to be written in log 
form with the same base. 

3 can be written in terms of logs as log10 1000 

Therefore 3 + log10 5 = log10 JOI)) + log10 5 
= log10 (1000 x 5) 
= log10 5000 

c) Simplify 1~
0!~0t}8 . 

Both 32 and 128 are powers of 2. Written in terms of powe rs 

of 2, the fraction can be written as ::::: ~: 

5log10 2 _ ~ 
71og10 2 - 7 
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Exercise 3.22 1. Express each of the following as a single logarithm: 
a) log10 2 + log10 5 b) log10 8 - log10 4 

c) log10 3 -logio I 

e) 2log10 4 - 2log10 2 + 3log10 I 

g) 1 -log10 5 

i) 3logw ~ - ! log10 a 

2. Simplify each of the following: 
a) log10 100 b) 21og..64 

d) logw 6 + logw 3 - log10 2 

f) {log10 a - {log10 b 

h) log10 {i - 2log10X 

j) 3log10 a - ! Iog10 b + 2 

c) ! Iogw4 

d) }logw625 e) - ! log10 27 
f) ::: ::~ 

g) ~~;!!;~ h) log10 "J<' 
2log10 a 

• Solving exponential equations using logarithms 
Logarithms can be used to solve more complex exponential 
eq uations than the ones dealt with so far. 

e.g. To solve the exponential equation 3' = 12 is problematic 
because the solution is not an integer value. We know that 
the solution must lie betweenx = 2 andx = 3 beca use 32 = 9 
and 33 = 27 . By trial and error the solution co uld be fo und to 
one decimal place. however this is a laborio us process and 
not practical.especially if the solution is required to two or 
more decimal places. 

However. the equation can be solved using logs. 

3' = 12 

Take logs of both s ides of the eq uation: log10 3x = log10 12 

Using the law log. x1 = ylog. x: xlog10 3 = log10 12 

Divide both sides by log10 3: x = l~og~:o ~ 

The solution can either be left in the exact form x = l:~~o ~ 
or given to the required number of decimal places or 
significant fi gures. e.g. x = 2.26 (3 s. [ ) . 
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Worked examples a) Solve the equation 5' = 100, giving yo ur answer to 3 s.f. 

5-' = 100 
=} log10 5-' = log10 100 
=} xlog10 5 = 2 

X= lo~o5 = 2.86 

b) Solve the equation log1 x = 4. 

=} log1 x= 4 
J 4= X 

x= BI 

c) Find the sma11est integer value of x such that 5-' > 100000. 
Firstly solve the equation 5' = 100000 to find the critical 
value of x: 

5-' = 100000 
=} log10 5-' = log10100000 
=} x logio5 = 5 

X = lo:
05 

= 7.J5(3s.f.) 

Therefore the smallest integer value of x which satisfies the 
inequali ty 5' > 100000 is 8. 

Exercise 3.23 1. Solve these equations. Give decimal answers correct to 3 s. f. 
a) 4x= 50 b) 9" = 34 c) Y = ! 

d) (tor = 4 e) 5>+1= 100 f) ~ = 500 

g) Jh•1 = 6000 h) 5_,,, = 20 log3 X = 6 
j ) log2 b= 5 k) 3log10 x=log10 2 

1) ! Iog10x = log10 6 - I 

2. Solve each of the fol1 owing inequalities: 
a) ff> 1000 b) 9> 10 
c) 2H1 > 50 d) 0_32x+i < 8 

~•-2 
3. Find the sma11est integer x such that 32 > 120. 

4. Find the largest integer m such that 0.4'" > rcb:i. 
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Investigations, modelling and ICT 

• Paving blocks 
Isometric dot paper is needed for this investigation. 

A company offers to block pave driveways for homeowners. 
The design is always rectangular.An example is shown left: 

The design shown is I unit by 5 units. 
It consists of three different shapes of block paving: 

10 pieces in the form of an eq uilate rnl triangle 
2 pieces in the form of an isosceles tri angle 
4 pieces in the fo rm of a rhombus 

Diffe rent sized rectangular designs will have different numbers 
of each of the different shaped blocks. 

I. Draw a design of width 2 units and height 4 units. 
Count the number of each type of block. 

2. Draw at least six different sized rectangular designs, each 
time co unting the number of different shaped blocks. 

3. Enter your results in a table similar to the one show n: 

Dime nsions Number o r blocks 

Width He ight Equilateral Isosceles Rho mbus 

IO 

4. Investigate, by drawing more designs if necessary. the 
re lationship between the width and height of a design and 
the number of different blocks needed. 

5. a) Describe in words the re lationship between the width 
(w) and the number of isosceles triangles (i) . 

b) Write your rule from Q.5(a) using algebra. 
6. a) Describe in words the re lationship between the height 

(h) and the number of eq uilateral triangles (e) . 
b) Write your rule from Q.6(a) using algebra. 

7. a) Describe in words the re lationship between the width. 
the he ight and the numbe r ofrhombuses (r) . 

b) Write your rule from Q.7(a) using algebra. 
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• Regions and intersections 

The patterns above are examples of' curve stitching'. Although 
the patterns produce a curved effect,all the lines used are in 
fact straight. 

Below is how to construct a simple one : 

Lines are drawn from points 
a~3 
b~2 
, ~I 

This 3 x 3 curve stit ch has produced three points of intersection 
and six enclosed regions. 

Different sized curve stitches will produce a different number 
of points of intersection and a different number of enclosed 
regions. 
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I. Investigate the number regions and points of intersection 
for different sized curved stitching patterns. Record your 
results in a table similar to the one shown below: 

Dime nsio n o f Numbe r of point s Numbe r of 
curve stitch of intersection e nclosed regions ,, , 

2. For an 111 x m pattern, write an algebraic rule for the number 
of points of intersectionp. 

3. For an m x m pattern. write an algebraic rule for the 
number of enclosed regions r. 

• Modelling: Parking error 
A driver parks his car on a road at the top of a hill with a 
constant gradient. Unfortunately he does not put the handbrake 
on properly and as a res ult the car starts to roll down the hill. 

The incident was captured on CCTV, so the distance 
travelled (m) and time (s) were both recorded. These res ults are 
presented in the table below: 

Time (s) 0 2 -4 6 8 10 12 

Distance rolle d (m) 0 0.2 0.8 1.8 3.2 5 7.2 

I. Plot a graph of the data, with time on the x-axis and 
distance on the y-axis and draw a curve through the points. 

2. Describe the relationship between the time and distance 
rolled. 

3. Find the eq uation of the curve . 
4. Use yo ur equation to predict how far the car will have 

rolled after LS seconds. 
5. If the road is 120m long, use your eq uation to estimate how 

long it will take the car to reach the bottom of the hill. 
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• ICT Activity 
A type of curve you have not encountered on this course is a 
rectangular hyperbola. 

The equation of a rectangular hyperbola is given as x2 
- f = <r 

where a is a constant. 

I . Investigate, using the internet if necessary, what a hyperbola 
is a nd how it relates to cones. 

2. a) Rearrange the eq uation of a rectangular hyperbola to 
makey the subject. 

b) By letting a = I, plot a graph of a rectangular hype rbola 
using a graphics calculator. 

c) Sketch the graph. 
d) By changing the value of a, determine its effect on the 

shape of the graph. 
3, Using your graphs of a rectangular hyperbola as reference, 

determine the eq uation of any asymptotes. =1CT210N ~ Student assessments 

Student assessment I 
L Calculate the range of these functions: 

a) f(x) = 3x - x1
: - 3 "is x "is 3 

b) f(x) = 2f2 - 4;xE R: 

2 Linear fun ctions take the form f(x) = ax + b. Explain the 
effect a and b have on the shape and/or posit io n o f the 
graph. 

3, The diagram below shows four linear functions. These arc 
y = x + 3,y = x - 2,y = - !x - 4 and y = 2x + I. 
State, giving reasons, which line corresponds with which 
fun ction. 

(d) 
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4. The diagram below shows four quadratic functions. 
The function f (x) = x2 is highlight ed . 

Give possible eq uations fo r each of the quadratic curves (a), 
(b) and (c). 

5. The graph of the absolute function f(x) = lxl is shown below: 

Copy the graph. Sketch and clearly label the following 
absolute functions on the same axes: 
a) f(x) c 12xl + 2 b) f(x) c Ix - 21 

Student assessment 2 
1. The graph below shows the fun ction y = f(x): 

Three points are labelled: A(- 2. 1), 8 (0, --!) C(4. - 3) . 

Af..-2 , 1) 

s(o.-;) 

C(4, -3) 

Give the coordinates of the point 's images when mapped to 
the following: 
a) y = f(x) - 3 b) y = 3f(x) 
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2. Sketch the graph of y =x2
. On the same axes. sketch, using 

transfonnatio ns of graphs, both of the following. Label each 
graph clearly. 
a) y = (x - 4)2 b) y = }f2 

3. Sketch the graph of y = t- On the same axes, sketch, using 

transformatio ns of graphs. both of the following. Label each 
graph clearly. 

a)y = ~ b)y=~ 

c) i) Give the eq uation of any asymptotes in Q.3(a). 
ii) Give the eq uation of any asymptotes in Q.3(b). 

4. A fun ction is given as f(x) = xl + fu:2 - 15x + 10. Use your 
graphics calculat or to find: 
a) the coordinates of the points where the function has a 

local maxima and minima 
b) the root(s) of the fun ction 
c) the value of they-intercept. 

Student assessment 3 
L The graph of a quadratic fun ction of the fonn 

f(x) = x2 + bx + c intercepts the x-axis at x = - 3 and 
x = 2. Determine the eq uation of the quadratic and state 
the values of band c. 

2. Ded uce the equation of the quadratic fun ction shown below 
with roots at x = -4 and x = 2 which passes through the 
point (- 3, -1 5) . 
Give your answer in the form f(x) = ax2 + bx + c. 

y 

\ 
I 

I 

' 2 0 I 
( 3 , ~5) ---~ 

3. Find the coordinates of the vertices of these quadratic 
functions written in the form y = a(x - h)2 + k. 
a)y = (x + l)2 - 3 b)y=3(x - 5)2 + 1 
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4. The cubic function below is of the form 
f(x) = ax3 + bx2 + ex+ d. Its roots are at x = 6 and x = 2. 

y 

_l 
,_, 

-- \ 
/ ' ,·_! " --

If the value of a = - 2 and the graph intersects the y-axis at 
+48. determine the values of b. c and d. 

5. Calculate the eq uation of the fun ction graphed below which 
passes through the points (I, 4) and (4, 2) . 

(1 , 4) 

(4, 2) 

Student assessment 4 
1. f(x) = 4x and g(x) = 3x + 2. Write an expression for: 

a) f(g(x)) b) g(f(x)) 

2. f(x) = 2.t - 5and g(x) = x + 1 
a) Evaluate f(g(O)). 
b) Evaluate g(f(- 2)) . 
c) Explain clearly why f(g(x)) 'F- g(f(x)) . 

3. f(x) = x2 - 4and g(x) = 2.t + l 
a) Write an expression for f(g(x)). 
b) Solve the eq uation f(g(x)) = 0. 

4. Find the inverse of these functions: 

a) f(x) = ¥ b) h(x) = ~x + 6 

5. Solve the following eq uations. Give your answers correct to 
I d.p. 
a) 2•---1 = 20 b) ! log10 x = log10 300 - 2 
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[I] Geometry 

This topic will cover the following syllabus content: 
4.4 Angles round a p:,int 

Angles on a straight line and intersecting straight lines 
Vertically opposite angles 
Alternate and corresponding angles on parallel lines 
Angle sum of a triangle, quadrilateral and polygons 
Interior and exterior angles of a palygon 
Angles of regular polygons 

4.5 Similarity 
Calculation of lengths of similar figures 
Area and volume scale factors 

4 .6 Theorem of Pythagoras and its converse in two and three dimensions 
Including: 

chord length and its distance of a chord from the centre of a circle 
distances on a grid 

4 .7 Vocabulary or circles 
Properties of circles: 

tangent perpendicular to radius at the point of contact 
tangents from a point 
angle in a semicircle 
angles at the centre and at the circumference on the same arc 
cyclic quadrilateral 

Sections 
1 The Greeks 
2 Angle properties 
3 Pythagoras' theorem 
4 Similarity 
5 Properties of circles 
6 Investigations, modelling and ICT 
7 Student assessments 

. . · .·:: .. .. . .. . .. ::/::/::/::;::/:: .. •;:::~. . .. ... . . . .. ... . . ..... 
. . ::• : . ::- . . ::.:: . .. . .. 
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Many of the great Greek mathe maticians came from the 
Greek Islands, fro m cities like Ephesus or Mi let us (which 
are in present day Turkey) or from Alexandria in Egypt. 
This int roduction briefly mentions some of the Greek 
mathematiciansof'The G olden A ge' . You may wish to find o ut 
more about them. 

Thales of Alexandria invented the 365 day calendar and 
predicted the da tes of eclipses of the Sun and the moon. 

Pythagoras of Samas found ed a school of mathematicians 
and worked with geometry. His successor as leader was Theano, 
the first woman to hold a major role in mathe matics. 

Eudoxus of Asia Minor (Turkey) worked with irrational 
numbers like pi and discovered the fo rmula fo r the volume of a 
cone. 

Euclid of Alexandria formed what would now be called a 
university department. H is book became the set text in schools 
and universities for 2000 years. 

Apollonius of Perga (Turkey) worked on, and gave names to. 
the parabola, the hyperbola and the e llipse. 

A rchimedes is accepted today as the great est mathematician 
of all time. However he was so far ahead of his time that his 
influence o n his contemporaries was limited by their lack of 
understanding. 

Archimedes (287-2121c) 
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Worked example: 

Exercise 4.1 

Angles are measures of turn. The most common measure of 
the size of an angle is the degree (0

) . There are many angle 
relationships in geometry. the most common of which are 
explained below. 

• Angles on a straight line 
The points APC lie on a straight line. A person standing at point 
P, initially facin g point A , turns through an angle a0 to face point 
B and then turns a further angle b0 to face point C. The person 
has turned through half a complete turn and therefore rotated 
through 180°. Therefore a0 + b0 = 180°. This can be summarised as: 

Angles on a straight line. about a point, add up to 180°. 

Calculate the value ofx in the diagram (left ): 
The sum of all the angles at a point on a straight line is 180°. 

Therefore: 

X
0+ 130° = 180° 

X o = 180° - 130° 

Therefore angle x is 50° 

• Angles at a point 
The diagram (left ) shows that if a person standing at P turns 
through each of the angles a0 .b0 and c0 in turn. the n the total 
amount he has rotated would be 360° (a complete turn) 

i.e. a0 + b0 + c0 = 360° 

Angles about a point add up to 360°. 

I. Calculate the size of angle x in each of the following: 
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c) 

~

45·,,. 
T,.;--':o,,b,c,!,-- 48° x" 

400 

2. Calculate the size of angle y in each of the following: .,~.,W 
c~d) "" 1/ 
~~ 

3. Calculate the size of angle pin each of the fo11owing: 
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• Angles formed within parall e l lines 

Exercise 4.2 I. Draw a similar diagram to the one shown below. Measure 
carefully each of the labelled angles and write them down. 

2. Draw a similar diagram to the one shown below. Measure 
carefully each of the labelled angles and write them down. 

M 0 

0 

3. Draw a similar diagram to the one show n below. Measure 
carefully each of the labelled angles and write them down. 
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4. Write down what you have noticed about the angles you 
measured in Ql- 3. 

When two straight lines cross. it is found that the angles 
opposite each other are the same size. They arc known as 
vertically opposite angles. By using the fact that angles at a 
point on a straight line add up to 180°, it can be shown why 
vertically opposit e angles must always be eq ual in size. 

a0 + b0 = 180° 
co + bo = 1soo 

Therefore, a is eq ual to c. 

Exercise 4.3 1. Draw a similar diagram to the one shown below. Measure 
carefully each of the labelled angles and write them down. 

2. Draw a similar diagram to the one show n below. Measure 
carefully each of the labelled angles and write them down. 

3. Draw a similar diagram to the one show n below . Measure 
carefully each of the labelled angles and write them down. 

4. Write down what you have noticed about the angles you 
measured in QJ- 3. 



Exercise 4.4 

~ 
I\ 
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When a line intersects two paral1el lines, as in the diagram 
below. it is found that certain angles are the same size. 

~ 
~ 

The angles a and bare eq ual and are known as corresponding 
angles. Corresponding angles can be found by looking for an 'F 
formation in a diagram. 

A line intersecting two paral1el lines also produces another 
pair of eq ual angles known as alternate angles. These can be 
shown to be eq ual by using the fact that both vertically opposit e 
and corresponding angles are eq ual. 

In the diagram above. a = b (corresponding angles). But b = c 
(vertically opposite) . So a = c. 

Angles a and care alternate angles. These can be found by 
looking for a ·z' fonnation in a diagram. 

In each of the fol lowing questions,some of the angles are given. 
Ded uce, giving reasons, the size of the other labelled angles. 
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3. ~ 

t' 
,.. ,.. 

w"v" 60° 

4. 

5. 

7.) .. 
159° 

z,o ··v 3.,0 

, .. 

• Properties of polygons 
A polygon is a closed, two-dimensional shape fonned by 
straight lines, with at least three s ides. Examples of polygons 
include triangles, quadrilaterals and hexagons. The pattern 
below shows a number of different polygons tessellating; that is 
fitting toget her with no gaps or overlaps. 



Name 

Isosceles triangle 

Equilateral triangle 

Scalene triangle 

Square 

Rectangle 

Rhombus 

Parallelogram 

Trapezium 

Kite 

4 Geometry 

The polygons in the pattern on page 218 tessellate because they 
have particular properties. 

The properties of several triangles and quadrilate rals are 
listed below: 

Shape 

C> 

~ 
D 

0 
CJ 

I 

<> 

Properties 

• Two sides are the same length 

• Two angles are the same size 

• All sidesarethesamelength 

• Allanglesarethesamesize 

Note:Anequilateraltriangleisaspecial isosceles 
triangle. 

• Allsidesareadifferentlength 

• Allanglesareadifferentsize 

• Allsidesarethesamelength 

• Allinterioranglesarerightangles 

• Diagonalsintersectatrightangles 

• Oppositesidesarethesamelength 

• Allinterioranglesarerightangles 

Note:Asquareisa specialrectangle. 

• All sidesareofthesamelength 

• Two pairs of parallel sides 

• Opposite angles are equal 

• Diagonalsintersectatrightangles 

• Oppositesidesarethesamelength 

• Opposite angles are equal 

• Two pairs of parallel sides 

Note: A rhombus is a special parallelogram. 

• Onepairofparallel sides 

• Two pairs of equal sides 

• Onepairofequalangles 

• Diagonalsintersectatrightangles 
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Exercise 4.5 I. Identify as many different polygons as you can in the 
tesse llating pattern on page 218. 

2. Name each of the polygons drawn below. Give a reason for 
each answer. 

• Angle properties of polygons 
In the triangle, the interior angles are labelled a, band c, whilst 
the exterior angles are labelled d, e and f. 

Imagine a person standing at one of the vertices (corners) 
and walking along the edges of the triangle until they at the 
s tart again. At each vertex they would have turned through an 
angle eq uivalent to the ex terior angle at that point. This shows 
that, during the complete journey, they would have turned 
through an angle eq uivalent to one comple te turn, i.e. 360°. 

Therefore, d" + e0 + r = 360°. 

It is also true that a0 + d 0 = 180° (angles on a straight line) 
b0 + e0 = 180° and c0 + r = 180°. 

Therefore, a0 + b0 + c0 + <f' + e0 + r = 540° 
a0 + b0 + c0 + 360° = 540" 
ao + b o + Co = !800 
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These findings lead us to two more important rules: 

I. The exterior angles of a triangle (indeed of any polygon) 
add up to 360°. 

2. The interior angles of a triangle add up to 180°. 

By looking at the triangle again. it can now be stated that: 

ao + ({' = !800. 
and also a0 + b0 + c0 = 180° 
Therefore ({' = b0 + c0 

The ex terior angle of a triangle is equal to the sum of the 
opposite two int erior angles. 

Exercise 4.6 I. For each of the triangles below, use the information given to 
calculate thesi7..e ofanglex: 

<1
,.v) 30° 

950 

70° x' .,V ~ 
I7~ 

Ill 
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2. In each of the diagrams below, calculate the size of the 
labelled angles: 

~

b) 

a0 bo ~ 

500 450 

,)~ Cl°d" 

0 30 
500 

,o 
~~--~~~ 

Lt,) 0~

0 

35°d" ~ 
,o 

8
0 125 ,o 

0 .0 

ro eo so 

qo 

In the quadrilaterals below, a straight line is drawn from one 
of the vert ices to the opposite vertex. The result is to split the 
quadrilaterals int o two triangles. 

You already know that the sum of the angles in a triangle is 180°. 
Therefore, as a quadrilateral can be split into two triangles.. 

the sum of the four angles of any quadrilateral must be 360°. 

Exercise 4. 7 In each of the diagrams below, calculate the size of the lettered 
angles. 

~ <:>'· y"' 
x° 40° 

,, 
75' 70° 
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You already know that a polygon is a closed two-dim ensional 
shape. bounded by straight lines. A regular polygon is distinctive 
in that all its sides are of equal le ngth and all its angles of eq ual 
size. Below are some examples of regular polygons. 

~~ 
Q O 
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The name of each polygon is derived fr om the number of angles 
it contains. The following list identifies some of these polygons. 

3angles 
4angles 
5angles 
6angles 
7 angles 
Bangles 
9angles 
JO angles 
12angles 

triangle 
quadrilateral (tetragon) 
pentagon 
hexagon 
heptagon (septagon) 
octagon 
nonagon 
decagon 
dodccagon 

• The sum of the interior angles of a polygon 
In the polygons below, a straight line is drawn from each vert ex 
to vertex A. 

(Note : the above shapes are irregular polygons since their sides 
are not of eq ual length.) 

As can be seen, the number of triangles is always two less 
than the number of sides the polygon has, i.e. if there are n sides, 
the n there will be (n - 2) triangles. 

Since the angles of a triangle add up to 180°, the sum of the 
interior angles of a polygon is therefore 180(n - 2) degrees. 

Worked example Find the sum of the interior angles of a regular pentagon and 
hence the size of each interior angle. 

For a pentagon,n = 5. 

Therefore the sum of the interior angles = 180(5 - 2) 0 

= 180x 3 
= 540° 

For a regular pentagon the interior angles are of eq ual size. 

Therefore each angle is ~ = 108°. 



0
, ,., 

0 

;,;-,, 

··--~: 
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Worked examples 
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• The sum of the exterior angles of a polygon 
The angles marked a, b, c, d, e andf, represent the exterior 
angles of the regular hexagon drawn. As we have already found. 
the sum of the exterior angles of any polygon is 360°. 

If the polygon is regular and has n sides, then each exterior 

angleis 3~. 

a) Find the size of an exterior angle of a regular no nagon. 

3ioo = 400 

b) Calculate the number o f sides a regular polygon has if each 
ex terior angle is 15°. 

n=3?f 
c 24 

The polygon has 24 sides. 

Exercise 4.8 I. Find the sum of the interior angles of the following polygons: 
a) a hexagon b) a nonagon c) a heptagon 

2. Find the value of each interior angle of the following 
regular polygons: 
a) an octagon b) a sq uare 
c) a decagon d) a dodecagon 

3. Find the size of each exterior angle of the following regular 
polygons: 
a) a pentagon b) a dodecagon c) a heptagon 

4. The exterior angles of regular polygons are given below. 
In each case calculate the number of sides the polygon has. 
a) 20° b) 36° c) 10° 
d) 45° e) 18° f) 3° 

5. The interior angles of regular polygons are given below. 
In each case calculate the numbe r of sides the polygon has. 
a) 108° b) 150° c) 162° 
d) 156° e) 171 ° f) 179° 

6. Calculate the number of sides a regular polygon has if an 
interior angle is fi ve times the size of an exteri or angle. 
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7. Copy and complete the table below fo r regular polygons: 

Numbe r Nam e Sum of Size of an Sum of S ize of an 
of s ides exterio r exterior interior interio r 

angles angle angles angle 

IO 

12 =310N ~ Pyth agoras' theorem 

B 

·~ 
A b C 

Pythagoras' theorem states the relationship between the lengths 
of the three sides of a right-angled triangle. 

Pythagoras ' theore m states that: 

a1 = b2 + <f 

There are many proofs of Pythagoras' theorem. One of them is 
shown below. 

Consider fo ur congruent (identical) right-angled triangles: 

Three arc rotations of the first triangle by 90°, 180" and 270° 
clockwise respectively. 

Each triangle has an area eq ual to /J,J. 
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The triangles can be joined together to form a square of side 
length a as shown: 

The square has a hole at its centre of side length b - c. 
Therefore, the area of centre sq uare is (b - c)2 = b1 - 2bc + c2 

the area of the four triangles is 4 x .P,f-- = 2bc 

the area o f the large sq uare is a2 

Therefore 

<r" = (b - c)2 + 2bc 
a2 = b2- 2bc + c2 + 2bc 
a2 = b1 + ,2 
hence proving Pythago ras ' theore m. 

Worked examples a) Calculate the length of the side BC. 

A C S~J 
B 

Using Pythagoras: 

ff" = b2 + c2 
ff" = 82 + 62 
ff" = 64 + 36 = 100 
ac y!OO 
a = 10 

BC= IOm 
""'·m 6m ~ 

A Sm C 

b) Calculate the length of the side AC. 
Using Pythagoras: 

a2 - i2 = b1 
b2= 144 - 25 = 119 
bcVU9 
b = 10.9 (3s.f.) 

AC = I0.9 m (3s.f. ) 



4 Geometry 

A 

·~ 
7cm C 

Exercise 4.9 

1. a) 

The converse of Pythagoras' theorem can also be used to show 
whether or not a triangle is right-angled. 

In the triangle ABC to the left. the le ngths of the three sides 
are given, but it is not indicated whether any of the angles are a 
right angle. It is important not to assume that a triangle is 
right-angled just because it may look like it is. 

If triangle ABC is right-angled, then it will satisfy Pythagoras' 
theorem. 

i.e. AC: = AB2 + BC: 
92 = 62 + ?2 
81 = 36 + 49 
81 = 85 

This is clearly incorrect, therefore triangle ABC is not right. 
angled. 

In each of the diagrams in Q.1 and 2, use Pythagoras ' theorem 
to calculate the length of the marked side. 

9cmr--720cm 15cm 

c) ccm ij) 
v 5cm 

,. ,) 

4

~ m ecm b) vS= ?cm c,B) 16cm 8= 
12cm 10cm 

9cm 
fem 

-.+- gem --,-. 

5= 

~)7~- :_ ~~"-
~ ~ 
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s' theorem, decide which of the 
3. By ap~lying_ Py:~e:g:;ea right-angled. 

followmgtrmng b) ~ 
8cm 

) ~ 12cm a 6cm 10cm 4Y13cm 

8cm ,) d)n 
5;,/2cm 

f the Namib de~ert. m d C lie o n the ed~e o C Village Bis 65k 4 Villages A_, B a;m due North of village . 

D 
· v;u,g,A,s30 

A d"' East of A . """ between v;Uagcs C ""dB. 
Calculate the sho:; ~:t tt:tnearest 0.1 km. 

,. ~;;ii~:i::: D 
bet,:e;~st~:im If 

:~:n z is due South 

of X calculat\t:: 
distanceb~t': 

X :~~1!};;\:gthe 

~:""" hlomc1'c. d I a d;stancc of 40km 

caring of 1350 an ~ of225o and a Villag~ B is ~ ;,~llage C is on a beanng 

LJ 
6

" from"llagc · fromv;UagcA. Jed. !N distance or 6;~r7:ngle ABC is n~ht~a~~giving your answer a) Show t ia he distance from • • • ., , , c·:::':::c." ... 
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7. Two boats set off from X 
at the same time. Boat A 
sets o ff on a bearing of 
325° and with a velocity 
of 14km/h. Boat B sets off 
on a bearing of 235° with 
a velocity of 18km/h. 

Calculate the distance 
between the boats after 
they have been travelling 
for 2.5 ho urs. Give yo ur 
answer to the nearest metre . 

A boat sets off on a trip from S. It heads towards B, a point 
6km away and due North. At Bit changes direction and 
heads towards point C. also 6 km away a nd due East of B. 
At C it changes direction once again and heads on a bearing 
of 135° towards D which is 13km from C. 
a) Calculate the distance between Sand C to the nearest 

0.1km. 
b) Calculate the distance the boat will have to travel if it is 

to return to S from D. 

9. Two trees are standing on flat ground. 

The height of the smaller tree is 7m.11Je distance between 
the top o f the smaller tree and the base of the taller tree is 
!Sm. 

The distance between the top of the taller tree and the base 
of the sma11er tree is 20m. 

a) Calculate the horizontal distance between the two trees. 
b) Calculate the height of the taller tree. 

Pythagoras' theorem can also be applied to problems in three 
dimensions. This is covered in Topic 8. =410N ~ Similarity 

• Similar shapes 
Two polygons are said to be similar if a) they are eq ui-angular 
and b) corresponding sides are in proportion. 

For triangles, being eq ui-angular implies that corresponding 
s ides are in proportion. The converse is also true. 
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Exercise 4.10 

4 Geometry 

In the diagrams (left) .6. ABCand .6. PQR are similar. 
For similar figures the ratios of the le ngths of the sides arc 

the same and represent the scale factor, i.e. 

~ = 'f_; = f = k (where k is the scale factor of enlargement) 

The heights of similar triangles are proportional also: 

1=~='/;= f=k 
The ratio of the areas of similar triangles (the area factor) is 
equal to the square of the scale factor. 

Areaof .6.pqr - ~H x p _H_ x !!_-k x k-k2 
A rea of .6. ABC - !h x a - h a - -

I. a) Explain why the two triangles be low arc similar. 

6 ~ ~ ycm 

: 
10cm cm 

b) Calculate the scale factor which reduces the larger 
triangle to the smaller one. 

c) Calculate the value of x and the value of y . 

2. Which of the triangles be low arc similar? 

V~. fJo· 
115· 

105' 
B C 

~ V ~ 
"\ 

50• 
. 
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3cm 

m 8 f 2cm 

3. The triangles below are similar. 

' ~ 

·~ .. 
a) Calculate the length XY. 
b) Calculate the length YZ. 

4 In the triangle to the ~ 

· rightcalcul~tethe q 12cm ~ 
lengths of s1desp, q 

andr. P ~ 3cm ~ r 

5. In the trapezium to the left the le ngths of sides e 

and/. I PQR and LMN are similar. 6. The tnanges • 

L 

·tt_\, \ 
M 8cm 

Calculate: 
a) the area of i'i. PQR 
b) the scale factor of enlargement 
c) the area oft,. LMN. 



A 
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7. The triangles ABC and XYZ below are similar. 

~ 25,m 

a) Using Pythagoras' theorem calculate the 
length of AC. 

b) Calculate the scale factor of enlarge ment. 
c) Calculate the area of~ XYZ. 

8. The triangle ADE shown (left) has an area of 12cm2
• 

E a) Calculate the area of~ ABC. 
b) Calculate the length BC. 

B c 9. The following ·t .~.qr-~o 
6cm 

Calculate the length of the side marked x. 

JO. The diagram below shows two rhombuses. 

-r ]·O 
6cm 

Explain, giving reasons. whether the two rhombuses arc 
definitely similar. 
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II. The diagram to the right 
shows a trapezium wit hin 
a trapezium. 
Explain, giving reasons, 
whether the two trapezia 
are definitely similar. 

110' 

Exercise 4.11 I . In the hexagons shown, hexagon Bis an enlargement of 
hexagon A by a scale factor of 2.5. 

If the area of A is 8cm' , calculate the area of B. 

2. P and Qare two regular pentagons. Q is an e nlarge ment of 
P by a scale factor of 3. If the area of pentagon Q is 90cm', 
calc ulate the area of P. 

On the left is a row of four triangles A, B, C and D. Each is 
an enlargement of the previous o ne by a scale factor of 1.5 
a) If the area of C is 202.5cm2, calculate the area of: 

i)triangle D ii ) triangle B iii) triangle A. 
b) If the triangles were to continue in this seq uence, which 

letter triangle would be the first to have an area greater 
than 15000cm2? 

4. A sq uare is enlarged by increasing the length of its sides by 
10% . If the length of its sides was originally 6cm, calculate 
theareaoftheenlargedsquare. 

5. A sq uare of side length 4 cm is enlarged by increasing the 
lengths of its sides by 25% and then increasing them by a 
further 50% . Calculate the area of the final sq uare. 

6. An equilate ral triangle has an area of 2Scm2
. If the lengths 

of its sides are reduced by 15%, calculate the area of the 
reduced triangle. 

• Area and volume of similar shapes 
Earlier in the topic we found the following relationship between 
the scale factor and the area factor of enlargement: 

Area factor = (scalefactor)' 
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A similar relationship can be stat ed for volumes of similar 
shapes: 

i.e. Volume factor = (scale factor)3 

Exercise 4.12 I. The diagram on the left is a scale model of a garage. Its 
width is5cm, its length 10cm and the height of its walls 6cm. 
a) If the width of the real garage is 4 m, calculat e: 

i) the length of the real garage 
ii) the real height of the garage wall. 

b) If the apex of the roof of the real garage is 2m above the 
top of the walls, use Pythagoras' theorem to find the real 
slant length/. 

c) What is the actual area of the roof section marked A? 

2. A cuboid has dimensions as shown: 

If the cuboid is enlarged by a scale factor of2.5. calculate: 

a) the total surface area of the o riginal cuboid 
b) the to tal surface area of the enlarged cuboid 
c) the volume of the original cuboid 
d) the volume of the enlarged cuboid. 

3. A cube has side le ngth 3cm. 
a) Calculate its total surface area. 
b) If the cube is enlarged and has a total surface area of 

486cm', calculate the scale factor of enlargement. 
c) Calculate the volume of the enlarged cube. 

4. Two cubes P and Qare of different sizes. If n is the ratio of 
their corresponding sides, express in tc nns of n: 
a) the ratio of the ir surface areas 
b) the ratio of their volumes. 

5. The cuboids A and B shown below are similar. 

,/' 71 
l~"'-·_"""""~I~ EfL 
Calculate the volume of cuboid B. 
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6. Two similartroughsX and Y are shown below. 

10cm 

~ 
y 

If the capacity of X is 10 litres.. calc ulate the capacity of Y. 

Exercise 4.13 I. The two cylinders Land M shown below are similar. 

~ 10cm 

M 

If the height of cylinder Mis 10cm. calculat e the height of 
cylinder L. 

2. A square-based pyramid (left ) is cut into two shapes by a 
' cut running paral1el to the base and made half-way up . 

.' a) Calculate the ratio of the volume of the smaller pyramid 
x : to that of the original one . 

. : b) ;;
1
~;~~at~:et~reu::~~e~f~;:~olume of the small pyramid to 

•

x • ••• ,.,· _ 3 The two cones A and B shown below are similar. Cone Bis 
an enlargement of A by a scale factor of 4. 

6 
A 

If the volume of cone Bis l024cm3
, calc ulate the volume of 

cone A. 
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4. a) Stating your reasons clearly, decide whether the two 
cylinders shown to the left are similar or not. 

b) What is the ratio of the curved surface area of the 
shaded cylinder to that of the unshaded cylinder? 

5. The diagram (left) shows a triangle . 
a) Calculate the area of~ RSV. 
b) Calculate the area of~ QSU. 
c) Calculate the area of~ PST. 

6. The area of an island o n a map is 30cm2
. The scale used o n 

the map is I : 100000. 
a) Calculate the area in sq uare kilometres of the real 

island. 
b) An airport on the island is on a rectangular piece of 

land measuring 3km by2km. Calculate the area of the 
airport on the map in cm2

• 

7. The two packs of cheese X and Y (left ) are similar. 

The total surface area of pack Y is fo ur times that of 
pack X. 

Calculate : 

a) the dimensions of pack Y 
b) the mass of pack X if pack Y has a mass of SOOg. =510N l__!_J Prope rties o f circles 

You will already be familiar with the terms used to describe 
apects of the circle shown in the diagram. 
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• The angle in a semi-circle 
If AB represents the diameter of 
the circle,then the angle at 
C is 90°. 

Exercise 4.14 In each of the following diagrams, 0 marks the centre of the 
circle. Calculate the value of x in each case. 

(2/) 'Er '-0 - ,. 0 0 0 
45° 

0' ,. 

·e· 0 ,9. 0 GYO ,. 
,. 

58° 

II 

20° x" 

• The angle between a tangent and a radius of 
a circle 

The angle between a tangent at a point and the radius to the 
same point on the circle is a right angle. 

Triangles OAC and OBC are congruent as LOAC and 
LOBC are right angles, OA = OB because they are both radii 
and OC is common to both triangles. 
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ecach of the follm, . 'Y 
c ircle. Calculate the ~:g diagra~s, 0 marks 2. lee of x m m h ea~. the""'" of the 

4. 

··0 m 9. 
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• Angle at the centre of a circle 
The angle subtended at the centre of a circle by an arc is twice 
the size of the angle on the circumference subtended by the 
same arc. 

Both diagrams below illustrate this theore m. 

A proof for this theorem is given in a Personal Tutor on the 
Hodder Plus website. 

Exercise 4.16 In each of the following diagrams, 0 marks the centre of the 
circle. Calculate the size of the lettered angles: ,.~ 2-w 
~ ~ '·@ 4.e) 1300 

0 ~ 

1ao0 o 

5.® 6.® 350 

0 

0 

x" 40° 



M 
~ 

Exercise 4.17 
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• Angles in the same segm ent 
Angles in the same segme nt of a circle are equal. 

This can be explained simply by using the theorem that 
the angle subt ended at the ce ntre is twice the angle on the 
circumfe rence. Looking at the diagram (left ), if the angle at the 
centre is 2x 0

, then each of the angles at the circum fe re nce must 
be equal to x 0

• 

Calculate the lettered angles in the following diagrams: l. ~ 2. @) 3. ® 
n ' • 

33' O e 0 

e' bo 2 

4. (8)· 5. © 
6
·~

00 75 
30 k' /0 

'o !t 

' • w ,. 
" q' 

• Angles in o pposite segme nts 

Points P, Q, R and S all lie on the circumference of the circle 
above. They are cal1ed concycl ic points. Joining the points P, Q, 
Rand S prod uces a cyclic quadrilat eral. 

The opposite angles are supplementary, i.e. they add up 
to 180°. A p roof fo r this is given in a Personal Tutor on the 
Hodder Plus website. 

II 
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Since p 0 + r 0 = 180° (supplementary angles) and r 0 + t 0 = 180° 
(angles on a straight line), it fo11ows that p 0 = t 0

• 

Therefore the exterior angle of a cyclic quadrilateral is eq ual 
to the interior opposite angle. 

Exercise 4.18 Calculate the size of the lettered angles in each of the following: [.e '· q· d' J. ~ 

. w 
b' g• 

11s 00 

820 

110~

0 

f" 105' 

·Q ·~ · 

II 

~ 
• Equal chords and perpendicular bisectors 
If chords AB and XY are of eq ual length, then, s ince OA, 
OB. OX and OY are radii, the triangles DAB and OXY are 
congrue nt isosceles triangles. It follows that: 

• the section ofa line of symmetry OM through 6. DAB is the 
same length as the section of a line of symmetry ON through 
>OXY 

• OM and ON are perpendicular bisectors of AB and XY 
respectively. 
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Exercise 4.19 1. 

'ONS •a 
M 

0 

In the diagram (left) 0 is the centre of the circle, PQ and 
RS are chords of eq ual length and Mand N are their 
respective midpoints. 
a) What kind of triangle is d POQ? 
b) Describe the line ON in relation to RS. 
c) If L POQ is80°,calculate LOQP. 
d) Calculate LORS. 

A00

3 

R D 

B 

2. In the diagram (left) 0 is the centre of the circle . AB and 
CD are eq ual chords and the points Rand Sare their 
midpoints respectively. 

Identify which of these statement s are true and which are 
false. giving reasons fo r your answers. 

a) LCOD = 2 x LAO R 
b) OR= OS 
c) If L ROB is 60°, the n d AOB is eq uilateral. 
d) OR and OS are perpendicular bisectors of AB and C D 

respectively. 

w 3. Using the diagram (left) ide ntify which of the following 
state ments are true and which are false, giving reasons for 
your answers. 
a) If d VOW and d TOU are isosceles triangles. then T, U, 

V and W would al1 lie on the circumference of a circle 
with its centre at 0. 

b) If d VOW and d TOU are congruent isosceles triangles, 
then T , U, V and W would all lie on the circumference of 
acirclewithitscentreatO. 

• Tangents from an external point 
Triangles OAC and OBC are congruent since LOAC and 
LO BC are right angles, OA = O B because they are both radii, 
and OC is common to both triangles. Hence AC = BC. 
In general, therefore, tangents being drawn to the same circle 
from an ex ternal point are eq ual in length. 
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II 

Exercise 4.20 I. Copy each of the diagrams below and calculate the si7.e 
of the angle marked x0 in each case. Assume that the lines 
drawn from points on the circumference are tangents. 

a) ~ 

~TY--~ 
Q R 

b) ~ T 108~ S 

,· 

c) 

2. Copy each of the diagrams below and calculate the length 
of the side marked y cm in each case. Assume that the lines 
drawn from points on the circumference are tangents. 

a)(D:>,m ~) 3.1cm 
12cm 

5cm ~(j.{' 

8.8cm 



Investigations, modelling and ICT 

• Fountain borders 
The Alhambra Palace in Granada, Spain has many fo untains 
which pour water into pools. Many of the pools are surrounded 
by beautiful ceramic tiles. ll1is investigation looks at the number 
of sq uare tiles needed to surround a particular shape of pool. 

I 
6units 

>---+---,--,---~ J 
The diagram above shows a rectangular pool 11 x 6 uni ts, in 
which a sq uare of dimension 2 x 2 units is taken from 
each corner. 

The total number of unit sq uare tiles needed to surround the 
pool is 38. 

The shape of the pools can be generalised as show n below: 

- ---munits ~ 

1. Investigate the number of unit sq uare tiles needed for 
different sized pools. Record yo ur result s in an ordered 
table . 

2. From your resul ts write an algebraic rule in terms of 111, 

n and x (if necessary) for the num ber of tiles T needed to 
surround a pool. 

3. Justify, in words and using diagrams, why your rule works. 
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• Tiled walls 
Many cultures have used tiles to decorate buildings. Putting tiles 
on a wall takes skill.These days, to make sure that each tile is in 
the correct position 'spacers' are used between the tiles. 

Yo u can see fro m the diagram that there are+ shaped and T 
shaped space rs. 

L Draw other sized sq uares and rectangles, and investiga te 
the relatio nship between the dimensions of the shape 
(le ngth and width) and the number of + shaped and 
T shaped spacers. 

2 Record your results in an ordered table. 

3, Write an algebraic rule for the number of + shaped spacers 
c in a rectangle l tiles long by w tiles wide. 

4, Write an algebraic rule for the number of T shaped spacers 
tin a rectangle I tiles long by w tiles wide. 

• ICT Activity I 
In this activity you will be using a dynamic geometry package 
such as Cabri or Geogebra to demonstrate that for the triangle 
left 

AB AC BC 
ED= EC = D C 

L a) Using the geometry package construct the triangle ABC. 
b) Construct the line segment ED such that it is parallel to 

AB. (You will need to construct a line paral1el to AB 
first and then attach the line segment ED to it.) 

c) Using a 'measurement ' tool, measure each of the le ngths 
AB , AC, BC, ED, EC and DC. AB AC 

d) Using a 'calculator' tool, calculate the ratio ED ' EC, 
BC 
DC 

2. Comment on your answers to Q.l(d). 

3, a) Grab vertex Band move it to a new position. What 
happens to the ratios yo u calc ulated in Q. l(d)? 

b) Grab the vertices A and C in turn and move them to 
new positions. What happens to the ratios? Explain why 
this happens. 

4. Grab point D and move it to a new position along the side 
BC. Explain, giving reasons, what happens to the ratios. 
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• ICT Activity 2 
Using a geometry package, such as Cabri or Gcogebra, 
demonstrate the following angle properties of a circle: 

The angle subtended at the centre of a circle by an arc is 
twice the size of the angle on the circumference subtended 
by the same arc. 

The diagram below demonstrates the construction that 
needs to be formed: 

ii) The angles in the same segment ofa circle are eq ual. 
iii) The exterior angle of a cyclic quadrilateral is eq ual to the 

interior opposite angle. =710N l_!._J Student assessments 

D 
Studentassessmentl 

Ac •• t•N 8 I. A map shows three towns A, Band C. Town A is due North 
of C. T own Bis due East of A. 

The distance AC is 75km and the distance of AB is 100km. 
Calculate the distance between towns Band C. 

2. Calculate the distance from A to the top of each of the two 
trees in the diagram below. 

----32m----16m ---



4 Geometry 

x~ N 320m t 
140m 

y 

II 

3. Two boats X and Y, sailing in a race, are shown in the 
diagram (left ). Boat X is 140m due North of a buoy B. 
Boat Y is due East of buoy B. Boats X and Y are 320 m 
apart. Calculate the distance BY. 

4. Two hawks P and Qare flying vertically above one another. 
Hawk Q is250 m above hawk P. They both spot a snake at 
R. The height of P above the ground is 1.96km. 

R 
-----2.Skm _______.. 

Using the information given, calculat e: 
a) the distance between P and R 
b) the distance between Q and R. 

Student assessment 2 
I. The two triangles shown (left) are similar. 

' 250m 

! 
1.96km 

a) Using Pythagoras' theorem, calculate the value of p. 
b) Calculate the values of x and y. 

2. Cones M and N are similar. 
a) Express the ratio of their surlace areas in the form, area 

ofM:areaofN. 
b) Express the ratio of their volumes in the form, volume 

ofM: volumeofN. 

3. Calculate the values of x, y and z in the triangle below. 



4 Geometry 

4. The tins A and B shown below are similar. The capacity of 
tin Bis three times that of tin A. If the labe l on tin A has an 
area of 75cm2, calculate the area of the label on tin B. 

5. The cube shown on the right is enlarged 
by a scale factorof2.5. 
a) Calculate the volume of the 

enlarged cube. 
b) Calculate thes urfaceareaof the 

enlarged cube. 

6. The two troughs X and Y shown below are similar. 

The scale factor of enlargement from Y to X is 4. If the 
capacity of trough X is 1200cm1

• calculat e the capacity of 
trough Y. 

7. The rectangular floor plan of a house measures 8cm by 
6cm. If the scale of the plan is 1 :50. calculate: 
a) the dimensions of the actual floor 
b) the area of the actual fl oor in m2

• 

8. The volume of the cylinder shown on 
the right is 400cm3

. 

Calculate the volume of a similar 
cylinder formed by enlarging the one 
shown by a scale factor 2. 



4 Geometry 

Student assessment 3 
NB: Diagrams are not drawn I. If AB is the diameter of the circle AC = 5cm and 
to scale. BC= 12cm. calculate: 

a) the size of angle ACB 
b) the length of the radius of the circle . 

7 
5om 

In Q.2-5. 0 marks the ce ntre of the circle . Calculate the size of 
the angle marked x in each case. 

~ ·· ~ · 
p 

If OA is a radius of the circle and PB the tangent 
to the circle at A, calc ulate angle ABO. 



4 Geometry 

In Q.7- 10, 0 marks the centre of the circle. Calculate the size of 
the angle marked x in each case. 7. ~ 8. 0) 350 

0 0 , ,. 

9. 10. 

Student assessment 4 
NB: Diagrams are not drawn 1. In the following diagrams. 0 is the centre of the circle. 
to scale. Identify which angles are: 

i) supplementary angles 
ii ) right angles 
iii) eq ual. 



4 Geometry 

2. If LAOC is 72°. calc ulate LABC. 

\ 

3. If LAOB = 130°, calculate LABC, LOAB and LCAO. 

4. Show that ABCD is a cycl ic quadrilateral. 

A~ o• C 
750 

65° 

B D 

5. Calculate/andg. 

AA 
\JU 



6. If y = 22.5,calculate thevalueofx. 

ff\:\ 
e 

Student assessment S 

4 Geometry 

I. If O is the centre of the circle and the lengths AB and XY 
are eq ual, prove that .6. AOB and .6. XOY are congruent. 

2. Given that PQ and QR are both tangents to the circle, 
calc ulate the size of the angle marked x 0

• 

~ 
R 

3. Calculate the diameter of the circle given that LM and 
MN are both tangent s to the circle. 0 is its centre and 
OM= 18 mm. 

M~ 
17mm N 



4 Geometry 

4. In the diagram. OM and ON a re perpendicular bisectors of 
AB and XY respectively. OM = ON. 

Prove that AB and XY are chords of eq ual length. 

5. In the diagram, XY and YZ are both tangents to the circle 
with centre 0. Calculate the length OY. 

6. In the diagram, LN and MN are both tangents to the circle 
centre 0. NM = 40cm and ON = 50cm. 
a) Calculate the radius of the circle. 
b) Calculate the circumfe rence of the circle. 

N ~ 
40cm M 
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~ Transformations 
~ and vectors 

This topic will cover the following syllabus content: 
5 .1 Notation: ~ 

Vector a ; directed line segment AB; component form (;) 

5 .2 Addition of vectors using directed line segments or number pairs 
Negative of a vector, subtraction of vectors 
Multiplication of a vector by a scalar 

5 .3 Magnitude la I 
5 .4 Transformations on the cartesian plane: 

translation, reAection, rotation, enlargement, (reduction), stretch 
Description of a translation using the Notation in 5.1 

5 .5 Inverse of a transformation 
5.6 Combined transformations 

Sections 
1 The Italians 
2 Simple vectors 
3 Magnitude of o vector 
4 Transformations 
5 Further transformations 
6 Investigations, modelling and ICT 
7 Student assessments 
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260 
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276 
283 
286 
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=110N L_!_J The Italians 

Fibonacci (1170-1250) 

Leonardo Pisano (known today as Fibonacci) introduced new 
methods of arithmetic to Europe, fr om the Hindus, Persians and 
Arabs. He discovered the seq uence I, 1,2, 3,5,8, 13, ... which is 
now called the Fibonacci seque nce, and some of its occurrences 
in nature. He also brought the decimal system, algebra and the 
'lattice' me thod of multiplication to Europe. Fibonacci has been 
called the 'most talented mathematician of the middle ages' . 
Many books say that he brought Islmnic mathematics to Europe, 
but in Fibonacci's own introduction to Liber Abaci, he credits 
the Hindus. 

The Renaissance began in Italy. Art, architecture, music and 
the sciences fl ourished. However the Roman Catholic Church 
was both powerful and resistant to change. 

G irolamo Cardano (1501- 1576) wrote his great mathematical 
book Ars Magna (G reat Art) in which he showed, among much 
algebra that was new, calculations involving the solutio ns to 
cubic eq uatio ns. He wrote this book, the first algebra book in 
Latin, to great acclaim. He was charged with heresy in 1570 
beca use the church did not approve of his work on astrology. 
Although he was found innocent and continued to study 
mathematics, no other work of his was ever published. =210N L___!_J Simple vectors 

A translution (a sliding movement) can be described using 
column vectors.A column vector describes the moveme nt of the 
object in both the x direction and they d irection. 



Worked example 

Worked example 

5 Transformations and vectors 

Describe the translation from A to B in the diagram (left) in 
terms of a column vector. 

AB~(l) 
i.e. I unit in the x direction, 3 units in they direction 

----> 
ii) Describe BC in tenns of a column vector. 

st~(ii) 
----> 

iii) Describe CD in terms of a column vector. 

aHJ) 
----> 

iv) Describe DA in terms of a column vector. 

5A~(=l) 
Translations can also be named by a single le tte r. The direction 
of the arrow indicates the directio n of the translation. 

Define a and bin the diagram using column vectors. ,~m b~(-fl 
Note : When you represent vectors by single le tters, for example 
a, in handwritten work, you sho uld write them as Jl. 

If a=( ~) and b = (::::~)-they can be represented diagrammatically 

•

as,how" (lcft ). 

The diagrammatic representatio n of --t1 and-his shown below . 

• It can be seen from the diagram above that -a= (::::~) and -l,~m 



5 Transformations and vectors 

Exercise 5.1 h translation using a column vector. I, Q.1~2d,~,;b,m. 
I. a)~ 

b)~ 

c)~ 

d)~ 

e) ~ 

f)~ 

g) ~ 

h)~ 

i) DB 

2. a)11 
b) b 
c) C 

d) d 
,) , 
f) --b 
g) ~ 

~? :: on a sq"'" g,;d, 
3 Drawandlabelthe (-3) c) c= - 5 following vectors ( ') 

• (2) b) be 6 (-') 
a) "C 4 - ( 0) n fc 0 (-4) e) e- --6 i) -f d) d C - 3 h) --b 

g) ~ f vectors II 
. d subtraction ° d diagrammatica Y • Addition an ther and represente 

• 

Vcctmscanbcaddcd togc dbybcanbcw,;ttce 
as shown (left)._ re resented by u followe 

a+ • "~:·ffi~if:•(;j)omb · -
(2) bc (=l) "'orked example II= 5 to represent 

"' Dcaw a d;agrnmb c ( • ) + (--b) . 
II -b, where 11-



5 Transformations and vectors 

ii) Calculate the vector represent ed by a -b. 

(lH=iHll 

Exercise 5.2 In the following questions, 

Worked example 

,c(!) bc (-D 
I. Draw vector diagrams to represent the follow ing: 

a) a + b b) b+a c) a + d 
d) d+a e) b+c f) c+b 

2. What conclusions can you draw from yo ur answers to Q.I? 

3. Draw vector diagrams to represent the following: 
a) b-c b) d-a c) ---a-c 
d) a + c-b e) d-c-b f) --c + b+d 

4. Represent each of the vectors in Q.3 by a single column 

• Multiplying a vector by a scalar 
Look at the two vectors in the diagram (left) . 

,c(l) 2,c2(lH~) 

!fa =(j) express the vectors b, c, d and e in te rms of a. 

I\ I\ ~ 

\ .\ .. I\ 
\ \ \ , .. 

\ I\ I\ 
\ \ 

b=-ll c= 2a 



5 Transformations and vectors 

Exercise 5.3 I. a=(!) 
Express the following vectors in terms of either a, b or c. 

\ 
\ 

\ V 

\ ; ,,.v 
d' / 

I V ~ 

I 

I 

2. ,~(l) b~(j) 
Represent each of the following as a single column vector: 
a) 2a b) 3b c) ---(: 
d) a+b e) b-c f) 3c-a 
g) 2b-a h) ! (a-b) i) 2a- 3c 

Express each of the following vectors in terms of a, band c: 

b) (g) 
,i(J) 

c) (j) 
D (1~) =3noN ~ Magnitude of a vector 

The magnitude or size of a vector is represented by its 
le ngth, i.e. the longer the length~e grea ter the magnitu~ 

The magnitude of a vector a or AB is denoted by la! orlAB I 
respectively and is calculated using Pythagoras' theorem. 



C 

\ 

/ 

Worked examples 

\ 
/ I\ 

\ 
" 

5 Transformations and vectors 

a) Represent both of the above vectors diagramatically. 

b) Calculate la I. 
l•I C Y(3' + 4') 

C {2s 
c 5 

---> 
ii) Calculatel BCI . 

IBCI O VHS)' + 8' 
cylOO 
= 10 

Exercise 5.4 1. Calculate the magnitude o f the vectors shown below. 
Give your answers correct to 1 d.p. 

2. Calculate the magnitude of the following vectors. giving 
your answers to 1 d.p. 

a) AJ)c( ~) b) BCc (l) 
d) DE=(1i) e) 2AB 

J. , 0 (-i) bc(-l) 

---> 
0 - CD 

Calculate the magnitude of the following. giving your 
answers to 1 d.p. 
a) u+b b)2a -b c) b-c 
d)2c+ 3b e)2b- 3a f) a+ 2b-c 

• Position vectors 
Sometimes a vector is fixed in positio n relative to a specific 
point. In the diagram (left ), the position vector of A relative to 

Ois(i) 



5 Transformations and vectors 

Exercise 5.5 1. Give the position vectors of A, 8, C, D, E, F, G and H 
relative to O in the diagram shown . 

Worked example 

• 
II 

• Vector geometry 
In general vectors are not fixed 
in position. If a vector a has a 
specific magnitude and 
direction, then any o ther 
vector with the same magnitude 
and direction as a can also be 
labe l1ed a. 

Ifa=(i) then all the vectors 

shown in this diagram can also • be labelled a, as they al1 have the same magnitude and direction. 
This property of vectors can be used to solve problems in 

vector geometry. 

----> 
Name a vector eq ual to AD. 

---->----> 
BC = AD 

----> ----> 
ii) Write BO in terms of BE. 

----> ----> 
BO = 2BE 

----> ----> 
iii) Express CD in terms of AB. 

---->----> ----> 
CD = BA =-AB 



5 Transformations and vectors 

Exercise 5.6 1. 

• 

00 F C 

G 

E D 

----> ----> 
If AG = a and AE = b, e xpress the following in terms of 
a and b: 

---; 

a)~ 

d) ~ 
g) A I 

---; ---; 

----> ----> 
b)~ c)~ 

e) ~ f)~ 
h) GE i) FD 

2. If LP = u and LR = b, express the following in terms of 
a and b: 

----> 
a)~ 

d) MQ 

----> 
b)~ 

e) MP 

----, 
c) PR 

0 i'iP 
3. A~EF is a ~ular hexagon. 

4. 

If GA = a and GB = b,express the following in tenns of 
a and b: 

----> 
a)~ 

d) ~ 

g) BF 

' 

b 

G 

K 

I/ 

H I 

L V 

----> ----, 
b) ~ c)~ 

e) ~ f)~ 
h) FD i) AE 

/ 

J 

I/ 
/ 
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----> ----> 
If AB = 11 and AG= b, express the following in terms of 
uand b: 

----> 
a) ~ 

d) ~ 
g) CN 

----> 
b) ~M 

e) ~ 
h) AN 

----> 
c) ~ 

f) ~ 
i) DN 

Exercise 5. 7 I. In the diagram (below, ri ght), T is the midpoint of the line 
PS and R divides the line QS in the ratio 1 : 3. 

/j 
M N 

_~l ~\',---,'( 
s u 

----> ----> 
PT= a and PO =h. 

a) Express each of the 
following in terms 
ofa andb: 

---> 
PS 
----> 

ii) ~ 

b~ 

Q R S 

iii) PR ----? 

b) Show thatRT= !(2u- 3b). 

~----? ~----? 
2. PM = 3LP and ON = 3LO 

Prove that: 
a) the line PO is parallel to the line MN 
b) the lin e MN is fo ur times the length of the line PO. 

3. PQRS is a parallelogram (left ). The point T divides the line 
PO in the ratio 1 : 3. and U, V and W are the midpoin ts of 
SR, PS and QR respective ly. 
----> ----> 
PT= a and PV =h. 

a) Expr.'.=! each of the ~ owing in terms of a and b: 

i) ~ ii) ~ 

iii) PU ----? iv) VX 

b) Show that XR = ~ (5a + 2b). 

ABC is an isosce les triangle (left ). Lis the midpoint of BC. 
M divides the line LA in the ratio 1 : 5. and N divides AC in 
the ratio 2 : 5. 

----> ----> 
a) BC = p and BA= q. Express the following in terms of 

p an~ 

i) LA ~ ii) AN 

b) Show that MN= ~ (46q- l ip). 
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An object undergoing a transformation changes either in 
position or shape. In its simplest form, this change can occur as a 
result of either a reflection , rotation , translation or e11largcmc11t. 
If an object undergoes a transformation, then its new position 
or shape is known as the image. The transformation that maps 
the image back ont o the original object is known as an in,·erse 
tnmsformatio11. 

• Reflection 
If an object is reflected, it undergoes a 'flip' movement about a 
dashed (broken) line known as the mirror line, as shown in the 
diagram: 

rs: ~ 21 
object : image 

A point on the object and its eq uivalent point on the image are 
eq uidistant from the mirror line. This distance is measured at 
right angles to the mirror line. The line joining the point to its 
image is perpendicular to the mirror line. 

Exercise 5.8 Copy the following objects and mirror lines and, in each case, 
draw in the position of the object under refl ectio n in the dashed 
mirror line(s) . 

•• •• •• 



5 Transformations and vectors 

•• •• •• 
•• •• 

Exercise S. 9 Copy the following objects and images and, in each case, draw 
in the position of the mirror line(s) . 

•• •• •• 
•• •• •• 
II 



5 Transformations and vectors 

• Rotation 
If an object is rotated it undergoes a 'turning' movement about 
a specific point known as the centre of rotation. 

When describing a rotation, it is necessary to identify not 
only the position of the centre of rotation, but also the angle 
and direction of the turn, as show n in the diagram: 

object 

90°ma 
d1reclton 

centre of 
rotation 

image 

Exercise 5.10 In the following, the object and centre of rotation have both 
been given. Copy each diagram and draw the object's image 
under the stat ed rotation about the marked point. .• , • .• 

rotation 180° rotatio n 90° clockwise rotation 180° 

,· ,· ·· 
rotation 90° clockwise rotation 90° anti-clockwise rotation 90° clockwise 



5 Transformations and vectors 

II 

Exercise 5.11 Copy the diagrams in Q. 1--6. In each case, the object 
(unshaded) and image (shaded) have been drawn. 

a) Mark the ce ntre of rotation. 
b) Calculate the angle and direction of rotation. 

7. For each of the rotations above. give the inverse 
transfon11ation. 

• Translatio n 
If an object is translated, it undergoes a 'straight sliding' 
move ment. \Vhen describing a translation , it is necessary to give 
the translation vector. As no rotation is involved, each point on 
the object moves in the same way to its corresponding point on 
the image,e.g. 

Vector = rn) Vector = (~) 



5 Transformations and vectors 

Exercise 5.12 In the following diagrams., object A has been translated to both 
of images Band C Give the translation vectors. l. 11! 2nl 

-'11'11 
Exercise 5.13 Copy each of the following diagrams. Translate the object by 

the vector give n in each case and draw the image in its position. 
(Note that a bigger grid than the one shown may be needed.) 

•• •• •• 
Vector = (~) Vector = (j) Vector=(~) 



5 Transformations and vectors 

•• •• •• 
Vector = (=~) Vector = (i) Vector = (J) 

7. Give the vector that would map the image back on to the 
original object. 

• Enlargement 
If an object is enlarged, the result is an image which is 
mathematically similar to the object but of a different size. 
The image ca n be either larger or smaller than the original 
object. When describing an enlargement two pieces of 
information need to be given, the position of the centre of 
enlargement and the scale factor of enlargement. 

Worked examples a) In the diagram be low. triangle AB C is enlarged to form 
triangleA' B'C' . 

i) Find the ce ntre of enlargement. 

ll1e centre of enlargement is found by joining 
corresponding points on the object and image with a 
straight line. ll1ese lines are then extended until they 
meet. The point at which they meet is the centre of 
enlargement,O. 



5 Transformations and vectors 

ii) Calculate the scale factor of enlarge ment. 

The scale factor of enlargement can be calculated in one 
of two ways. From the diagram above it can be seen that 
the distance OA' is twice the distance OA. Similarly OC' 
and 08' are both twice OCand 08 respectively, hence 
the scale factor of enlargement is 2. 

Alternatively the scale factor can be fo und by 
considering the ratio of the length of a side on the image 
to the length of the corresJX)nding side on the object, i.e. 

~r =¥= 2 
Hence the scale factor of enlargement is 2. 

b) In the diagram below, the rectangle A8CD undergoes a 
transformatio n to fonn rectangle A'B'C'D'. 



5 Transformations and vectors 

Find the centre of enlargement. 

By joining corresponding points on both the object and 
the image, the centre of e nlargeme nt is fo und at 0. 

~ -
~ 

ii) Calculate the scale factor of enlarge ment. 

The scale factor of enlargement =~:, = ~ = !-

Note : If the scale factor of enlargement is greater than I, 
the n the image is larger than the object. If the scale factor lies 
between O and I, then the resulting image is smaller than the 
object. In these cases, although the image is smaller than the 
object, the trnnsfommtion is still known as an enlargement. 

Exercise 5.14 Copy the following diagrams and find: 

a) the centre of enlargement 
b) the scale factor of enlargement. 

2. 



3. 

5. 

5 Transformations and vectors 

4. 

6. For each of Q .1- 5, give the enlargement that would map the 
image back on to the original object. 

Exercise 5.15 Copy each of the fo llowing diagrams. Enlarge the objects by the 
scale factor given and from the centre of e nlargement show n. 
(Note that a bi gger grid than the one shown may be needed.) 

•• •• 
scale factor 2 scale factor 2 
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scale factor 3 scale factor! 

The diagram below shows an example of negatfre enlargement. 

scale fac tor of enlargement is - 2 

With negative enlargeme nt, each point and its image arc on 
opposite sides of the centre of enlargement. The scale factor 
of enlargement is calculated in the same way, remembering, 
howeve r, to write a·- ' sign before the number. 

Exercise 5.16 I. Copy the following diagram. calculate the scale factor 
of enlargeme nt and show the position of the centre of 
enlargement. 
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2. Copy the diagram and enlarge the object by the given scale 
factor and fro m the centre of enlargement shown. 

scale factor of enlargement is - 2.5 

3. Using the scale fa ctor and centre of enlargement given. 
copy and complete the diagram. 

scale factor of e nlargeme nt is - 2 

4. Copy the diagram. Find the scale factor of enlargement and 
mark the position of the centre of enlargeme nt. 



5 Transformations and vectors 

5. An object and part of its image under enlargement are 
given in the diagram below . 
a) Copy the diagram and complete the image. 
b) Mark the centre of enlargeme nt and calculate the scale 

fa ctor of enlargement. 

6. In the diagram below, part of an object in the shape of a 
quadrilateral and its image under enlargeme nt are drawn. 
a) Copy and complete the diagram. 
b) Mark the ce ntre of enlargement and calculate the scale 

factor of enlarge ment. 

Further tra nsformatio ns 

Section 4 introduced basic aspects of transformations. 
However, as with most branches of mathe matics, a basic 
principle can be ex tended. 



5 Transformations and vectors 

• Reflection 
The position of the mirror line is essential when describing 
a refl ection. At times its eq uation, as well as its position, will 
be req uired. 

Worked examples a) Find the eq uation of the mirror line in the refl ectio n give n 
in the diagram (left ). 

• 

Here the mirror line is thex-axis.Theequation of the 
m1rrorlme 1s the reforey = O. 

b) A reflect10n 1s shown m the diagram below . 

•• i) Draw the position of the mirror line . 
ii) Give the eq uation of the mirror line . 

y =x+ I. 

Exercise 5.17 Copy each of the following diagrams, the n: 

a) draw the position of the mirror line(s) 
b) give the eq uation of the mirror line(s). 

I. 2 1 

••• 



5 Transformations and vectors 

4. ~ ~ 

••• 7. 8 . 

•• Exercise 5.18 In Q.1 and 2. copy both diagrams four times and refl ect the 
object in each of the lines given. 

I. a) x= 2 2. a) x =-1 
b) y = O b) y =-x - 1 
c) y = x c) y =x +2 
d) y =-x d) x = O 

•• 



II 

3. Copy the 
diagram (right), 
and refl ect the 
triangles in the 
lines: 
x = 1 andy =-3. 

• Stretch 

5 Transformations and vectors 

A stretch is a transformation which distorts the shape of the 
object. There is a fixed line called the invariant line. 

If an object undergoes a stre tch, the effect is a lengthening 
in one direction o nly. When describing a stretch, two pieces of 
information are needed : the scale factor and the invariant line. 

XY is the invariant line as the position of every point 
on it remains fixed. The perpendicular distance of A from 
the invariant line is 3 units. A' is the image of A after being 
stretched. The perpendicular distance of A' from the invariant 
line is 9 units. 

Scale factor = ;er~:~~ii~~\:~ ~ii:tt:~~: ~~ ~, {;~: ~~ 
9 
3 

c 3 

Exercise 5.19 In each the following, the object is outlined in bold red . XY is 
the invariant line. Calculate the scale fa ctor for each of the 
stretches shown. 



5 Transformations and vectors 

Exercise 5.20 In each of the following, both the object (in bold red) and the 
image have been drawn. Dete rmine the position of the invariant 
line and calculate the stretch scale factor in each case. 

• Combinations of transformations 
An object need not be subjected to just one type of 
transformation. It can undergo a succession of different 
transformations. 



5 Transformations and vectors 

Worked examples a) A rectangle ABCD maps o nt o A'B'C'D' after a stretch 
of scale factor 1.5. keeping the line y = - 2 as invariant. 
A'B'C'D' maps onto A "B'C"D " after undergoing a 
rotation of 180° about the point (0. 6). 
i) Draw and label the image A'B'C'D'. 
ii) Draw and label the image A ' B"C"D ' . 

b) A triangle ABC maps onto A' B'C' after an enlargement of 
scale factor 3 fr om the centre of enlargement (0, 7) . A'B'C' is 
then mapped ont o A "B 'C' by a refl ection in the linex = I. 
i) Draw and label the image A'B'C'. 
ii) Draw and label the image A"B"C". 



5 Transformations and vectors 

Exercise 5.21 In each of the following questions,copy the diagram. After both 
transformations, draw the images on the same grid and label 
them clearly. 

I. The square ABCD is mapped onto A'B'C'D' by 
a reflection in the line y = 3. A'B'C'D' then maps 
ont o A ' B"C"D ' as a result ofa 90° rotation in a 
clockwise direction about the point (- 2, 5) . 

2. The rectangle ABCD is mapped ont o A'B'C'D' 
by an enlarge ment of scale factor - 2 with its 
centre at (0, 5). A'B'C'D' then maps onto 
A"B "C"D' as a result of a refl ection in the line 
y =-x + 7. 

3. The trapezium ABCD is mapped onto A'B'C'D' 
by a stretch of scale factor2 with y = 0 as 
the invariant line. A'B'C'D' then maps ont o 
A"B "C"D' as a result of an enlarge ment of scale 
factor-!with its centre at (2, 4) . 



Investigations, modelling and ICT 

• A painted cube 
A 3 x 3 x 3cm cube is painted o n the outside as shown in the 
left-hand diagram below: 

The large cube is then cut up int o 27 smalle r cubes. each 
!cm x 1cm x !cm as show n on the right. 
I x I x I cm cubes with 3 painted faces are labelled type A. 
I x 1 x 1 cm cubes with 2 painted faces are labelled type B. 
I x I x I cm cubes with I face painted are labelled type C. 
I x I x I cm cubes with no faces painted are labelled type D. 

1. a) How man y of the 27 cubes are type A ? 
b) How many of the 27 cubes are type B? 
c) How many of the 27 cubes are type C? 
d) How many of the 27 cubes are type D ? 

2. Consider a 4 x 4 x 4cm cube cut into 1 x I x I cm cubes. 
How many of the cubes are type A, B, C and D ? 

3. How many type A , B, C and D cubes are there when a 
!Ox !Ox !Ocm cube iscut into I x I x I cm cubes? 

4. Generalise for the number of type A, R C and D cubes in 
ann x n x ncube . 

5. G eneralise for the number of type A. B. C and D cubes in a 
cuboid l cm long, w cm wide and h cm high. 



5 Transformations and vectors 

• Triangle count 
The diagram below shows an isosceles triangle with a vertical 
line drawn from its apex to its base. 

ll1ere isa total of 3 
triangles in this diagram. 

If a horizontal line is drawn across the triangle, it will look 
as shown: 

ll1ere is a total of 6 triangles 
in this diagram. 

When one more horizo ntal line is added, the number of 
triangles increases further: 

I. Calculate the total number of triangles in the diagram 
above with the two inner horizontal lines. 

2. Investigate the relationship between the total number of 
triangles (t) and the number of inner horizontal lines (h) . 
Enter your results in an ordered table. 

3. Write an algebraic rule linking the total number of triangles 
and the number of inner horizontal lines. 

The triangle (left) has two lines drawn from the apex to 
the base. 

There is a total of 6 triangles in this diagram. 



5 Transformations and vectors 

If a horizontal line is drawn through this triangle, the number of 
triangles increases as shown: 

4. Calculate the total number of triangles in the diagram 
above with two lines from the vertex and one inner 
horizontal line . 

5. Investigate the relationship between the total number of 
triangles (t) and the number of inner horizontal lines (h) 
when two lines are drawn from the apex. Enter your results 
in an ordered table. 

6. Write an algebraic rule linking the total number o f triangles 
and the number of inner horizontal lines. 

• ICT Activity 
Using Autograph or another appropriate soft ware package, 
prepare a he lp sheet for your revision that demonstrates the 
addition, subtraction and multiplication of vectors. An example 
is shown below: 

11 

/3\ j 6 
I "' l\ T 

3 2 1 ' 
\ 

Vector addition: 



=710N L_.!__J Student assessments 

I Usmg the diagram (left ), de:;cnbe the followmg translat10ns 
with column vectors II 

Student assessment I 

---> ---> ---> 
a) AB b) DA c) CA 

2. Descnbe each of the translations below using column 
vectors 

• 3. Using the vectors drawn in Q.2, draw diagrams to represent: 
a) a+ e b) c -d 
c) ---c-e d)--h + 2a 

Calculate: 
a) a-c 
c) 2a + b 

b) b-a 
d) 3c - 2a 

Student assessment 2 
---> 

a) Calculate the magnitude of the vector FG in the diagram. 
b) Calculate the magnitude of each of the following vectors: -~m b~ ('l),~(-rnl 

,,~(-J) .~(:1HJl 
Calculate the magnitude of: 

a) 4p-r b) j,,-p 

Give your answer to I d.p. 



"OA, B C 

G D 

F E 

----> ----> 
3. If SW =11 andSV =binthe 

diagram (right), express each 
of the following in terms of a 

and b: 
---> ---> 

a)~ b) QT 

c) TU 

Student assessment 3 

5 Transformations and vectors 

Wle 
~ 

1. ~CDEFG~ a regular octagon. 

AB = 11 and AH= b. Express the following vectors in terms 
of a and b: 

---> ----> ----> 
a) FE b) ED c) BG 

B ---> ---> 
2. In the triangle ABC (left). AB = a and AD = b. D divides 

the side AC in the ratio I : 4 and Eis the midpoint of BC. 

a E Exp ress the fo llow ing in terms of II and b: 

A b D C 3. 

---> ---> ----> 
a) AC b) BC c) DE 

In the sq uare PQRS (below), T is the mid~nt of the side 

~ and U is the midpoint of the side SR. PQ = a and 

PS = b. 

Q 

-~ 
S U R 

a) Ex~ss the followin~ terms of a and b: 

i) PT ii) QS 
--->---> 

b) Calculate the ratio PY : PU. 



5 Transformations and vectors 

Stude nt assessm e nt 4 
I. Refl ect the object below in the mirror line show n. 

2. Rotate the object below 180° about the centre of 
rotation 0. 

3. Write down the column vector of the translation which maps: 
a) triangle A to triangle B 
b) triangle B to triangle C. 

/ 

I\ V 

\ v ' / 



5 Transformations and vectors 

4. Enlarge the rectangle below by a scale factor 1.5 and fr om 
the centre of enlargement 0. 

5. An object WXYZ and its image W'X'Y'Z' are shown below. 
a) Find the position of the centre of enlargement. 
b) Calculate the scale factor of enlarge ment. 
c) Determine the inverse transformation that maps the 

image back on to the original object. 

V 

I/ w 
V I 

I 
/ 

\ / 

I 
r---

~ 

6. The objects below (in bold red) have been stretched. If XY is 
the invariant line, calculate the stretch factor for (a) and (b) . 

a) b) 

•• 



5 Transformations and vectors 

7. Square ABCD is mapped onto square A'B'C'D'. 
Square A'B'C'D' is then mapped onto square A ' B"C' D". 

a) Describe fully the transformation which maps ABCD 
onto A'B'C'D'. 

b) Describe fully the transformation which maps A 'B'C' D ' 
onto A "B 'C" D ". 

8. .6. LMN below is mapped onto .6. L'M 'N' by a stretch of 
scale factor 2 withy = x + 3 as th e invariant line . .6. L'M'N' 
is then mapped o nto .6. L "M ' N" by a rotation of 180° about 
the point (0.1). 
a) Copy the diagram below. and plot and label the position 

of.6. L'M'N'. 
b) On the same axes, plot and label the position of 

.6. L"M"N ' . 
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Isaac Newton (1642-1727) 

II 

The British 

Isaac Newton was born in Lincolnshire in 1642 and was probably 
the greatest scientist and mathematician ever to have lived. 
He was 22, and on leave from Cambridge University, when he 
began mathematical work on optics, dynamics.. thermodynamics, 
acoustic:; and as tronomy. He studied gravita tion and the idea 
that white light is a mixture of all the rainbow's colo urs. He 
also designed the first reflecting telescope, the first reflecting 
microscope, and the sextant. 

Newton is widely regarded as the 'Father of Calculus'. He 
discovered what is now called the Fundamental Theorem of 
Calculus. i.e. that integration and differentiation are each other's 
inverse operation. He applied calculus to solve many problems 
including findin g areas, tangents, the lengths of curves and the 
maxima and minima of fun ctions. 

In 1687 Newton published Philosoph iae Natura/is Principia 
Mathematica, one of the great est scientific books ever written. 
ll1e moveme nt of the planets was not understood before 
Newton's Laws of Motio n and the Law of Universal Gravitation. 
ll1e idea that the Earth rotated abo ut the Sun was introduced in 
ancient Greece, but Newton explained why this happens. 

Circumference and area of a circle 

All circles are similar shapes. As a result , the ratio of the ir 
circumference to diame ter is constant. 

~:a,ml•~008 Ci,c,mfe,rncc 
Diameter = constant 

Diameter The constant is rr(pi) whi ch is 
3.14 103 s. f. 

Therefore ~= 1t 

But the diameter is 2 x radius.. so the above equation can be 
. C 

wntte n as 2r = 1t 

So the circumference of a circle, C = 2rrr 



6 Mensuration 

The area (A ) o f a circle can also be justified. 
The diagram below shows a circle divided int o four sectors. 

The sectors have then be rearranged and assembled as shown. 

CD -~ 
The total length of the curved edges is the same as the 
circumfe rence of the circle. 

If the circle is divided into eight sectors and each assembled as 
before,thediagram is: 

As the number of sectors increases.. the assembled shape begins 
to look more and more like a rectangle, as shown below with 
32sectors. 

The top and bottom of the 'rectangle' is still eq uivalent to the 
circumference of the circle = 21Cr. 

The top is therefore half the circumference = 1Cr. 
The he ight of the ' rectangle' is nearly eq uivalent to the radius 

of the circle. 
With an infinite number of sectors, the circle can be 

rearranged to fonn a rectangle with a width 1rr and a height r. 

~-----~I' So themcaofaci,cle, Acrr,-' 



6 Mensuration 

Worked examples 

N B: All diagrams are not 
drawn to scale. 

a) Calculate thecircumferenceofthiscircle, ( ) 
giving your answer to 3 s.f. 

C = 21tr 3cm 
= 21t X 3 
= 18.8496 

The circumfe rence is 18.8cm. 

(3 b) If the circumference of this circle is 12cm. calculate the 
radius, giving yo ur answer to 3 s.f. 

C = 21tr 
C 

r = 2it 
12 

r = 21t 
= 1.90986 

The radius is 1.91cm. 

(3 c) Calculate the area of this circle, giving your answer to 3 s.f. 

A = 1fr2 

m = 1t X j2 

= 78.5398 
The area is78.5cm2

• 

d) If the area of this circle is 34cm2 calculate the radius, g1vmg 
your answerto3s.f. 

(j 
A = 1fr2 

,c.fe 
,cf! 

= 3.2898 

The radius is3.29cm. 

Exercise 6.1 I. Calculate the circumference of each circle, giving your 
answerto3. s. [ 

4cm 3.5cm 9.2cm 0.5m GG) 8) 8) 
2. Calculate the area of each of the circles in Q. 1. Give yo ur 

answers to3s.f. 



6 Mensuration 

3. Calculate the radius of a circle when the circumference is: 
a) 15cm b)ncm 
c) 4 m d) 8 mm 

4. Calculate the diameter of a circle when the area is: 
a) 16cm2 b) 9n cm2 

c) 8.2 m2 d) 14.6mm' 

Exercise 6.2 I. The wheel ofa car has an o uter radius of25cm. Calculate: 
i) how far the car has travelled after one complete turn of 

the wheel 
ii) how many times the wheel turns fora journey of 1 km. 

2. If the wheel of a bicycle has a diameter of 60cm, calculate 
how far a cyclist will have travelled after the wheel has 

A circular ring has a cross-section as shown here. 0 3 

rntated 100 times. 

If the outer radius is 22 mm and the inner radius20mm, 
calc ulate the cross-sectional area of the ring. 

4 Four circl es are drawn in a line and encl osed by a rectangle 
as shown. 

If the radius of each circle is 3cm, calculate: 
a) the area of the rectangle 
b) theareaofeach circle 
c) the unshaded area within the rectangle. 

5. A garde n is made up of a rectangular patch of grass and 
two semicircular vegetable patches. 

+Cl I) 
If the length and width of the rectangular patch are 16m 
and S m respectively, calculate: 
a) the perimeter of the garden 
b) the total area of the garden. 



NB: All diagrams are not 
drawn to scale. 

(M' 
0 

Worked examples 

Arc length and area of a sector 

• Arc length 
An arc is part of the circum fere nce of a circle between two radii. 
Its length is proportional to the size of the angle O between 
the two radii. The length of the arc as a fract ion of the 
circumference of the whole circle is therefore equal to the 
fraction that O is of 360° . 

Arc length= 
3

~ x 2nr 

a) Find the length of the minor arc in the circle below. 

(] 
C£r ··· 

Give yo ur answer to I d.p. 

Arc le ngth= 
3
8i

0 
x 2 x nx 6 

= 8.4cm 

In this circle, the le ngth of the minor arc is 12.4cm and the 
radiusis7cm. 
i) Calculate the angle ff' . 

Arc length= 
3

:
0 

x 2nr 

12.4 =
3

~ x2x n x7 

12.4x360 = 0 
2 X 1f X 7 

0 = 101.5 (I d.p) 

ii) Calculate the lengt h of the major arc. 

C = 2nr 
=2xnx7 
= 44.0cm (3s.f. ) 

Major arc = circumference - minor arc 
= (44.0 - 12.4)cm 
= 31.6cm 
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Exercise 6.3 1. For each of the following, give the length of the arc to 3 s. f. 
0 is the centre of the circle. ,D b)o 

45• ~ 5=

80 

8cm 
0 

d) 

2. A sector is the region of a circle enclosed by two radii 
and an arc. Calculate the angle O for each of the fo11owing 
sectors. The radius rand arc length a are given in each case. 
a) r= 14cm, a=Bcm 
b)r = 4cm, a=l6cm 
c) r= 7.5cm, a = 7.5cm 
d) r = 6.8cm, a = 13.6cm 

3. Calculate the radius r for each of the following sectors. 
The angle O and arc le ngth a are give n in each case. 
a) 0 = 75°, a = l6cm 
b) 0 = 300°. a = 24cm 
c) 0 = 20°, a=6.5cm 
d) 0 = 243°. a = 17cm 

Exercise 6.4 I. Calculate the perimeter of these shapes. 

a) 

LI 
12c~ o\._!,;cm 

2. A shape is made from two sectors arranged in such a way 
that they share the same centre . ll1e radius of the sma11er 
sector is 7cm and the radius of the larger sector is 10cm. 

If the angle at the centre of the smaller sector is 30° and the 
arc length of the larger sector is 12cm, calculate: 
a) the arc length of the sma11er sector 
b) the total perimeter of the two sectors 
c) the angle at the centre of the larger sector. 
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~cm A 
L=?i} , .. 

0 
----24cm ~ 

3. For the diagram on the left , calculate: 
a) theradiusofthesmaller sector 
b) the perimeter of the shape 
c) theangleff'. 

• The area of a sector 
A sector is the region of a circle enclosed 
by two radii and an arc. Its area is 
proportional to the size of the angle ff' 
between the two radii. The area of the 
sector as a fraction of the area of the 
whole circle is therefore eq ual to the 
fracti on that (!' is of 360°. 

Area of sector= 
3

:
0 

x n:r2 

Worked examples a) Calculate the area of the sector (right). 
giving your answer to I d.p. 

Arca = 
3
~

0 
xn:r2 

= 
3
~

0 
X TI: X 122 

= 56.Scm2 

(;;/'\ 
0 
I\,,= 
~ 

0 A ob) 
V 

Calculate the radius of the sector (left ), giving your answer 
to3s.f. 

Arca = 
3

:
0 

x n:r2 

50 = }~xn: x r2 

so
3
~6o = r 

r= IJ.8 

The radius is 13.8cm. 

Exercise 6.5 1. Calculate the area of each of the following sectors, using the 
values of the angles O and radius r in each case. 
a) 0 = 60°, r =8cm 
b) 0= 120°. r = 14cm 
c) 0=2°, r = 18cm 
d) 0 = 320°, r = 4cm 

2. Calculate the radius for each of the following sectors, using 
the values of the angle O and the area A in each case . 
a) 0=40°, A =l20cm2 

b) 0 = 12°, A = 42cm2 

c) 0=150°, A =4cm2 

d) 0=300°. A =400cm2 
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3. Calculate the value of the angle 0, to the nearest degree, or 
each of the following sectors. using the values of A and r in 
each case. 
a) r =l2cm, A= 60cm2 

b) r =26cm, A =0.02 m2 

c) r =0.32 m. A= l80cm' 
d) r= 38 mm. A =l6cm2 

Exercise 6.6 1. A rotating sprinkler is placed in one corne r of a garden as 
shown. If it has a reach of S m and rotates through an angle 
of 30°, calculate the area of garde n not being wate red. 

OBD 

·. \ 
A ;.,\cm 

~ 15c~· ~ .
0 

~ Bm 

~ 
2. Two secto rs AOB and COD share the same centre 0. 

The area of AOB is three times the area of COD. Calculate: 
a) the area of sector AOB 
b) theareaof sectorCOD 
c) the radius rem of sector CO D. 

3. A circular cake is cut. One of the slices is shown. 
Calculate: 
a) the lengt h a cm of the arc 
b) the total surfaceareaof ~ 

all the sides of the slice. 

4. The diagram (left) shows a plan view of four tiles in the 
shape of sectors placed in the bottom of a box. C is the 
midpoint of the arc AB and intersects the chord AB at 
point D. If the length ADB is8cm and the length 08 is 
!Ocm.calculate : 
a) the length OD 
b) the length CD 
c) the area of the sector AOB 
d) the lengt h and width of the box 
e) the area of the base of the box not covered by the tiles. 

II 



Area and volume of plane shapes and prisms 

• The area of parallelograms and trapeziums 
A parallelogram can be rearranged to form a rectangle in the 
way shown below: 

Therefore, area of parallelogram= base le ngth x perpendicular 
height. 

A trapezium can be visualised as being split into two 
triangles as show n (left): 

Area of triangle A = ~ x a x h 

Area of triangle B = ! x b x h 

Area of the trapezium = area of triangle A + area of triangle B 
= Jah + ~bh 

= !h(a + b) 

Worked examples a) Calculate the area of the parallelogram shown below: 

+I I 
Arca = base length x perpendicular height 

= 8x6 
= 48cm' 

b) Calculate the shaded area in the shape shown (left): 

Area of rectangle = 12 x 8 
= 96cm2 

Area of trapezium= ~ x 5(3 + 5) 
= 2.5 X 8 
= 20cm2 

Shaded area = 96 - 20 
= 76cm2 
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Exercise 6. 7 Find the area of each of the following shapes: 

2. 

-tO C7+ ...__8cm ------>-

J. : 4[;}:15cm t 

,L~ Jl,m -------------------- 'f 
I ~ hm ~64cm~' j 

Exercise 6.8 1. Calculate a. 

.t 
l 

2. If the areas of this trapezium and parallelogram are 
eq ual,calc ulatex. 

9 + ----12cm ------>-

3. The e nd view of a ho use is as shown in the diagram (left ) . 

If the door has a width and height of0.7S m and 2 m 
respectively and the circular window has a diameter of 
0.8m, calculate the area of brickwork. 
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II 

4. A garde n in the shape of a trapezium is split into three 
parts: two fl ower beds in the shape of a triangle and a 
parallelogram and a section of grass in the shape of a 
trapezium. 

The area of the grass is two and a half times the total area 
of fl ower beds. Calculate: 
a) the area of each flower bed 
b) thcareaofgrass 
c) the value of x. 

• The surface area of a cuboid and cylinder 
To calculate the surface area of a cuboid , start by looking at its 
individual faces. ll1ese are either sq uares or rectangles. 
The surface area of a cuboid is the sum of the areas of its faces. 

Area of top = wl 
Area of front = lh 
Area of one side = wh 
Total surface area 

= 2wl + 2lh + 2wh 
= 2(wl +lh + wh) 

Area of bottom = wl 
Area of back = lh 
Area of other side = wh 

For the surface area of a C)fo1der, it is best to visualise the net 
of the solid: it is made up of one rectangular piece and two 
circular pieces. 

tLJ~Jl 
Area of circular pieces = 2 x nr2 
Area of rectangular piece = brr x h 
To tal surlace area = 2nr2 + 2nrh 

= 2nr(r+h ) 
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Worked examples a) Calculate the surface area of the cuboid shown below: 

Total area of top and bottom = 2 x 7 x 10 = 140cm2 

Total area of front and back = 2 x 5 x 10 = 1D0cm2 

Total area of both sides = 2 x 5 x 7 = 70cm2 

Total surface area = 310cm2 

b) If the height of a cylinder is 7cm and the radius of its 
circulartop is3cm,calculat e itssurfacearea. 

Total surface area = 211: r (r + h) 
=2n x3 x (3 + 7) 
= 6nx 10 
= 6011: 
= 188cm2 (3s.f.) 

The total surfaceareais 188cm2
• 

Exercise 6.9 I. Calculate the surface area of each of the following 
cuboidsif: 
a) l=l2cm. w = lOcm, h=5cm 
b) l = 4cm. w = 6cm, h=Scm 
c) l = 4.2cm, w = 7.lcm, h = 3.9cm 
d) l = 5.2cm. w = 2.lcm, h = O.Scm 

2. Calculate the he ight of each of the following cuboids if: 
a) l = Scm. w = 6cm. surface area = 104cm2 

b) l = 2cm, w = Scm, surface area = 112cm2 

c) 1= 3.Scm, w = 4cm, surface area = 118cm2 

d) l = 4.2cm, w = 10cm, surfacearea = 226cm2 

3. Calculate the surface area of each of the following 
cylinders if: 
a) r= 2cm , h = 6cm b) r = 4cm, h =7cm 
c) r =3.5cm, h = 9.2cm d) r =0.8cm,h =4.3cm 

4. Calculate the he ight of each of the following cylinders. 
Give your answers to I d.p. 
a) r = 2.0cm, surface area = 40cm2 

b) r= 3.5cm,surfacearea = 88cm2 

c) r = 5.5cm,surfacearea = 250cm2 

d) r = 3.0cm, surface area = 189cm2 
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Exercise 6.10 

uCJJ 
---4cm ----.. 

I . Two cubes (left ) are placed next to each other. 

The length of each of the edges of the larger cube is 4cm. 
If the ratio of their surface areas is 1 :4, calculat e: 
a) the surface area of the small cube 
b) the length of an edge of the sma11 cube . 

2. A cube and a cylinder have the same surface area. If the 
cube has an edge length of 6cm and the cylinder a radius of 
2cm, calculate: 
a) the surface area of the cube 
b) the he ight of the cylinder. 

3. The two cylinders (left) have the same surface area. 
The shorter of the two has a radius of 3cm and a height of 
2cm, and the taller cylinder has a radius of I cm. 

Calculate: 
a) the surface area of one of the cylinders 
b) the he ight h of the taller cylinder. 

4. Twocuboids have the same surface area. The dimensions 
of one of them are: length= 3cm, width= 4cm and 
he ight = 2cm. 

Calculate the he ight of the other cuboid if its length is I cm 
andwidthis4cm. 

• The vo lume of prisms 
A prism is any three-dime nsio nal object which has a constant 
cross-sectional area. 

Below are a few examples of some of the more common 
types of prisms: 

~00 
Rectangular prism 

(cuboid) 
Circular prism 

(cylinder) 
Triangular prism 

When each of the shapes is cut parallel to the shaded face, the 
cross-section is constant and the shape is therefore classified as 
a prism. 

Volume of a prism = area of cross-section x length 
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Worked examples a) Calculate thevolumeofthe 2§:9 

1ifl !~ 1cm 
.._S~m~ 5cm 

cylinde r shown in the diagram (right) : { 

Volume = cross-sectional area '-. 

= ; ~e;2g:\ o 4 c ~ 
Volume = 503cmJ(3s.f.) ~ 10cm 

b) Calculate the volume of the 'L' shaped prism shown in the 
diagram (left ): 

The cross-sectional area can be split into two rectangles: 

Area of rectangle A = 5 x 2 
= 10cm2 

Arca of rectangle B = 5 x I 
= 5cm2 

Total cross-sectional area = (10cm2 + 5cm2
) = 15cm2 

Volume of prism= 15 x 5 
= 75cm3 

Exercise 6.11 I, Calcul ate the volume of each of the fo llowing cuboids: 
a) Width 2cm, Length 3cm, He ight 4cm 
b) Width 6cm, Length I cm, Height 3cm 
c) Width 6cm. Length 23 mm, Height 2cm 
d) Width 42 mm, Length 3cm, Height 0.007 m 

2. Calculate the volume of each of the follow ing cylinders: 
a) Radius4cm, Height 9cm 
b) Radius3.5cm, Height 7.2cm 
c) Radius 25 mm, Height 10cm 
d) Radius0.3cm, Height 17 mm 

3. Calculate the volume of each of the following triangular 
prisms: 
a) Base length 6cm 

Perpendicular he ight 3cm 
Le ngth 12cm 

b) Base length 4cm 
Perpendicular height 7 cm 
Length 10cm 

c) Base length 5cm 
Perpendicular he ight 24 mm 
Le ngth 7cm 

d) Base length 62 mm 
Perpendicular height 2 cm 
Length O.Ol m 
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,) 

c) 

Exercise 6.12 

4. Calculate the volume of each of the following prisms. 
All dimensions are given in centimetres. 

b) 

d) 

1. ll1ediagramshowsaplan vicwofa D 
cylinder inside a box the shape of a 
cube . If the radius of the cylinder is 
8cm,calculate: 8cm 
a) the height of the cube 
b) the volume of the cube 
c) the volume of the cylinder 
d) the percentage volume of the 

cube not occupied by the cylinder. 

2. A chocolate bar is made in the shape of a triangular prism. 
The triangular face of the prism is eq uilateral and has an 
edge length of 4 cm and a perpendicular height of 3.5 cm. 
The manufacturer also sells these in special packs of six bars 
arranged as a hexagonal prism. 

If the prisms arc 20cm long, calculate : 
a) the cross-sectional area of the pack 
b) thcvolumeof thepack . 

3. A cuboid and a cylinder have the same volume. The radius 
and height of the cylinder are 2.5cm and 8cm respective ly. 
If the length and width of the cuboid are each 5cm, 
calc ulate its height to 1 d.p. 
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4. A section of steel pipe is shown in th/ediagram. 

The inner radius is 35cm 
and the outer radius 36cm. 
Calculate the volume of ~ 
steel used in making the 35cm 
pipe if it has a length of cm 
130m. 

Surface area and volume of other solids 

• Volume of a sphere 
Volume of sphe re = fl(r3 

Worked examples a) Calc ulate the volume of the sphere on the left, giving your 
answer to I d.p. 

Volume of sphere = ~,r,-l 

= ~xnx31 

= 113.1 

The volume is 113.1 cm1
. 

b) Given that the volume of a sphere is 150cm1, calculate its 
radius to I d.p. 

V c jn~ 

,.i=l!'.: 
4n 

r=~ 
4, n 

r= 'Vlis= 3.3 

The radius is 3.3cm. 

Exercise 6.13 I. Calculate the volume of each of the fo llowing spheres. 
The radius is given in each case. 
a) 6cm b) 9.5cm 
c) 8.2cm d) 0.7cm 

2. Calculate the radius of each of the following spheres. 
Give your answers in centimetres and to 1 d.p. The volume 
is given in each case . 
a) 130cm1 b) 720cm1 

c) 0.2 m1 d) 1000mm3 
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Exercise 6.14 I . Given that sphere B has twice the volume of sphe re A, 
calculate the radius of sphere B. Give yo ur answer to I d.p. 

2. Calculate the volume of material used to make the 
he mispherical bowl show n (left), if the inner radius of the 
bowl is5cm and its o uter radius 5.5cm. 

3. The volume of the material used to make the sphere a nd 
he mispherical bowl below are the same . Given that the 
radius of the sphere is 7 cm and the inner radius of the bowl 
is 10cm, calculate, to l d.p., the o uter radius rem of 
the bowl. 

~ 

0 rr:r A ball is placed inside a box into which it will fit tightly. 
If the radius of the ball is 10cm, calc ulate: 
a) the volume of the ball 
b) the volume of the box 
c) the percentage volume of the box not occ upied by the 

ball. 

II 

5. A steel ball is melted down to make eight smaller identical 
balls. If the radius of the original steel bal1 was 20cm, 
calc ulate to the nearest millimetre the radius of each of the 
smaller balls. 

6. A steel ball of volume 60CJcm3 is melted down and made 
into three smaller balls, A, Band C. If the volumes of A , B 
and Care in the ratio 7 : 5 : 3, calcul ate to 1 d.p. the radius 
of each of A, Band C. 

7. The cylinder and sphere show n (left) have the same radius 
and the same height. Calculate the ratio of their volumes, 
giving your answer in the form, volume of cylinder : volume 
of sphere. 



t 

• The surface area of a sphere 
Surface area of sphere = 4n:r2 
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Exercise 6.15 1. Calculate the surface area of each of the fo llowing 
spheres. ll1e radius is given in each case. 
a) 6cm b) 4.fcm 

c) 12.25cm d) ,J;cm 

2. Calculate the radius of each of the following sphe res. 
The surface area is given in each case . 
a) 50cm2 b) 16.5cm2 

c) 120 mm2 d) xcm2 

3. Sphere A has a radius of 8cm and sphere B has a radius of 
16cm. Calculate the ratio of the ir surface areas in the for m 
I :n. 

A hemisphere of diameter 10cm is attached to a cylinder of 
eq ual diameter as shown (left). 

10r \L ___ _J;.., 

If the total length of the shape is 20cm. calculate: 
a) the surface area of the hemisphere 
b) the length of the cylinder 
c) the surface area of the whole shape. 

5. A sphere and a cylinder both have the same surface area 
and the same height of 16cm. 

Calculate : 

t r 
a) the surface area of the sphere. 
b) the radius of the cylinder. 
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• The volume of a pyramid 
A pyramid is a three-dim ensional shape in which each of it s 
faces must be plane. A pyramid has a polygon for its base 
and the othe r faces are triangles with a common vertex. 
know n as the apex. It s individual name is taken from the shape 
of the base. 

Square -based pyramid Hexagonal - based pyramid 

To derive the formula for the volume ofa pyramid requires 
mathematics at a higher leve l than covered in this book. 
However, below are diagrams to show how an approximate 
value for the volume of a pyramid is derived. 

. •= 
Considerfirstac ubeofside CJ] j 
length 1cm. 

Itsvolume 1slcm1
. u 

--1cm ----¥
1

cm 

Now consider a step pyramid of two laye rs made of cubes of 
s ide length !cm. 

Volume of top layer (!/ = ~cm1 

Volume of second layer! x 1 x 1 = !cm1 

To tal volume = ! + 1 = icm3 = 0.625cm3 

Now consider a step pyramid of fo ur layers, made of cubes of 
side length !cm. 

Volume of top layer (!/ = ~cm3 

Volume of second layer = l x j x j = t:icm1 

Volume of third layer = ! x J x J = icm1 

Volume of bottom layer = l x ! x ! = M/cm1 

So the total volume = ~ + ~ + ~ + ~ + ~cm1 
.. 0.469 cm3 

A step pyramid of 10 layers, made of cubes of side lengt h rtJcm 
can be shown to have a to tal volume of ~cm3 = 0.385cm3 



Worked examples 

la factosthe 6Meo,,~t;= 

a step cube of to number of layers incr 
I unit gets closert:~~eJ!st I unit and~:=~:~~ total volume for ,. ~ 't ··· ~"'"'"°' ~ T Vol,me c \x!xlxl c \cm' 

,:::::::,: 1cm 
Vol,me - ' . pyrnmid, 

- j x areaofb· Volume = {bh ase x perpendicular height 

a) t rectangular-based cm and base dime ~yramid has ape . 
of the pyramid. ns10ns as shown. c'.:k~~;: ular height of 

Vol,me _ , •hnol,me 

: ~:::;:;a x height 
= 35 

The volume is35cmJ 

b) J~e pyrami_d shown ~ lo perpendicular height ~\has a volume of 60cm] 1 \ " c"~" 

hem~ 1:: ··· .. 
8cm '. ---Vo\ume - l - J x base area x height 

Height= 3 x volume 
base area 

h = J X 6() 

\x 8 X 5 

h = 9 

The height is 9cm. 
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Exercise 6.16 Find the volume of each of the following pyramids: 

Exercise 6.17 I. Calculatetheperpendicular~ / i 
height h cm for the pyramid. :' i 
given that it has a volume ,:~ i 
of 168cm3. :.g : 

•• ·' i 
•• -··· ' 8cm 

9cm 

2. Calculate the length of the edge marked x cm, given that 
the volume of the pyramid (left) is 14cm3

. 

3. The top of a sq uare-based pyramid (below) is cut off. 

The cut is made parallel to the base. If the base of the 
smaller pyramid has a side le ngth of 3cm and the vertical 
he ight of the truncated pyramid is 6cm. calc ulate: 
a) the height of the original pyramid 
b) the volume of the original pyramid 
c) the volume of the trun cated pyramid. 



4. The top of a trian 
pyramid (tetraheJular-_based 
off. ll1e cut is dron) is cut 
the base. If the~:re· para1l_el to 
of the top is 6cm t1cal height 

a) ~::!eight of ;hcea~~~~a~:;ed 
b) ~~::~~~me of the small 

c) ~~::~~~me of the original 

• The volume 
A cone isa . of a cone 
~ircular bas~;~:;d with a 

.---------·---,- ------ ::~;~l:s~e is.theref~:

1

~!: for or any other pyramid 

Volume _ l b · : ! : rr;~ area x height 

1 

Worked examples a) Calculate the volume of the 

e volume is IJ4cm1. 
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·t~ 
5cm • 

. 
-

81,mLl------------ ------ b) Th 0,-=!i:::;• •••"> 
4cm -- The sectorbel . ow is assembled t f o orm a cone as shown: 

i ) Calculate thebase . 
~~; ,~a:~ ;tcumfer~~~~~~~~:nce of !he cone. ie sector. cone is eq ual to the arc 

Sector arc length - 0 - 3
60

x21t r 

_ 280 

So the base circu - 360 x 21tx 12 = 58.6 (3 s.f.) 
mference is58.6cm. 
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ii) Calculate the base radius of the cone . 

The base of a cone is circular, therefore: 

C = 21Cr 

r= _f_ = 58.6 
2n 21r 

= 9.33 (3s.f.) 

So the radius is 9.33cm. 

iii) Calculate the vertical height of the cone. 

~ om 

hom ~ 

The vertical height of the cone can be calculated using 
Pythagoras' theorem on the right-angled triangle 
enclosed by the base radius, vertical height and the 
sloping face shown: 

Note that the length of the sloping face is equal to the 
radius of the sector. 9.33cm 

122 = h2 + 9.3J2 
h2 = 122 

- 9.332 

h2 = 56.9 
h = 7.54 (3s.f.) 

So the height is 7.54cm. 

iv) Calculate the volume of the cone . 

Volume = ! x 1Cr'2h 

=! X 1( X 9.J32 x 7.54 

= 688 (3s.f.) 

So the volume is 688cmJ. 

It is important to note that, altho ugh answers were given to 
3 s.f. in each case. where the answer was needed in a subsequent 
calculation the exact value was used and not the rounded one. 
By doing this we avoid introducing rounding errors int o the 
calculations. 

Exercise 6.18 I . Calculate the volume of each of the fo llowing cones. 
Use the values fo r the base radius r and the vertical 
height h given in each case . 
a) r =3cm. h=6cm 
b) r =6cm, h =7cm 
c) r =8 mm. h =2cm 
d) r =6cm, h =44 mm 
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2. Calculate the base radius o f each of the following cones. 
Use the values for the volume V and the vertical height h 
given in each case. 
a) V = 6CXJcm3

, h = 12cm 
b) V = 225cm3

, h = 18mm 
c) V = 1400mm3

, h = 2cm 
d) V = 0.04m3 h = 145mm 

3. The base circumference C and the le ngth of the sloping face 
I is given for each of the following cones. Calculat e: 
i) the base radius 
ii) the vertical he ight 
iii) the volume in each case. 

Give all answers to 3 s.f. 

a) C = 50cm. I= 15cm 
b) C= 100cm. I= 18cm 
c) C=0.4m. l = 75mm 
d) C=240mm, l= 6cm 

Exercise 6.19 1. The two cones A and B shown below have the same volume. 
Using the dimensions shown and give n that the base 
circumference of cone Bis 60cm, calculate the height h cm. 

/j \m ~ -
~\ ~ 

2. The sector show n (left) is assembled to form a cone. 
Calculate: 
a) the base circumference of the cone 
b) the base radius of the cone 
c) the vertical height of the cone 
d) the volume of the cone 
e) the curved surface area of the cone. 
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@16,m 

" 

m 

3. A cone is placed inside a cuboid as shown. 
If the base diameter of the cone is 12cm and the height of 
the cuboid is 16cm. calculate: 
a) the volume of the cuboid 
b) the volume of the cone 
c) the volume of the cuboid not occupied by the cone . 

4. Two similar sectors are asse mbled into cones (be low) . 
Calculate : 
a) the volume of the smaller cone 
b) the volume of the large r cone 
c) the ratio of the ir volumes. 

Exercise 6.20 I. An ice cream consists of 

t 
10m 

I 
12m 

I 

a hemisphere and a cone. 
Calculate its total volume . 

2. A cone is placed on top of a cylinder (left). Using the 
dimensions given, calculate the total volume of the shape. 

3. Two identical truncated cones are placed end to end as 
shown: 

t 
'T 

Calculate the total volume of the shape. 



Worked example 
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4. Two cones A and Bare placed either end ofa cylindrical 
tube as shown. 

Given that the volumes of A and B arc in the ratio 2: 
calc ulate : 
a) the volume of cone A 
b) the he ight of cone B 
c) the volume of the cylinder. 

• The surface area of a cone 
The surface area of a cone comprises the area of the circular 
base and the area of the curved face. The area of the curved face 
is eq ual to the area of the sector from which it is fom1ed. 

Calc ulate the total surface area of the cone shown (left): 

Surface a rea of base = rrr 2 

= 25rrcm2 

The curved surface area can best be visualised if drawn as a 
sector as shown in th e diagram (bottom left): 

The radius of the sector is eq uivalent to the slant height of the 
cone. ll1e curved perimeter of the sector is eq uivalent to the 
base circumfe re nce of the cone. 

0 
10n:cm 

ThereforeO = 150 

Area of sector = ~ x n x 122 = 60rrcm 

Total surface area = 60n + 25n 
= 851t 
= 267(3s.f.) 

The total surface area is 267cm2
• 
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Exercise 6.21 I . Calculate the surface area of the following cones: 

Ls~ 
.. 6cm-

,+.. 2. Two cones with the same base radius are stuck toge ther 
' t m asshown on the left. 

Calculate the surface area of the shape . 

3 Two cones have the same total surface area (below) . 

b;,~om 
m 

----- -- ------ ---- --- --

....._ 6cm ---->

.. 5cm-

Calculate: 
a) the total surface area of each cone 
b) the value of x. 

Investigations, modelling and ICT 

• Metal trays 
A rectangular sheet of metal measures 30 x 40cm. 

·-D 



G 
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The sheet has squares of eq ual size cut from each corner. It is 
then folded to form a metal tray as shown. 

' ' 

/ ! ) ~ I.>--------------------+= 

I. a) Calculate the length, width and he ight of the tray if a 
sq uare of side length 1 cm is cut fr om each corner of the 
sheet of metal. 

b) Calculate the volume of this tray. 

2. a) Calculate the length, width and he ight of the tray if a 
sq uare of side le ngt h 2cm is cut fr om each corner of the 
sheet of metal. 

b) Calculate the volume of this tray. 

3. Using a spreadsheet if necessary, investigate the 
relationship between the volume of the tray and the size of 
the sq uare cut from each corne r. Enter your result s in an 
ordered table. 

4. Calculate, to 1 d.p. the side length of the sq uare that 
produces the tray with the greatest volume . 

5. State the grea test volume to the nearest whole number. 

• Tennis balls 
Tennis balls arc spherical and have a radius of 3.3cm. 

A manufacturer wishes to make a cuboidal container with 
a lid that holds 12 te nnis balls. The co ntainer is to be made of 
cardboard. The manufacturer wishes to use as little cardboard 
as possible. 

I. Sketch some of the different containers that the 
manufact urer might consider. 

2. For each container. calculate the total area of cardboard 
used and therefore decide on the most economical design. 
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The manufact urer now considers the possibility of using other 
flat-faced containers. 

3. Sketch some of the different containers that the 
manufact urer might consider. 

4. Investigate the different amounts of cardboard used for 
each design. 

5. Which type of container would you recommend to the 
manufact urer? 

• ICT Activity 
In this topic yo u will have seen that it is possible to construct a 
cone from a sector. ll1e dimensions of the cone are dependent 
on the dimensions of the sector. In this activity you will be using 
a spreadsheet to investigate the maximum possible volume of a 
cone constructed from a sector of fixed radius. 

Circles of radius 10cm are cut fr om paper and used to 
construct cones. Different sized sectors are cut from the circles 
and then arranged to fo rm a cone, e.g. 

I. Using a spreadsheet s imilar to the one below. calculate the 
maximum possible volume, for a cone constructed from one 
of these circles: 

A B C D E F 
Arl<jeof S<,cto,arc s .. e ,irc'"'11ereoce Sase roctiuso1Ver1ioalheigtll Voli.rntof 

MCI0!(6) lenglh(om) of cooe(cm) cono(cm) of cone(cm) "''"'(cm1) 
s o.873 o.sn 0.13; ;.m 0202 

0.278 
0.411 

2. Plot a graph to show how the volume changes as O increases 
Comment on your graph. 
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l 

Student assessment I 
I. Calculate the circumference and area of each of the 

following circles. Give your answers to I d.p . . , .,G 
2. A rectangle of length 32 cm 

and width 20cm has a 
semi -circle cut out of two 
of its sides as shown: 

Calculate the shaded 
area to I d.p. 

60jm 3. Calculate the area of: 
a) the semi-circle ,._ ____ ~ .. 6r ~? ::::~~~i!e~~:;:~l 

y-c+ 
6om 

'----,,---.,. I 
4. A prism in the shape of a hollowed-out cuboid has 

dimensions as shown below. 

If the end is square, calculate the volume of the prism. 

5. Calculate the surface area of each of the following 
cylinders: 

''LJ+ "'LJ+ 
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Student assessment 2 
I. Calculate the arc length of the following sectors. The angle 

0 and radius rare given in both cases. 
a) 0 = 255° b) 0 = 240° 

r= 40cm r= 16.3 mm 

2. Calculate the angle O in each of the fo 11owing sectors. 
The radius rand arc length a are given in both cases. 
a) r= 40cm b) r= 20cm 

a = 100cm a = 10 mm 

3. Calculate the area of the sector shown below: 

20om/] 
[ft 

4. A hemisphere has a radius of 8cm. Calculate to I d.p.: 
a) its total surface area 
b) itsvolume . 

5. A cone has its top cut as shown be low . 

~ t 

Q T 
Calculate : 
a) the height of the large cone 
b) the volume of the small cone 
c) the volume of the truncated cone . 

6. A me tal object is made from a he misphere and a cone, both 
of base radius 12cm. The height of the object, when upright 
is36cm. 
Calculate : 
a) the volume of the he misphere 
b) the volume of the cone 
c) the curved surface area of the hemisphere 
d) the total surface area of the object. 
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7.1 Plotting of points and reading from a graph in the cartesian plane 
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In the middle of the 
seventcenthcenturytherc 
were three great French 
mathematicians.. Rene 
Descartes, Blaise Pascal and 
Pierre de Fermat. 

Rene Descart es was 
a philosopher and a 
mathematician. His book 
The Meditations asks 'How 
and what do I know?' His 
work in mathematics made 
a link between algebra and 

:~on:~~~- ~:1'J~~geh:ptl~~~ed Rene Descartes (1596-1650) 

in terms of mathematics. A ltho ugh he was not considered as 
talented a mathe matician as Pascal and Fermat , he has had 
greater influence on modern thought. ll1e (x, y) coordinates we 
use are called Cartesian coordinates after Descartes. 

Blaise Pascal (1623- 1662) was a genius who studied geometry 
as a child. When he was 16 he stated and proved Pascal's 
Theore m, which relat es any six points on any conic section. 
The ll1eorcm is sometimes called the 'Cat's Cradle'. He 
founded probability theory and made contributions to the 
invention of calculus. He is best known for Pascal's Triangle. 

Pierre de Fermat (1601 - 1665) was a brilliant mathematician 
and, along with Descartes, one of the most influential. Fermat 
invented number theory and worked on calculus. He discovered 
probability theory with his friend Pascal. It can be argued that 
Fermat was at least Newton's equal as a mathe matician. 

Fermat 's most famous discovery in number theory includes 
'Fermat's Last Theorem'. This theorem is derived from 
Pyt hagoras' theorem which states that for a right-angled 
triangle, x2 = y2 + ;:2 where x is the length of the hypotenuse. 
Fermat said that if the index (power) was greater than two 
and x ,y, z are all whole numbers, then the eq uation was never 
true. (This theorem was only proved in 1995 by the English 
mathematician Andrew Wiles.) 
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HI . 
1 2 3 4 5X 

On 22 October 1707 four En glish war ships, The Association 
the tlagship of Admiral Sir Clowdisley Shovell and three 
others, struck the Gilstone Ledges off the Scilly Isles and more 
than two thousa nd men drowned. Why? Beca use the Admiral 
had no way of knowing exactly where he was. He needed two 
coordinates to place his position on the sea. He only had one, 
his latitude. 

The story of how to solve the problem of fixing the second 
coordinate (longitude) is told in Dava Sobel's book L ongitude. 
The British Government offered a prize of £20000 (millions 
of pounds at today's prices) to anyone who co uld solve the 
problem of how to fix longitude at sea. 

• Coordinates 
To fix a point in two dimensions (20 ), its position is given in 
relation to a point called the origin. Tiuo ugh the origin, axes are 
drawn perpendicular to each o ther. The horizontal axis is know n 
as the.r.11xis. and the vertical axis is known as the J•axis. 

The X·axis is numbered from left to right. The y-axis is 
numbered from bou om to top. 

The position of point A is given by two coordinates: the 
X·Coordinate first, followed by they-coordinate. So the 
coordinates of point A are (3.2) . 

A number line can extend in both directions by extendin g the 
x- and y.ax:es below zero, as show n in the grid below: 

Points B. C, and D ca n be described by their coordinat es: 

Point Bis at (3, - 3) 
Point C is at (- 4, - 3) 
Point D is at (- 4, 3) 
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Exercise 7.1 1. Draw a pair of axes with both x and y fro m - 8 to +8. 
Mark each of the fo 11owing coordinates on yo ur grid: 
a) A c (5,2) b) Bc (?,3) c) C c (2,4) 
d) Oc (- 8, 5) e) Ec (- 6, - 8) f) Fc (3, - 7) 
g) Gc (?, - 3) h) Hc (6, - 6) 

Draw a separate grid fo r each ofQ.2-4withx- and y-axes 
from - 6 to +6. Plot and join the point in order to name each 
shape drawn. 

2 Ac (3,2) 8c (3, - 4) Cc (- 2, - 4) Oc (- 2,2) 

J, Ec (l,3) Fc (4,-5) Gc (- 2, - 5) 

4, Hc (- 6,4) Jc (0, - 4) Jc (4, - 2) Kc (- 2,6) 

Exercise 7.2 Draw a pair of axes with bothx and y from - 10 to +10. 

1. Plot the points P = (- 6.4), Q = (6.4) and R = (8, - 2) . 

Plot point S such that PQ RS when drawn is a parallelogram. 

a) Draw diagonals PR and QS. What are the coordinates 
of their point of intersection? 

b) What is the area of PO RS? 

2. On the same axes, plot point Mat (-8, 4) and point Nat (4, 4). 
a) Join points MNRS. What shape is formed? 
b) What is the area of MNRS? 
c) Explain your answer to Q .2(b) . 

3. a) On the same axes. plot point J where point J has 
y-coordinate +10 and JRS, when joined, forms an 
isosceles triangle . 

b) What is the x-coordinat e of all points on the axis of 
symmetry of triangle JRS? 

Exercise 7.3 1. a) On a grid with axes numbered from -1 0 to + IO draw a 
regular hexagon A BCDEF with centre (0, 0) and 
coordinate A (0, 8). 

b) Write down the approximate coordinates of point s B, C, 
D, E and F. 

2. a) On a similar grid to Q. 1, draw an octagon PQ RSTU VW 
which has point P (2, - 8), point Q (- 6, - 8) and point 
R (- 7, - 5) . 
PO= RS =TU= VW and QR= ST= UV= WP. 

b) List the coordinat es of points S, T , U, V, and W. 
c) What is the coordinate of the centre of rotational 

symmetry of the octagon? 
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Exercise 7.4 1. The points A, B. C and Dare not at whole number points 
on the number line . Point A is at 0.7 

What is the position of points B, C and D? 

I t t I H 
2. On this number line point Eis at 0.4 (2 small sq uares 

represents OJ) 

What is the position of points F, G and H. 

ii 
3. What is the position of points l, J , K, Land M? (Each small 

sq uare is 0.05, i.e 2 squares is 0.1 ) 

111 
4. Point P is at position 0.4 and point W is at position 9.8 

(Each small square is 0.2) 
What is the position of points Q, R. S, T, U, and V? 

It III H 
Exercise 7.5 1. Give the coordinates of points A, B, C and D. 
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2. Give the coordinates of points E, F, G, H. 

3. Give the coordinates ofpoints J , K, Land M. 

4. Give the coordinates of points P, Q, Rand S. 



=3T10N l__!_J Line segments 

'Worked example 

(,6) 

/ 

4 f-t-----v"+-+--t-t---+---l 
3 / 

2 
(1 ,3) 

O 1 2 3 4 5 6 7 ax 

• Calculating the length of a line segment 
A line segment is formed when two points are joined by a 
straight line. To calculate the distance between two points, and 
the refore the length of the line segme nt , their coordinates need 
to be given. Once these are known, Pythagoras' theorem can be 
used to calculate the distance. 

The coordinates of two points are (1,3) and (5, 6). Draw a pair 
of axes, plot the given points and calculate the distance between 
the m. 

By dropping a vertical line from the point (5, 6) and drawing 
a horizontal line from (I. 3), a right-angled triangle is fanned. 
The length of the hypotenuse of the triangle is the length we 
wish to find. 

Using Pythagoras' theorem, we have : 

«2 = 32 + 42 
«2 = 25 
a c {is 
a = 5 

The length of the line segment is 5 units. 

To find the distance between two points directly from their 
coordinates, use the following formula: 

d = 'l/(x1-x,)2 + (Y1 - Y2)2 

Worked example Without plotting the points.. calculate the distance between the 
points (1 , J)and (5,6) . 

d = '1/(1 - 5)2 + (3 - 6)2 

C \!(~4)' + (~3)' 
c {fs 
c S 

The distance between the two points is 5 units. 

• The midpoint of a line segment 
To find the midpoint of a line segment, use the coordinates of 
its end points. To find the x-coordinate of the midpoint. find 
the mean of the x-coordinates of the end points. Similarly, to 
find they-coordinate of the midpoint , find the mean of the 
y-coordinates of the end points. 
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Worked examples a) Find the coordinates of the midpoint of the line segment 
AB where A is (I, 3) and Bis (5, 6). 

The x-coordinate of the midpoint will be 1 ; 5 
= 3 

They-coordinate of the midpoint will be 3 ; 6 = 4.5 

So the coordinates of the midpoint are (3, 4.5) 

b) Find the coordinates of the midpoint of a line segment PO 
where P is (- 2, - 5) and Q is (4, 7) . 

The x-coordinate of the midpoint will be -\+ 4 = I 

They-coordinate of the midpoint will be - \ + 7 = I 

So the coordinates of the midpoint are (I,!) . 

Exercise 7.6 I. i) Plot each of the following pairs of points. 
ii) Calculate the distance between each pair of points. 
iii) Find the coordinates of the midpoint of the line segment 

joining the two points. 

,) (5,6) (1,2) 
c) (1, 4) (5.8) 
c) (2, 1) (4, 7) 
g) (- 3, - 3) (-1. 5) 
;) (- 3,5) (4,5) 
k) (-4. 3)(4.5) 

2. Without plotting the points: 

b) (6,4) (3, l) 
d) (0,0) (4,8) 
0 (0,7)(- 3,1) 
h) (4.2) (- 4, - 2) 
i) (2,0) (2,6) 
1) (3.6)(- 3, - 3) 

i) calculate the distance between each of the following 
pairs of points 

ii) find the coordinat es of the midpoint of the line segment 
joining the two points. 

a) (1,4) (4, 1) 
c) (2, 6) (6, - 2) 
,) (0,3) (- 3.6) 
g) (- 2,6) (2,0) 
;J (6, l) (- 6,4) 
k) (- 5, - 3)(6, - 3) 

b) (3,6)(7,2) 
d) (1,2)(9, - 2) 
0 (- 3, - 5) (- 5, - 1) 
h) (2, - 3) (8, 1) 
j) (- 2, 2) (4, - 4) 
1) (3,6)(5, - 2) 
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• Gradient of a straight line 
The gradient of a straight line refers to it s 'steepness' or 'slope' . 
The gradient of a straight line is constant , i.e. it does not 
change. ll1e gradient can be calculated by considering the 
coordinates of any two points (x1.y1),(x2.y2) on the line. It is 
calculated using the fo llowing fo nnula: 

Gradient = vertical distance between the two points 
horizontal distance between the two points 

By considering the x- and y-coordinates of the two points. this 
can be rewritten as: 

Worked examples a) The coord inat es of two points on a straight line are 

(26) 

4 I\ 

2 (42) 

1 2 3 4 5 6 7 8 X 

(l, 3) and (5, 7) . Plot the two points on a pair of axes and 
calculate the gradient of the line joining them. 

Gradient = ~=i = 1 = 1 

2 
(13) 4 

1 1· ·'' 
Q 1 2 3 4 5 6 7 8 X 

Note : It does not matter which point we choose to be (x1, y1) 

or (x1, y2) as the gradient will be the same . In the example 
above, reve rsing the points: 

Gradie nt= i = ~ = 1 = I 

b) The coordinat es of two points on a straight line are 
(2, 6) and (4, 2) . Plot the two points on a pair of axes and 
calculate the grad ient of the line joining them. 

Gradie nt= ~ = ~ = 1 = - 2 
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I/ 

T o check whether or not the sign of the gradient is correct. 
the following guideline is useful: 

A line sloping this way will A line sloping this way will 
have a positive gradient have a negative gradient 

Parallel lines will have the same gradie nt. Conversely, lines 
which have the same gradient are parallel. If two lines are 
parallel to each other their gradients m 1 and m2 are eq ual. 

/ I/ / 
/ I/ / 

I/ / I/ 
I/ / I/ 

/ V / 
/ I/ / 

/ I/ 
L l 

Li, L:,. ~ all have the same gradient so are parallel. 

The x-axis and the y-axis on a graph intersect at right 
angles. They are perpendicular to each other. In the graph 
below, L1 and L2 are perpendicular to each other. 

I 

" 
~ / 

" I 

" / ' / 

" L, 

I/ 
L, 
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r:~s ~;client m 1 of line L1 is! whilst the gradient 1112 of line 

The product of m 1m2 gives the result - L i.e. 1 x(- {) = - 1 

If two lines are perpendicular to each other, the product of 
their gradients is - 1, i.e . 11111112 = - 1. 

Therefore the gradient of o ne line is the negative reciprocal 
of the other line, i.e. m 1 = -=-1. 

1112 

Exercise 7. 7 I. With the aid of axes if necessary, calculate: 
i) the gradient of the line joining the following pairs of points 
ii) the gradient of a line perpendicular to this line. 

a) (5,6) (1,2) 
b) (6,4) (3, I) 
c) (1,4) (5,8) 
d) (0, 0) (4, 8) 
,) (2, I) (4, 7) 
0 (0, 7) (- 3, I) 
g) (- 3, - 3) (- 1,5) 
h) (4,2) (- 4, - 2) 
i) (- 3,5) (4,5) 
j ) (2,0) (2,6) 
k) (- 4,3) (4,5) 
I) (3,6) (- 3, - 3) 

2. With the aid of axes if necessary, calculate: 
i) the gradient of the line joining the following pairs of points 
ii) the gradient of a line perpendicular to this line. 

a) (1,4) (4, I) 
b) (3,6) (7,2) 
c) (2,6) (6, - 2) 
d) (l,2) (9, - 2) 
,) (0,3) (- 3,6) 
0 (- 3,-5) (- 5, - 1) 
g) (- 2,6) (2,0) 
h) (2, - 3) (8, I) 
i ) (6, I) (- 6,4) 
j ) (- 2,2) (4, - 4) 
k) (- 5, - 3) (6, - 3) 
I) (3,6) (5, - 2) 
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Equation af a straight line 

The coordinates of every point on a straight line all have 
a common relationship. ll1is relationship, when expressed 
algebraically as an eq uation in terms of x and/or y, is known as 
the eq uation of the straight line. 

Worked examples a) By looking at the coordinates of some of the points on the 
line below, establish the equation of the straight line. 

1 • . 
Q 1 2 3 4 5 6 7 8 X 

Some of the points on the line have been ide ntified and 
their coordinates e ntered in the table above. By looking at 
the table, it can be seen that the only rule all the points have 
in common is that y = 4. 

Hence the eq uation of the straight line is y = 4. 

b) By looking at the coordinates of some of the points on the 
line, establish the eq uation of the straight line . 

1. 
Q 1 2 3 4 5 6 7 8 X 

Once again, by looking at the table it can be seen that the 
relationship between the x- and y-coordinat es is that each 
y-coordinate is twice the corresponding x-coordinate. 

Hence the eq uation of the straight line is y = 2.f. 
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Exercise 7.8 For each oft he following. identify the coordinates of some of 
the points o n the line and use these to find the equation of the 
straight line. 

2. 

1 2 3 4 5 6 7 8 X Q 1 2 3 4 5 6 7 8 X 

2. 3. 

1. 1 • . 
Q 1 2 3 4 5 6 7 8 X Q 1 2 3 4 5 6 7 8 X 

5. 6. 

m1.1• 
Q 1 2 3 4 5 6 7 8 X Q 1 2 3 4 5 6 7 8 X 
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a) 

' / 

d) 

y 

y 

f--I-- 6· 

" I, 
' I"-

--4 - 3 - 2 - 1 Q 1 2 3 4 5 X • • --4 - 3 - 2 - 1 Q 1 2 3 4 5 X 

Exercise 7. 9 I For each of the following, identify the coordinates of some 
of the points on the line and use these to fin d the eq uation 
of the straight line. 

b) c) 
y y 

/ 

/ 
/ I/ 

V A 
/ I/ 

/ / V 
V 0 '• IY ' ~ 0 ', 0 / 

V 
/ 

I / 

c) 

' y '. 

I / v 
I V 

,/ v 
I / 

V 

I V 

' / 1 0 ' I I 0 ' ' ~ ~ v ' 
V / 

L., / ' 



a) 
y 

I, 

" I, 
" " I, 

" 
' ~ 0 "• 

d) 
y 

~---- -
~" 

' ~ 0 ' 
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2. For each of the following. identify the coordinates of some 
of the points on the line and use these to find the eq uation 
of the strai ght line. 

b) c) 
y y 

\ 

I\ 
\ 

I"-

" \ 

' l'sc 0 ' p \ 0 X 

" ' ~ 

I, \ 

c) 
y y 

'\ 

'\ 

' \, 
I 

'\ 

p 2 1 0 \ X p ", 

3. a) For each of the graphs in Q.1 and 2, calculate the 
gradient of the straight line . 

b) What do you notice about the gradie nt of each line and 
its eq uatio n? 

c) What do you notice about the equation of the strai ght 
line and where the line intersects the y-axis? 
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II 

4. Copy the diagrams in Q. l. Draw two lines on the diagram 
paralle l to the given line. 
a) Write the equation of these new lines in the fo nn 

y =mx + c. 
b) What do you notice abo ut the equations of these new 

parallel lines? 

5. In Q.2 yo u fo und an equation fo r these lines in the fo rm 
y = mx + c. Change the value of the intercept c and then 
draw the new line. 
What do you notice abo ut this new line and the first line? 

In general the equation of any straight line can be written in the 
fo rm: 

y =mx+ c 

where mrepresents the Yv-• gradient of the straight line 
and c the inte rcept with the 
y-axis. This is shown in the 
diagrnm. I G,.,..,, m 

By looking at the equation 
of a straight line written in the 
fo rm y = mx + c, it is therefore 
possible to deduce the line's 

! ~:i: ~\t~;odu~n~:~:~~\ :v~;a~:t. O x 

'Worked examples a) Find the gradient and y-int ereept of the following straight 
lines: 
i ) y = Jx- 2 

ii) y = - 2.t + 6 

gradient= 3 
y-intercept = - 2 
gradient= - 2 
y-intercept = 6 

b) Calculate the gradient and y-intercept of the follow ing 
straight lines: 

i) 2y =4x+ 2 

This needs to be rearranged into grudient-intercept 
fo rm ( i.e. y = mx + c) : 

y = 2K + l gradient= 2 
y-intercept = I 

ii) y - 2.t =-4 

Rearranging into gradient-intercept fo rm: 

y = 1K - 4 gradient= 2 
y-intercept = - 4 
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iii) - 4y + 2x = 4 

Rearranging into gradient-intercept form: 

y = }f - 1 gradient= ~ 
y-i ntercept =-1 

iv)ql =-x + 2 

Rearranging into gradient-intercept form: 

y +3 =-4x + B 

y = - 4x + 5 gradient = - 4 
y-i ntercept = 5 

Exercise 7.10 For the fo llowing linear equations, calculate both the gradient 
andy-intercept. 

I. a) y = 2x + I b) y = 3x +5 c) y = x - 2 

d) Y = !x +4 e) y =-3x + 6 f) Y = -ix + I 
g) y =-X h) y =-x - 2 i) y C - (2' - 2) 

2. a) y - 3x= I b) y + j, - 2 c Q c) y + 3 =-2x 

d) y +2x +4 =0 e) y - {x - 6 = 0 n - 3x + y = 2 

g) 2 + y = x h) 8x - 6 + y = 0 i) - (3x+ l) +y = 0 

3. a) 2y =4x - 6 b)2y = x + B c) !J = x - 2 

d) ly c-2, + J e) 3y - 6x = 0 0 b,, +x= 1 
g) 6y - 6 = 12x h) 4y - 8 + 2x = 0 i) 2y - (4x - 1) = 0 

4. a) 2x - y = 4 b) x - y + 6 = 0 c) - 2y = 6x +2 

d) 12 - 3y = 3x e) Sx - !J = I 0 - j.Y + 1 = 2x 

g) 9x - 2 =-y h) - 3x + 7 = -!J i) - (4x - 3) = - 2y 

5. a) l..±1_ I 
4 = zx b) Y = 2 c) y c o 

d)¥ = 6 ,) ~ =-3 nlr;lc-2 
X 

g) ~ = 6 
2 h)~ = 2 i)~= l 

5x 

6. a) ¥ =2 b) - x;2y = y + I 

c)~ = 2 

e) - (6x/y) = y + I 

g) ~ + ~ =-1 

i) =~2~t1 = I 

d) t= i 
f) 2x - !y + 4 = 4 

h) y : I + 2y ~ 2 =-3 

j) - (x - 3y) - (- x - 2y) = _2 
4 +x - y 
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• The equation of a line through two points 
The equation of a straight line can be found once the 
coordinates of two points on the line are known. 

Worked example Calculate the eq uation of the straight line passing through the 
points (- 3. 3) and (5, 5) . Plotting the two points gives: 

' I 
I 
I 

(5 15) 

r-~ [6~ - ,3. -- --+-
I 
I 

- 4 -3 - 2 - 1 0 1 2 3 4 5 X 

The equation of any straight line can be written in the general 
form y = mx + c. Here we have : 

Gradient = -1.=.]_ =I = l 
5 - (- 3) 8 4 

The equation of the line now takes the fo nn y = -}x + c. 
Since the line passes through the two give n points. their 

coordinates must satisfy the eq uation. So to calculate the value 
of c, the x and y coordinates of one of the poin ts are substituted 
into the equation. Substituting (5, 5) into the eq uation gives: 

5 = lxS + c 

5 = I! + c 

Therefore c= 5 - !{ = 3} 
The eq uation of the straight line passing through (- 3,3) and 

(5.5) is: 

y = !x + 3} 
We have seen that the eq uation of a straight line takes the form 
y = mx + c. It can, however, also take the fonn ax + by = d. It is 
possible to write the eq uation y = mx + c in the fonn ax + by = d 
by rearranging the eq uation. 

In the example above,y = {x + 3{ can firstly be rewritte n as: 

X 15 
Y=4 + 4 

Multiplying both sides of the eq uation by 4 produces the 
eq uation 4y = x + 15. 

This can be rearranged to - x + 4y = IS, which is the req uired 
formwitha =- Lb = 4andd= 15. 
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Exercise 7.11 Find the equation of the straight line which passes through 
each of the fo11owing pairs of points. Express your answers in 
the form: 
i) y =mx + c 
ii) ax+by=d. 

I. a) (1, 1) (4, 7) 
c) (1,5) (2, 7) 
,) (1,6) (2, 10) 
g) (3, - 4) (10, - 18) 
;) (0,0) (10,5) 

2 , ) (- 5,3) (2,4) 
c) (- 7, - 3) (- 1, 6) 
,) (- 3,4) (5,0) 
g) (- 5,2) (6,2) 
;J (6, - 4) (6,6) 

b) (1,4) (3, 10) 
d) (0, - 4) (3, - 1) 
D (O, 4) (L3) 
h) (0, - 1) (l, - 4) 

b) (- 3, - 2) (4,4) 
d) (2,5) (1,-4) 
D (6,4) (- 7, 7) 
h) (1, - 3) (- 2,6) 

• Drawing straight line graphs 
To draw a straight line graph only two points need to be known. 
Once these have been plo tted the line can be drawn between 
the m and exte nded if necessary at both ends. It is important to 
check your line is correct by taking a point from your graph and 
ensuring it satisfies the original equation. 

Worked examples a) Plot the line y = x + 3. 

To identify two points simply choose two values of x. 
Substitute these into the equation and calculate the ir 
corresponding y-values. 

Whe nx= O y = 3 
Whenx= 4 y = 7 7 

Therefore two of the 6 ;· -· pomt, o , the hnc "" 5 
(0 3) and (4, 7) 4 

The straight hne y = x + 3 3 
1s plotted as shown 2 

Check usmg a thlfd pomt 1 

e.g. (L4) O 1 2 3 4 5 6 7 a x 

Whc nx=l ,y =x+ 3 = 4, 
so (1, 4) satisfies the equation of the line. 
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\ 

II 

I\. 

\ 

\ 
y -X+4 

b) Plot the line y = - 2.t + 4. 

When x = 2,y = 0. 
Whe nx =- l,y = 6. 

The coordinat es of two point s on the line are (2, 0) and 
(- 1, 6), and the line is plo tted as shown. 

Check using the point (0, 4) . 

When x = 0. y = - 2.t + 4 = 4, so (0, 4) satisfies the equatio n 
of the line. 

Note that. in questions of this sort. it is ofte n easier to rearrange 
the equation into gradient -intercept fo rm fir st. 

Exercise 7.12 L Plot the following straight lines: 
a) y = 2t + 3 b) y =x - 4 

d) y =-2.t c) y = 3x - 2 
e) y =-x - 1 
g) - y = 3x - 3 
i) y - 4 =3x 

2. Plot the fo llowing straight lines: 
a) - 2t + y = 4 
c) 3y = 6x - 3 
e) 3y - 6x = 9 
g) x + y +2 = 0 
i) 4 = 4y - 2t 

3. Plot the fo 11owing straight lines: 

a):q.x = 1 

c) ~ + "t = I 

e) 3+j =O 
g) y - ~x- y) =- 1 

i) - 2(x + y) +4 =-y 

I) - y = ! x +4 
h) 2y = 4x - 2 

b)--4x + 2y = l2 
d)2t = x + l 
I) 2y +x = S 
h) 3x +2y - 4 = 0 

b) x + "t = I 
d)y + ~ = 3 

D ~c2:;+yl 0 1 

h) 6 -!=0 



Investigations, modelling and ICT 

• Plane trails 
In an aircraft show, planes are made to fly with a coloured 
smoke trail. Depending on the formation of the planes, the trails 
can intersect in different ways. 

In the diagram below the three smoke trails do not cross as 
theyareparal1e l. 

JJJ 
In the following diagram the re are two crossing points. 

By flying differently, the three planes can produce trails that 
cross at three points. 

I. Investigate the connection between the maximum number 
of crossing points and the number of planes. 

2. Record the results of yo ur investigation in an ordered table. 
3. Write an algebraic rule linking the number of planes (p) 

and the maximum number of crossing points (n). 
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• Hidden treasure 
A television show sets up a puzzle fo r its contestants to try and 
solve. Some buried treasure is hidden on a ·treasure island' . 
The treasure is hidden in one of the 12 treas ure chests shown 
(left). Each contestant stands by one of the treasure chests. 

The treasure is hidden according to the following rule: 

It is not hidden in chest I. 
Chest 2 is left empty fo r the time being. 
It is not hidden in chest 3. 
Chest 4 is left empt y for the time being. 
It is not hidden in chest 5. 
The pattern of crossing out the first chest and then alternate 
chests is continued until only one chest is left. This will involve 
going ro und the circle several times continuing the pattern. 
The treasure is hidden in the last chest left. 

The diagrams below show how the las t chest is chosen: 

After I round, chests After the second ro und, chests After the third round,chests 4 
I, 3. 5, 7, 9 and 11 have been 2. 6 and 10 have also been and 12 have also been 
discounted. discounted. discounted. This leaves only 

chest 8. 

II 

The treasure is therefore 
hidden in chest 8. 

Unfortunately fo r participants, the number of contestants 
changes each time. 

1. Investigate which treasure chest you would choose if there 
are: 
a) 4 contestant s 
b) 5 contestant s 
c) 8contestant s 
d) 9contestant s 
e) 15contestants. 

2. Investigate the winning treasure chest for o ther numbers of 
contestants and enter your resul ts in an ordered table. 
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3. State any patterns you notice in your table of res ults. 
4. Use yo ur patterns to predict the winning chest for 31, 32 

and33contestants. 
5. Write a rule linking the winning chest x and the number of 

• ICT Activity 
Your graphics calculat or is able to graph inequalities and 
shade the appropriate region. ll1e examples below show some 
screenshots taken from a graphics calculator. 

Investigate how your calculator can graph linear ineq ualities. =6T10N L_..!__J Student assessmen ts 

Student assessm e nt I 
1. Sketch the following graphs on the same pair of axes, 

labelling each clearly. 
a) x = 3 b) y =-2 
c) y = - 3x d) y = f +4 

2. For each of the following linear eq uations: 
i) calc ulate the gradient and y-intercept 
ii) plot the graph. 
a) y = 2x +3 b) y = 4 - x 
c) 2x - y = 3 d) - 3x +2y = 5 

3. Find the equation of the straight line which passes thro ugh 
the followin g pairs of points: 
a) (- 2, - 9) (5, 5) b) (1, - 1) (-1 , 7) 

4. The coordinates of the end points of two line segments are 
given below. Calculate the le ngth of each of the lines. 
,) (2,6)(- 2, 3) b) (- 10, - 10)(0,14) 
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=1noN L_!_J The Swiss 

Leonhard Euler (1707-1783) 

• Leonhard Euler 
Euler, like Newton, was the greatest mathematician of his 
generat io n. He st udied all areas of mathematics and continued 
to work hard aft er he had gone blind. 

As a young man . Euler discovered and proved: 

the sum of the infinite series !,(~) =f 
i.e. ~ + ~ + fi + ... + ~=f 

This brought him to the attention of other mathemat icians. 
Euler made discoveries in many areas of mathematics.. 

especially calc ulus and trigonometry. He also developed the 
ideas of Newton and Leibniz. 

Euler worked on graph theory and functions and was the first 
to prove several theorems in geome try. He studied relatio nships 
between a triangle 's height. mid-point , and ci rcumscribing and 
inscribin g circl es, and an expression for a te trahedron's 
(a triangular pyramid) area in terms of its sides. 

He also worked on number theory and found the largest 
prime number known at the time. 

Some of the most important constant symbols in 
mathematics. n. e and i (the sq uare root of - 1). were introduced 
by Euler. 

• The Bernoulli family 
The Bernoullis were a family of Swiss me rcha nts who we re 
friends of Euler. ll1e two brothers, Johann and Jacob, were 
very gifted mathematicians and scientists. as were their 
childre n and grandchildren. They made discoveries in calculus. 
trigonometry and probability theory in mathematics. In 
science. they worked on astronomy. magnetism. mechanics, 
thermodynamics and more. 

Unfortunately many members of the Berno uilli family we re 
not pleasant people. The older members of the family were 
jealous of each other's successes and often stole the work of 
their sons and grandsons and pretended that it was their own. 



NB: Diagrams are not drawn 
to scale. 

II 

1[:s: 
B adjacent C 

Worked examples 

C 

4om"" ~ 
B 5cm A 

:~ omu A 
8 3cm 

Sine, cosine and tangent ratios 

There are three basic trigonometric ratios: sine. cosine and 
tange nt. 

Each of these relates an angle of a right -angled triangle to 
a ratio of the lengths of two of it s sides. 

The sides of the triangle have names, two of which are 
dependent on their position in relation to a specifi c angle. 
The longest side ( always opposite the right angle) is called the 
hypotenuse. The side opposit e 
the angle is called the 
opposite side and the side next to 

theNa~~! l: hi:t::!~:nt~:/:~:=~t side. i 
angle is at A, the sides labelled f 
opposite and adjacent change as ~ ----
show n: opposite 

• Tangent 

l~ 
B adjacent C 

tan C = length of op~osit e side 
length ofadJacent side 

a) Calculate the size of angle BAC in the following triangles: 

tan x = ~~ja:~:: = ! 
x= tan-1 (!) 
x=38.7 (I d.p.) 

LBAC=38.7° (1 d.p.) 

ii) tanx 0 =i 
x = tan-1 (i) 
x=69.4(1d.p.) 

L BAC= 69.4° (l d.p.) 



pcm 

o[760

m 42• P 

R 

x~ v 

y ,,m 

b) Calculate the lengt h of the opposite side QR. 

tan42° =r_ 
6 

6x tan42° =p 

p= 5.40(3s.f.) 

QR= 5.40em (3 s.f.) 

c) Calculate the length of the adjacent side XY. 

tan 35° = ¥ 

z x tan35° = 6 
6 

z = tan 35° 

z = B.57 (3s.f.) 

XY = 8.57 cm (3 s.f.) 

8 Trigonometry 

Exercise B. I Calculate the length of the side marked xem in each of the 
diagrams in Q. I and 2. Give your answers to 3 s. f. 

[. '~cm ~ b) LJA 7cm 

B 5cm A C 
8 

xcm 

d)L\l~5om , 
N 
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, .. , A.~ 
~ 

B 

b),,m ~ o) ~ 20,m 

Q 7cm R F 

d:,m L~ o) ,omGN5 
~ 

M xcm N L 

65cm M 

A L _J,m 
B 9.2cm C 

3. Calculate the size of the marked angle x0 in each of the 
following diagrams. Give your answer to I d.p. 

,) C 

~ 
12om ~ 

' ;f _ ,, ,,_~ A.~ 
LJ B 62cm A L) 

Q 4cm R M 



• Sine 

Worked examples a) Calculate the size of angle BAC. 

~ 
B 7cm C 

~ 
p ' ~ 

R 

sin x = h;g~t~s~~ese = f,j_ 

x = sin-1 (f2:) 
X = 35.7 (1 d.p. ) 

LBAC = 35.7° (1 d.p.) 

b) Calculate the length of the hypotenuse PR. 

sin 18° =JJ 
q x sin 18° = 11 

11 
q = sin 18° 

q = 35.6 (3 s.f.) 

PR= 35.6 cm (3s. f. ) 

8 Trigonometry 

Exercise 8. 2 I. Calculate the length of the marked side in each of the 
following diagrams. Give your answers to 3 s.[ a)Ln 

ocm '\j /cm 
N 
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"t~ '' zj 
Y 2cm Z 

C 

45,m/\,m µ . 
2. Calculate the size of the angle marked x in each of the 

following diagrams. Give your answers to I d.p. 

d)LV-Nc)P~ 
,· 

7.1cm 

M 26cm 

Q 14cm R 

• Cosine 

D A 

cos z = length of adjacent side 
length of hypotenuse 



Worked examples a) Calculate the length XY. 

cos 620 = adjace nt = ~ 
hypotenuse 20 

z = 20xcos62° 

z = 9.39(3s. [ ) 

XY = 9.39 cm (3 s.[) 

8 Trigonometry 

A~ cs.,m 
12m , · 

b) Calculate the size of angle ABC. 
5.3 cos x = 12 

x = cos-1 (tf) 
x = 63.8 (I d.p.) 

LAB C = 63.8° (1 d.p.) 
B 

Exercise 8.3 

L A 

26" 

4. 

Calculate either the marked side or angle in each of the 
fo 11owing diagrams. Give your answers to I d.p. ,. xn y J. o o __ ;~f 

ycm~ Lj12,m 

G F 

6. H 

8.1 cm N 

L 5. Xv,cm 56" Y 

tJ M 12cm 

z 

7. X 0.2m Y 8. L 
13.7cm 

m 

z a1· 
B C 
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a) 

Exercise 8.4 I. By using Pythagoras' 
theorem, trigonometry or 
both, calculat e the marked 
value in each of the 

b) 

following diagrams. In each 
case give your answer to 1 d.p. 

c) 

Note: Pythagoras' theorem 
was covered in Sectio n 3 of 
Topic 4. 

d) 

ACT?c:~ ----1,, ,,m 4:~ M Xv-14cm •· Y 
- ~ = ~ m -

x L N 

B C z 

D 
D 

2. A sailing boat sets off from a point X and heads towards Y, 
a point 17 km North. At point Y it changes direction and 
heads towards point Z, a point 12km away on a bearing of 
090°. Once at Z the crew want to sail back to X. 
Calculate: 
a) the distance ZX 
b) the bearing of X from Z. 

3. An aeroplane sets off fr om G on a bearing of 024° towards 
H. a point 250 km away. At Hit changes co urse and heads 
towards ] o n a bearing of 055° and a distance of 180km 
away. 
a) How far is H to the North of G ? 
b) How far is H to the East of G? 
c) How faris Jt o theNorth ofH ? 
d) How far is J to the East of H? 
e) What is the shortest distance between G and J ? 
f) What is the bearing of G from J ? 

'- 4. Two trees are standing on flat ground. The angle of 
"-". elevation of their tops from a point X on the ground is 40°. 

X 

~f;h:n~ot~:o;i~~~~!~~:~::~~::nt~:~1 i'~: t~n0a:~::esei~s 

20 m, calculate: 
a) the he ight of the small tree 
b) the he ight of the tall tree 
c) the horizontal distance between the trees. 

~ Sm ---->-

II 



p 

~ 

. ~ " 
~ C , A 

8 Trigonometry 

5. PQ RS is a quadrilateral. The sides RS and QR are the same 
length. The sides OP and RS are paral1el. 
Calculate : 
a) angle SOR 
b) angle PSQ 
c) length PQ 
d) length PS 
e) theareaof PQRS. 

Special angles and their trigonometric ratios 

So far most of the angles you have worked with have req uired 
the use of a calc ula tor in order to calculate their sine,cosine 
or tangent. However some angles produce exact values and 
therefore a calculator is both unnecessary and unhelpful when 
exact solutions are req uired. 

There are a number of angles which have 'neat ' trigonometric 
ratios, for example 0°. 30°, 45°, 60° and 90°. Their trigonometric 
ratios are derived below. 

Consider the right-angled isosceles triangle ABC (left) . 

Let the perpendicular sides AC and BC each have a length of 
1 unit. 

Asi'i.ABCis isosce les, LABC = LCAB = 45°. 

Using Pythagoras' theorem. AB can also be calculated: 

AB2 = AC +BC 

AB2 = 12 + 12 = 2 

AB C ,,Ji 
From the triangle, it can be deduced that sin 45° = 12 
which when rationalised can be written as sin 45° = f 
Similarly cos 45° = 1z = f 
Therefore sin 45° = cos 45° 

tan 45° = f = 1 



8 Trigonometry 

y 

LJ '/3 

0 

X 1 p 

Consider also the eq uilateral triangle XYZ below, in which each 
of its sides have a length of 2 units. 

y 

6 
X 2 Z 

If a vertical line is dropped fro m the vertex Y until it meets the 
base XY at P. the triangle is bisected. Consider now the right
angled triangle XYP. 

LXYP = 30° as it is half of L XYZ. 
XP = l unit length as it is half of XZ. 
The length YP can be calculated using Pythagoras' theorem: 

XY2 = XP2 + YP' 

YP2 = XY2 - XP2 = 22
- i2 = 3 

yp C VJ 
Therefore from this triangle the following trigonome tric ratios 
can be deduced: 

sin 30° = ! VJ 
cos30° = z 

cos 60° = ! tan 60° = 1/. = ..j3 

These res ult s and those obtained from the trigonometric graphs 
shown on the next page are summarised in the table below: 

Angle(U) ,o,(/1) tan(U) 

()" 

30" 

60" 

90" 
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Other angles have the same trigonometric ratios as those show n 
on page 356. The following section explains why, using a unit 
circle, i.e. a circle with a radius of I unit. 

·~ 
V \ 

I I\ 
\ 

' ' ' ·oe'"' X 

--0.5 
\ I 

-1 

In the diagram above, Pisa point on the circumference of a 
circle with centre at O and a radius of I unit. P has coordinates 
(x , y) . As the position of P changes, then so does the angle 0. 

sin O = f = y i.e. the sine of the angle O is represent ed by 
they-coordinate of P. 

The graph therefore shows the different values of sin Oas 0 
varies. A more complete diagram is shown below. Note that the 
angle O is meas ured anticlockwise from the positive x-axis. 

V -, 
I\ 

\ 

' ' ' I 

' I 

The graph of y = sin x has: 

• a period of 360° (i.e. it repeats itself every 360°) 
• a maximum value of + I 
• a minimum value of - 1 
• symmetry, e.g. sinx= sin (180 -x). 

Similar diagrams and graphs can be constructed for cos O and 

-· . . . X From the umt c!fcle, it can be deduced that cos O = T = x, 

i.e. the cosine of the angle O is represented by the x-coordinate 
of P. Since cos O = x , to be able to compare the graphs, the axes 
should be rotated through 90° as shown on the next page. 

11 
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\ 

\ / 
I\ I 

\ 
h, ,( ' ,Pa '~·. ,,,4',,§ 

\ 
\. / 

1 

The properties of the cosine curve are similar to those of the 
sine curve.It has: 

• a period of 360° 
• a maximum value of + I 
• a minimum value of - 1 
• symmetry, e.g. cos x = cos(360 - x ) 

The cosine curve is a translation of the sine curve of - 90°. i.e 
sinx = cos(x - 90) 

From the unit circle it can be deduced that tan O = ~-

In order to compare all the graphs a tange nt to the unit circle 
is drawn at (1,0). OP is extended to meet the tangent at Q as 

-t-------.~~- ---t-x show n. 

As OX= I (radius of the unit circle), tan 0 = g~ = QX. 

i.e. tan O is equal to they-coordinate of Q . 

The graph of tan O is therefore shown below: 

I 

I 

I I 

,-P 
I/ 

X 



8 Trigonometry 

The graph of tan O has: 

• a period of 180° 
• no maximum or minimum value 
• symmetry 
• asymptotes at 90° and 270° 

'Worked examples a) sin 30° = 0.5. Which other angle between 0° and 360° has a 
sineof0.5? 

o.:~ 
/ 30"90'150'1~ 360" 

-1 

From the graph above it can be seen that sin 150° = 0.5. 
Also sin x = sin (180 - x), therefore sin 30° = sin (180 - 30) 
= sin 150°. 

b) cos 60° = 0.5. Which other angle between 0° and 360° has a 
cosine of0.5? 

From the graph above it can be seen that cos 300° = 0.5. 

c) The cosine of which angle between 0° and 180° is eq ual to 
the negative of cos 50°? 

Cos 50° has the same magnitude but different sign to 
cos 130° due to the symmetrical properties of the cosine 

Therefore cos 130° = -cos 50° 
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Exercise 8.5 I. Express each of the following in terms of the sine of 
another angle between 0° and 360°: 
a) sin 60° b) sin 80° c) sin 115° 
d) sin 200° e) sin 300° f) sin 265° 

2. Express each of the following in te rms o f the sine of another 
angle between 0° and 360°: 
a) sin 35° b) sin 50° c) sin 30° 
d) sin 248° e) sin 304° f) sin 327° 

3. Find the two angles between 0° and 360° which have the 
following sine. Give each angle to the nearest degree. 
a) 0.33 b) 0.99 c) 0.09 

d) -! ,) -i/- n -;j, 
4. Find the two angles between 0° and 360° which have the 

following sine. Give each angle to the nearest degree. 
a) 0.94 b) 0.16 c) 0.80 
d) -0.56 e) -0.28 f) -0.33 

Exercise 8.6 I. Express each of the following in terms of the cosine of 
another angle between 0° and 360°: 
a) cos20° b) cos85° c) cos32° 
d) cos 95° e) cos 147° f) cos 106° 

2. Express each of the following in terms of the cosine of 
another angle between 0° and 360°: 
a) cos 98° b) cos 144° c) cos 160° 
d) cos183° e) cos211 ° f) cos234° 

3. Express each of the following in terms of the cosine of 
another angle between 0° and 180°: 
a) -cos 100" b) cos 90° c) -cos 110° 
d) - cos45° e)-cos 122° f) - cos25° 

4. The cosine of which acute angle has the same value as: 
a) cos 125° b) cos 107° c) -cos 120° 
d) - cos98° e) --cos92° f) - cos 110°? 



=410N ~ The sine and cosine rules 

With right-angled triangles we can use the basic trigonometri c 
ratios of sine, cosine and tangent. The sine rule is a re la tionship 
which can be used with non ri ght-angled triangles. 

The sine rule can be derived as fo llows: 

In triangle ACX,sin A= i therefore h = b sin A 

In triangle BCX, sin B =~therefore h = a sin B 

A s the height h is common to both triangles it can be deduced 
tha t: 

b sinA= asinB 

which can be rearranged to: si:A = si! B 

Similarly when a perpendicular line is drawn from A to meet 
side BC a t Y another equatio n is form ed. 

In triangle ACY,sinC =~therefore h 1 = bsinC 

In triangle BAY, sinB = ~ therefore h 1 = csinB 

A s the height h 1 is common to both triangles it can be deduced 
tha t: 

b sin C = csinB 

which can be rearranged to: si! B = si~ C 



8 Trigonometry 

~ : 
A c 8 -- ~~~:~-~-d D 

d
e 

A 

• 180 -8 h '-A ,' 

II 

Both equations ca n be combined to form si:A = si!B = sii:c

This is the sine rule. 

The reciprocal of each fraction can be taken resulting in 

in another form of the sine rule: si: A = si~ B = si: C . 

The sine rule proved above also works for obtuse-angled 
triangles as shown (left). 

Consider the obtuse-angled triangle ABC. 
The height of triangle ABC is h. 

From MCD sin A=~ thereforeh = hsinA (Equation I) 

From Af3CD sin (180 -B) = ~ thereforeh = a sin (180 -~) 
(Equatmn 2) 

Howeve r, sin (180 - B) = sin B. TI1is can be seen from the graph 
of the sine curve below: 

iw --~;~---~-~----------------- / 

So eq uation 2 above can be rewritten ash = asin B 
(Equation 3) 

Equating eq uations land 3 gives the eq uation bsinA = asinB 

Rearranging this gives the sine rule si:A = si!B 

By considering the triangle as show n (left ) and using a similar 

proof as above, the sine rule si! B = si~ C is derived. 

;t:~~~~~g the two results produces si:A = si! B = si~ C 



Worked examples 

B 

D 
A 6cm C 

B 

6.5,m/\6,m 

~ A C 

8 Trigonometry 

a) Calculate the length of side BC. 

Using the sine rule : 

_!!_ _ ___E_ 
sinA - sinB 

_ a ___ 6 _ 
sin 40° - sin 30° 

6xsin 40° 
a = sin 30° 

a = 7.71 (3s.f.) 

BC= 7.71cm (3 s.f.) 

b) Calculate the size of angle C. 

Using the sine rule : 

sin C = 6.5 x ~in 60° 

C = sin-1 (0.94) 

C = 69.8° (1 d.p.) 

Note the reciprocal of both sides 
has bee n used. 

This makes the subsequent 
rearran geme nt easier. 

Exercise 8. 7 1. Calculate the length of the side marked x in each of the 
following. Give your answers to 3 s. f. 

a) " ~ 20,m c)::~ ~d) 3(f 3cm 

n ~~ 8~ 

12cm 
40" xcm 

2. Calculate the size of the angle marked ff' in each of the 
following. Give your answers to I d.p. 
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3. .6. AB C has the following dimensions: 

AC= 10cm, AB = 8cm and L ACB = 20°. 

a) Calculate the two possible values for LCBA. 
b) Sketch and label the two possible shapes for .6. ABC. 

4. .6. PQR has the following dimensions: 

PO= 6cm, PR= 4cm and L PQR = 40°. 

a) Calculate the two possible values for LQ RP. 
b) Sketch and label the two possible shapes for 6. PQR. 

• The cosine rule 
The cosine rule is another re lationship which can be used with 
non right-angled triangles. 

C 

b ~ 

A X c-x B 

Using Pythagoras' theorem. two eq uations can be constructed. 

For triangle ACX: 

b1 = x1 + h1 which rearranged gives: h1 = b2 -x2 

For triangle BCX: 

a2 = h2 + (c - x)2 which rearranged gives: h2 = a2 - (c -x)2 

As h2 is common to both eq uations, it can be deduced that: 

a2 - (c - x)2 = b2-x2 

=!> a2 = b1-x2+ (c - x)1 
=:, a2 = b2-x2 + (c2 - 2cx +x2) 
=!> a2 = b2 + c2 - 2cx 

But from triangle ACX, cos A = 'I; therefore x = bcos A. 

Substitutingx = bcos A int o a2 = b2 + c2 - 2cx gives: 

a2 =b1+ c2 - 2bccos A 

This is the cosine rule. 
If angle A is req uired the formula can be rearranged to give 

cos A=b
1
\~c- a2· 

A similar proof can be applied if angle A is obtuse. 



Worked examples a) Calculate the length of the side BC. 

Using the cosine rule: 

a2 = b2 + 2 - 2bccos A 
a2 = '}2 + "J2 - (2 X 9 X 7 X COS 50°) 

= 81 + 49 - (126xcos50°) = 49.0 

O c ~ 

a = 7.00(3s. f. ) 

BC = 7.CXJcm (3s. f. ) 

b) Calculate the size of angle A. 

12~ m 
20cm 

A 

15cm 

Using the cosine rule : 

a2 = b2+ 2 - 2bc cos A. 

C 

Rearranging the equation gives: 

cos A = b2 +2fc- a2 

cos A = 1;2: f i:-1102 = --0.086 

A = cos-1 (--0.086) 

A = 94.9° (I d.p.) 

8 Trigonometry 
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Exercise 8.8 I . Calculate the length of the side markedx in each of the 
following. Give your answers to 3 s. f. 

,) ~ ,m b) 10cm c) ~ 
,m~ ,,v-95

• 7cm 25• 

3m 
15cm 

mc)
5

~ 

7cm 

45" 

2. Calculate the angle marked(!' in each of the following. 
Give your answers to 1 d.p. 

d) /74,m 
18cm 

15cm 

c) 
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Exercise 8. 9 I . Four players, W, X, Y and Z, are on a rugby pitch. 

B 

c/\. 
Ll1 

A ____ b ______... C 

The diagram (left) shows a plan view of their relative 
positions. 
Calculate : 
a) the distance between players X and Z 
b) LZWX 
c) LWZJ{ 
d) LYZX 
e) the distance between players Wand Y. 

2. Three yacht s, A, Band C, are racing off the 'Cape' . 
Their relative positions are shown below. 

al" 

Calculate the distance between Band C to the nearest 10 m. 

3. There are two trees standing on one side of a river bank. 
On the opposite side is a boy standing at X. 

Using the information given, calculat e the distance between 
the two trees. 

• The area of a triangle 
The area of a triangle can be calculated without the need for 
knowing it s height. 

Area = !bh 
Also:sinC = ~ 
Rearranging gives: h = a sin C 

Therefore area = !absin C 
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Exercise 8.10 I. Calculate the area of the following triangles. Give yo ur 
answers to3s.[ 

~ 135• 

"~ ,m b) ~ c~) d) ,,m .. _ ·- -,,_ _:-V 
a~) b) 

9cm . 
1W 

II 

2. Calculate the value of x in each of the following. Give your 
answers correct to 1 d.p. 

c) d) 

·1.-:::=-------~ 
8cm ~ 

area "50cm2 

3. ABCD is a school playing fi eld. The following lengths are 
known: 

OA = 83 m. OB = 122 m, OC = 106m,OD = 78 m 

Calculate the area of the school playing fi eld to the nearest 
100m2

• 

4. The roof of a garage has a slanting length of 3 m and makes 
an angle of 120° at it s vertex. The height of the garage wall 
is4 m and its depth is 9 m. 

Calculate : 
a) the cross-sectional 

area of the roof 
b) the volume occ upied 

by the whole garage. 

4m rJ m 



Applications of trigonometry 

• Angles of elevation and depression 
ll1e angle of elevation is the angle above the horizontal through 
which a line of view is raised. ll1e angle of depression is the angle 
below the horizontal through which a line of view is lowered. 

Worked examples a) The base of a tower is 60 m away from a point X on the 
ground. If the angle of e levation of the top of the tower 
from X is40°,calculate the height of the tower. 

A m 

. 

Give your answer to the nearest metre . 

tan 40° = £-
h = 60 x tan 400 = 50 

The height is50 m. 
----60m -------->-

b) An aeroplane receives a signal from a point X on the ground. 
If the angle of depression of point X fr om the aeroplane is 
30°, calculate the height at which the plane is flying. 

Give your answer to the nearest 0.1 km. 

sin 30" = ~ 

h= 6xsin 30° = 3.0 

The height is 3.0 km. 

Exercise 8.11 I. a) A and Bare two villages. If the horizontal distance 
between them is 12 km. and the vertical distance 
between them is 2 km calculate : 
i) the shortest distance be tween the two villages 
ii) the angle of elevation of B fr om A. 

/",t 
~ I 

b) X and Y m e two towns. If the horizontal distance 
be tween them is 10km and the angle of depression of Y 
fromXis 7°.calculate: 
i) the shortest distance between the two towns 
ii) the vertical height between the two towns. 
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1 

T 

"-c?y_: 
~ 

c) A girl standing on a hill at A, overlooking a lake, can 
see a small boat at a point B on the lake. If the girl is at 
a height of 50 m above B and at a horizontal distance of 
120 m away from B, calculate: 
i) the angle of depression of the boat from the girl 
ii) the shortest distance between the girl and the boat. 

d) Two hot air balloons 
are I km apart in the air. 
If the angle of elevation 
of the higher from the 
lower balloon is 20°, 
calculate the fo11owing, 
giving your answers to 
the nearest metre: 
i) the vertical height between the two balloons 
ii) the horizontal distance between the two balloons. 

2. a) A boy X can be seen by two of his friends Y and Z , who 
are sw imming in the sea. If the angle of elevat ion of 
X from Y is 23° and from Z is 32°, and the height of X 
above Y and Z is 40 m, calc ulate : 
i) the horizontal distance between X and Z 
ii) the horizontal distance between Y and Z. 

I Note: XYZ is a vertical plane. I 

b) A plane is flying at an altitude of6km directly over the 
line AB. It spots two boats A and B, on the sea. 

If the angles of depression of A and B from the plane 
are 60° and 30° respectively, calculate the ho rizontal 
distance between A and B. 

c) A plane is flying at a constant altitude over the sea 
directly over the line XY. It can see two boats X and Y 
which are 4km apart. 

If the angles of depression of X and Y from the plane 
are 40° and 15° respect ively, calc ulate : 
i) the horizontal distance between Y and the plane 
ii) the altitude at which the plane is flyin g. 



V 
.....- skm -----...-- 12km-----... 

Note: A, Band Care in the 
same vertical plane. 

~ 
--+- 6.Bkm --+-.....- 10km ----,... 

Note: P, Q and Rare in the 
same vertical plane. 

:'scr 
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d) Two planes are flying 
directly above each other. 
A person standin g at P 
can see both of them. 
The horizontal distance 

~~~~~:np~r:~;~s planes , /_':::-----

-~ 

·--~ 

2km. P ,-:-;\\1s· 

If the angles of elevation C:::::5
~ .7 

of the planes from the 
person are 65° and 75° ----2km _______. 
calculate: 
i) the altitude at which the higher plane is fl ying 
ii) the vertical distance between the two planes. 

3. a) Three villagers A, Band C can see each other across a 
valley. The horizontal distance between A and B is 8km, 
and the horizontal distance between Band C is 12 km. 
The angle of depression of B fr om A is 20° and the angle 
of elevatio n of C from Bis 30° . 

Calculate. giving all answers to 1 d.p.: 
i) the vertical height between A and B 
ii) the vertical height between Band C 
iii) the angle of elevation of C from A 
iv) the shortest distance between A and C. 

b) Using binoculars, three people P, Q and R can see each 
other across a valley. ll1e horizontal distance between P 
and Q is 6.8 km and the horizontal distance between Q 
and R is 10km. If the shortest distance between P and Q 
is 7 km and the angle of depression ofQ from R is 15°, 
calc ulate, giving appropriate answers: 
i) the vertical height between Q and R 
ii) the vert ical height between P and R 
iii) the angle of elevation of R from P 
iv) the shortest distance between P and R. 

c) Two people A and Bare standing either side of a 
transmission mast. A is 130m away from the mast and 
Bis200 maway. 

If the angle of elevatio n of the top of the mast from A is 
60°,calc ulate : 

the height of the mast to the nearest metre 
the angle of elevat ion of the top of the mast from B. 
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4. Three boats X. Y and Z are shown below. 

Find the distance between boats Y and Z , giving your 
answer to the nearest 100m. 

Three hot air balloons P, Q and R, travelling in the same 
vertical plane are shown (left ). 
If angle PQR = 60°, angle PRQ = 35° and the distance 
between balloons Q and R is410 m. calculate: 
a) the distance between balloons P and R. to the nearest 

!O rn 
b) the distance between balloons P and Q, to the nearest 

!Orn. 

6. A triangle AOB lies inside a circle. Vertices A and B lie on 
the circumference of the circle, 0 at it s centre. 

® 0 

A 

If the angle AOB = 135° and the chord AB = 10cm, 
calculate the length of the radius r. 

7. The diagram (left ) shows two people at X and Y standing 
5 km apart on a shore. A large cruise ship isat Z. 
The bearing of Y from X is 095°. The bearing ofZ from X is 
050° and the bearing of Z from Y is 175°. 
a) Calculate the angle XZY. 
b) Calculate the distance between X and Z. Give your 

answertothenearestmetre. 
c) Calculate the distance between Y and Z. Give your 

answer to the nearest metre. 
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t in three dimensions 
• Trigonome ry f dge length 3cm. 

. left) showsacubeo e 

Wo,ked ernmpl, The dmgrnm \ length EG. P,,t!mgorns' thco<em to 
i) Calculate tHeG is right angled. Use . 

A Triangle Eh I ngth EG: ~cru ~2TI, 
H 3cm G 

EG2 = EH2+ HG2 

EG2= 32 + J2 = 18 

EG = {18cm 

I the length AG. I d Use Pythagoras' theorem to ii ) i:i~:gf~\EG is r~~~~g e · 
calc ulate the Ieng! B A 

,~[iJ. 
H 

•• G 

AG2 = AE2 + EG2 

AG2 = 32 + ({18)2 

AG2= 9 + 18 

AG= 12'7cm 

filcm 

.. °) Calculate the anteE~GA~·use the triangle EGA: 
Ill To calc ulate ange 

3 
tan G = {IS 

G C 35 .3" (I d.p.) 
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Exercise 8.12 

A D[d' B ' C 

2cm : :E 
••• ••• ---------- F 

H 5cm G 3cm 

Ddl]A C B 
7om E 

F 

H m 
3cm G 

I. a) Calculateth I 
b) Calculate e ength HF. 
c) Calculate :~e length of HB. 

eangle BHG. 

4· a) Calculate h 
b) Calculate :he angle BCE. eangleG FH. 

The diagrams 
pyramid wher~1~v_s a right 

ve~ically above X1s 
a) i) Calculate h 

ii) Calculate t e length DB. 
b) i) Calculat t~e angle DAX 

ii) Calculat: :he angle CEO.· 
eangle DBA. 

@
A B 

D C 

4om 
E 

• F 
H m 

4cm G 

·{ID 
4om 

6. The diagram sh D 6cm 
:bo_ve X. ows a right pyramid where . 
) •) Calc,iatc th I A" ve'1;o,lly 

b) :1 ~::'":"' th: ,:·,~:hc';x 
ii) Cal~~I::: :~e angle BOE: eangleADB. 
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7. In this cone angle YXZ = 60°. 

X 

~ ' 
a) Calculate the length XY. 
b) Calculate the length YZ. 
c) Calculate the circumfe rence of the base . 

8. In this cone (left) angle XZY = 40°. 
a) Calculate the length XZ. 
b) Calculate the length XY. 

9. One corner of this cuboid has been sliced off along 
the plane QTU. WU = 4cm. 

10omT~~ 

~ m 
V Bern W 

a) Calculate the length of the three sides of the triangle 
QTU. 

b) Calculate the three angles P. Q and T in triangle PQT. 
c) Calculate the area of triangle POT. 

10. Calculate the surface area of a regular tetrahedron with 
edge length 2cm. 
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II. The rectangular-based pyramid show n (below) has a sloping 
edge length of 12cm. Calculate its surface area. 

12. Two square-based pyramids 
are glued together as shown. 
Given that all the triangular 
faces are identical,calculat e 
the surface area of the 
whole shape . 

13. Calculate the surface area of the truncated sq uare-based 
pyramid (below) . Assume that all the sloping faces are 
identical. 

14. The two pyramids shown below have the same surface area. 

Calculate: 

~ 
f_Y. 

12cm 

a) the surface area of the tetrahedron 
b) the area of one of the triangular faces on the square

based pyramid 
c) the valueofx. 
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• The angle between a line and a plane 

To calculate the size of the angle between the line AB and the 
shaded plane, drop a perpendicular fr om B. It meets the shaded 
plane at C. Then join AC. 

The angle between the lines AB and AC represents the angle 
between the line AB and the shaded plane. 

The line AC is the projection of the line AB on the shaded 
plane. 

Calculate the length EC. 
First use Pythagoras' theorem to calculate the length EG: 

{!D ft~, 
HScmG ~ m 

2cm ~ 
H 5cm G 

H 5cm G 

EG2 = El--P+ H G2 

EG2 = 22 + 52 

EG2 = 29 

EG= {29cm 

Now use Pythagoras' theorem to calculate EC: 

4cm
0
~ F /1:,m 
~ mE~ 

H 5cm G 

E C' = EG2 + CG2 

EC' = ( '{ig)2 + 42 

EC' = 29 + 16 

EC= 45cm 
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ii) Calculate the angle between the line CE and the plane 
ADHE. 

To calculate the angle between the line CE and the p lane 
ADHE. use the right-angled triangle CEO and calculate the 
angle CEO: 

o@A c s cCT 
! 5cm "45cm 

4cm : 
•• - ' __ !; __________ F 

_ .. · 2cm D E 
H G 

sinE=~ 

sin E = {4s 
Ecsi"' (-kl 
E c 48.2° (I d.p.) 

Exercise 8.13 I . Name the projection of each line 
onto the given plane: 

@ 
0 N 

a) TR ont o RSWV 
b) TR ont o PQUT 
c) SU ont o PQRS 
d) SU ont o TUVW 
c) PV ont o QRVU 
f) PV ont o RSWV 

2. Name the projection of each line onto the given plane: 
a) KM onto lJNM b) KM onto JKON 
c) KM onto HIML d) 10 onto HLOK 
c) IOontoJKON f) IOonto LM NO 

3. Name the angle between the given line and plane: 
a) PT and PQRS 
b) PU and PQRS 
c) SV and PSWf 
d) RT and T UVW 
c) SU and QRVU 
f) PVand PSWf 
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4· a) Calculat 
b) Calcul~t: :~e length BH. 

between the eli::g~e 
the plane EFGH. H and 3cmD4=v1 

5. a) Calc,latcth,I H~ : 
b) Calculate th ength AG. 4cm G 
c EFGH. e angle between the line AG 
) Calculate the I and the plane 

ADHE. ang e between the line A 
6. Th, dia G and the plan, 

gram shows A 
wi"';'.' A <>ve<l<call;' ';!ht pyrnm,iIDd 

: ) c:::":atcth, lcng~h ;; X 
AB :n~t~~~;ngle between 7cm 

7 ' C • B 

n ght pymm,d ,: t) shows a x 

3

, . Thedmgram (l f 

ml<callyabo"~tcUts D 6cm E m 

~~ ~:::~:::e the length WY 
c) Calcul~t: :~e length UX 

8. ABCD e angle between UX and UZY 

other. and EFGH are sq uare face . 
Calc,latc· s lymg pamllcl to each 

a) the le~gth DB 
b) the length HF 
c) the vertical h · d) the angle DHe tght of the object 

makes with the plane ABCD. 

9. ABCD and EFG other. H are sq uare face . 
Calc,kttc· s lymg pamllcl to each 

a) the lc~gt h AC 
b) the length EG 
~) the vertical he ight 

) the angle CG makeo: '~~~h object the plane EFGH. 
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Trigonometric graphs, properties 
and transformations 

The graphs of the trigonometric ratios sinx,cosx and tanx 
we re introduced in Section 3 of this topic. They each have 
characteristic shapes and properties. 

The graph of y = sin x has: 

• a period of 360° (i.e. it repeats itself every 
3ffi 0

) 

• a maximum value of+ I 

X 
• a minimum value of-I 

/ 
• symmetry.e.g. sinx= sin (ISO -x). 

The graph of y = cos x has: 

• a pe riod of 360° 

/ • a maximum value of+ I 

I/ • a minimum value of - I 

'o'P.,'1°,, 04,,, X 
• symmetry, e.g. cos x = cos(360 - x). 

/ I 
I 
I 

I 

I 

I The graph of y = tanx has: 

I • a period of 180° 
I • no maximum or minimum value 
I • symmetry 

,f~ X • asymptotes at 90° and 270°. 

I 
I 
I 

In Topic 3 various fun ctions were transformed. These 
transformations can also be applied to trigonometric graphs. 
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Consider the function f(x ) = sinx. ll1e graph of the fun ctions 
y = f(x) and y = f(x) + 2 are shown below. ~-:',:' , 0 ' 
- 1 

-2 

The graph of y = sinx has been translated (~)-

In general the transformation that maps y = f(x) onto 

y = f(x) + a is the translation (~)-

Consider the function f(x ) = cosx. The graph of the fun ctions 
y = f(x) and y = 3f(x) are shown below. 

y 3 0 X 

The graph of y = cos x has been stretched by a scale factor 3, 
parallel to the y-axi s. 

In general the transformation that maps y = f(x ) onto 
y = kf(x ) is the stretch of scale factor k parallel to the y-axis. 

The third type of transformation also involves a translation. 
Consider the function f(x) = tanx. The graph of the fun ctions 

y = f(x) a nd y = f(x + 30) are shown below. (Note y = f(x + 30) is 
the same as y = tan(x + 30).) 

I I / J:ln 

tlit~~tti~t t '-,"'tan{x +SO) 

I I I I 
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The graph of y = tanx has been translated by ( -
3

~)-

l n general the transformation that maps y = f(x) onto 

y = f(x - a) is the translation (~)-

Transfonnations can be investigated more fully using a 
graphics calculator. Instructions to graph y = cosx on a graphics 
calculator are given below: 

Casio 

1iii Utoselectthegraphingmode. 

Xmin: 0, Xmax: 360, Xscale: 30, Ymin: -2, Ymax: 2, Yscale: I. 

,..__Jtoenterthefunction ••. 

rJ toentertheequationy=cosx. 

,.__) to graph the function. 

Texas 

Note: If the graph does not look the same as the one here, the angle 
mode may notbesetcorrectly. ltcanbechanged by selecting 

. andchangingtheanglemodeto"Degree'. 

Thescale ontheaxesmayalsoneedtobechanged by selecting 

..___; andenteringthefollowing: 

Xmin: 0. Xmax: 360, Xscl: 30, Ymin: -2, Ymax: 2, Yscl: I. 

II 

l~ I 

WI NDOW 
XMin:0 
XMax•360 
Xsc. I:30 
VMin=a - 2 
VMax•2 
Vscl=l 
Xr-es: 1 
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Exercise 8.14 I. Determine the transfonnation which maps f(x) = sinx onto 
each of the fo llowing fun ctions: 
a) y = 2sinx 
b) y = sinx- 3 
c) y = sin(x + 60) 
d) y = cosx 

2. a) Sketch a graph of f(x) = cosx fo r values of x between 
0 ,s;x ,s;J60°. 

b) On the same axes sketch the graph of y = !cosx. 

3. a) Sketch a graph of f(x) = tanx for values of x between 
0 ,s;x ,s;J60°. 

b) On the same axes sketch the graph of y = tanx + 2. 

4. Using your graphics calculator, prod uce a screen similar to 
the ones below. One of the fun ctions is ide ntified each time. 

Investigations, modelling and ICT 

• Numbered balls 

The balls above s tart with the number 25 and then subsequent 
numbered balls arc added according to a rule. The process stops 
when ball number 1 is added. 

I. Express in words the rule for ge nerating the seq ue nce of 
numbered balls. 

2. What is the longest seq ue nce of balls starting with a number 
less than 100? 
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sb I l 
I cL l 

l 

II 

3. Is there a strat egy for generating a long seq uence? 
4. Use yo ur rule to state the longest seq uence of balls starting 

with a number less than l()(X). 
5. Extend the investigation by having a different term-to-term 

rule . 

• Towe rs o f Hanoi 
This investigation is based on an old Vietnamese legend. 
The lege nd is as follows: 

At the beginning of time a temple was created by the Gods. 
Inside the temple stood three giant rods. On one of these 
rods, 64 gold discs. all of different diameters, were stacked in 
descending order of size, i.e the largest at the bottom rising to 
the smallest at the top. Priests at the temple were responsible 
for moving the discs ont o the remaining two rods until all 
64 discs were stacked in the same order on one of the other 
rods. When this task was completed, time would cease and 
the world would come to an end. 

The discs however co uld only be moved according to certain 
rules. These were : 

• Only one disc could be moved at a time. 
• A disc could only be placed on top of a larger one. 

The diagram (left) shows the smallest number of moves 
req uired to transfer three discs from the rod on the left to the 
rod on the right. 

With three discs, the smallest number of moves is seven. 

I. What is the smallest number of moves needed for 2 discs? 
2. What is the smallest number of moves needed for4 discs? 
3. Investigate the sma11est number of moves needed to move 

different numbers of discs. 
4. Display the results of your investigation in an ordered table. 
5. Describe any patterns you see in your results. 
6. Predict, from your result s, the smallest number of moves 

needed to move 10 discs. 
7. Determine a formula for the smallest number of moves for 

n discs. 
8. Assume the priests have been transferring the discs 

at the rate of one per second and assume the Earth is 
approximately 4.54 billion years old (4.54 x 109 years) . 

According to the legend, is the world coming to an e nd soon? 
Justify your answer with relevant calculations. 
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• ICT Activity 
In this act ivity yo u will need to use your graphics calculat or to 
investigate the relationship between different trigonometric 
ratios. 

1. a) Using your calculator, plot the graph of y = sinx for 
0° ,s;x ,s; 360°. 
The graph should look similar to the one shown below: 

b) Using the graph solving facility evaluate the following: 
i) sin 70° 
ii) sin 125° 
iii)sin 300° 

c) Referring to the graph explain why sinx = 0.7 has two 
solutions between 0° and 360°. 

d) Use the graph to solve the eq uatio n sinx = 0.5. 

2. a) On the same axes as before plot y = cosx. 
b) How many solutions are the re to the eq uation 

sinx = cos x between 0° and 360°? 
c) What is the solution to the eq uation sinx = cos x 

between 180° and 270°? 

3. By plotting appropriate graphs solve the following for 
0° ,.,-; x ,s; 360°. 
a) sinx=tanx 
b) cosx = tanx 

l'I 
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• Stude nt assessm e nt I 
NB: Diagrams are not drawn 1. Calculate the lengt h of the side marked x cm in these 
to scale. diagrams. Give your answers correct to 3 s.f. 

15cm ,,r ~ ,).~ b~ 

xcm xcm 

2. Calculate the angle marked 0 °in these diagrams. Give your 
answers correct to the nearest degree. 

b) 

======""-
~ 

3. Calculate the length of the side marked qcm in these 
diagrams. Give yo ur answers correct to 3 s.f. 

qcm a) ~ : 
b) # 
L ['-_ ~cmY1 qcm 

j ~ 
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4. Two trees stand l6m apart. Their tops make an angle of 0° 
at point A on the ground. 
a) Express 0° in terms of the he ight of the short er tree and 

its distancex metres from point A. 
b) Express 0° in terms of the height of the ta11er tree and its 

distance from A. 
c) Form an eq uation in tcnns of x. 
d) Calculate the value of x. 
e) Calculate the value 0 . 

5. Two hawks P and Q are flying vertically above one another. 
Hawk Q is 250 m above hawk P. They both spot a snake at R. 

R 
-----2.Bkm--------

Using the information given, calculat e: 
a) the height of P above the gro und 
b) the distance between P and R 
c) the distance between Q and R. 
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Note: A, Band the top 
of the pyramid arc in the 
same vertical plane. 

II 

• Student assessment 2 
I. Using the triangular prism (left ) calc ulate: 

a) the lengt h AD 
b) the length AC 
c) the angle AC makes with the plane CDEF 
d) the angle AC makes with the plane ABFE. 

2. Draw a graph ofy = cos () 0
, for0° ,i;; () 0 

,i;; 360°. Mark o n the 
angles 0°, 90°, 180°, 270°, 360° and also the maximum and 
minimum values of y. 

3. The cosine of which other angle between O and 180° has the 
same value as: 
a) cos 128° b) --cos80°? 

4. For the trian gle below calculate: 

~ 
P S R 

a) the length PS 
b) LQRS 
c) the length SR. 

· ~ 1 146m 

18m j~ j 
The Great Pyramid at Giza is 146m high. Two people A 
and Bare looking at the top of the pyramid. The angle of 
elevation of the top of the pyramid from Bis 12°. 
The distance between A and B is2Sm. If both A and Bare 
I.Sm tall,calculate: 
a) the distance from B to the centre of the base of the 

pyramid 
b) the angle of elevation() of the top of the pyramid from A 
c) the distance between A 's head and the top of the 

pyramid. 
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• Student assessment 3 
I. Two hot air balloons A and Bare travelling in the same 

horizontal direction as shown in the diagram below. 
A is travellin g at 2 m/s and B at 3 m/s. Their heights above 
the gro und are 1.6 km and I km.respectively. 

-----4km --------

At midday. their horizontal distance apart is 4km and 
balloon Bis directly above a point X o n the ground. 

Calculate: 
a) the angle of elevation of A from X at midday 
b) the angle of depression of B from A at midday 
c) their horizont al distance apart at 12.30p.m. 
d) the angle of elevation of B from X at 12 .30p.m. 
e) the angle of elevation of A from B at 12.30p.m. 
f) how much eloser A and Bare at 12.30p.m. compared 

with midday. 

2. a) Plotthegraphsofy = sin (l°and y = cos0 °,for 
0° ,.;;; (} 0

"" 360°, on the same axes. 
b) Use yo ur graph to find the angles fo r which 

sin 0 ° = cos0°. Drn,, 
0 

. 3. Thiscuboidhasoneofits corners removed to leavea flat 
triangle BOC. 

Calculate: 
a) the length D C 
b) the length BC 

8cm c) the length DB 

5cm d) LCBD 
E _ F e) theareaof~ BD C 

Scm f) the angle AC makes with the plane AEHD. 

H 5cm G 4. Describe the transfonnation that maps f (x) = cosx onto 
each of the fo11owing graphs: 
a) y = cosx - 5 
b) y = {cosx 
c) y = cos(x + 120) 
d) y = sinx 
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[I] Sets 

This topic will cover the following syllabus content: 
9 .1 Notation and meaning for: 

is an element of (E); is not on element of !fl); 
is a subset of (i;;;); is o proper subset of (c); 
universal set U, empty set 0 or { }; 

... .. . . 
•:::: • complement of A, (A'); number of elements in A, n(A) 

9 .2 Sets in descriptive form { x I } or os a list ...... -::::: ::- .· . 9.3 Venn diagrams with at most three sets 
9.4 Intersection and union of sets 

Sections 
1 The Germans 
2 Sets, subsets and Venn diagrams 
3 Investigations, modelling and ICT 
4 Student assessments 
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Carl Gauss (1777-1855) 

• Carl Gauss ( 1777-1855) 
Gauss was considered to be a ge nius eq ual to Isaac Newton. 
He discovered the Fundamental Theorem of Algebra and also 
worked in statistics and differential geometry. He also solved 
astronomical problems related to comet orbits and navi gation 
by the stars. 

He was not inte rested in fame so did not bother to publish 
much of his work. He wrote ' It is not knowledge, but the act 
of learning which grants the greatest enjoyment. When I have 
clarified and exhausted a subject, then I turn away from it. ' 
He did not care that o ther people made the same discoveries 
later and took all the credit. 

Gauss discovered very advanced mathematics including. non
Euclidea n geome try. a prime number formula , the foundations 
of topology, and the first ideas of knot theory. 

• Bernhard Riemann (1826-1866) 
Bernhard Riemann was one of the most talented mathematicians. 
However, he had poor health and died at the age of forty. He 
applied topology to analysis and then applied analysis to number 
theory. He also worked on differential geometry, non-Euclidean 
geometry and the theory of functions. 

Riemann was also interested in Physics and described a new 
geometry of space. 

He proposed a theory unifying e lectricity. magnetism and 
light. Modern physics. beginning with Einste in's re lativity. relies 
on Riemann's ideas of the geometry of space. 

• Georg Cantor ( 1845-1918) 
Georg Cantor is of major importance because he created 
modern set theory which is studied in this topic. He was the first 
to prove that there must be more real numbers than integers. 
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Sets, subsets and Venn diagrams 

A set is a well defined group of objects or symbols. The objects 
or symbols are called the elements of the set. If an element 
e belongs to a set S. this is represented as e ES. If e does not 
belong to set S this is represented as e fl_ S. 

Worked e.ramplei· a) A particular set consists of the following e leme nts: 
[South Africa, Namibia, Egypt, Angola . ... J 

i ) Describe the set. 
The e leme nts of the set are countries of Africa. 

ii ) Add another two e lements to the set. 
e.g. Zimbabwe, Ghana 

iii) ls the set finite or infinite? 
Finite. There is a finite number of co untries in Africa. 

b) Consider the set [ I, 4, 9, 16, 25 . ... ]. 
i ) Describe the set. 

The e leme nts of the set are sq uare numbers. 
ii) Write another two elements of the set. 

e.g. 36. 49 
iii) Is the set finit e or in finite? 

Infinite . ll1ere is an infinite number of sq uare 
numbers. 

Exercise 9.1 I. In the following questions: 
i) describe the set in words 
ii ) write down another two e le ments of the set. 

a) [Asia, Africa, Europe, ... ] 
b) [2, 4, 6, 8, ,,, [ 
c) [S unday, Monday, Tuesday, ... f 
d) [January, March, July, ... ) 
e) [l,3,6, 10, ... f 
f) [Mehmet, Michael, Mustapha, Matthew, ... f 
g) [II, 13, 17, 19, ,,, [ 
h) [a, e, i .... ) 
i) [Earth, Mars, Venus, ... / 
j) A= [xl 3,.,; x ,s; 121 
k) S = \yl - 5..;;y..;;5] 

2. The number of e lements in a set A is written as n(A). 
Give the value of n(A) for the finit e sets in Q.l(a)-{k). 
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Subsets 
If all the elements of one set X are also element s of another set 
Y, the n X is said to be a subset of Y. 

This is written as X i;;; Y. 
If a set A is empty (i .e. it has no elements in it), then this is 

called the empty set and it is represented by the symbol 0. 
Therefore A = 0. The empty se t is a subset of al1 sets. 

e.g. Three girls., Winnie, Natalie and Emma form a set A: 
A = [Winnie, Natalie, Emma] 
All the possible subsets of A are given below: 
B = [Winnie, Natalie, Emma) 
C = [Winnie, Natalief 
D = {Winnie, Emma] 
E = [Natalie, Emma] 
F = [Winnie/ 
G = [Natalief 
H= [Emma] 
1= 0 

Note that the sets Band I above are considered as subsets of A , 

i.e.B i;;; A and Ji;;; A. 

However, sets C, D, E, F, G, Hand I are considered proper 
subsets of A. 

A proper subset is a subset which is not the same as the 
original set itself. 

This distinction of subset is shown in the notation below: 

CC Aand/CA,etc. 

Similarly G rt. H implies that G is not a subset of H 
G r:t. H implies that G is not a proper subset of H 

Worked e.rample A= jl,2,3,4,5, 6, 7,8, 9, 10] 

List subset B \even numbers] . 
B= {2,4,6,8, lOf 

ii) List subset C jprime numbersf. 
C c {2,3, 5, 7J 

Exercise 9.2 I. P = [whole numbers less than 30] 
a) List the subset Q [even numbersf . 
b) List the subset R [odd numbers). 
c) List the subset S jprime numbersf . 
d) List the subset T[squarc numbers] . 
e) List the subset U [triangle numbersf. 
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II 

2. A = [whole numbers between SO and 701 
a) List the subset B [multiples of 5/ . 
b) List the subset C[multiplesof3f. 
c) List the subset D [sq uare numbersf . 

3. 1 = \p,q, r] 
a) List all the subsets of i. 
b) List all the proper subsets of J. 

4. State whether each of the following statements is true or 
false: 
a) [Algeria, Mozambique] i;;; [countries in Africa] 
b) [mango, banana) i;;; [fruit f 
c) [l,2.3,41 i;;; p,2.3,4J 
d) [1,2,3,4[ C [1,2,3,4[ 
e) [vol1eyball, basketball/ ff:. \team sport/ 
0 [4, 6, 8, 10[ [ [4, 6, 8, 10[ 
g) [potat oes, carrotsf i;;; \vegetables] 
h) [ 12. 13, 14, 151 (/. [whole numbers] 

The universal set 
The uni,·ersal set (U) for any particular problem is the set which 
contains al1 the possible eleme nts for that problem. 

The complement of a se t A is the se t of ele ments which are 
in Ubut not in A. The set is identified as A '. Notice that U' = 0 
and0' = U. 

Worked examples a) If U = \1.2,3,4, 5, 6, 7,8, 9, !Of and A= {l, 2, 3, 4, SJ, what 
set is represented by A '? 

A ' consists of those elements in Uwhich are not in A. 
Therefore A ' = \6. 7.8, 9, !Of . 

b) If U = \all 30 shapes] and P = \prisms I, what set is 
represented by P'? 

P' = [a11 30 shapes except prisms). 

• Venn diagrams 
Venn diagrams are the principal way of showing sets 
diagrammatically. The method consists primarily of entering the 
elements of a set intoacircleor circles. 

Some examples of the uses of Venn diagrams arc show n on 
the nex t page. 



A = [2, 4, 6, 8, 10] can be represented as: 

AO'' " 
' 

Elements which are in more than o ne set can also be 
represented using a Venn diagram. 

P = [3, 6, 9, 12, 15, 18] and Q = \2,4, 6.8, 10. 12/ can be 
represented as: 

9 Sets 

In the diagram above it can be seen that those element s which 
belong to both sets are placed in the region of overlap of the 
two circles. 

When two sets P and Q overlap as they do above, the 
notation P n Q is used to denote the set of element s in the 
intersection, i.e. P n Q = \6, 121 . 

Note that 6 E Pn Q:8 rt:. P n Q. 

J = \ 10.20, 30.40, 50. 60, 70.80, 90, 100] and 
K = \60, 70,80]; as discussed earlier, KC J can be represent ed as: 

X = \l,3,6, 7,141 and Y = [3, 9, 13, 14, 18/ are represented as: 



9 Sets 

a) 
A 

u 

[TI 

The union of two sets is everything which belongs to either or 
both sets and is represented by the symbol U. 

Therefore in the example at the bottom of page 395, 
XU Y = {1 ,3, 6, 7,9, 13, 14, 18). 

Using the Venn diagram (left), indicate whether the 
following statements are true or false . (E means 'is an 
element of and(/: means ' is not an eleme nt of .) 
a) 5E A b) 20E B c) 20i;l: A 
d) 50E A e) 50r;f. B f) AnB= lJ0,20] 

2. Complete the stat ement A n B = l .. f for each of the Venn 
diagrams below: 

c) 

3, Copy and complete the statement A U B = l .. / for each of 
the Venn diagrams in Q.2 above. 

4, Using the Venn diagram (left), copy and compl ete the 
following statements: 
a) U c [ ... [ 
b) A ' C [ ••• [ 

5. UsingthisVenndiagram, ,-" -------~ 
copy and complete 
the following statements : 
a) U c [ ... [ 
b) A ' C { ••• [ 

c) An B= [ ... J 

d)AUB c [ ... [ 
,) (An B)' c [ ... [ 
0 An B' c [ ... [ 

' 
(])

' B 

' ' 
' ' ' 

6, a) Describe in words the elements of: 
i) se t A ii ) set B iii)setC 

b) Copy and complete the following statements: 
i) AnB= J ... f ii) An C = { ... J 

iii) Bn C = J ... f iv) AnBnC= [ .. J 

v) A U B= [ ... J vi) CU B= [ ... ] 
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7. A 

a) Copy and complete the following statement s: 
i) A= [ ... ] ii) B= [ ... ] iii)C = [ ... ] 
iv) A n B = { ... ] v) AU B = { ... ] vi) (A n B)' = [ 

8. 

b) St ate , using set notation, the relationship between C 
and A. 

a) Copy and complete the following statement s: 
i) W = [ ... ] ii ) X = [ ... ] iii) Z ' = [ ... ] 
iv) W n Z = [ ... ] v) W n X= \ ... / vi) Y n Z= \. 

b) Which of the named sets is a subset of X? 

Exercise 9.4 I. A = [Egypt , Libya, Morocco, Chad] 
B = [Iran, Iraq , Turkey. Egypt ] 
a) Draw a Venn diagram to illustrate the above 

in fo rmation. 
b) Copy and complete the follow ing statement s: 

i) A n B= [ ... J ii) AUB= [ ... J 

2. P= [2,3.5, 7, II, 13, 17] 
Q = [11, 13, 15, 17, 19] 
a) Draw a Venn diagram to illustrate the above 

in fo rmation. 
b) Copy and complete the follow ing statement s: 

i) PnQc { ... J ii) P U Qc J ... J 

3. B= [2,4,6,8.10/ 
AU B = [!, 2. 3, 4, 6, 8, 10] 
A nB= [2.4f 
Represent the above info rmation on a Venn diagram. 
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Worked example 

ID 
00 

4. X = [a,c.d.e, f,g. 1] 
Y = [b, c, d, e. h, i , k, I, m f 
Z= [c, Li .j, m) 
Represent the above information on a Venn diagram. 

5. P= [1,4, 7,9, 11,151 
Q c [5, JO, 15/ 
Re [L4,9/ 
Represent the above information on a Venn diagram. 

• Problems involving sets 

In a class of 31 students, some study Physics and some st udy 
Chemistry. If 22 st udy Physics,20 study Chemistry and 5 
s tudy neither. calculate the number of students who take both 
subjects. 

The information given above can be entered in a Ve nn 
diagram in stages. 

The students taking ne ither Physics nor Chemistry can be put 
in first. 

This leaves 26 st udent s to be entered int o the set circles. 
If x students take both subjects then: 

n(P) = 22 - x +x 
n(C) = 20 - x +x 
PU C = 31 - 5 = 26 

Note n(P) means the number 
ofele ments in setP 

Therefore 22 - x +x + 20 - x = 26 
42 - x = 26 

X = 16 

Substituting the value of x into the Ve nn diagram gives: 

Therefore the number o f students taking both Physics and 
Chemistry is 16. 

Exercise 9.5 I. In a class of 35 st udents, 19 take Spanish, 18 take French 
and 3 take neither. Calculate how many take: 
a) both Fre nch and Spanish 
b) just Spanish 
c) just French. 

II 
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2. In a year group of 108 students, 60 liked football. 53 liked 
running and 10 liked neither. Calculate the number of 
students who liked football but not running. 

3. In a year group of 113 students, 60 liked badminton, 45 
liked rugby and 18 liked neithe r. Calculat e the number of 
students who: 
a) liked both badminton and rugby 
b) liked only badminton. 

4. One year, 37 students sat an examinatio n in Physics, 48 sat 
an examinatio n in Chemistry and 45 sat an examination 
in Biology. 15 students sat examinations in Physics and 
Chemistry. 13 sat examinations in Chemistry and Biology, 
7 sat examinations in Physics and Biology and 5 students sat 
examinations in all three. 
a) Draw a Venn diagram to represent this information. 
b) Calculate n (PU C U B). 

Investigations, modelling and ICT 

• Co loured tiles 
A large fl oor space is covered in two different colo ured sq uare 
tiles in a similar way to that shown below: 

• This pattern consists of blue and white tiles and is 9 tiles across. 

1. a) How many blue tiles are there? 
b) How many white tiles are there? 

ll1e actual fl oor is 99 tiles across. 

2. By investigating floors of different sizes. determine: 
a) the number of blue tiles on the actual floor 
b) the number o f white tiles on the actual fl oor. 
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3. For a fl oor that is n tiles across. determine: 
a) the number of blue tiles in terms of n 
b) the number of white tiles in terms ofn. 

4. Prove, using diagrams, why the rules obtained in Q.3 work. 

• Fractal patterns 
Consider a sq uare of side length I cm. 

The perimeter of the shape is 4 cm 
A sq uare of side length !cm is added to the centre of each o f 

the existing sides as shown. 

I. Calculate the perimeter of the new shape. 

A square of s ide le ngth }cm is added to the centre of the 
outside edge of each of the new sq uares as shown: 

+ 
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2. Calculate the perimeter of this shape. 
The pattern is continued. Each time the side length of each 
sq uare is halved and added on to the o utside edge. The nex t 
stage is shown below: 

3. What is the perimeter of the new shape? 
4. Enter your results in a table similar to the one shown below: 

Pattern Size or square added Perimeter ,,, 

5. Investigate the perimeter of the patterns at different stages. 
6. Describe any patterns you see as a result of your 

investigation 
7. Predict, without drawing, the perimeter of the 10th pattern. 
8. Determine the rule for the perimeter of the nth pattern 
9. What is the maximum perimeter these patterns can have? 

Explain your answer. 
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=4TION l___!_J Student assessments 

Student assessment I 
I. Describe the following sets in words: 

a) [1,3,5,7[ 
b) [1,3,5, 7, ,, [ 
c) [l, 3, 6, 10, 15, ... / 
d) [Brazil, Chile, Argentina, Bolivia .. 

2. Calculate the value of n(A) for each of the sets shown 
below: 
a) A= [months of the yearf 
b) A= [sq uare numbers between 99 and 149) 
c) A= [xl x is an integer and - 9 ,s; x ,s; - 3/ 
d) A= [students in your classf 

3. Copy the Venn diagram (left ) twice . 
a) On one copy, shade and label the region which 

represents U. 
b) On the other copy, shade and label the regio n which 

represe nts(A n B)' . 

4. If A= lw, o, r, k) list all the subsets of A with at least three 
element s. 

5. If U = ll.2,3,4, 5, 6, 7,8) and P= l2.4, 6, 8). what set is 
represented by P'? 

Student assessment 2 
I. M= [a . e, i,o, uf 

a) How many subsets are there of M? 
b) List the subsets of M with four or more elements . 

2. X = [lion.tiger, cheetah. leopard, puma,jaguar, cat) 
Y = [elephant, lion, zebra, cheetah, gazelle) 
Z = [anaconda,jaguar, tarantula, mosq uitof 
a) Draw a Venn diagram to represent the above 

information. 
b) Copy and complete the statement X n Y = j ... f. 
c) Copy and complete the statement Y n Z = \ ... f. 
d) Copy and complete the statement X n Y n Z = l .. f. 
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3. A group of 40 people were asked whether they like tennis 
(1) and football (F) . ll1e number liking both tennis and 
football was three times the number liking only tennis. 
Adding 3 to the number liking only tennis and doubling the 
answer equals the number of people liking only football. 
Four said they did not like sport at all. 
a) Draw a Venn diagram to represent this information. 
b) Calculate n(T n F). 
c) Calculate n(T n F ). 
d) Calculate n(T n F). 

4. The Venn diagram below shows the number of ele ments in 
three sets P. Q and R. 

ifn (P U Q UR) = 93 calculate: 
a) x b) n(P) 
d) n(R) e) n(P n Q) 
g) n(P n R ) h) n(R u Q) 

c) n(Q) 
f) n(Q n R) 
i) n(P n Q)' 
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This topic will cover the following syllabus content: 
10.1 Probability P(A) as a fraction , decimal or percentage 

Significance of its value 
10.2 Relative frequency as an estimate of probability 
10.3 Expected number of occurrences 
10.4 Combining events: 

the addition rule P(A or B) .. P(A) + P(B) 
the multiplication rule P(A and 8) .. P(A) x P(B) 
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Bloise Pascal (1623-1662) 

Order and chaos 

Blaise Pascal and Pierre de Fe nnat (know n for his last theorem) 
corresponded about problems connected to games of chance. 

Although Newton and Galileo had had some tho ughts on the 
subject, this is accepted as the beginning of the study of what is 
now called probability. Later, in 1657, Christiaan H uygens wrote 
the first book on the subject entitled The Value of all Chances in 
Games of Fortune. 

In 1821 Carl Friedrich Gauss (1777- 1855) worked o n normal 
distribution. 

At the start of the nineteenth century, the French 
mathematician Pierre Simon de Laplace was convinced of the 
existence of a Newtonian universe. In other words, if you knew 
the position and velocities of all the particles in the universe, 
you would be able to predict the future because their movement 
would be predetermined by scie ntific laws. However, quantum 
mechanics has since shown that this is not true. Chaos theory is 
at the centre o f understanding these limits. =2T10N L__!_J Theoretica l probabili ty 

• Probability of an event 
Probability is the st udy of chance, or the likelihood of an event 
happening. 

In this section we will be looking at theoretical probability. 
But , because probability is based on chance, what theory 
predicts does not necessarily happen in practice. 

A favourable outcome refers to the event in question actually 
happening. The total number of possible o utcomes refers to 
all the different types of o utcome one can get in a particular 
situation. In general: 

Probability of an event= n~7:ie:u~!!::
0

0
~r=:~:~;~~~::;s 

The refore 

if the probability = 0, it implies the event is impossible 
if the probability = I, it implies the event is certain to happe n. 

l'I 
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Worked examples a) An ordin ary, fair dice is rolled. 

i) Calculate the probability of getting a 6. 

Number of favo urable outcomes = 1 (i.e . getting a 6) 

Total number of possible o utcomes = 6 
(i.e . getting a I, 2, 3, 4, 5 or 6) 

Probability of gettin g a 6, P(6) = ! 
ii) Calculate the probability of not getting a 6. 

Number of favourable outcomes = 5 
(i.e . gettinga 1,2,3,4,5) 

Total number of possible o utcomes = 6 
(i.e . getting a I, 2, 3, 4, 5 or 6) 

Probability of not getting a six, P(6') = ~ 

From this it can be seen that the probability of not getting a 6 is 
equal to 1 minus the probability of getting a 6. 

i.e.P(6) = 1 - P(6') 

These are known as complementury events. 
In general,for an event A, P(A ) = 1 - P(A') 

Exercise I 0.1 I. Calculate the theoretical probability, when rolling an 
ordinary, fa ir dice, of getting each of the following: 
a) a score of I 
b) ascore of 5 
c) an odd number 
d) a score less than 6 
e) ascoreof7 
f) a score less than 7. 

2. a) Calculate the probability of: 
i) being born on a Wednesday 
ii) not being bo rn on a Wednesday. 

b) Explain the res ult of adding the answers to Q.2 a (i) and 
( ii ) together. 

3. 250 tickets are sold fo r a raffle. What is the probability of 
winning if yo u buy: 
a) I ticket 
b) 5 tickets 
c) 250 tickets 
d) Otickets? 

4. In a class there arc 25 girls and 15 boys. The teacher col1ects 
all of their workbooks in a random order. Calculate the 
probability that the teacher will: 
a) mark a book belonging to a girl first 
b) mark a book belonging to a boy first. 



l O Probability 

5. Tiles. each lettered with one different le tte r o f the alphabet, 
are put int o a bag. If one tile is drawn o ut at random, 
calculate the probability that it is: 
a) an Aor P 
b) a vowel 
c) a consonant 
d) an X, Y or Z 
e) aletterinyourfirstname. 

6. A boy was late for school fi ve times in the previo us 
30 school days. If tomorrow is a school day, calculate the 
probability that he will arrive lat e. 

7. a) 3 red, 10 white, 5 blue and 2 green co unters are put 
into a bag. If one is picked at random, calculate the 
probability that it is: 
i) a green co unter 
ii) abluecounter. 

b) If the first counter take n o ut is gree n and it is not put 
back into the bag, calculate the probability that the 
second co unter picked is: 
i) a green co unter 
ii) a red co unte r. 

8. A spinner has the numbers Oto 36 equally spaced around it s 
edge . Assuming that it is unbiased, calculate the probability 
on spinning it of it stopping on: 
a) the number s 
b) an even number 
c) an odd number 
d) zero 
e) a numbe r greater than 15 
f) a multiple of 3 
g) a multiple of 3 or S 
h) a prime number. 

9. The letters R, C and A can be combined in several different 
ways. 
a) Write the le tters in as many different combinations as 

possible. 
b) If a computer writes these three letters at random, 

calc ulate the probability that: 
i) the le tters wi11 be written in alphabetical order 
ii) that the letter R is written before both the letters A 

andC 
iii) thatthe letter C iswritte nafterthe letterA 
iv) the computer will spell the word CA RT if the le tter 

Tisadded. 
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Worked example 

10. A normal pack of playing cards contains 52 cards. These arc 
made up of four suits (heart s. diamonds. clubs and spades) . 
Each suit consists of 13 cards. TI1ese are labe lled ace, 2, 3. 
4, 5. 6, 7, 8, 9, 10, Jack, Queen and King. The heart s and 
diamonds are red; the clubs and spades are black. 

If a card is picked at random from a normal pack of cards, 
calculate the probability of picking: 
a)aheart 
b) a black card 
c) a four 
d) a red King 
e) aJack,QueenorKing 
f) theaceofspades 
g) an even numbered card 
h) asevenoraclub. 

• Combined events 
Here we look at the probability of two or mo re eve nts 
happening: combined events. If only two eve nts are involved, 
then two-way tables can be used to show the o utcomes. 

Two coins are tossed. Show all the possible outcomes in 
a two-way table . 

ii) Calculate the probability of getting two heads. P(HH). 
All four outcomes are eq ually likely, therefore P(HH ) = }· 

iii) Calculate the probability of getting a head and a tail in any 
order. 
The probability of getting a head and a tail in any order, i.e . 
HTorTH, isi = l 

Exercise I 0.2 I. a) Two fair tetrahedral dice are rolled. If each is numbered 
1-4, draw a two-way table to show all the possible 
o utcomes. 

b) What is the probability that both dice show the same 
numbe r? 

c) What is the probability that the number on one dice is 
double the number on the other? 

d) What is the probability that the sum of both numbers 
is prime? 



2. Two fair dice are rol1ed. 
Copy and complete the 
diagram (right) to show all 
the possible combinations. ; 4 

What is the probability of 0 ' 

getting: 
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5,26.2 

a) adouble3 
b) any double 

1 1,12,1 3.14,1 

c) a total score of 11 
d) a total scoreof7 
e) an even number on both dice 
f) an even number on at least one dice 
g) a 6 or a double 
h) scores which differ by 3 
i) a total which is either a multiple of2 or 5? =3TION l__!_J Tree diagrams 

Worked example 

When more than two combined events are being considered, 
two-way tables cann ot be used and therefore another method 
of representing information diagrammatically is needed. 
Tree diagrams are a good way of doing this. 

If a coin is tossed three times, show all the possible 
outcomes on a tree diagram, writing each of the 
probabilities at the side of the branches. 
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ii) What is the probability of getting three heads? 

To calc ulate the probability of ge tting three heads multiply 
along the branches: 

P(HHH ) = !x~x! = ! . 

iii) What is the probability of getting two heads and one tail in 
any order? 

The successful outcomes are HHT, HTH. THH. 

P(HHT) + P(HTH) + P(THH) = (~ X ! X !) + G X ~ X ~) 

_
3
+(!x !x ~) 

-, 
Therefore the probability is i-

iv) What is the probability of getting at least one head? 

This refers to any o utcome with either one, two or three 
heads, i.e. all of them except TIT. 

P (at least one head) = 1 - P(TIT) = 1 - J = ~ 

Therefore the probabil it y is ~-

v) What is the probability of getting no heads? 

The only successful o ut come for this event is TIT. 

Therefore the probability is J. 

Exercise I 0.3 I. a) A computer uses the numbers 1, 2 or 3 at random 
to make three-digit numbers. Assuming that a number 
can be repeated, show o n a tree diagram all the possible 
combinations that the computer can print. 

b) Calculate the probability of getting: 
i) the number 131 ii) an even number 
iii) a multiple of 11 iv) a multiple of 3 
v) a multiple of 2 or 3 vi) a palindromic number. 

2. a) A family has four children. Draw a tree diagram to show 
all the possible combinations of boys and girls. 
[Assume P (girl) = P (boy).] 

b) Calculate the probability of getting: 
i) all girls ii) two girls and two boys 
iii at least one girl iv) more girls than boys. 

3. a) A netball team plays three matches. In each match the 
team is equally likely to win. lose or draw. Draw a tree 
diagram to show all the possible o utcomes over the three 
matches. 
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b) Calculate the probability that the team: 
i) winsallthreematches 
ii) wins mo re times than it loses 
iii) loses at least one match 
iv) either draws or loses all the three matches. 

c) Explain why it is not very realistic to assume that the 
outcomes are eq ually likely in this case. 

4. A spinner is split into quarters. 
a) If it is spun twice, draw a probability tree showing all the 

possible o utcomes. 
b) Calculate the probability of getting: 

i) twogree ns 
ii) a green and a blue in any order 
iii) nowhites. 

• Tree diagrams for unequal probabilities 
In each of the cases considered so far, all of the o utcomes have 
been assumed to be eq ually like ly. H owever, this need not be 
the case. 

Worked example In winter, the probability that it rains on any one day is~-

Using a tree diagram, show all the possible combinations 
for two consecutive days. Write each of the probabilities by 
the sides of the branches. 

°"'' Doy2 Probability 

/ "";" 

<Ro;, ~ Nora;, 

/ a.;, 
Narain~ 

1 Narain 

Rain, Rain Jxf=i 

Rain,Norain ~x~= ~ 

Narain.Rain Jxf=.i-g 

Narain.Narain ~X~= (ii 

Note how the probability of each outcome is found by 
multiplying the probabilities for each of the branches. 
This is because each o utcome is the result of calculating the 
fraction ofa fraction. 

1111 
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ii ) Calculate the probability that it wil1 rain o n both days. 

This is an o utcome that is~ of ~-

P(R.R) 0 lxl 0 i 
iii) Calculate the probability that it wi11 rain o n the first day but 

not the second day. 

P(R, NR) =t x ,={8-
iv) Calculate the probability that it wi11 rain o n at least one day. 

The outcomes which satisfy this event arc (R , R) (R, NR) 
and(NR,R). 

Therefore the probability is~ + 18 + 18 = ~ 

Exercise I 0.4 I. A particular board game in volves players rolling a dice. 
However, before a player can start , he or she needs to roll 
a6. 
a) Copy and complete the tree diagram below showing 

all the possible combinations for the firs t two ro lls of 
the dice . 

<;:::::~' y •• < No"" 

~ --~' ti Not six -----
Not six 

Six, Six 

b) Calculate the probability of the following: 
i) gettin g a six o n the first throw 
ii) starting within the first two throws 
iii) starting on the second throw 
iv) not starting within the first three throws 
v) starting within the first three throws. 

Probability 

c) If you add the answers to QI. b (iv) and (v) what do you 
notice? Explain your answer. 

2. In Italy~ of the cars are made abroad. By drawing a tree 
diagram and writing the probabilities next to each of the 
branches, calculate the following probabilities: 
a) the next two cars to pass a particular spot arc both 

Italian 
b) two of the next three cars are fo reign 
c) at least one of the nex t three cars is Italian. 
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<w""' 
2 

""' bock w 
io red 

W black~ black 
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3. The probability that a morning bus arrives o n tim e is65%. 
a) Draw a tree diagram showing all the possible o utcomes 

for three consecutive mornings. 
b) Label your tree diagram and use it to calculate the 

probability that: 
i) the bus is on time on all three mornings 
ii) the bus is late the first two mornings 
iii) the bus is on time two o ut of the three mornings 
iv) the bus is on time at least twice. 

4. Light bulbs are packaged in cartons of three. 10% of the 
bulbs are found to be faulty. Calculate the probability of 
findin g two faulty bulbs in a single carton. 

5. A cricket team has a 0.25 chance of losing a game. Calculate 
the probability of the team achieving: 
a) two consecutive wins 
b) three consecuti ve wins 
c) ten consecutive wins. 

• Tree diagrams for probability problems 
without replacement 
In the examples considered so far, the probability for each 
outcome remained the same throughout the problem. 
However, this need not always be the case. 

a) A bag contains three red balls and seven black balls. If the 
balls are put back after being picked, what is the probability 
of picking: 
a) two red balls 
b) a red ball and a black ball in any order. 

This is selection with replacement. Draw a tree diagram to 
help visualise the problem: 
a) The probability of a red fo11owed by a red, P(RR) = 

fo X fo =I&J. 
b) The probability of a red followed by a black or a black 

followed by a red is 
P(RB) + P(BR) =(fox lb) + (lb x fu) = ftt + Ml = /Ji. 
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b) Repeat the previous question, but this time each ball that is 
picked is not put back in the bag. 

This is se lection without replacement. The tree diagram is 
now as shown: 

__J.-- ,,, 
" "' ----,.___ ii black 

~ rad 
it til!1ck< 

~ black 

a) P(RR) = fi, x ij = &! 
b) P(RB) + P(BR) = (fll x ~) + (fti x ~) = ~ + ~ = t6. 

Exercise I 0.5 I. A bag contains five red balls and four black balls. If a ball is 
picked out at random, its colour recorded and it is then put 
back in the bag. what is the probability of choosing: 
a) two red balls 
b) two black balls 
c) a red ball and a black ball in this order 
d) a red ball and a black ball in any order? 

2. Repeat Q.1 but. in this case, after a ball is picked at random. 
it is not put back in the bag. 

3. A bag contains two black, three white and five red balls. 
If a ball is p icked, its colo ur recorded and then put back in 
the bag. what is the probability of picking: 
a) two black balls 
b) a red and a wh ite ball in any order? 

4. Repeat Q.3 but , in this case, after a ball is picked at random . 
it is not put back in the bag. 

5. You buy five tickets for a raffle . 100 tickets are sold 
altogether. Tickets are picked at random. Yo u have not won 
a prize after the first three tickets have been drawn. 
a) What is the probability that you win a prize with either 

of the next two draws? 
b) What is the probability that you do not win a prize with 

either of the next two draws? 

6. A no rmal pack of 52 cards is shuffled and three cards are 
picked at random. Draw a tree diagram to he lp calculate the 
probability of picking: 
a) two clubs first 
b) three clubs 
c) no clubs 
d) at least o ne club. 
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7. A bowl of fruit contains one mango, one banana, two 
oranges and two papayas. Two pieces of fruit are chose n at 
random and eaten. 
a) Draw a tree diagram showing all the possible 

combinations of the two pieces of fruit. 
b) Use yo ur tree diagram to calculate the probability that: 

i) both the pieces of fruit eaten are oranges 
ii) a mango and a banana are eaten 
iii) at least one papaya is eaten. 

Use of Venn diagrams in probability 

You saw in Topic 9 how Venn diagrams can be used to represent 
sets. They can also be used to solve problems involving probability. 

'Worked examples a) In a survey carried o ut in a col1ege, st udents were asked 
which was their favourite subject. 

15chose English 
SchoseScie nce 
12chose Mathematics 
5choseA rt 

What is the probability that a student chosen at random will 
like Scie nce the best? 

This can be represe nted on a Venn diagram as: 

English 
15 

mati~ 
12 

There are 40 student s, so the probability is Jli = !-
b) A group of21 friends decide to go o ut fo r the day to the 

local town. 9 of them decide to see a film at the cine ma and 
15 of them go for lunch. 

i) Draw a Venn diagram to show this infonnation if set A 
represe nts those who see a film and set B represe nts 
those who have lunch. 

rm 
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9 + 15 = 24: as there arc only 21 people. this implies that 
3 people sec the film and have lunch. This means that 9 
- 3 = 6 only went to see a film and 15 - 3 = 12 o nly 
had lun ch. 

ii) Dctcnninc the probability that a person picked at 
random only went to the cinema. 

The number who only we nt to the cinema is 6, therefore 
the probability is fr =~-

Exercise I 0.6 I. In a class of 30 students, 20 study French. 18 study Spanish 
and5 neither. 
a) Draw a Venn diagram to show this information. 
b) What is the probability that a student chosen at random 

studies both French and Spanish? 

2. In a group of 35 stude nts. 19 take Physics, 18 take 
Chemistry and 3 take neither. What is the probability that a 
st udcnt chosen at random takes: 
a) both Physics and Chemistry 
b) Physics only 
c) Chemistry only. 

3. 108 people visited an art ga l1cry. 60 liked the pictures, 53 
liked the sculpture, 10 liked neithe r. 
What is the probability that a person chosen at random, 
liked the pictures but not the sculpture? 

4. In a series of examinations in a school: 

37 stude nts took English 
48 students took French 
45 students took Spanish 
15 stude nts took English and French 
lJ students took French and Spanish 
7 students took English and Spanish 
5 students took all three. 

a) Draw a Venn diagram to represent this information. 
b) What is the probability that a student picked at random 

took: 
i) all three ii ) English only iii) French only. 
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• Mutually exclusive events 
Events that cannot happen at the same time are known as 
mutually excl usive events. For example, if a sweet bag contain s 
12 red sweets and 8 yellow sweets le t picking a red sweet be 
event A , whilst picking a ye l1ow sweet be event B. If one sweet 
is picked, it is not possible to pick a sweet which is both red and 
yel1ow. Therefore these events are mutually exclusive. 

This can be shown in a Venn diagram: 

P(A ) = ~ whilst P(B) = ! -
As there is nooverlap, P(A U B) = P(A) + P(B) = ~ +i =i = I. 
i.e. the probability of mutually exclusive event A or event B 
happening is eq ual to the sum of the probability of event A and 
event Band the sum of the probabilities of all possible mutually 
exclusive events is I. 

Worked example In a 50 m swim, the world record holder has a probability of 0.72 
of winning. The probability of her finishing second is 0.25. 

What is the probability that she either wins or comes second? 
Since she cannot finish both 1st and 2nd. the events are 

mutually excl usive. 
Therefore P(lst U 2nd) = 0.72 + 0.25 = 0.97. 

• Combined events 
If event s are not mutually exclusive, then they may occur at the 
same time. 

These arc known as combined e,·ents. 
For example, a pack of 52 cards contains fo ur suits: clubs(• ), 

spades(+), heart s(• ) and diamonds(+). Oubs and spades are 
black ;heart s and diamonds are red. Each suit contains 13 cards. 
These are ace,2,3.4,5,6, 7.8. 9,10, Jack, Queen and King. 

A card is picked at random. Event A represents picking a 
black card; event B represents picking a King. 

rm 
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i 
Worked example 

In a Venn diagram this can be shown as: 

P(A) ~ = !and P(B) 3) = tJ" 
However P(A U B)-¥- ~ + ~because K+ and K• belong to 

both events A and B and have the refore been co unted twice. 
This is shown in the overlap of the Venn diagram and needs to 
be taken into account. 

Therefore. fo r combined event s 

P(A u B) c P(A ) + P(B) - P(A n B) 

i.e. the probability of event A or Bis eq ual to the sum of the 
probabilities of A and B minus the probability of A and B. 

In a holiday survey of 100 people: 

72 people have had a beach holiday 
16 have had a sight seeing holiday 
12 have had both 

What is the probability that one person chosen at random from 
the survey has had either a beach holiday (B) or a sightseeing 
holiday (S)? 

P(B) = Jfu P(S) = /£ P(BnS) = rtiJ 

Therefore P(B US) = f& + nf; - rtiJ = Mi 

• Independent events 
A student may be born on I June. another student in his class 
may also be born o n I June. ll1ese event s are independent of 
each o ther (assuming they are not twins). 

If a dice is thrown and a coin spun , the outcomes of each are 
also indepe ndent , i.e. the outcome of one does not affect the 
outcome of another. 

For independent events, the probability of both occurring is 
the product of each occurring separately, i.e. 

P(A n B) c P(A ) x P(B) 
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Worked examples a) You spin a coin and rol1 a dice. 
i) What is the probability of getting a head on the coin and 

a five on the dice? 

Bot h events are independent therefore 

P(H n 5) c P(H) x P(5) 

=!x ! 
=fl 

ii) What is the probability of getting either a head on the 
coin or a five on the dice. but not both. 

P(H U 5) is the probability of getting a head, a five or 
both. 

Therefore P(H U 5) - P(H n 5) removes the probability 

of both event s occurring. ll1e solution is 

P(H u 5) - P(H n 5) c P(H) + P(5) - P(H n 5) 

=~+! - h 
=J 

b) The probabilities of two events X and Yare given by: 

P(X) = 0.5, P(Y) = 0.4, and P(X n Y) = 0.2. 

i) Are eve nts X and Y mutual1y exclusive? 

No: if the events were mutually exclusive, then P(X n Y) 
would be Oas the events could not occur at the same time. 

ii) Calculate P(X U Y). 

P(X u Y) c P(X) + P(Y) - P(X n Y) 
= 0.5 + 0.4- 0.2 
= 0.7 

iii) What kind of events are X and Y? 

Since P(X n Y) = P(X) x P(Y). 

i.e. 0.2 = 0.5 x 0.4, eve nts X and Y must be independe nt. 
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• Probability fro m co ntingency t ables 
A contingency table is a two-way table containing frequency data. 
The data allows the probabilities of events to be calculated. 

Worked example An icecream seller keeps a record of the number of different 
types of icecreams he se lls to adults and children. ll1e results 
are displayed in the contingency table below: 

Adults Children 

Vanilla 24 

Strawberry 15 

Chocolate 28 

A person was seen buying one of the icecreams. Calculate the 
probability of each of the following: 

It was a child. 

Total number of icecreams sold: 24 + 15 + 6 + 8 + 14 + 28 = 95 

Total number of childre n served: 8 + 14 + 28 = 50 

Therefore P(Child) = ~ = W 
ii ) The icecream being bo ught was chocolate. 

Total number of chocolate icccreams bought: 28 + 6 = 34 

Therefore P(Chocolate) = ~ 

iii) It was an adult buying a va ni11a icecream. 

Number of adults buying vanilla icecreams: 24 

The refore P(Ad ult buying vanilla) = ~ 

Exercise I 0.7 I. In a 50 m swim, the record holder has a probability of 0.68 
of winning and a 0.25 probability of finishing second. What 
is her probability of finishing in the first two? 

2. The Jamaican 100 m women's relay team has a 0.5 chance of 
coming first in the final ,0.25 chance of coming second and 
0.05 chance of coming third. What is the team's chance of a 
medal? 

3. You spin a coin and throw a dice. What is the probability of 
getting: 
a) a head and a factor of 3 
b) aheadorafactorof3 
c) a head or a factor of 3, but not both? 

4. What is the probability that two people, picked at random, 
both have a birthday in June? 
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5. Amelia takes two buses to work. On a particular day. 
the probability of her catching the first bus is 0.7 and the 
probability of catching the second bus is 0.5. 
The probability of her catching neither is 0.1. If A 
represents catching the first bus and B the second: 
a) state P (A U B)' 
b) find P (AU B). 
c) Given that P (AU B) = P (A ) + P (B) - P (An B), 

calculate P (A n B). 

6. The probability of Marco having breakfast is 0.75. 
The probability that he gets a lift to work is 0.9 if he has 
had breakfast and 0.8 if he has not. 
a) What is the probability of Marco having breakfast then 

getting a lift ? 
b) What is the probability of Marco not having breakfast 

then getting a lift? 
c) What is the probability that Marco gets a lift ? 

7. The numbers and types of books on a student 's bookshelf 
are given in the contingency table below: 

Hardback Paperback 

Fictio n 46 

Non-fiction 22 

Calculate the probability that a book picked from the shelf 
at random is: 
a) a paperback book 
b) a fi ction book 
c) a non-fi ction hardback. 

8. One morning there are three exams occurring at the same 
time . The number of boys and girls sitting each exam are 
given in the contingency table below: 

Maths French Philosophy 

Boys 12 

Girls 52 16 

Calculate the probability that a student picked at random is: 
a) a girl 
b) sitting the Fre nch exam 
c) a boy sitting the Philosophy exam. 
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White Blue Grey 

XL 

10 20 

M 12 13 

II 

9. A shirt manufacturer produces a style of shirt in three 
different colours (white, blue and grey) and in four different 
sizes (XL, L. Mand S). 

A shop receives a large box with a delivery of these shirts . 
The contents of the box are summarised in the contingency 
table o n the left. 

a) If the shirts arc unpacked in a random order, calc ulate 
the probability that the first shirt unpacked is: 
i) white 
ii) large 
iii) large and white. 

b) Calculate the probability that the first two shirts 
unpacked (witho ut replacement) are: 
i) blue 
ii) thesamecolour 
iii) not all the same colour. 

10. a) How many students arc in your class? 
b) How likely do you think it is that two people in yo ur 

class will share the same birthday? Very likely? Like ly? 
Approx 50- 50? Unlikely? Very unlikely? 

c) Write down everybody's birthday. D id two people have 
the same birthday? 

Below is a way of calculating the probability that two 
people have the same birthday depending how many 
people there are. To study this, it is easiest to look at 
the probability of birthday's being different. When this 
probability is less than 50%, then the probability that two 
people will have the same birthday is greater than 50% . 

When the first person asks the second person. the 
probability of them not having the same birthday is~ 

(i.e . it is~ that they have the same birthday). 

When the nex t person is asked, as the events are 
independent , the probability of all three having different 
birthdays is: 

(l!j),(l!J) c 99.2% 

When the next person is asked. the probability of all 
fo ur having different birthdays is: 

(l!l) > (l!J) > (l!l) c98.4% 
and soon .. 
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d) Copy and complete the table below until the probability 
is50%. 

Number of Probability of them not having 
people the same birthday 

(ll1)• 99.7% 

(lll)•(lll)• 99.2% 

lll:I , lllll, lllll •98.4% 

IO 

15 

20 

e) Explain in words what your solution to Q.10 (d) means. 

Experimental probability 

So far the work covered has dealt with theoretical probability. 
However, there are many occasions when the probability of 
an o utcome is not initially known and therefore experiments 
are carried out in order to make predictions. This is known as 
experimental probability. 

For example, a six-sided dice is known to be biased, i.e. not all 
numbers are eq ually likely. 

The dice is rolled 60 times and the results recorded in the 
table below: 

In order to calculate the experimental probability of each 
number. its reluti,·e frequency is calc ulated. The relative 
frequency refers to the fraction of an a mount as a proportion of 
the total. 
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Therefore the relative frequency of each number is: 

Numbe r 2 3 -4 5 6 

Freque ncy 3 7 12 8 20 10 

Re lative fre quency ~ ~ iii 

Predictions can be made about future o utcomes based on these 
results. 

Worked examples Using the results above calculate the following: 

II 

a) If the dice were rolled 100 times. approximate ly how many 
times would yo u expect to get a three? 

P(3) = ~ = ! 

Therefore the number of threes would be approximately 
! X 100 = 20. 

b ) The dice was rolled many times. T he number two was rolled 
38 t imes. Predict how many times the dice was ro l1ed. 

P(2) = ~ 

Let x be the number of times the dice was ro lled: 

X xc1 = 38 

=)X = 38x6Q 
7 

=) X = 325 .71 (2 d.p. ) 

Therefore the dice was rolled approximat ely 326 times. 

Accuracy is improved the more times the experiment is carried 
out , as any rogue resul ts have a relatively sma11er effect. So to 
improve the acc uracy of the res ult s, simply increase the number 
of trials. 
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Exercise I 0.8 I. A dice is rolled 100 times and the results recorded in the 
table below: 

a) Explain, giving reasons, whether you think the dice is 
fair or biased. 

Another dice is rolled 100 times and the results recorded 
below: 

I ~::~ee~cy I I~ 12
2

513
3
21 : I :o I : I 

b) Explain, giving reasons, whether you think this dice is 
fair o r biased. 

c) Calculate the relative freq uency of each number on the 
second dice. 

d) If the second dice was rolled 450 times, how many times 
would you expect to ge t a six? 

e) The second dice was rolled, x times. The number 4 was 
obtain ed 23 times. Estimate the value of x. 

f) Bot h dice were rolled 350 times. How many more sixes 
would you expect to ge t with the first dice compared 
with the second. 

2. A bird spotter wants to find out the likelihood of different 
types of birds landing in his garde n so that he can put out 
appropriate feed. He conducts a survey over a period of five 
hours. The results are shown below: 

I Typo of bi,d I Spa"~ I Surl;og I c,~ I Wcoo I O<ho, I 
Frequency 46 32 9 16 27 

a) Assuming conditions are similar the following day, 
estimate the number of crows he is likely to spot in a 
three hour period. 

b) The day after he conducts a similar survey and counts 
50starlings. 
Approximately how long was he recording results on this 
occasion? 

c) Six months later he decides to estimate the number 
of sparrows visiting his garden in a two hour period. 
Explain, giving reasons, whether he sho uld use the 
original data or not for his estimate. 
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3. I go to work by bus each day. If the bus is on time, I get 
to work on time. Over a 20 day period I record whether I 
arrive at work on time or whether I arrive late . If I arrive 
late, I also record how late I am. The results are shown 
below: 

Arrival time On 5 mins 10 mins 15 mins 20 mins 
late late late late 

Frequency 12 

a) I work 230 days in a working year. 
i) Estimate how many times I would a rrive on time. 
ii) What assumptions have yo u made in estimating the 

answer to(i)? 
b) Estimate the number of times I would arrive 20 minutes 

late in a working year. 
c) Estimate the total amount of time in ho urs I arrive late 

in a working year. 
d) In the same city there are 250000 people who use the 

buses to get to work each day. 
i) Estimate the total amount of time lost in the city due 

to late buses . 
ii) What assumptions have yo u made in estimating the 

above answer? 

4. Check the bias of a dice in your classroom by conducting an 
experime nt. 

Explain your methods and display your results clearly. 
Refer to your results when deciding whether or not the dice 
is biased. 

5. Drawing pins, when dropped, can either land point up or 
point down as show n below: 

a) Carry o ut an experiment to determine the probability of 
a drawing pin landing point up. 

b) What factors are likely to influence whether a drawing 
pin lands point up or point down? 

c) By considering one of the factors you stated in, Q.2 (b) 
carry o ut a further experiment to determine whether it 
does influence how a drawing pin lands. 
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Investigations, modelling and ICT 

• Probability drop 
A game involves dropping a red marble down a chute. 
On hitting a triangle divider, the marble can either bounce left 
or right. On completing the drop, the marble lands in o ne of 
the trays along the bottom. The trays are numbered fr om left 
to right. Different sizes of ga me exist. the four smallest versions 
are shown below: 

Ai~A1!:\ 
1 2 3 4 LJLJLJLJLJ 

To land in tray 2 in the second game above, the ball can travel in 
one of two ways. These are: Left - Right or Right - Left. 

This can be abbreviated to LR or RL. 

I. State the different routes the marble can take to land in 
each of the trays in the third game. 

2. State the different routes the marble can take to land in 
each of the trays in the fourth game . 

3. State, giving reasons, the probability of a marble landing in 
tray l of the fourth game. 

4. State. giving reasons, the probability of a marble landing in 
each of the other trays in the fourth game. 

5. Investigate the probability of the marble landing in each of 
the different trays of larger games. 

6. Using your findin gs from your investigation, predict the 
probability of a marble landing in tray 7 of the tenth game 
(11 trays at the bott om). 

7. Investigate the links between this game and the seq uence of 
numbe rs generated in Pascal's triangle. 

The following question is beyond the scope of the syllabus but is 
an interesting extension. 

8. Investigate the links between this game, Pascal's triangle 
and the binomial expansion. 
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II 

• Dice sum 
Two ordinary dice are rol1ed and their scores added together. 

Below is an incomplete table showing the possible outcomes: 

Dice I 

.~ >--+--+--+--+-+--+--I 
C 

>--+--+--+--+-+--+--I 
IO 

12 

l. Copy and complete the table to show all possible o utcomes. 
2. How many possible o utcomes are there? 
3. What is the most likely total when two dice arc rolled? 
4. What is the probability of getting a to tal score of 4? 
5. What is the probability of getting the most likely to tal ? 
6. How many times more likely is a to tal score of 5 compared 

with a total score of 2? 

Now consider rolling two four-sided dice each numbered 1- 4. 
Their scores arc also added together. 

7. Draw a table to show all the possible o utcomes when the 
two four-sided dice are rolled. 

8. How many possible o utcomes are there? 
9. What is the most likely total? 

10. What is the probability of getting the most likely total ? 
II. Investigate the number of possible o utcomes. the most 

likely total and its probability when two identical dice arc 
rolled together and their scores added, i.e. consider 8-sidcd 
dice, JO-sided dice,etc. 

12. Consider two m-sidcd dice rolled together and their scores 
added. 
a) What is the total number of o utcomes in terms of m? 
b) What is the most like ly total, in terms of m? 
c) What. in terms of m , is the probability of the most likely 

total. 
13. Consider an 111-sided and n-sidcd dice rolled together, 

whcrem>n. 
a) In terms of 111 and n, deduce the total number of 

o utcomes. 
b) In terms of 111 and/or n, deduce the most likely total(s) . 
c) In terms of 111 and/or n, deduce the probability of getting 

the most likely total. 
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• ICT Activity: Buffon's needle experiment 
You will need to use a spreadsheet fo r this activity. 

The French count Le Comt e de Buffon devised the following 
probability experiment. 

1. Measure the length of a match (with the head cut off) as 
accurately as possible. 

2. On a sheet of paper draw a series of straight lines paral1el 
to each other. The distance between each line should be the 
same as the length of the match. 

3. Take ten identical matches and drop them randomly on the 
paper. Count the number of matches that cross or to uch any 
of the lines. 

For example in the diagram below. the number of matches 
crossing or to uching lines is six. 

1 1 f1i4~ 11 
4. Repeat the experime nt a further nine times, making a no te 

of your results. so that altogether you have dropped 100 
matches. 

5. Set up a spreadsheet similar to the one shown below and 
enter yourresul ts in ce ll 8 2. 

100 200 300 400 500 600 700 800 900 1000 

6. Repeat 100 match drops again, making a to tal of200 drops. 
and enter cumulative result s in cell C2. 

7. By collating the results of your fe llow students. enter the 
cumulative results of dropping a match 300- 1000 times in 
cells D2-K2 respectively. 
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8. Using an appropriate fonnula, get the spreadsheet to 
complete the calc ulations in Rows 3 and 4. 

9. Use the spreadsheet to plot a line graph of N against l 
10. What value does 'ji appear to get closer to? =8noN l_!_J Student assessments 

Student assessment I 
I . Calculate the theoretical probability of: 

a) being born on a Saturday 
b) being born on the 5th of a month in a non-leap year 
c) being born on 20 June in a non-leap year 
d) being born on 29 February. 

2. When rolling an ordinary fair dice, calculate the theoretical 
probability of getting: 
a)a2 
b) an even number 
c) a3ormore 
d) less than 1. 

3. A bag contains 12 white counters. 7 black counters and 
1 red counter. 
a) If, when a co unter is taken o ut, it is not replaced, 

calc ulate the probability that: 
i) the first co unter is white 
ii) the second counter removed is red, given that the 

first was black. 
b) If, when a co unter is picked , it is then put back in the 

bag. how ma ny attempts will be needed before it is 
mathematically certain that a red counter will have 
been picked out? 

4. A coin is tossed and an ordinary. fair dice is ro lled. 
a) Draw a two-way table showing all the possible 

combinations. 
b) Calculate the probability of getting: 

i) a head and a six 
ii) a tail and an odd number 
iii) a head and a prime number. 
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5. Two spinners A and B are split into quarters and colo ured 
as shown. Both spinners are spun. 
a) Draw a full y labelled tree diagram showing all the 

possible combinations on the two spinn ers. Write beside 
each branch the probability of each outcome. 

b) Use yo ur tree diagram to calculate the probability of 
getting: 
i) two blacks 
ii) two greys 
iii) a grey on spinner A and a white on spinner B. 

6. A coin is tossed three times. 
a) Draw a tree diagram to show all the possible o utcomes. 
b) Use your tree diagram to calculate the probability of 

getting: 
i) three tails 
ii) two heads 
iii) no tails 
iv) at least one tail. 

7. A goalkeeper expects to save one pe nalty o ut o f every 
three . Calculate the probability that he : 
a) saves one penalty o ut of the next three 
b) fails to save any of the next three penalties 
c) saves two o ut of the next three penalties. 

8. A board game uses a fair dice in the shape of a te trahedron. 
The sides of the dice are numbered 1. 2, 3 and 4. 
Calculate the probability of: 
a) not throwing a 4 in two throws 
b) th rowing two consecutive Is 
c) throwing a total of 5 in two throws. 

9. A normal pack of 52 cards is shuffled and three cards 
pi cked at random. Calculat e the probability that all three 
cards are picture cards. 

Stude nt assessm e nt 2 
1. A card is drawn from a standard pack of cards. 

a) Draw a Venn diagram to show the following: 
A is the set of aces 
B is the set of picture cards 
C is theset of clubs 

b) From your Ve nn diagram find the followin g 
probabilities: 
i) P(aceorpicturecard) 
ii) P( not an ace or picture card) 
iii) P( club or ace) 
iv) P(club and ace) 
v) P(ace andpicturecard) 

II 



l O Probability 

II 

2. Students in a school can choose to study one or more 
science subjects from Physics, 01emistry and Biology . 

In a year group of 120 students, 60 took Physics, 60 took 
Biology and 72 took Chemistry; 34 took Physics and 
Chemistry, 32 took Chemistry and Biology and 24 took 
Physics and Biology; 18 took all three . 

a) Draw a Venn diagram to represent this information. 
b) If a student is chosen at random, what is the probability 

that: 
i) the student chose to study only one subject 
ii) the student chose Physics or Chemistry and did not 

choose Bi ology. 

3. A class took an English test and a Mathematics test. 
40% passed both tests and 75%passed the English test. 

What percentage of those who passed the English test also 
passed the Mathematics test? 

4. A jar contains blue and red counters. Two counters are 
chosen without replace ment. The probability of choosing a 
blue the n a red counter is 0.44. The probability of choosing 
a blue counter on the first draw is 0.5. 

What is the probability of choosing a red counter on the 
second draw if the first co unter chosen was blue? 

5. In a group of childre n, the probability that a child has black 
hair is 0.7. The probability that a child has brown eyes is 
0.55. The probability that a child has either black hair or 
browneyesis0.85. 

What is the probability that a child chosen at random has 
both black hair and brown eyes? 

6. It is no t know n whether a six-sided dice is biased or not. 
It is rolled 80 times and the results recorded in the table 
below: 

a) Explain, giving reasons, whether yo u think the dice is 
fair or biased. 

b) Calculate the relative freq uency of each number. 
c) If the dice was rol1ed 220 times, estimate the amount of 

times a 3 would be rolled. 
d) The dice was rolled x times. The number 6 was rolled 

48 times. Estimate the value of x . 
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filJ Statistics 

This topic will cover the following syllabus content: 
11 .2 Discrete and continuous data 
11.3 (Compound) bar chart, line graph, pie chart, stem-and-leaf plot, scatter 

diagram 
11 .4 Mean, mode, median, quartiles, range from lists of discrete data 

Mean, mode, median and range from grouped discrete data 
11 .5 Mean from continuous data 
11.6 Histograms with frequency density on the vertical axis 
11 .7 Cumulative frequency table and curve 

Median, quartiles, percentiles and inter-quartile range read from curve 
11 .8 Use of a graphics calculator to calculate mean, median, and quartiles for 

discrete data and mean for grouped data 
11 .9 Understanding and description of correlation with reference to a scatter 

diagram 
Straight line of best fit (by eye) through the mean on a scatter diagram 
Equation of the linear regression line from a graphics calculator 
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Paul Erdos (1913-1996) 

Paul Erdos 

Paul Erdos was born in Hungary in 1913. He was a very 
friendly mathematician. He worked on more than 1500 
mathematical papers with more than 500 other mathe maticians. 
The amount of work that he did o n graph theory. set theory 
and probability compares well with the amount of work done 
by Gauss. 

He was a great problem solver and was very good at 
helping other mathematicians who were stuck with an area 
of study. Beca use of his help with their problems, his fri ends 
created the Erdos number as a humorous tribute. 

Erdos was assigned the Erdos number ofO (for being himself) . 
Those who worked directly with him have an Erdos number 

of I. 
Those who worked with them have an Erdos number of 2. 

and so on. 
It is estimated that 90 percent of the world's mathematicians 

have an Erdos number smaller than 8. =210N l___!_J Basic graphs and charts 

• Discrete and continuous data 
Discrete data can only take specific values, for example the 
number of tickets sold for a concert can o nly be positive 
integer values. 

Co11ti1111011s data , on the other hand, can take any value 
within a certain range, for example the time taken to run 100m 
wi11 typically fall in the range 10-20 seconds. Within that range. 
however, the time stated will depend on the accuracy required. 
So a time stated as 13.8scould have been 13.76s, 13.764s or 
13.7644s.etc. 

Exercise I I . I State whether the data below is discrete or continuo us. 

I. Your shoe size 

2. Your he ight 

3. Your house number 

4. Yourweight 

5. The total score when two dice arc thrown 
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6. A mathematics exam mark 

7. The distance fr om the Earth to the moon 

8. The number of students in your school 

9. The speed of a train 

10. The density of lead 

• Displaying simple discrete data 
Data can be displayed in many different ways. It is therefore 
important to choose the method that displays the data most 
clearly and effectively. 

The freq uency table shows the British shoe sizes of 20 
students in a class. 

Shoe size 1} a a} 

Freque ncy 

This can be displayed as a freq uency histogram. 

I 
I 

---

:HI I 
---

TT-
5 5.5 6 6.5 7 7.5 8 8.5 9 9.5 1 

Shoe sizes are an example of discrete data as the data can only 
take certain values. As a result the freq uency histogram has 
certain properties. 

• Each bar is of eq ual width and its he ight represents the 
freq uency. 

• The bars touch (this is not the case with a bar chart) . 
• The value is writte n at the mid-width of each bar. This is 

because student s with a foot size in the range 6.75 - 7.25. for 
example. would have a shoe size of 7. 
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Exercise 11.2 1. The figures in the list below give the total number of 
chocolate sweets in each of20 packets of the sweets. 

35, 36, 38, 37, 35, 36, 38, 36, 37, 35, 
36, 36, 38, 36, 35, 38, 37, 38, 36, 38 

a) Present the data in a tally and freq uency table. 
b) Present the data as a freq uency histogram. 

2. Record the shoe sizes of everybody in yo ur class. 
a) Present the results in a tally and freq uency table . 
b) Present the data as a freq uency histogram. 
c) What conclusions can you draw from your results? 

• Gro uped discrete o r continuo us data 
If there is a big range in the data, it is sometimes easier and 
more useful to group the data in a grouped frequency table. 
The discrete data below shows the scores for the first round of a 
golf compe tition. 

71 75 82 96 83 75 76 82 103 85 79 77 83 85 88 
104 76 77 79 83 84 86 88 102 95 96 99 102 75 72 

One possible way of grouping this 
data in a gro uped frequency table is 
shown on the right. 

Note: The groups are arranged 
so that no score can appear in two 
groups. 

Each gro up has an upper and 
lower bound. The lower bound of 
a group is the smallest possible 
number that would round up to 
that gro up and the upper bound is 
the highest possible numbe r 

Score Frequency 

71 - 75 , .... , 
81--85 

86-90 

91 - 95 

96- 100 

101 - 105 

that would round down to the gro up, for example for the gro up 
101- 105, the lower bound is 100.5 and the upper bound 105.5. 

Exercise 11.3 I. The following data gives the percentage scores obtained by 
students from two classes, 1 lX and 1 lY, in a Mathematics 

!IX 
42 73 93 85 68 58 33 70 71 85 90 99 41 70 65 
80 73 89 88 93 49 50 57 64 78 79 94 80 50 76 99 

IIY 
70 65 50 89 96 45 32 64 55 39 45 58 50 82 84 
91 92 88 71 52 33 44 45 53 74 91 46 48 59 57 95 
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a) Draw a grouped ta11y and freq uency table for each of 
the classes. 

b) Comment on any similarities or differences between 
the result s. 

2. The number of apples collected from 50 trees is recorded 
below: 

35 78 15 65 69 32 12 9 89 110 112 148 98 
67 45 25 18 23 56 71 62 46 128 7 133 96 
24 38 73 82 142 15 98 6 123 49 85 63 [9 
111 52 84 63 78 12 55 138 102 53 80 

Choose suitable gro ups for this data and represent it in a 
grouped frequency table. 

With grouped continuous data, the groups are presented in a 
different way. 

The results below are the times given (in h:min:s) for the first 
50 people completing a marathon. 

2:07:1 1 2:08:1 5 2:09:36 2:09:45 2:10:45 
2:1 0:46 2:1 1:42 2:11:57 2:12:02 2:12:11 
2:1 3:12 2:13:26 2:14:26 2:15 :34 2:15:43 
2:1 6:25 2:16:27 2:17:09 2:18:29 2:19:26 
2:1 9:27 2:1 9:31 2:20:00 2:20:23 2:20:29 
2:21 :47 2:21:52 2:22 :32 2:22 :48 2:23:08 
2:23:1 7 2:23 :28 2:23:46 2:23:48 2:23:57 
2:24:04 2:24:12 2:24:1 5 2:24:24 2:24:29 
2:24:45 2:25 :1 8 2:25:34 2:25:56 2:26:10 
2:26:22 2:26:51 2:27:1 4 2:27 :23 2:27:37 

The data can be arranged into a grouped frequency table as 
follows: 

Group Frequency 

2:05:00 ,o;; t<2:IO:OO 

2:10:oo ,,;;;t<2: 1s:oo 

2:1s:oo,,;;;t<2:20:oo 

2:20:00 ,,;;;t<2:25:00 19 

2:25:00 ,,;;;t<2:30:00 

Note that, as with discrete data, the groups do not overlap. 
However, as the data is continuous, the gro ups are written using 
ineq ualities. The first group includes all times from 2 h 5 min up 
to but not including 2 h 10 min. 
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II 

With continuous data, the upper and lower bound o f each 
group are the numbers written as the limit s of the group. In the 
example above, for the group 2:05:00 .-;;: t < 2:10:00, the lower 
bound is 2:05:00; the upper bound is considered to be 2:10:00 
despite it not actually being included in the in eq uality. 

• Pie charts 
Pie charts are a popular way of displaying data clearly. A pie 
chart consists of a circle divided into sectors where the angle of 
each sector is proportional to the relative size of the quantity 
it represents. 

The table below shows the number of goals scored by a 
football team (A) over the 40 games it played during one season. 

The table shows that Team A scored no goals in 22 of their 
matches, 1 goal in 8 of their matches. 

As the angle at the centre of a circle is 360°, each frequency 
must be converted to a fraction out of 360 as shown: 

Number of goals Frequency Relative frequency Angle 

22 ~ ~><360= 198 

~ ~>< 360=72 

t. ~>< 360=54 

~ ~>< 360=27 

~ ~>< 360=9 

The pie chart can now be drawn using a protractor. 

Number of goals scored 
90 
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• C ompo und ba r cha rt 
A compound bar chart is similar to a pie chart as it also displays 
the relative proportion of each quantity. However, instead of 
using a circle, it presents the data in a single column/bar. 
Each quantity is expressed as a percentage of the total with the 
height of the bar representing 100%. 

Using the previous example of Team A's goals, the re lative 
frequency table can be adapted to percentages as shown: 

Number of goals Frequency Relative frequency Percentage 

22 ~ ~" 100=55 

~ 1" 100 = 20 

~ i" 100 = 15 

~ i >< 100= 7.5 

~ i" 100=2.5 

2goals15% 

i:: ,~% L_~ _J-~~~~~~(__~ 
1goals20% 

!.40% 
30% Ogoals55% 

Compound bar charts are particularly useful when comparisons 
need to be made between different sets of data. 

Worked e.rample Another football team (B) in the same league as Team A has 
the following goal-scoring record over the same season. 

a) Draw a compound bar chart for Team B on the same axes 
as the one for Team A. 
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A relative frequency and percentage table can be calc ulated 
to give: 

Number of goals Frequency Relative frequency Percentage 

:0- -:0>< 100=20 

12 . ~" 100=30 

IO . ~" 100=25 

l, io->< 100= 12.5 . ~" 100=7.5 . i" 100=5 

Drawing both compound charts on the same axes means the 
results of both teams can be compared more easily. 

Percentages of goals scored 

80% 
70% u----1___i---,__ 

t :~ i::i----r==i___:: __ £ = 
~ 40% 
• 30% 

20% 
10% 

b) From the chart s, decide which of the two teams is like ly to 
be doing better in the league. Justify your answer. 

The bar charts suggest that Team Bis the more successful 
team as it scores no goals less often than Team A and also 
has a higher proportion of goals scored than T cam A. 

c) Explain why your conclusion to part (c) may be incorrect. 

The chart only displays the number of goals scored and 
does not show the number of goals conceded. Team B may 
be better than Team A at scoring goals but it may also let in 
more goals. 
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• Line graphs 
A line graph is a good way of analysing data over a period of 
time. Data is collected and plotted as coordinates on a graph 
and a line is then drawn passing th rough each of the point s. 

The table shows the temperature taken at fo ur-ho urly 
intervals during one day in New York. 

Time 00:00 04:00 08:00 12:00 16:00 20:00 2-4:00 

Tem perat ure (°C) 15 16 25 31 20 16 

Plotting a line graph shows the changes in te mperature during 
the day: 

- 35 
~ 30 
i 25 

~ 20 
~ 15 
j 10 

5 

T=pera<o" chaag, ia 1 day 

~~ ~~ <§'>~ <'-~ ... ro~ ri,<;:i~ <S>~ 
n me 

As time is continuo us, it is mathematically acceptable to draw a 
line passing through each of the points. It is a valid assumption 
to make that the temperature changes at a constant rate 
between each of the readings taken. This means that predictions 
can be made abo ut the temperature at times of the day when 
readings were not actually taken. 

For example, to estimate the temperature at 10:00, a line is 
drawn up from the horizontal axis at 10:00 until it meets the 
graph. A line is then drawn horizontally until it reaches the 
vertical axis, where the temperature ca n be read. 

- 35 
9 30 

i 25 
e 20 
~ 15 
j 10 

5 

T=P''°'""chaag,ia 1 day 

~~ ~~ ,§'>~ {i,~ .._'<>~ 'l,,<;j~ ,S>~ 
nme 

The temperature at 10:00 was approx imately 21 °C. 

II 
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Exercise 11.4 I. A teenager decides to keep a record of her spending habits 
over a period of a month. Her results are displayed in the 
table below: 

C ategory Amount spent ($) 

Clothes 110 

Entertainment 65 ,~, 40 

Transport 20 

Gifts 20 

Other 15 

a) Calculate the angle represented by each category for the 
purpose of drawing a pie chart. 

b) Draw a pie chart representing the teenager's spending 
habits. 

2. The brother of the teenager in Q.1 also keeps a record of 
his spending over the same period of time. H is results are 
shown below: 

Category Amount spent ($) 

Clothes IO 

Entertainment 150 

Food IO 

Transport 20 

Gifts 

Other 50 

a) Find each of these amounts as a percentage of the total. 
b) Draw a compound bar chart of his data. =310N ~ Stem-and-leaf p lots 

Stem•and, leafplots (or stem-and.leaf diagrams) are a special 
type of bar chart. in which the bars are made from the data 
itself. This has the advant age that the original data can be 
recovered easily from the diagram. The ste m is the first digit of 
the numbers, so if the numbers are 63, 65, 67, 68, 69, the s tem is 
6. TI1e leaves are the remaining numbers written in order. 
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Worked example The ages of people o n a coach transferring them fr om an airport 
to a ski resort are as fol1ows: 

TIU~ 31 TI~ U 26 37 ~ 

~%TIU~ 18 W 27 ~ TI 
~ TI 35 E ~~TI 25 U ~ 

Display the data on a stem-and-leaf diagram. 

~ 1 ~ 2 3 4 4 4 4 5 5 5 5 6 7 7 8 9 
3 I 3 3 3 3 5 6 7 9 
4 0 0 2 8 

Key 21 5 means 25 

Note that the key s tates what the stem means. If the data were 
1.8, 2.7, 3.2 etc, the key would state that 2 1 7 mea ns 2.7. 

Exercise 11.5 I. A test in Mathematics is marked o ut of 40. Tl1e scores for 
the class of 32 students are shown below: 

24 27 30 33 26 27 28 39 

21 18 16 33 22 38 33 21 

16 II 14 23 37 36 38 22 

28 15 9 17 28 33 36 34 

Display the data on a stem-and-leaf diagram. 

2. A basketball team played 24 matches in the 2010season. 
Their scores are show n below: 

62 48 85 74 63 67 71 83 

46 52 63 65 72 76 68 58 

54 46 88 55 46 52 58 54 

Display the scores on a ste m-and-leaf diagram. 

3. A class of 27 students was asked to draw a line 8cm long 
with a straight edge rather than with a ruler. ll1e lines were 
then measured and their lengths to the nearest millimetre 
were reco rded. 

8.8 6.2 8.3 7.9 8.0 5.9 6.2 10.0 9.7 

7.9 5.4 6.8 7.3 7.7 8.9 10.4 5.9 8.3 

6.1 7.2 8.3 9.4 6.5 5.8 8.8 8.0 7.3 

Present this data using a stem-and-leaf diagram. 
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Worked e.rample 

Key 2 I 5 means 25 

Golf 

• Back-to -back diagrams 
Stem-and-leaf diagrams are oft en used as an easy way to 
compare two sets of data. The leaves are usually put 'back-to
back' on either side of the stem. 

The stem-and-leaf diagram fo r the ages of people on a coach 
to a ski resort (as in the previous worked example) is shown 
below. The data is easily accessible. 

2 0234444555567789 118 
3 I 3 3 3 3 5 6 7 9 
4 0 0 2 8 

A second coach from the airport is taking people to a golfing 
holiday. The ages of the people are show n below: 

~ ~ ~ 61 ~ 38 ~ ~ 37 ~ 

~ 72 ~ ~ ~ ~ ~ TI ~ ~ 

~ ~ 47 ~ ~ ~ m ~ ~ M 

Display the two sets of data on a back-to-back stem-and-leaf 
diagram. 

Skiing 
I 8 

8 2 0 2 3 4 4 4 4 5 5 5 5 6 7 7 8 9 
8 7 7 6 6 5 4 3 l 3 3 3 3 5 6 7 9 
8766533 4 0028 

8 5 5 4 3 2 5 
9543331 6 

2 0 7 

Key3l5 means35 

Exercise 11.6 I. Write three se ntences commenting o n the back-to-back 
stem-and-leaf diagram in the worked example above . 

2. The basketball team in Q.2 of Exercise 11.5 had replaced 
their team coach at the end of the 2010 season. 
Their scores for the 24 matches played in the 2010 season 
are shown below: 

82 32 88 24 105 63 86 42 
35 88 78 106 M 72 88 26 
35 41 100 48 54 36 28 33 

Display the scores from both seasons on a back-to-back 
stem-and-leaf diagram and comment on it. 
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3. The Mathematics test res ults shown in Q.1 of Exercise 11.5 
we re for test B. Test A had already been set and marked 
and the teacher had gone over some of the questions with 
the class. ll1e marks out of 40 for test A are shown below: 

22 18 9 11 38 33 21 14 
16 8 12 37 39 25 23 18 
34 36 23 16 14 12 22 29 
33 35 12 17 22 28 32 39 

Draw a back-to-back ste m-and -leaf diagram for scores from 
both tests and comme nt on. 

Histog rams and frequency density 

The frequency histograms introd uced in Section 2 all had bars 
of equal width as in the next example. 

Worked example The table shows the marks o ut of 100 in a Mathematics exam 
for a class of 32 students. Draw a histogram representing 
this data. 

Test marks Frequency 

1- 10 

11 -20 

21-30 

31--40 

41-50 

61-70 

71-<0 

81 -90 

91 - 100 

All the class intervals arc the same.As a result the bars of the 
histogram will al1 be of eq ual width. and the freq ue ncy can be 
plotted on the vertical axis as shown below. Note that the upper 
and lower bounds of each group are used to draw the bars. 
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7 f-t-+--+---+-1 
h f-t-+--+---+-1 
!,H --+--+---H 
£ 4 1-- 1-- ~ 

1 1-- f-- r-

0 10 20 30 40 50 60 70 80 90 100 

Whe n the class widths are differe nt, the frequency is 
proportional to the area of the bar and we plot the 
frec1ue11cy density on the vertical axis. 

Worked example The heights of 25 sunflowers were measured and the results 
recorded in the table. 

Height(m) Frequency 

0 .;;; h < 1.0 

I.O o;;; h < I.S 

I.S o;;; h < 2.0 

2.0 ... h < 2.25 

2.25 ... h < 2.50 

2.SO ..; h < 2.75 

If a histogram we re drawn with frequency plotted on the 
vertical axis. then it would look like the one shown. 

I I I 
I I I 
I I 

I I I I 
I 

i-- H +-~~~ 
o(:,'),"' (:,\":-"'.._9.._'),"' .._'?.._":-"'•1.-9'\,ci,,'-J'l,,\":-"' 

Sunflowerheight(m) 
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The graph is misleading because it leads people to the 
conclusion that most of the sunflowers are under Im, simply 
because the area of the bar is so great. In actual fact. only 
approximate ly one quarter of the sunflowers were under 1 m. 
When class intervals are different, it is the area of the bar which 
represents the freq uency not the height. Instead of frequency 
being plotted on the vertical axis, frequency density is plotted. 

Freq uency density = :;:~i:~d{h 
The results of the sunflower measurements above can therefore 
be written as: 

Height(m) Frequency Frequency density 

O o;;;h< I.O 6+1=6 

I.Oo;;;h< l.5 3+0.5=6 

1.5 ..;h< 2.o 4 +0.5=8 

2.0 ... h<2.25 ) +0.25=12 

2.25 ... h<2.50 5+0.25=20 

2.50 o;;;h< 2.75 4 +0.25= 16 

The histogram can therefore be redrawn as shown giving a more 
accurate representation of the data. 

0 (;J'),'-l(;J"J(;J":-"'·5>.._'),"' .._"?.._":-"' ,.,,?,1?"''1,,"?,.,t 
Sunflowerheight(m) 
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II 

Exercise I I. 7 I. The table shows the time taken, in minutes, by 40 students to 
travel to school. 

Time(min) Frequency Frequency density 

15 ... t< 20 13 

20 ..; 1 < 25 

25 ... t < 30 

JO ..; t < 40 

10 ..; r < 60 

a) Copy the table and complete it by calculating the 
frequency densit y. 

b) Show the info rmation on a histogram. 

2. Derek and Finn did a survey of the people living in their 
village . Part of their res ults are set o ut in the table. 

Age (years) Frequency Frequency density 

o ..; o < I 35 

1 ..; 0 < 5 12 

5 ..; o<IO 28 

10 ..; 0 < 20 180 

20 ..; 0 < 40 260 

40 ..; 0 < 60 14 

6Q ..; o < 90 150 

a) Copy the table and complete it by calculating either the 
frequency or the frequency density. 

b) Show the infonnation on a histogram. 

3. The table shows the ages of 150 people, chosen randomly, 
taking the 6:00a.m. train int o a city. 

Age (years) Frequency 

o ..; o < l5 

15 .., o < 20 25 

20 ..; 0 < 25 20 

25 ..; 0 < 30 30 

JO ..; o < 40 32 

40 ..; o < 50 30 

50 ,i;;; o < SO IO 
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The histogram below shows the results obtained when the 
same survey was carried out on the 11:00a.m. train. 

1~~ 11111111 
0 5 101520253035404550556065707580 

Ageoftr11vellers 

a) Draw a histogram for the 6:00a.m. train. 
b) Compare the two sets of data and give two possible 

reasons for the differences. 

=$ION l__!_J Averages and ra nges 

• Ave rages 
'Average' is a word which, in general use. is taken to mean 
somewhere in the middle. For example, a woman may describe 
herself as being of average height. A student may think that 
he or she is of average ability in Science. Mathemati cs is more 
precise and uses three main methods to measure average. 

I. The mode is the value occurring most oft en. 
2. The median is the middle value when all the data is 

arranged in order of size . 
3. The mcun is fo und by adding together all the values of 

the data and then dividing the total by the number o f data 
values. 

Worked example The numbers below represent the number of goals scored by 
a hockey team in the first 15 matches of the season. Find the 
mean, median and mode o f the goals. 

102412112550123 

Mea n 1+ 0 + 2 + 4 + 1+ 2 + 1+ 1+ 2 + 5 + 5 + 0 + 1+ 2 + 3 2 
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Arranging all the data in order and then picking out the middle 
number gives the median: 

0 0 1 1 1 1 1 (2) 2 2 2 3 4 5 5 

The mode is the number that appears most often. Therefore the 
mode is 1. 

Note: If there is an even number of data values, then there 
will not be one middle number, but a middle pair. The median is 
calculated by working o ut the mean of the middle pair. 

• Qua rtiles and range 
Just as the median takes the middle value by splitting the data 
into two halves, quartiles split the data into quarters. 

Taking the example above with the data still arranged 
in order: 

001111122223455 

Splitting the data into quarters produces the following: 

001 l 111 J 222 l 455 

Q1 is known as the lower quartile , Q2 as already described is the 
median and Q 1 is known as the upper quartile. 

The position of the quartiles can be calculated using simple 
formulae. For n data values, Q1 = {(n + l) and Q1 = i(n +I). 

As with the median, if the position of a quartile falls midway 
between two data values, then its value is the mean of the two. 

Worked example Calculate the lower and upper quartiles of this set of numbers: 

7 7 8 12 12 12 15 16 21 

Position of Q1 = q.!- = Jf = 2.5 

Position of Q1 = J(n 
4
+ I) = lJ- = 7.5 

The data set can therefore be split as shown below: 

! 
7 7 ! 8 12 12 12 16 21 

b, 
Therefore Q 1 = 7.5 and Q3 = 15.5. 
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The i11ter-q11urtile range is the spread of the middle 50% of the 
data and can be calculated as the difference between the upper 
and lower quartiles. i.e. 

inter-quartile range = upper quartile - lower quartile. 

To find the rm1ge of a data set. simply subtract the smallest data 
value fr om the largest data value. 

Yo ur graphics calculator is also capable of calculating the 
mean, median and quartiles of a set of discrete data. 
To calculate these for the data se t at the start of this section. 
follow the instructions below: 

Casio 

tii U to select the stat. mode. 

Enterthedatainlist l. 

toaccessthecalculationsmenu. 

tocheckthesewp. 

toperformthestatisticalcalculations. 

The following screen summarises the results of many 

calculations. 

The screen can be scrolled to reveal further results. 

Note:themeanis givenbyi andthemedianby'Med'. 

The range can be calculated by subtracting "minX' from 'maxX' and the inter-quartile 

rangebysubtr.1.ctingQ, fromQ,. 

II 
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Texas 

•rn toenterthedataintolists. 

Enterthedatainlist l . 

• ~ ~••l~<<ho'Calc'moo,. 

rn followed by • rn to perform 

t:131 calculations on the I-variable data in List I. 

The following screen summarises the results of many 

calculations. 

The screen can be scrolledtorevealfurtherresults. 

Note:themeanisgivenbyXandthemedianby "Med'. 

The range can be calculated by subtracting "minX' from maxX' and the inter-quartile 

rangebysubtractingQ,fromQ, . 

Exercise 11.8 I. Find the mean, median, mode, quartiles and range for each 
se t of data. 
a) The number of goals scored by a water polo team in 

each of 15 matches: 
102401112530122 

b) The total scores when two dice are rolled: 
7 4 5 7 3 2 8 6 8 7 6 5 11 9 7 3 8 7 6 5 

c) The number of students prese nt in a class over a three
week period : 
28 24 25 28 23 28 27 26 27 25 28 28 28 26 25 

d) An athlete's training times (in seconds) for the 100m race: 
14.0 14.3 14.1 14.3 14.2 14.0 13.9 13.8 
13.9 13.8 13.8 13.7 13.8 13.8 13.8 
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2. The mean mass of the 11 players in a football team is 80.3 kg. 
The mean mass of the team plus a substitute is81 .2 kg. 
Calculate the mass of the substitute . 

3. After eight matches a basketball player had scored a mean 
of27 points. After three more matches his mean was 29. 
Calculate the total number of points he scored in the last 
three games. 

• Large amounts of data 
When there are only 3 sets of data, the median value is given by 
the second value. 

i.e. I (Z) 3. 

When there are four values in a set of data. the median value is 
given by the mean of the second and third values, 

i.e. I ~ 4. 

When there are five values in a set of data, the median value is 
given by the third value. 

If this patt ern is continued. it can be deduced that for n 
values in a set of data, the median value is given by the value at 

n; I . This is useful when finding the median of large sets of data. 

Worked e.rample The British shoe sizes of 49 people are recorded in the table 
below. Calculate the median, mean and modal shoe size. 

As there are 49 data values, the median value is the 25th value. 
This occurs within shoe size 5: 

2 + 4 +5 + 9 =20 but2 + 4 + 5 + 9 +8 =28. 

So the median shoe size is 5.To calculate the mean shoe size: 

px2) + (~x4) + (4x~ + ~x~ + (Sx~ + 
(S! x6) + (6x 6) + (6~x 5) + (7 x4) 250 

49 ~ 

So the mean shoe size is5 .I O (correct to 3 s ignificant figures) . 
Note: The mean value is not necessarily a data value which 

appears in the set or a real shoe size. 
The modal shoe size is 4~. 
The range of the data is, as before, the smallest data value 

subtracted from the largest data value. In this case the largest 
recorded shoe size is 7 and the smallest 3. Therefore the range is 4. 
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These calculations can also be carried o ut on your graphics 
calculator by entering the freque ncy tables: 

Casio 

• titoselectthestat.mode. 

Enter the shoe sizes in List I and their frequency in List 2. 

toaccessthecalculationsmenu. 

tocheckthesetup. 

to perform the statistical calculations. 

The screen summarises the results of many calculations and can be scrolled 
to reveal further results. 

Texas 

•rn toenterthedataintolists. 

Enter the shoe size in List I and the frequency in List 2 . 

• ~ ~,oloct<ho'Calc'moa,. 

rn followedby 

calculations on the I-variable data in List I with frequency in list 2. 

LI 
The screen summarises the results of many calculations and can be scrolled 
to reveal further results. 
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Exercise I I. 9 I. An ordinary dice was rolled 60 times. The result s are show n 

Tobie 1:Clossintervolof5 

in the table below. Calculat e the mean, media n and mode of 
the scores. 

2. Two dice were rolled 100 times. Each time their combined 
score was recorded. Below is a table of the results. 
Calculate the mean, median and mode of the scores. 

3. Sixty fl owering bushes arc planted. At the ir fl owering peak, 
the number of fl owers per bush is co unted and recorded. 
The res ults are shown in the table below: 

a) Calculate the mean, median and mode of the number of 
fl owers per bush. 

b) Which of the mean, median and mode would be most 
useful when advertising the bush to potential buyers? 

• Mean and mode for grouped data 
As has already been described, sometimes it is more useful 
to gro up data, particularly if the range of values is very large. 
However, by grouping data, some accuracy is lost. 

The results below are the distances (to the nearest metre) run 
by twenty st udents in one minute. 

256 271 271 274 275 276 276 277 279 280 
281 282 284 286 287 288 296 300 303 308 

Group 150- 155- 260- 265- 270- 275- 280- 285- 290- 295- 300- 305-
™ m ™ m ~ m ™ m ™ m ~ m 

Frequency 

Tobie 2: Closs interval of 10 

Group 250- 260- 270- 280- 290- 300-
159 269 279 289 299 309 

Frequency 
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Table 3: Classinlervolof20 

I Group I 250- 269 270-289 290-309 

Freque ncy I 15 

The three tables above highlight the effects of different group 
sizes. Table 1 is perhaps too detailed, whilst in Table 3 the group 
sizes are too big and therefore most of the resul ts fall into one 
group. Table 2 is the most useful in that the spread of the results 
is still clear, although detail is lost. In the 270- 279 gro up we can 
see that there are eight student s. but without the raw data, we 
would not know where in the group they lie. 

To find the mean of grouped data, we assume that all the data 
within a group takes the mid-interval ,·alue. For example, using 
Table 2 above, 

Group 250- 260- 270- 280- 290- 300-
259 269 279 289 299 309 

Mid-interval value 25-4.5 26-4.5 27-4.5 28-4.5 29-4.5 304.5 

Frequency 

Estimated mean 

(254.5 X J) + (264.5 X 0) + (274.5 X 8) + 
(284.5 X 7) + (294.5 X 1) + (304.5 X 3) 

20 

The estimate of mean distance run is 282.5 metres. 
The modal group is 270- 279. 

Note: In the example above the distance data is rounded 

282.5 

to the nearest whole number. ll1is has the effect of presenting 
continuo us data as discrete data. If the data had been truly 
contino us. the groupings would need to be presented differently 
as shown below. 

Group 250- 260- 270- 280- 290- 300-310 

Mid-inte r val value 255 265 275 285 295 305 

Frequency 

The group 250- in the table above means any result that falls in 
the group from 250 up to, but not including,260. It therefore has 
a group width of 10 rather than 9 as before. The mid-interval 
values are therefore affected as is the estimate for the mean. 

(255 X 1) + (265 X 0) + (275 X 8) + 

Estimated mean = (285 x 7) + (29~ I) + (305 x 3) = 283 m 

The graphics calc ulator can work o ut the mean and median of 
grouped data. ll1e mid-interval value sho uld be entered in List I 
and the freq ue ncy in List 2. Then proceed as before. 



1 1 Statistics 

Exercise I I. I O I. A pet shop has 100 tanks containing fish. The number of fish 
in each tank is recorded in the table below. 

No.offish 0-9 10- 19 20- 29 30-39 -40-49 

Frequency 12 2-4 IS 

a) Calculate an estimate for the mean number of fish in 
each tank. 

b) Give the modal group size. 

2. A school has 148 Year 11 students studying Mathematics. 
Their percentage scores in their Mathematics mock 
examination are recorded in the grouped freque ncy table. 

% Score 

Frequency 

0- I 0- 20- 30- -40- 50- 60- 70- 80-- 90-
9 19 ~ 39 ff 59 ~ n ~ ~ 

2 -4 6 8 36 -47 28 10 -4 

a) Calculate the mean percent age score for the mock 
examination. 

b) What was the modal gro up score? 

3. A stationmaste r records how many minutes late each train 
is. The table of results is shown below: 

I ~:qo~e:~utes late I ~: 1 5
9
- 11 ~- 1 I ~- 1 2~- 1 25~30 I 

a) Calculate an estimate fo r the mean number of minutes 
late a train is. 

b) What is the modal number of minutes late? 
c) The stationmaster 's report concludes: 'Trains are, on 

average less than five minutes late' . Comment on this 
conclusion. =610N L___!_J Cumu lative frequency 

Calculating the cumulative frequency is done by adding up 
the frequencies as we go along. A cumulative frequency graph 
is particula rly useful whe n trying to calculate the median of a 
large set of dat a, grouped or continuo us data, or when trying to 
establish how consistent a se t of results are. 
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II 

Worked example The duration of two different brands of batt ery, A and B, is 
tested. Fifty batteries of each type are randomly selected and 
tested in the same way. The duration of each battery is then 
recorded. The results of the tests are shown in the tables below. 

Type A:duratio n (h) Frequency Cumulative freque ncy 

0 o;; t < 5 

5 "" t < 10 

10 "" t < 15 16 

15 "" t < 20 IO 26 

20 "" t < 25 12 38 

25 o;; t < 30 45 

30 "" t < 35 50 

Type B: durat ion (h) Freque ncy Cumulat ive frequency 

0 o;;; t < 5 

5 "" t < 10 

10 "" t < 15 IO 12 

15 "" t < 20 23 35 

20 "" t < 25 44 

25 "" t < 30 48 

30 "" t < 35 50 

Plot a cumulative freque ncy curve for each brand of battery. 

Type A battery 

/ 
I i 40 f--r-f-+-+,++--+--l 

~ 30 f--H-t--+,'--+--+--l 

i 25 f-H -+-fr / : -t--+----, 
~ 20 f--r-f-t>'+-+--+--l 

I :I 

Type Bbattery 

/ 

I 

/: 

10 15 20 25 30 35 0 5 10 15 2025 3035 
Duro.t ion(h) Duration (h) 
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The points are plotted at the upper boundary of each class 
interval rather than at the middle of the interval. So, for Type 
A, points are plotted at (5, 3), (10, 8), etc. The points are 
joined with a smooth curve which is extended to include (0, 0). 

ii ) Estimate the median duration for each brand. 
The median value is the value which occurs half-way up the 
cumulative frequency axis. This is shown with broken lines 
on the graph. Therefore: 

Median for Type A batteries ... 19 h 
Median for Type B batteries ... ]8 h 

This tells us that. on average, batteries of Type A las t longer 
(19 hours) than batteries of Type B (18 ho urs) . 

Exercise I I. I I I. Sixty athletes enter a cross-co untry race. ll1eir finishing 
times are recorded and are shown in the table below: 

Finishing time (h) 0- 0.5- 1.0- 1.5- 2.0- 2.5- 3.0-3.5 

Frequency 3-4 16 

Cumulative freq. 

a) Copy the table and calculate the values fo r the 
cumulative frequency. 

b) Draw a cumulative frequency curve of the results. 
c) Show how your graph could be used to find the 

approximate median finishing time . 
d) What does the median value te l1 us? 

2. Three Mathematics classes take the same test in preparation 
for their final examination. ll1eir raw scores are shown in 
the table below: 

Class A 12, 21, 24. 30, 33, 36, 42, 45, 53, 53, 57, 59, 61, 62, 
74. 88, 92, 93 

Class B 48. 53, 54. 59, 61, 62. 67, 78.85, 96, 98, 99 
Class C 10, 22, 36, 42, 44, 68. 72. 74, 75, 83, 86, 89, 93, 96, 

97.99, 99 

a) Using the class intervals O ,s; x < 20, 20 ,s; x < 40, etc, draw 
up a gro uped frequency table and cumulative freq uency 
table fo r each class. 

b) Draw a cumulative frequency curve for each class. 
c) Show how your graph could be used to find the median 

score fo r each class. 
d) What does the med ian value te ll us? 
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3. The table below shows the heights o f students in a class 
over a three-year period. 

Height 
(<m) 

150-

155-

160-

165-

170-

175-

180-185 

Frequency 
2008 

Frequency Frequency 
2009 201 0 

IO 

a) Construct a cumulative frequency table for each year. 
b) Draw the cumulative freq uency curve for each year. 
c) Show how your graph could be used to find the median 

he ight for each year. 
d) What does the median value te l1 us? 

• Qua rtil e s and the inte r-qua rtil e range 
The cumulative freq uency axis can also be represe nted in 
terms of percentiles. A percentile scale divides the cumulative 
frequency scale int o hundredths. The maximum value of 
cumulative frequency is found at the 100th percentile. Similarly 
the median, being the middle value, is called the 50th percentile. 
The 25th percentile is known as the lower quartile, and the 75 th 
percentile is called the upper 
quartile as introduced in 
Section 5. 

The range of a distribution 
is fo und by subtracting the 
lowest value from the highest 
value. Sometimes this will give 
a useful result.but oft e n it 
will not. A better measure of 
spread is given by looking at 
the spread of the middle half 
of the results.i.e. the 
difference between the upper 
and lowe r quartiles. i.e. the 
inter-q uartile range. 

Interquartile range 

Key: 
o, Lower quartile 
0 2 Median 
0 3 Upper quartile 
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Worked example Consider again the two types of batteries A and B disc ussed 
carlier (page458). 

a) Using the graphs. estimate the upper and lower quartiles for 
each battery . 

Type A battery Type B battery 

I/ / 

I I 
[ 37~ f-t-t---+--+cft-+--, [ 371f--t--l-----t-<'-+--+---< 

f I f ,o,e---1-----+--+-ll+-/ . -+-+--; 

~ 25 /, ~ 25f--t--l-----t-, / :: -+r--t-t--l 

'3 20 V i ~ 20,e--t--l-----t++-+,-+--+---< 

12.5 -
'°'f--t--l->--,..,,-+--+---< 

10 15 20 25 3035 
Duration(h) 

Lower quartile of Type A ... 13 h 
Upper quartile of Type A ... 25 h 
Lower quartile of Type B "' 15 h 
Upper quartile of Type B "' 21 h 

V 

Duration(h) 

b) Calculate the inter-quartile range for each type of battery. 
Inter-quartile range of type A "' 12 h 
Inter-quartile range of type B .. 6 h 

c) Based o n these results, how might the manufac turers 
advertise the two types of batt eries? 

Type A: on 'average ' the longer-lasting batt ery 
Type B: the more reliable battery 

The inter-quartile range can be calculated using a graphics 
calculator: 

Casio 

The screen opposite is the result of 

performingstatistical calculationsonthe 
Battery A data above. The inter-quartile 

range can be calculatedasaresult IQR 

= Q,- Q, = 22.5 - 12.5 = 10. 
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II 

Texas 

The screen opposite is the result of 

performingstatisticalcalculationsonthe 
Battery Bdataabove. The inter-quartile 
range can be calculated as a result IQR 
= Q,-Q,= 22.5 - 17.5 =5. 

Exercise 11.12 I. Using the results obtained from Q.2 of Exercise II.II: 
a) find the inter-q uartile range of each of the classes taking 

the Mathematics test, 
b) analyse your result s and write a short summary 

comparing the three classes. 

2. Using the results obtained fr om Q.3 of Exercise I I.II: 
a) find the inte r-quartile range of the students' heights 

each year 
b) analyse yo ur result s and write a short summary 

comparing the three years. 

3. Forty boys enter for a school javelin competition. 
The distances thrown are recorded below: 

a) Construct a cumulative frequency table for the above 
results. 

b) Draw a cumulative frequency curve . 
c) If the top 20% of boys are co nsidered for the final, 

estimate (using the graph) the qualifying distance. 
d) Calculate the inter-q uartile range of the throws. 
e) Calculate the median distance thrown. 
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4. The masses of two different types of oranges are compared. 
Eigh ty oranges are randomly selected from each type and 
weighed. The results are shown below: 

Type A Type B 

Mass(g) Frequency Mass(g) Frequency 

75- 75-

100-- IOO- 16 

125-- 15 125- 43 

150- 32 150- IO 

175-- 14 175-

200-- 200-

225-250 225-250 

a) Construct a cumulative frequency table for each type of 
orange. 

b) Draw a cumulative frequency graph for each type of 
orange. 

c) Calculate the median mass for each type of orange. 
d) Using your graphs estimate : 

i) the lower quartile 
ii) the upper quartile 
iii) the inte r-quartile range for each type of orange. 

e) Write a brief report comparing the two types of oranges. 

5. Two competing brands of batteries are compared. 
One hundred batteries of each brand arc tested and the 
duration of each is recorded. The res ults of the tests arc 
shown in the cumulative freq uency graphs below. 

ll
modY • ~ 100 ~ 100 

!i BO !i 80 

I 80 I 60 

I ~ I ~ 
u w u w 

0 10 20 30 40 0 10 20 30 40 

Duration(h) Duration(h) 

a) The manufacturers of brand X claim that on average 
their batteries will last at least 40% longer than those of 
brand Y. Showing your method clearly, decide whether 
this claim is true. 
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b) The manufacturers of brand X also claim that the ir 
batteries are more reliable than those of brand Y. Is this 
claim true? Show your working clearly. 

Sca tter d iag rams, corre lation a nd li nes of 
best fit 

When information about two different aspects (variables) of 
a data item is recorded. such as height and mass of childre n, 
we are collecting bivariate data. We can use the values of the 
two variables as the coordinat es of a point to represent it on a 
scatter diagra m (or scatt er graph). 

Scatter diagrams are particularly useful ifwe wish to see if 
there is a correlation (relationship) between the two variables. 
How the points lie when plotted indicates the type of 
relationship between the two sets of data. 

Worked e.rample The heights and weights (masses) of 20 children under the age 
of five were recorded. The heights were recorded in centimetres 
and the weights in kilograms. The data is show n below with the 
heights written in red and the we ight s in blue. 

Height 32 71 73 

Mass 5.831 3.792 9.037 1.225 10. 119 6. 188 9.891 16.010 15.806 9.929 

Height 86 87 95 96 96 IOI 108 109 117 121 

Mass 11.1 32 16.+43 20.895 16.181 11.000 19.159 15.928 12.047 19.123 11.33 1 

Plot a scatt er diagram for this data. 

1 
~111 ~-1 J I· f I H l ·f I 
0 10 60 70 90 100 110 120 130 140 

Height(cm) 
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ii) Comment on any relationship that you see. 

ll1e points tend to lie in a diagonal direction from bott om 
left to top right. This suggests that as height increases then, 
in general, weight increases too. Therefore there is a positive 
correlation between height and weight. 

iii) Estimate the we ight of another child with a height of80 cm. 

We have to assume that this child will follow the trend set by 
the other 20 children. To find an approximate value for the 
weight, we draw a line of best fit.This is a solid straight line 
which best passes through the points. It also passes through the 
point (i, y) as shown below. 

Note: i and)' are the means of the x and y values respectively, 
in this example (77.75, 12.535). A line of best fit need not pass 
through the origin. 

:~WMffl#W 
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 

Height(cm) 

The line of best fit can now be used to give an approximate 
solution to the question. If a child has a height of 80cm, you 
would expect hisfl1er weight, by reading from the graph below, 
to be in the region of 13 kg. 

Height(cm) 
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Your graph ics calculator will plot scatter diagrams and 
analyse them. For example, plot the following data for an ice 
cream vendor on a scatter diagram and, if appropriate, draw a 
lineofbest fit. 

Temperature (°C ) 

Number of ice creams sold 

Casio 

'"'"" ~.. .. 
• Utoselectthestat.mode. 

Enter the temperature data. in List I andthenumberoficecreams sold in 

List2 

toaccessthestatisticalgraphingmenu. 

tocheckthesewp. 

toplotthescatterdiagram. 

toselectthegraphcalculation menu. 

as the lineofbestfitrequired is linear. The following screen 

toplotthelineofbestfit. 

~f~ 
~n~; :~ 

Note: The screen which gives the properties of the line of best fit also gives the value of r. This is an indicator 

of how tight the data is to the line of best fit. It is however beyond the scope of this book. 



Texas 

•rn toenterthedataintolists. 

Enterthetemperaturedatainlist I andthenumberoficecreamssoldin 
List2 

~ I..__) r:J to enter the statistical plotsewp. 
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• Types of correlation 
There are several types of correlation depending on the 
arrangement of the points plotted on the scatter diagram. 
These are described below. 

A strong positive correlation. 
The points lie tightly around the 
line of best fit. As x increases, so 
doesy. 

A weak positive correlation. 
Although there is direction to the 
way the points are lying, they are 
not tightly packed around the line 
of best fit. As x increases, y tends 
to increases too. 

No correlation. 
There is no pattern to the way 
in which the points are lying, i.e. 
there is no correlation between 
the variables x and y. As a result , 
there can be no line of best fit. 

A strong negative correlation. 
The points lie tightly aro und the 
line of best fit. As x increases., y 
decreases. 

A 11·eak negath-ecorrelation. 
The points are not tightly packed 
around the line of best fit. As x 
increases,y te nds todecrease. 

'~ 

']/ , 
'] .":·· _: ·.: .. . .· .... 

']~ 

'1'"'~' 
Exercise 11.13 I. State what type of correlation you might expect, if any, if 

the following data was collected and plotted on a scatter 
diagram. Give reasons fo r your answer. 
a) A student's score in a Mathematics exam and their score 

in a Science exam 
b) A s tudent 's hair colo ur and the distance they have to 

travel to school 
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c) The o utdoor temperature and the number of cold drinks 
sold by a shop 

d) The age of a motorcycle and its second-hand selling price 
e) The number of people living in a house and the number 

of rooms the house has 
f) The number of goals your opponents score and the 

number of times you win 
g) A person's height and the person's age 
h) A car's engine size and it s fue l consumption 

2. The table shows th e readings for the number of ho urs 
of sunshine and the amount of rainfall in millimetres for 
several cities and towns in the UK. 

Place Hours of sunshine Rainfall(mm) 

Athens 12 

Belgrade IO 61 

Copenhagen 71 

Dubrovnik 12 26 

Edinburgh 83 

Frankfurt 70 

Geneva IO ... 
Helsinki 68 

Innsbruck 134 

Krakow Ill 

Lisbon 12 

Marseilles 

Naples IO " Oslo 82 

Plovdiv 37 

Reykjavik 50 

Sofia IO 68 

Tallinn IO 68 

Valletta 12 

York 62 

Zurich 136 

a) Plot a scatt er diagram of hours of sunshine against 
amount of rainfall. Use a spreadsheet or graphing 
soft ware if possible. 

b) What type of correlation, if any, is there between the 
two variables? Comment on whether this is what you 
would expect. 
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3. The United Nations keeps an up-to-date database of 
statistical information on its member countries. The table 
below shows some of the info rmation available. 

Co untr y Life expectancy Adult Infant 
at birth illiteracy m oM:ali ty 

(years, 2005-10) ra<o r ate 
(%,2007) (per 1,000 

Total births, 
Female Male 2005-1 0) 

Australia ... 79 

Barbados 80 74 IO 

Brazil 76 69 IO 23 

Chad 50 47 68 130 

China 75 71 23 

Colombia 77 69 " Congo 55 53 26 79 

C,ba 81 TT 

Egyp, n 68 34 35 

France 85 78 

Germany 82 TT 

India 65 62 34 55 

Iraq 72 63 26 33 

Israel 83 79 

Japan 86 79 

Kenya 55 54 26 ... 
Mexico 79 74 17 

Nepal 67 66 43 42 

Portugal 82 75 

Russian Federation 73 60 12 

Saudi Arabia 75 71 IS " United Kingdom 82 77 

United States of 81 77 
America 

a) By plotting a scatter diagram, decide if there is a 
corre lation between the Adult illiteracy rate and the 
Infant mo rtality rate . 

b) Are yo ur findin gs in part (a) what yo u expected ? 
Explain your answer. 

II 
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c) Without plotting a scatter diagram decide if you think 
there is like ly to be a correlation between male and 
female life expectancy at birth. Explain your reasons. 

d) Plot a scatt er diagram to test if your predictio ns in part 
(c)werecorrect. 

4. The table below gives the average time taken fo r 
30 stude nts in a class to get to school each morning and the 
distance they live from the school. 

Distance(km) 

Time(mins) 

Distance(km) 

Time(mins) 

Mean temp ('C) 

a) Plot a scatt er diagram of distance travelled against time 
taken. 

b) Describe the correlation between the two variables. 
c) Explain why some students who live further away, 

may get to school quicker than some of those who live 
nearer. 

d) Draw a line of best fit on your scatter diagram. 
e) A new student joins the class. Use your line of best fit 

to estimat e how far away she might live if she takes, on 
average, 19 minutes to get to school each morning. 

5. A department store decides to investigate if there is a 
correlation between the number of pairs of gloves it sells 
and the outside temperature . Over a one-year period it 
records, every two weeks, how many pairs o f gloves me sold 
and the mean daytime temperature during the same period. 
The results are give n in the table below: 

6 8 10 10 II 12 1-4 16 16 17 18 18 

Numberofpairsofgloves 61 52 -49 5-4 52 -48 -4-4 -40 51 39 31 -43 35 

Mean temp ("C) 19 19 20 21 22 22 2-4 25 25 26 26 27 28 

Numberof pairsofgloves 26 17 36 26 -46 -40 30 25 II 7 3 2 0 

a) Plot a scatt er diagram of mean temperature against 
number of pairs of gloves. 

b) What type of correlation is there between the two 
variables? 

c) How might this information be useful for the 
department store in the future? 
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Investigations, modelling and ICT 

• He ights and pe rcentiles 
The graphs below show the height charts fo r males and fe males 
from the age of2 to 20 years in the United States. 

211
'8 in ~i!EffffifflirniErniEffiffffiiiEftt• 

Stature-for-age percentiles: 

z~ 

Bo~. 2to20years 

• 32 " 

T~ ~ 
4 5 6 7 8 9 1011121314151617181920 

Age(yeara) 

30 
;, 

Note : Height s have been given in both ce ntimetres and inches. 
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2 3 4 5 6 7 8 9 10111213 14151617181920 
Age(years) 

I. From the graph find the height corresponding to the 
75th perce ntile for 16 year-old girls. 

2. Find the height which 75% of 16 year-old boys are 
taller than. 

3. What is the median height for 12 year-old girls? 
4. Measure the heights of students in your class. By carrying 

o ut appropriate statistical calculations. write a report 
comparing yo ur data to that shown in the graphs. 

5. Would all cultures use the same height charts? Explain your 
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II 

• Reading ages 
Depending on their target audience, newspapers/magazines and 
books have different levels of readability. Some are easy to read 
and others more difficult. 

1. Decide on some factors that you think would affect the 
readability ofa text. 

2. Write down the names of two newspapers which you think 
would have different reading ages. Give reasons for yo ur 

There are established fonnulae for calc ulating the reading age 
of different tex ts. 

One of these is the Gunning Fog Index. It calculates the 
reading age as fo11ows: 

Read ing age = ~(~+ l~L) where A= number of words 
n = number of sentences 
L = number of words 
with 3 or more syllables 

3. Choose one article from each of the two newspapers you 
chose in Q.2. Use the Gunning Fog Index to calculate the 
reading ages for the articles. Do the results support your 
predictions? 

4. Write down some factors which you think may affect the 
reliability of your results. 

• ICT Activity 
In this activity you will be collecting the height data of all the 
s tudents in your class and plotting a cumulative freq uency graph 
of the results. 

1. Measure the height s of all the st udents in your class. 
2. Group your data appropriately. 
3. Enter your data into graphing software such as Excel or 

Autograph. 
4. Produce a cumulative frequency graph of the res ults. 
5. From your graph find: 

a) the med ian height of the st udent s in yo ur class. 
b) the inter-quartile range of the heights. 

6. Compare th e cumulative frequency graph from your class 
with one produced from data collected from another class 
in a different year gro up. Comment on any differences/ 
similarities between the two . 



=910N l__!_J Student assessments 

Student assessment I 
1. Find the mean, median and mode of the following sets of 

data: 
a) 63 72 72 84 86 
b) 6 6 6 12 18 24 
c) 5 10 5 15 5 20 S 25 15 10 

2. The mean mass of the 15 players in a rugby team is SS kg. 
llie mean mass of the team plus a substitute is83.5 kg. 
Calculate the mass of the substitute. 

3. ll1irty families live in a street. The number of children in 
each family is given in the table below: 

a) Calculate the mean number of children per family. 
b) Calculate the median number of children per family. 
c) Calculate the modal number of children per family. 

4. The number of people attending thirty scree nings of a film 
at a local cinema are given below: 

21 30 66 71 10 37 24 21 62 50 27 31 65 12 38 
34 53 34 19 43 70 34 27 28 52 57 45 25 30 39 

a) Using groups 10--19, 20--29, 30--39, e tc, present the above 
data in a grouped freq uency table . 

b) Using your grouped data, calculate an estimate for the 
mean number of people attending each screening. 

5. Identify which of the following types of data are discrete and 
which are continuous: 
a) The number of cars passing the school gate each ho ur 
b) The time taken to travel to school each morning 
c) The speed at which students run in a race 
d) The wingspan ofbulterflies 
e) The height of buildings 
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Motorway 
frequency 

Country 
roads 
frequency 

6. A businesswoman travels to work in her car each morning 
in one of two ways; either using the sma11 count ry roads or 
using the motorway. She records the time take n to travel to 
work each day. The resul ts are show n in the table be low: 

IO 

a) Comple te a cumulative frequency table fo r each of the 
sets of res ults shown above. 

b) Using your cumulative frequency tables, plot two 
cumulative frequency curves - one fo r the time taken to 
travel to work using the motonvay, the other for the time 
taken to travel to work using country lanes. 

c) Use your graphs to work o ut the foll owing fo r each 
method of travel: 
i) the median travelling time 
ii) the upper and lower quartile travelling times 
iii) the inter-quartile range for the travelling times 

d) With refere nce to your graphs or calculations, explain 
which is the most reliable way of getting to work. 

e) If she had to get to work one morning within 25 minut es 
of leaving home, which way would you recommend she 
take. Explain your answer fully. 

7. Twenty students take three long jumps. ll1e best result for 
each student (in metres) is reco rded below: 

0 ~ 0 ~ ll tl li " U U 
" ll U U ll U " U D ll 

The students were then coached in long jump technique and 
given three furth er jumps. ll1eir individual best results are 
recorded below: 

U ll U U U D " " U U 

" U U D U ~ " ~ 0 " 
Draw a back-to-back stem-and-leaf diagram of their long 
jumps before and after coaching. 

Comment on yo ur diagram. 
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8. ll1e popularity of a group of professional football players 
and their yearly salary is given in the table below: 

IO 

Salar y(S million) -4.8 3.6 -4.5 3.1 7.7 6.3 2.9 3.1 -4.1 1.8 

Popularity 12 13 1-4 15 16 17 18 19 20 

Salar y(S million) -4.5 3.1 2.7 3.9 6.2 5.8 -4.1 5.3 7.2 6.5 

a) Using your graphics calculator, calc ulate the eq uation of 
the line of best fit. 

b) The state ment is made in a newspaper 'Big mo ney 
footballers are not popular with fans '. Comment on this 
statement in the light of your answer to part (a) . 

Student assessm e nt 2 
1. Find the mean, median and mode of the following sets of data: 

a) 4 5 5 6 7 
b) 3 8 12 18 18 24 
c) 4 9 3 8 7 11 3 5 3 8 

2. ll1e mean mass of the 11 players in a football team is 
76 kg. The mean mass of the team plus a substitute is 
76.2 kg. Calculate the mass of the substitut e. 

3. ll1irty children were asked about the number of pets they 
had. The results are shown in the table below. 

I ~r:;:ee:c:rpets I ~ I ~ I ~ I ~ I : I ~ I : I 
a) Calculate the mean number of pets per child. 
b) Calculate the median number of pets per child. 
c) Calculate the modal number of pets. 

4. The number of people attending a disco at a club's over 30s 
eve nings are: 

89 94 32 45 57 68 127 138 23 77 99 47 44 100 106 
132 28 56 59 49 96 103 90 84 136 38 72 47 58 110 

a) Using groups 0-19. 20- 39, 40-59 etc. present the above 
data in a grouped frequency table. 

b) Using your grouped data, calculate an estimate for the 
mean number of people going to the disco each night. 

5. Identify which of the following types of data are discrete and 
which are continuo us: 
a) The number of goals scored in a hockey match 
b) Dress sizes 
c) The time taken to fly from Hong Kong to Beij ing 
d) The price of a kilogram of carrots 
e) The speed of a police car Im 
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6. Fo ur hundred students sit their !GCSE Mathematics exam. 
ll1eir marks (as percentages) are show n in the table below: 

Mark(%) Frequency Cumulative frequency 

31--40 21 

-41 - 50 55 

51-60 125 

61-70 74 

71-80 52 

81 - 90 45 

91 - 100 28 

a) Copy and compl ete the above table by calculating the 
cumulative freq uency. 

b) Draw a cumulative frequency curve of the results. 
c) Using the graph, estimate a value for: 

i) themedianexammark 
ii) the upper and lower quartiles 
iii) the inter-q uartile range. 

7. Eight hundred st udents sit an exam. Their marks (as 
percentages) are shown in the table below: 

Mark(%) Frequency Cum ulative freq uency 

1- 10 IO 

11 -20 JO 

21-30 40 

31--40 50 

-41 - 50 70 

51-60 100 

61-70 240 

71-80 160 

81 - 90 70 

91 - 100 JO 

a) Copy and compl ete the above table by calculating the 
cumulative freq uency. 

b) Draw a cumulative frequency curve of the results. 
c) An A grade is awarded to any student achieving at or 

above the upper quartile. Using your graph, identify the 
minimum mark req uired for an A grade . 

d) Any student below the lower quartile is considered to 
have failed the exam. Using your graph, ide ntify the 
minimum mark needed so as no t to fail the exam. 

e) How many students failed the exam? 
I) How many student s achieved an A grade? 
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• Sample examination Paper 2 (Extended) 

Non calculator 40 marks 

I/ 
V . ' 

I. Write down the value of: 
a) 2-3 

1 

b) 1251 

2. The graphs shown are translations of the graph y = zx. 
Write down their eq uations. 

y I b) 

I 
'" 

6 • ' 2 -

r 

I 

- 0 ' 

[2] 

3. For the seq uence 6, 10, 14, 18, 22 ... 
a) find the next two terms 
b) find a formula for the 11th term. 

4. Solve the simultaneous eq uations. 
2x = l8 - 4y 
3x - 3y = 9 

5. Solve the eq uation 3x2 = 8 - 2x. 

6. a) Write down the value of lo&,27. 
b) Evaluate log,50 + logci i-

y 

I 

I 
I/ 

' I/ ' 

[I[ 
[I[ 

[2] 

[I[ 
[2[ 

[3[ 

[4[ 

[2[ 
[3[ 
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7. Simplify: 

a) {Ti 
b) {Ti x'>{s 

{Ti 
c) {IB 

8. For the set of data 
102412112550123 
find: 

[!] 

[2[ 

[21 

a) the mean [!] 
b) the median [l] 
c) the mode. [!] 

9. A right-angled triangle ABC has hypot enuse 
AC 10cm and side AB 8cm. ll1e angle C isx 0

• 

a) Calculate the lengt h of the third side BC. [2] 
b) Find: 

i ) sinx0 [!] 
ii) cosx 0 [!] 
iii) tanx 0

• [!] 

10. The graphs (a) to (f) below show some of the following 
functions (A to H). 
A f(x) = cos x+ I 
C f(x) = (x - 2)1 

E f(x) =-x2 + 4 
G f(x) = lx + 31 

B f(x) = 2sinx 
D f(x) = x1 + 2 
F f(x) = - x2 + 2x + 4 
H f(x) 0 [x- 3[ 

Make each graph with it s correct function. 

161 



Paper A (Extended) 

• Sample examination Paper 4 (Extended) 
120 marks 

I. Two trains depart at the same time from cities Mand N. 
which are 200 km apart. Train A travels from M to N, train 
B from N to M. Train A travels a distance of 60 km in the 
first ho ur. 120km in the next 
1.5 ho urs and the rest of its journey at 40 km/h. 
Train B departing from N travels the whole distance at a 
speed of lOOkm/h. 
a) How long does it take train A to complete 

the jo urney? [31 
b) What is the average speed of train A? [2] 
c) Draw a distance-time graph to show both journeys. [4] 
d) Estimate from yo ur graph the distance from city M 

of the trains when they pass each other. [2] 
e) Estimate how lo ng after the start of the journey it is 

when the trains pass each other. [2] 

2. a) !~:~t~~~~-1 + x:S can be written as 

b) Use the quadratic formula to solve the eq uation 

x=I + x:5. 

[2] 

Leave your answer(s) in surd form. [4] 
c) Sketch the graph of this function, showing clearly 

where it crosses both axes. [3] 

3. a) ThesquareA BCDis mapped ontoA'B'C' D '. 
~~~~~~~~~ A'B'C'D' is then mapped o nto A"B ' C"D". 

i) Describe fully the transformation which maps 
ABCD onto A'B'C'D'. [2] 

ii) Describe full y the transformation which maps 
A'B'C'D' onto A"B'C"D". [2] 

b) pc (-l) qc (j) ,c (J) 
i) Calculate the magnitude of the vector 4p- r, 

giving your answer to one decimal place. [4] 

ii) Ifap+bq= (i~), findthevaluesofaandb. [4] 
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Diagrams 
are not drawn 
to scale. 

l~ T ---- ----

A 

\ 
1\ 

\ 
\ 

\ B 

II 

4. In the diagram (left) 0 marks the centre of the circle . 
PO and RO are tangents to the circle . 

LP00isl5° 

a) Calculate : 
gLroo m 
ii) LTRO. [2] 

b) If0P=6cm, calculat e the le ngth of thechordPR. [3] 

5. f(x) = ¥ 

a) Find f(J). [21 
b) Fi"d f(- 1). [2[ 
c) Find f-1(2) . [3] 

6. A is the point (1. - 1) and Bis the point (4. 8). 
a) Find the eq uation of the straight line which passes 

through A and B. [3] 
b) Find the eq uation of the line perpendicular to AB 

which passes thro ugh the mid-point of AB. 
Give your answer in the form ax + by = d where a. b 
and dare integers. [S] 

7. TI1e cone and the sphere shown (left ) have the same volwne. 
If the radius of the sphere and the height of the cone are 
both 6cm.calculate: 
a) the volume of the cone 
b) the base radius of the cone 
c) the slant heightx cm 
d) the total surface area of the cone. 

8. Points A and B have coordinates (2, 10) and (8, 2) 
respectively. 

[2[ 
[3[ 
[3[ 
[4] 

a) Calculate the length of the line segment AB. [21 
b) Triangle ABC is a right-angled triangle, where BC 

is parallel to the x-axis. What is the coordinate of 
point C? [2] 

c) A, Band Call fall on the circumference of a circle . 
What are the coordinates of the centre of the 
circleO? [2] 

d) Calculate the area of the circle, leaving your answer 
in terms of11:. [3] 
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Paper A (Extended) 

9. a) Use yo ur calculator to sketch the graph of 
y =x 3 - 2.t2 - 5x + 6. [3] 

b) Showing yo ur method clearly, calculate where 
the graph crosses the y-axis. Mark this value on 
your graph. [2] 

c) Use your calculator to find the roots of the eq uation 
and mark these o n your graph. [3] 

d) He nce, using your solutions to part (c) write down the 
eq uation of the graph as a product of three linear 
factors. [3] 

10. In a class of 30 students, 18 study English Language, 
25 study English Literat ure and 3 study ne ither. x is 
the number of students who study both subjects. 
a) Show this information o n a Venn diagram. [3] 
b) How many students study both English Language 

and En glish Literature? [3] 

U. Twelve athletes take part in a race which consists of a 
10km run and a 25km cycle ride. The table shows the 
amount of time taken by each athlete during each 
section of the race.in minutes. 

2 3 -4 5 6 7 8 9 10 II 12 

Runningtime(x)(min) -45 -42 36 -40 -48 32 -4-4 38 51 -42 -46 -40 

Cyclingtime(y)(min) 53 -49 -4-4 -47 52 -41 52 -4-4 60 -48 5-4 -46 

550
180km 

a) Calculate the mean running time i. [l] 
b) Calculate the mean cycling time y". [l] 
c) Draw a scatter diagram to show the running times 

and the cycling times of the athletes and also mark 
on the point (i ,y). [3] 

d) Draw a line of best fit for the data. [2] 
e) Use your calculator to find the eq uation of the line 

of best fit. [3] 
f) An athlete took 70 minutes to complete the cycle 

ride. Use yo ur answer to part (e) to predict his 
running time . 

g) State what assumption you have made when 
answering part (0. 

[2] 

[![ 

12. An aeroplane se ts off from position G on a bearing of024° 
towards H, 250 km away. At Hit changes co urse and heads 
towards ] on a bearing of 055° and a distance of 180km 
away as shown (left) . 
a) Calculate how far His to the North of G. [2] 
b) Calculate how far H is to the East of G. [2] 
c) What is the shortest distance between G and J ? [3] 
d) Calculate the bearing ofG from J. [6] 
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• Sample examination Paper 6 (Extended) 
40 marks 

A. Investigation Pyramids 
Different types of pyramids are found all over the world. The 
most famous are of course the Egyptian Pyramids. ll1ese are 
square-based pyramids made of blocks. A simplified version is 
shown below. 

Assuming each block is I x 1 x Im cube, this pyramid is 2 m 
high and is made of 5 blocks. 

This pyramid is 4 m high and is made of 30 blocks. 

I. Calculate the number of blocks needed for a pyramid 
with each of these he ights. 
a)3m b)5m c)!O m 

2. Enter your results in an ordered table. 

3. Show, by using the method of differences, that the algebraic 
rule for calculating the total number of blocks (n) needed 
for a pyramid (h) metres tall is 

n = h(h + l1(2h + I) 

4. The Great Pyramid at Giza in Egypt is approximately 
145m tall. Assuming it isa sq uare-based pyramid built 
of I x I x 1 m blocks and assuming it is a solid construction 
(i.e. with no internal chambers or corridors), calculate the 
nwnber blocks needed for its construction. 

Ziggurats are another type of pyramid.This style of pyramid 
originated fr om Mesopotamia (modern day Iraq). Simplified 
versions of these are shown (left ). 
(The diagrams are shown on isometric grid for clarity.) 

Assuming each block is l x I x Im cube, this pyramid is 2 m 
high and is made of 6 blocks. 

This Pyramid is 3 m high and is made of 15 blocks. 
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5. Calculate the number o f blocks needed fo r a pyramid of 
each of these heights. 
a) 4 m 
b) Sm 
c) !O rn 

6. Enter your results in an ordered table. 

7. Find an algebraic rule fo r calculating the total number 
of blocks (n ) needed fo r a pyramid (h) metres tall. 

8. The Great Ziggurat o f Ur in Iraq is approximat ely 
30 m tall. Assuming it is built of Ix I x I m blocks 
calculate the number blocks needed fo r its construction. 

B. Mode lling Stopping distance 
The stopping distance of a car depends on a number of 
factors. These include the surface conditions of the 
road (i.e. whether it is wet or dry) , the type of tyres on the 
car and also the speed at which the car is travelling. 

It is estimated that the typical stopping distance fo r a car 
travelling at 32 km/h is 12 metres. 

I. Show that 32 km/h is equivalent to approximately 9 m/s. 

The table below shows the typical stopping distances 
(d) in metres of cars travelling at a speed of s m/s. 

Speed (m/s) 

Stopping distance (m) 

2. a) Plot a scatt er diagram with speed along the horizontal 
axis and stopping distance along the vertical axis. 

b) Ass uming that the relationship betwee n the two is 
quadratic, draw a curve of best fit thro ugh the point s. 

c) Find the approximate equation of the 
quadratic curve. 

3. a) Use yo ur equation to predict the stopping distance 
for a car traveling at 40 m/s. 

b) Is the equation reliable fo r calculatin g the speed of 
a car that took SOO m to stop? Justify yo ur answe r 
clearly and with numerical evide nce . 
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